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Abstract: In this paper, we investigate the following chemotaxis-haptotaxis system (1) with nonlinear
diffusion and signal production under homogenous Neumann boundary conditions in a bounded
domain with smooth boundary. Under suitable conditions on the data we prove the following: (i) For
0<vy<2ifa>y—k+1landp > 1—k problem (1) admits a classical solution (1, v, w) which
2oy <tifa>y—k+1 +1andﬁ>max{w k+
—k+1}ora >y —k+1landp >max{%7+2k2) k—|-1,<"72)1(170‘-*_k1> —k+
1}, problem (1) admits a classical solution (1, v, w) which is globally bounded.

is globally bounded. (ii) For 2
1 (m=2)(r+3)
4 n
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1. Introduction

In the present work, we consider the following chemotaxis—haptotaxis system with
nonlinear diffusion and signal production:

up =V - (D(u)Vu) = V- (Hu)Vo) = V- (I(u)Vw) +u(a — p*=1 — Aw), x € Q,t>0,

v = Av—v+g(u), xeQ, t>0,

wy = —vw, xeQ, t>0, (1)
D(u)%—H(u)g—z— (u)%if*g—”*o x €00,t>0,
u(x,0) = up(x), v(x,0) = vy(x), w(x,0) = wo(x), xeqQ,

where QO C R*(n > 2) is a bounded domain with a smooth boundary, the function
u = u(x,t) denotes the cancer cell density, v = v(x,t) represents the concentration of
matrix-degrading enzymes, and w = w(x,t) represents the density of an extracellular
matrix. We assume that D, H,I € CZ([O, o)) fulfils, for all s > 0,

D(s) > Kp(s +1)""1, (2)
0 < H(s) <xs(s+1)* and H(0) =0, 3)
0<1I(s) <&(s+1)"P and I(0) =0, (4)

with Kp, x, & > 0 and «, B, m € R. Moreover, we assume g € C!([0,0)) such that

0 < g(s) < Kgs? foralls >0, (5)
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where K¢,y > 0. To this end, we assume that the initial data satisfy
Up, Vg, Wo € C2+5(6)/5 € (0/ 1)/
1o, vo, wo = 0, (6)

%bn = Of%bo = Of%bo =0.

The model (1) is reduced to the chemotaxis system if w = 0, which has been widely
researched by many authors over the past several decades (see [1-15]). In the case of
g(u) = u, Zheng [5] proved that all solutions are global and uniformly bounded if
0 <2—a-—m < max{k—m, %} or 2—a = k and p is large enough. In the case
of g(u) = u7, Tao et al. [6] considered problem (1), showing that if 1+ —a < k or
1+ —a = k and y is large enough, then the solutions of (1) are globally bounded. When
cell growth is neglected and 1 —a —m + 7y < %, they also proved that system (1) possesses
a non-negative classical solution (u,v) which is globally bounded. Later, Ding et al. [7]
provided a boundedness result under 1 —a — m + ¢ < 2 and proved the asymptotic stabil-
ity when the damping effects of the logistic source are strong enough. Nowadays, there
are more and more mathematical models used to describe complex natural phenomena,
and the results are also very impressive (see [16-34]).

The chemotaxis—-haptotaxis model was first proposed by Chalain and Lolas [35]:

ur = ANu—xV - (uVo) — &V - (uVw) + u(a — pu=1 — A\w),
v =Av—0v+u, )

wy = —ow.

and described the process of cancer cells invading surrounding healthy tissue. In the
absence of reconstruction mechanisms, problem (7), with # = 0, has been studied by
many authors. For instance, Tao Wang [36-38] proved the global solvability and uniform
boundedness for n = 1,2. For the case of n = 3, the global existence and boundedness
was proved for % and is sufficiently large (see [36,39]). Later, Tao and Winkler [40] re-

searched how, under the fully explicit condition y > %2, the solution (u, v, w) exponentially
stabilizes to a constant stationary solution (1,1,0). When pu(1 — u — w) was replaced by
u(a — uuF=1 — Aw), Zheng and Ke [41] proved that model (7) possesses a global classical
solution which is bounded for k > 2 or k = 2, with u being sufficiently large. And they
demonstrated that if y is large enough, the corresponding solution of (7) exponentially

decays to ((%)k%l, (ﬁ)k%l,O)

In recent years, many authors have begun to study the chemotaxis—haptotaxis model
with nonlinear diffusion, that is

uy=V-(D(u)Vu) — xV - (uVo) = ¢V - (uVw) + pu(l —u—-w), x€Q,t>0,
vr=Av—v+u, xeQ, t>0, (8)
wy = —ow, xe O, t>0,

where D(u) > Cp(u+1)""! for all u > 0. Tao and Winkler [42] showed the global
2 _

existence of solutions to (8) if m > % forn < 8orm > 2n +3n:(2n+«2/)8n(n+1) for

n > 9. Further, Li Wang et al. [43,44] proved the boundedness of solutions for m > 2 — %,

and Wang and Zheng et al. [45,46] extended the results to m > nz—fz Later, Jin [47] obtained

similar results for any m > 0, under a smallness assumption on %‘

Next, we consider problem (1) with g(u#) = u,k = 2,a = A = p. Liu et al. [48]
proved the global existence and boundedness of solutions for n = 2 if max{1 —a,1 — B} <
m+2 —Tlorforn>3ifmax{l—a,1—B} <m+2—1witheitherm >2—20rm<1.
Afterwards, Xu et al. [49] proved thatif m > 0,a« > 0, > 0 for n = 3, problem (1) possesses
a globally bounded weak solution. Subsequently, they discussed the large time behavior of
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solutions and showed that when 0 < m < 1, for appropriately large y, (u,v,w) — (1,1,0)
ast — oo. Later, Jia et al. [50] extended the boundedness result of [49], which deals with the
global boundedness of solutions with « > 0, 8 > —%. This paper is devoted to researching
the boundedness of the solution of (1) with nonlinear diffusion and signal production in
the case of n > 2.

Now, we present the primary result of this paper.

Theorem 1. Let O C R"(n > 2) be a bounded domain with a smooth boundary and (u, vo, wo)
that satisfies (6). Suppose that D, H, I and g fulfill (2)—(5). Then,

(i) For0 < v < %, if « >v—k+1and B > 1—k, problem (1) possesses a classical solution
(u, v, w) which is globally bounded.
. . —2)(ny+2k—2
(i) For 2 < v < Lifa > y—k+1+1and p > max{%—k—l—

n

1
1, 7(”7_221(7+5) —k+1}Yora >y —k+Tland p > max{ P22 e q (ry-2)(etkl)
—k + 1}, problem (1) possesses a classical solution (u, v, w) which is globally bounded.

This paper is organized as follows. In Section 2, we present the local existence of
classical solutions to system (1) and recall some preliminaries. In Section 3, we establish the
global existence and boundedness of solutions to system (1).

2. Preliminaries

We first state the local existence result of classical solutions to (1) as follows. In fact,
by a fixed point argument similar to [13,51], it can be proved.

Lemma 1. Assume that ug, vy, wo satisfy (6) and D, H, I and g fulfill (2)—(5). Then, there exists

Tmax € (0, 00] such that the system (1) admits a classical solution (u,v,w) € C”‘S’”%(Q X
(0, Tmax)) with
u>0,0>0w>0for al (x,t) € QX (0, Tmax) 9)

such that either Tpax = o, O
limg 7., sup([lu(-, 1)l re(q) + [2llwie ) = oo

Then, we will give a useful lemma referred to as a variation of maximal Sobolev
regularity, as obtained in (Lemma 4 [52]).

Lemma 2. Let zg € W2P(Q) and f € LP(0, T; LF(Q)). Then, the following problem

zt=0Nz—z+f,
=0 (10)
z(x,0) = zo(x),

possesses a unique solution: z € Lfoc((O,—l—oo);WZ'?”(Q)) and zy € LZ)C((O,+00);LP(Q)). If
to € (0, T), then

it et Azlpdxdt < Cp [, [ e?| flPdxdt + Cylz (- to) |,

W2p (Q) 4 (11)

where C,, is a constant independent of to.
According to [38], we have the following lemma.

Lemma 3. Assume (1, v, w) be the solution of model (1). Then,

—Aw(x,t) < [[wollpo(yv(x,t) +C for (x,t) € Q x (0, Tmax), (12)
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<

d

t

2

where ]
w, [
C = [Jwo| 1= (0 +4||V\/w0||200(0) + L), (13)

e

In order to prove Theorem 1, following the ideas in [43], we firstly state the lemma.
Lemma 4. Assume that D, H, I and g fulfill (2)—(5) with 0 < v < 1, then we have

(i) There exists K > 0 such that for all t € (0, Tmax)

(s )l < Kpe P (14)

(ii) Forr € [1, , there exists K, > 0 such that for all t € (0, Tmax)

(”7f2)+)
lo(, )llLr ) < K- (15)
where (ny —2)4 := max{ny —2,0}.

(iii) Assume that p > max{ "5, v} and u(-, t)l[ry < K. Then, there exists K, > 0 such
that for all t € (0, Tmax)

[0(-, B)l[re() < Kp- (16)
(iv) Assume that g > nvy and |[u(-,t)||ps(q) < K. Then, there exists a positive constant Kg

such that for all t € (0, Tmax)
IVo(-, )20y < Ky (17)

3. Proof of Theorem 1

In this section, we deal with the global existence and boundedness of system (1). We
firstly devote time to establishing the L —boundedness of u . For convenience, we denote
T = Tmax-

Lemma 5. Assume that D, H, I and g fulfill (2)—(5) with f > 1 — k. Then,

(i) Leta >y —k+1+1andp > max{1,B, % +1—ky—k+1+1}. IfKy > 0 fulfills
forallt € (0,T)

o, t _ < K,
|| ( )Hinl;J - 0 (18)
then,
(-, )llLr() < K fort € (0,T), (19)

where K > 0 depends on Ky, p.
(ii) Let & > v —k + 1 and p > max{1, a, B}. If there exists Ko > 0 fulfills for all t € (0, T)

0 ',t — S K 7
ol gy <Ko 20)
then,
(-, )llrq) <K fort €(0,T), (21)

where K > 0 depends on Ky, p.

Proof. Multiplying the first equation in (1) with p(1+ u)P~! and integrating by parts yields

Jo(u+1)Pdx
p(p — DKp [o(u+ 1) P3| Vul2dx + p(p — 1) [o(u+1)P2H(u)Vu -V vdx (22)
+p(p—1) [o(u+1)P21(u)Vu - Vwdx + p [(u+1)PLu(a — pu*~! — Aw)dx.
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Since (u +1)% < 2k-1(uk 4+ 1), we have

P fo(u+1)P" u(a— yuk_l Aw)dx
< alp [o(u+1)Pdx — 2k B fqu+1) ktp— Ydx + pp [ (u+1)P~dx (23)
< —6.;_% Jo (@4 u)Pt=1dx + C,

where C; = (3-2k+1)k%(|a|p) T |Q\y BT 4 (3- 2]‘“) \Q|‘up “F . 1t follows from
(22) and (23) that
4 (u+1)Pdx
<p(p—1) Jou+1)P"2H(u)Vu - Vodx + p(p — 1) [ (u+1)P21(u)Vu - V wdx
— o [ u)rtld 4 .

(24)

Define

p(u) := [y (1+0)P2H(0)do for u > 0.
We infer from (3) that

0<o(u) <x [y (1+0)P~*ldo.
This implies for u > 0
2x
oa]’ for p <a,
p(u) < ¢ xIn(1+u), for p =« (25)

A (14+u)P=*, for p > a.
Integrating by parts the first term of (24), we obtain that

p(p—1) [(1+u)P"2H(u)Vu -V vdx
= plp—1) [ Vo(u)-Vodx 26)
< plp—1) Jqe(u)|Av|dx.

Case (i). Combining (25) with (26) yields, for v — k + % +l<p<waandn > 2,

p(p—1) [o(1+u)P"2H(u)Vu - Vodx < %[KﬂAv\dx

(27)
2 1
< B [, |Aoltdx+ Gy
where Cp = w. For p > &, we obtain
p(p—1) [o(14u)P2H(u)Vu -V vdx
< xp(p Df 1+ u)P~%|Av|dx, (28)
+k—-1
< 37]0 (14 w)PH=1 4 C5 [y | Avlkret,
k— «
where C; = (3 2¢) - 1(7“’!521))&%%# a1, For p = &, we obtain
p(p—1) [(1+u)P"2H(u)Vu - V vdx
< plp—1x JoIn( 1+u)|Av|dx
< plp—Dx [o(Q+u)e )z | Av|dx, (29)
e(p+k—1)
<

ﬁf0(1+u)p+k71 —0—C4 fQ |Av‘e(p+k—1)—1
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e(ptk-1)
where C; = (3 zk) p+k -1 (X(P _ 1))6(;41-1:71)71#_e(erklfl)fl_
Denote (u) = [;'(1+4 )P~2I(¢)do for all u > 0. We infer from (4) and p > B that
0 < p(u) < 55 (1+u)rF, (30)

for u > 0. This, together with Lemma 3 and 8 > 1 — k, means that

p(p—1) [o(14u)P2I(u)Vu - V wdx
—p(p—=1) [o¢(u) - A wdx

< pp —1)||wo||Loo(Q) val,b(u)dx+p( -1) Cfn uw)dx o
< S gl () Sy (1 + )P Podx + EBED [ (14 u)p-Pax
pk—1
= ng 1+u)p+k_1dx—|—c5f vﬁ+k P dx + Cg,
where
pt+k—1 p—B
C (3 Zk)ﬁ+k 1(@7 ||wOHL )ﬁ+k*1]/[7,3+k71,

Ce (3 2k)ﬁ+k T (5CP(Pﬁ 1));3+k 1|Q|V /5+k T,
For vy —k+ % +1 < p < a, we infer from (18), (24), (27) and (31) that
F o+ wP < =k [+ up+k-tax 22D [ Av|fdx + G, (32)

p+k— 1

where C; = C5I<0 P14 €1 4 Gy + Cg. Since

5 Jo(L+u)Pdx < e [o(1+u)Ptldx + Cg, (33)

k—1
) = (3- 2k’1)% \Q|‘u*%. Combining (32) with (33), we obtain

where Cg = (

NI=

£ fQ (1+u)Pdx + 2 [(1+u)Pdx

(34
< 32k Jo (4 u)pth= 1dx+2Xp7fQ|Av|2dx+C9, )

where Cg = C; + Cg; this, together with the variation-of-constants formula, shows that

f (l + u)pdx

_n _ 2 _n
—= 32k fto fQ t S 1_|_u)P+k 1dXdS+ Xl; oc\ ftO fQ t s |Av|dedS

e 3 (0) (14w, 0))de+C9ftge B(t-s) 4g

_Jﬁft; er*%(th)(l+u)p+k—ldxds+2)(‘]!; P‘X‘l fto fQ e (t—s |Av|2dxds+M0+C9,

(35)

IN

where My = [(,(1+u(-, ty))Pdx is a positive constant. Since p > " 41 — k, we have from
Lemma 2 and (5) that

2 1) _n(p— n

Xll; Pa‘ i Jae 2079 A2 dxds

2 1)C _n 2
xppp ! nftofﬂ (t= SudedS—l-%H (-, O)H

< 32k fto fQ e~ 2(t=s) u—l—l)P*k*ldxds—i-Clo,

\ /\

et (36)

where C;;, Cqg is a positive constant related to n and independent of ty. From the combina-
tion of (35) and (36), we conclude that

fQ(u—I—l)pdx S C11. (37)
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where C11 = My + Cy + Cqp.
For p > a, we infer from (18), (24), (28) and (31) that

& Jo(+u)Pdx < —h [(,(14+u)P™ldx + G f0|m\a+k Tdx +Cpp.  (39)

pt+k=1

where Cy; = Cg,K(‘;Jrk*1 + Cq + Cg. Define

pt+k—1
a+k—17

m:=
we have from (38) that

4 [ (L+u)Pdx +m [(1+u)Pdx
< =55 Jo(U+ )P ldx + C3 [y |Ao[™dx + Cis,

(39)

where Ci3 = (3- 2") m = |Q| i ~ET + Cqp. Recalling Lemma 2, it can be obtained from
(39) that

fQ 1+u)f’dx
< -3y fto Jae I (1 u)ptie 1dXdS+C3ft Jo e "t3) | Av|"dxds

4em(t= to)f (1+u(-t ))pdx+C13f e (t=s) g (40)
= 32k fto Jae™ (=) (1 4 u)PHk= ldXdS-i-CsCmft Jae (t=5) (1 + u) "™ dxds

+C3Cm|| ( /tO)HWz,m(Q) + C14/

where C14 = My + Cy13 and C, is a positive constant related to m and independent of t.
Since & > r —k + % +1, my < p+k — 1, we have from Young’s inequality that

CsCn fy J o™= (1 4 u)™dxds

(41)
= 32k fto Jae ™) (14 u)PH*"1dxds + Cy5,
1 K my p+k—1
where C15 — ﬁ(3 .0 )p+k—l—m7 (C3C )p+k T—my |Q|]’l pk— l my
Inserting (41) into (40), we have
Jo(u+1)Pdx < Cyg, (42)

where Cig = C3Cpi||v(+, o) H%Z,m(n) + Cs + Cys.
For p = «, we infer from (18), (24), (29) and (31) that

_e(ptk-1)

4 [0+ uPdx < — e [ (1+ )P ldx + Cy [ |Av| D Tdx + Cyy,  (43)

p+k—1

where Ci7 = CsK;"" + C; + Ce. Define

5. _e(ptk=1)
T oe(ptk-1)-1
Similar to (40), we have
fQ (1+u)Pdx
< -3 fto S e ™9 (1 4 u) P 1dxds + C4Cyy ft Jae ™ (14 u)™rdxds  (44)
+C4Cm||v( tO)”me ) + ClS/

where Cy;;, Cyg is a positive constant related to 77 and independent of f.
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Sincea =p >r—k+ % +1,my < p+k —1; we have from Young's inequality that

CaCri [y, Jo e ™75 (14 u)™dxds < B [} [ e ™75 (14 u)PH¥—Ldxds + Cro,  (45)

p+k—1 iy
where Cy9g = (3 2")“" = w7 (CyCpy ) PHET-m7 | Q| PHR-1-m7  Inserting (45) into (44),
we have
fQ(u+1)7’dx < Cyp, (46)
where Cyg = C4Cﬁ||0(-, i’o) H%ZW‘(Q) + Ci8 + Cqo.

Case (ii). For p > « and & > v — k + 1, define

.__ ptk-1
M= k=1
we have from (40) that
fo (1+u)Pdx
< =3 f Ja e (14 )P dxds + CaCo [y [y e ™I (1 4+ u)Mdxds (47)

+C3CmH tO)Hme T Ca1.
Since &« > r —k+1, then my < p + k — 1. We infer from Young’s inequality and (47) that
Ja(u+1)Pdx < Cop, (48)
where Cy; is a positive constant. This completes the proof of Lemma 5. [

Lemma 6. Assume that D, H, I and g fulfill (2)—(5). Then,

(i) For 0 < ¢ < %, if & >9—k+1and B > 1—k, there exists a constant C > 0 such that
||U('/t)||w1f°°(0) <C.

2 2) (ny+2k—2

(i) For 2 < v < 1L ifa > y—k+j+1and p > max{w k +

1, (rr=2)(rty) _ 2,)1(7+ ) k4 1}ora>y—k+1land B > max{—m 2)( ;7+2k 2) g, =2kl Z)E'Hk*l)
—k+ 1}, there exists a constant C > 0 such that |[v(-, t)||wie(q) < C.

Proof. Case (i). Since 0 < ¢ < %, we have
ny—2<0. (49)
Lemma 4(ii) yields that

[0(, ) lzs() < Caa forallt € (0,T), (50)

for any s > 1. Taking p; > max{’5},1,, B}, this implies L} ,5+k 1 > 1, and so we obtain

|o(-, )] pysx1 < Cog forallt e (0,T), (51)
L PHF=T ()

which, along with Lemma 5(ii), we have for all t € (0, T)
(-, )l () < Cos. (52)
Since p; > %, we infer from Lemma 4(iii) that

[0(, ) lLo() < Coe forallt € (0,T). (53)
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By Lemma 5(ii), again, and letting p, > max{nv,1,«, B}, one can find

[u(-, )|y < Co7 forallt € (0,T). (54)
From this, together with Lemma 4(iv), we obtain

V(- t)|[ o) < Cos forallt € (0,T). (55)

This completes the proof of Case (i).

1
Case (ii). For 2 <y < 1. Smceﬁ>%—k+landﬁ>%—
k+1, we have

T <
v - k+ +1<

(B+k—1)+1—k,
(B+k—1)+1—k, (56)
no(B+k—1)+1—k

Taking max{",y —k+ 1 +1, ,B}<p3<m 5(B+k—1)+1—k, then

nr2

n'yZ

k—1
Fg—:k—l € (1’ n'yn—Z)' (57)
By Lemma 4(ii), we obtain
||U(.,t)|\Lpﬁ3Ikk__11 o) < Cy forallte (0,7), (58)

from which, along with Lemma 5(i), we have
[, O)l[zps () < Cao forallt € (0,T). (59)
Since p3 > %!, applying Lemma 4(iii), we obtain
[0(, ) lLo() < Ca1 forallt € (0,T). (60)
By Lemma 5(i), again, and letting ps > max{nvy,v —k+ 1 + 1, B}, one can find
(-, ) |lrs) < Ca2 forallt € (0,T). (61)
From this, together with Lemma 4(iv), we obtain for all t € (0, T)

Vo, H)lli=(q) < Cas- (62)

Similarly, we infer from g > max{w —k+1, (”7_2)5,7”’(_1) —k+1} that
there exists a positive constant ps such that

max{", &, B} < p5s < 5 (B+k—1)+1—k, (63)

thus ?jkk 11 € (1, ;75;). Combining Lemmas 4(iii) and 5(ii), we have [[u(-,t)|[1rs(q) < Caa
and [|o(+, £)|| () < Css. Using Lemmas 5(ii) and 4(iv), we deduce that | Vo (-, ) | ;o) < Cae-

This completes the proof of Case (ii). O

Proof of Theorem 1. From Lemma 6 and the well-known Moser iteration (Lemma 3.6, [49]),
we obtain the boundedness of [|u]| .~ ;). The proof of Theorem 1 is complete by Lemma 1.  [J
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