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Abstract

:

The functional partially linear regression model comprises a functional linear part and a non-parametric part. Testing the linear relationship between the response and the functional predictor is of fundamental importance. In cases where functional data cannot be approximated with a few principal components, we develop a second-order U-statistic using a pseudo-estimate for the unknown non-parametric component. Under some regularity conditions, the asymptotic normality of the proposed test statistic is established using the martingale central limit theorem. The proposed test is evaluated for finite sample properties through simulation studies and its application to real data.
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1. Introduction


In the past few decades, functional data analysis has been widely developed and applied in various fields, such as medicine, biology, economics, environmetrics, and chemistry (see [1,2,3,4,5]). An important model in functional data analysis is the partial functional linear model, which includes the parametric linear part and the functional linear part. To make the relationships between variables more flexible, the parametric linear part is usually replaced by the non-parametric part. This model is known as the functional partially linear regression model, which has been studied in [6,7,8]. The functional partially linear regression model is formulated as follows:


  Y = g  ( u )  +  ∫ 0 1  α  ( s )  X  ( s )  d s + ε ,  



(1)




where Y is the response variable.   X ( · )   denotes the functional predictor, characterized by its mean function,    μ 0   ( · )   , and covariance operator,  C . The slope function   α ( · )   is an unknown function.   g ( · )   is a general continuous function defined on a compact support  Ω . The random error  ε  has a mean of zero and a finite variance   σ 2  , and is statistically independent of the predictor   X ( · )  . When   g ( · )   is a constant, model (1) reduces to a functional linear model. Refer to [9,10,11] for further details. With   g ( · )   representing the parametric linear component, model (1) is identified as a partially functional linear model, an area explored in [12,13,14].



Hypothesis testing plays a critical role in statistical inference. For testing the linear relationship between the response and the functional predictor in the functional linear model, functional principal component analysis (FPCA) is a major idea in constructing test statistics. See [9,10,15]. Taking into account the flexibility of non-parametric functions, Ref. [6] introduced the functional partially linear model. Refs. [7,8] constructed the estimators of the slope functions based on spline and FPCA respectively. They utilized B-spline for estimating non-parametric components. In the context of predictors with additive measurement error, ref. [16] investigated estimators for the slope function and non-parametric component using FPCA and kernel smoothing methods. Ref. [17] established estimators of the slope function, non-parametric component, and mean of the response variable in the presence of randomly missing responses.



However, testing the relationship between the response variable and functional predictor in the functional partially linear regression model has been rarely considered so far. In this paper, the following hypothesis testing for model (1) will be considered:


   H 0  :   α  ( t )  =  α 0   ( t )      v . s .      H 1  :   α  ( t )  ≠  α 0   ( t )  ,  



(2)




where    α 0   ( t )    denotes an assigned function. Here we assume    α 0   ( t )  = 0   without compromising generality. To test (2) within the framework of model (1), a chi-square test was devised by [18]. This test relies on estimators for the nonlinear and slope functions. The underlying assumption is that the functional data can be well-approximated by a small number of principal components.



In particular, we focus on functional data that cannot be approximated with a few principal components, such as the velocity and acceleration of changes in China’s Air Quality Index (AQI). If these changes are represented by some curves, the velocity and acceleration are equivalent to the first and second derivatives of the AQI, respectively. The number of principal components selected by FPCA may approach approximately 30. Only several research studies have considered this data structure in the functional data analysis. Ref. [19] constructed a FLUTE test based on order-four U-statistic for the testing in the functional linear model, which can be computationally very costly. In order to save calculation time, ref. [20] developed a faster test using a order-two U-statistic. Inspired by this, we introduce a non-parametric U-statistic that integrates functional data analysis with the traditional kernel method to test (2).



The structure of the paper is as follows. Section 2 details the development of a new test procedure for the functional partially linear regression model. Section 3 presents the theoretical properties of the proposed test statistic under some regularity conditions. Section 4 includes a simulation study to evaluate the finite sample performance of the proposed test. Section 5 presents the application of the test to spectrometric data. The proofs of the primary theoretical results are presented in Appendix A.




2. Test Statistic


Assume Y and U are random variables taking real values.   X ( · )   is a stochastic process with sample paths in    L 2   [ 0 , 1 ]   , which is the set of all square-integrable functions defined on   [ 0 , 1 ]  . Let   〈 · , · 〉  ,   ‖ · ‖   represent the inner product and norm in    L 2   [ 0 , 1 ]   , respectively. {  (  Y i  ,  X i   ( · )  ,  U i  ) ,  i = 1 , 2 , … , n  } constitutes a random sample drawn from model (1),


   Y i  =  ∫ 0 1  α  ( s )   X i   ( s )  d s + g  (  U i  )  +  ε i  ,   i = 1 , 2 , … , n .  



(3)







For any given   α  ( t )  ∈  L 2   [ 0 , 1 ]   , we move   α ( t )   to the left,


   Y i  −  〈  X i  , α 〉  = g  (  U i  )  +  ε i  ,   i = 1 , 2 , … , n .  



(4)







Hence, model (4) simplifies to a classical non-parametric model. A pseudo-estimate for the non-parametric function employing Nadaraya–Watson method, can be formulated as follows:


   g ^   (  U i  )  =  ∑  j ≠ i  n      K h   (  U j  −  U i  )   (  Y j  −  〈  X j  , α 〉  )     ∑  k ≠ i  n   K h   (  U k  −  U i  )     ,   i = 1 , 2 , … , n ,  



(5)




where    K h   ( · )  = K  ( · / h )  / h   with   K ( · )   being a preselected kernel function. A kernel function maps from the set of real numbers to the set of real numbers. It adheres to the following properties: (i) Non-negativity: the kernel function   K ( · )   must be non-negative. (ii) Normalization: The integral (or sum in the discrete case) of the kernel function over the entire real line must equal 1, which means it can be interpreted as a probability density function. The bandwidth h in (5) is typically selected through data-driven procedures, such as cross-validation techniques. Here, we estimate non-parametric   g (  U i  )   without the ith sample.



Let


   W  − i   =   (  W  i 1   , … ,  W  i ( i − 1 )   ,  W  i ( i + 1 )   , … ,  W  i n   )  T  ,  










   〈  X  − i   , α 〉  =   (  〈  X 1  , α 〉  , … ,  〈  X  i − 1   , α 〉  ,  〈  X  i + 1   , α 〉  , … ,  〈  X n  , α 〉  )  T  ,  










   Y  − i   =   (  Y 1  , … ,  Y  i − 1   ,  Y  i + 1   , … ,  Y n  )  T  ,  X  − i   =   (  X 1  , … ,  X  i − 1   ,  X  i + 1   , … ,  X n  )  T  ,  








where    W  i j   =  K h   (  U j  −  U i  )  /  ∑  k ≠ i    K h   (  U k  −  U i  )   . So the pseudo-estimate (5) of non-parametric function can be reformulated in matrix form as


   g ˇ   (  U i  )  =   W   − i  T   (  Y  − i   −  〈  X  − i   , α 〉  )  .  











Substituting    g ˇ   (  U i  )    for   g (  U i  )   in model (3), we have


    Y ˇ  i  =  〈   X ˇ  i  , α 〉  +  ε i  ,  



(6)




where     X ˇ  i   ( t )  =  X i   ( t )  −   W   − i  T   X  − i    ( t )   ,     Y ˇ  i  =  Y i  −   W   − i  T   Y  − i    . If we denote    μ  i t   ≜ μ  (  U i  , t )  = E  [  X 1   ( t )  |  U i  ]   , where “≜” stands for “defined as”. Then     μ ^   i t   =   W   − i  T   X  − i    ( t )    can be the estimator of the conditional expectation   μ  i t    for any   t ∈ [ 0 , 1 ]  .



Given an arbitrary orthonormal basis    {  ψ j  }   j = 1  ∞   in    L 2   [ 0 , 1 ]   , the functional predictor   X ( · )   and the slope function   α ( · )   admit the following series expansions: Let p represent the number of truncated basis functions, as follows:


   X i   ( t )  =  ∑  j = 1  p   ξ  i j    ψ j   ( t )  +  ∑  j = p + 1  ∞   ξ  i j    ψ j   ( t )  ,      α  ( t )  =  ∑  j = 1  p   β j   ψ j   ( t )  +  ∑  j = p + 1  ∞   β j   ψ j   ( t )  ,  



(7)




where    ξ  i j   =  〈  X i  ,  ψ j  〉   ,    β j  =  〈 α ,  ψ j  〉   . Let     ξ ˇ   i j   =  〈   X ˇ  i  ,  ψ j  〉   , then the model (6) can be rewritten as follows:


    Y ˇ  i  =  ∑  j = 1  ∞    ξ ˇ   i j    β j  +  ε i  =  ∑  j = 1  p    ξ ˇ   i j    β j  +  ∑  j = p + 1  ∞    ξ ˇ   i j    β j  +  ε i  .  











Denote    ξ i  =   (  ξ  i 1   ,  ξ  i 2   , … ,  ξ  i p   )  T   , which has mean  μ  and covariance matrix  Σ . Let


   ξ  − i   =   (  ξ 1  , … ,  ξ  i − 1   ,  ξ  i + 1   , … ,  ξ n  )  T  ,     ξ ˇ  i  =   (   ξ ˇ   i 1   ,   ξ ˇ   i 2   , … ,   ξ ˇ   i p   )  T  ,  










    ξ ˇ   − i   =   (   ξ ˇ  1  , … ,   ξ ˇ   i − 1   ,   ξ ˇ   i + 1   , … ,   ξ ˇ  n  )  T  ,   β =   (  β 1  ,  β 2  , … ,  β p  )  T  .  











For model (3), the approximation error is defined as follows:


   e i  =  ∫ 0 1  α  ( s )   X i   ( s )  d s −  ∑  k = 1  p   ξ  i k    β k  .  











To investigate the influence of the approximation error, we impose the following conditions on the functional predictors and regression function:



(C1) The functional predictors    {  X i   ( · )  }   i = 1  n   and the regression function   α ( t )   adhere to the following conditions:



(i) The functional predictors    {  X i   ( · )  }   i = 1  n   reside within a Sobolev ellipsoid of order two, then there exists a universal constant C, such that    ∑  j = 1  ∞   ξ  i j  2   j 4  ≤  C 2  ,   for   i = 1 , … , n .  



(ii) The regression function satisfies   ∫  α 2   ( t )  d t ≤ D ,   where D is a constant.



By applying the Cauchy–Schwarz inequality, we obtain the following:


   e i 2  =    ∑  j = p + 1  ∞   ξ  i j    β j   2  ≤  ∑  j = p + 1  ∞   ξ  i j  2   j 4   ∑  j = p + 1  ∞   j  − 4    α j 2  ≤     C 2  D   p 4    .  











Then the approximation error can be ignored as   p → ∞  . Model (6) becomes as follows:


    Y ˇ  i  =  ∑  j = 1  p    ξ ˇ   i j    β j  +  ε i  ,  








which is a high-dimensional partial linear model. Since


   E ∥   (  X i  − E  [  X i  |  U i  ]  )   (  Y i  − E  (  Y i  |  U i  )  )    ∥  2   



(8)




can be an effective measure for assessing the distance between   α ( · )   and zero for test (2). Motivated by [21], we construct the following test statistic by estimating (8).


   T  n p   =   1 −   2 n     − 2       n 2     − 1    ∑  i = 2  n   ∑  j = 1   i − 1    Δ  i j     X ˇ    Δ  i j     Y ˇ   ,  



(9)




where


      Δ  i j     X ˇ       =    X ˇ  i  −   X ˇ  ¯  ,   X ˇ  j  −   X ˇ  ¯   +    〈   X ˇ  i  −   X ˇ  j  ,   X ˇ  i  −   X ˇ  j  〉   2 n    ,        Δ  i j     Y ˇ       =    Y ˇ  i  −   Y ˇ  ¯      Y ˇ  j  −   Y ˇ  ¯   +       Y ˇ  i  −   Y ˇ  j   2   2 n    ,     








where     X ˇ  ¯   ( t )    and    Y ˇ  ¯   denote the sample means of     X ˇ  i   ( t )    and    Y ˇ  i  , respectively. By some calculations, we can obtain   E [  Δ  i j    (  X ˇ  )  ] = 0  ,   E [  Δ  i j    (  Y ˇ  )  ] = 0  . The test statistic   T  n p    quantifies the discrepancy between   α ( · )   and 0 under the null hypothesis. High values of the test statistic   T  n p    suggest evidence in favor of the alternative hypothesis, prompting the rejection of the null hypothesis.




3. Asymptotic Theory


To achieve the asymptotic properties of the proposed test, we first suppose the following conditions based on [19,21]. We denote the following:


  μ  (  U i  )  =   (  μ 1   (  U i  )  ,  μ 2   (  U i  )  , … ,  μ p   (  U i  )  )  T  ≜ E  [ ξ |  U i  ]  ,  










   Σ *   (  U i  )  = E  [  ξ i   ξ i T  |  U i  ]  − μ  (  U i  )   μ T   (  U i  )  ,    Σ *  = Σ − E  [ μ  (  U 1  )   μ T   (  U 1  )  ]  .  











A condition on the dimensionality of matrix   Σ *   is stipulated as follows:



(C2) As   n → ∞  ,   p → ∞  ;    Σ *  > 0  ,   tr  (   Σ  * 4  )  = o  (  tr 2   (   Σ  * 2  )  )   .



(C3) For a constant   m ≥ p  , there exists an m-dimensional random vector    Z i  =   (  Z  i 1   , … ,  Z  i m   )  T    such that    ξ i  = E  [  ξ i  |  U i  ]  + Γ  (  U i  )   Z i   . The vector   Z i   is characterized by   E (  Z i  ) = 0  ,   var  (  Z i  )  =  I m   , and for any   U i  ,   Γ (  U i  )   is a   p × m   matrix with   Γ  (  U i  )    Γ  T   (  U i  )  =  Σ *   (  U i  )   . It is assumed that each random vector   {  Z i  , i = 1 , … , n }   has finite fourth moments and   E (  Z  i j  4  ) = 3 + Δ   for some constant  Δ . Moreover, we assume the following:


     E   Z  i  j 1    l 1    Z  i  j 2    l 2   ⋯  Z  i  j d    l d    = E   Z  i  j 1    l 1    E   Z  i  j 2    l 2    ⋯ E   Z  i  j d    l d        








for    ∑  k = 1  d   l k  ≤ 4   and    j 1  ≠  j 2  ≠ ⋯ ≠  j d   , where d is a positive integer.



(C4)    β T   Σ *  β = o  (  h 2  )   , and    β T    Σ  * 3  β = o  ( tr  (   Σ  * 2  )  / n )   .



(C5) The error term satisfies   E [  ε 4  ] < + ∞  .



(C6) The random variable U is confined to a compact domain  Ω , and its density function f exhibits a continuously differentiable second derivative and bounded away from 0 on its support. The kernel   K ( · )   is a symmetric probability density with compact support and is Lipschitz continuous.



(C7)   E (  ξ 1  |  U 1  )   and   g ( · )   are Lipschitz continuous and admit continuous second-order derivatives.



(C8) It is assumed that the sample size n and the smoothing parameter h satisfy the following:    lim  n → ∞   h = 0 ,   lim  n → ∞   n h = ∞ ,   lim  n → ∞   n  h 4  = 0  .



(C9) The truncated number p and the sample size n are assumed to satisfy   p = o (  n 2   h 2  )  .



Condition (C2) is widely utilized in high-dimensional data research (see [21,22,23]). Condition (C3) resembles a factor model. To assess local power, we further impose condition (C4) on the coefficient vector  β . In fact, (C4) can serve as the local alternative as its distance measurement between  β  and 0. This local alternative can be also found in [21]. (C5) is the typical assumption for the error term  ε . Conditions (C6–C8) are very common in non-parametric smoothing. (C9) is a technical condition that is needed to derive the theorems.



In practical applications, the data must satisfy conditions (C1–C3) and (C7). Conditions (C1) and (C7) are generally met for most datasets. (C2) does not specify a relationship between p and n. The matrix’s positive definiteness ensures that the regression coefficients can be identified.   tr  (   Σ  * 4  )  = o  (  tr 2   (   Σ  * 2  )  )    holds if the eigenvalues of   Σ *   are all bounded or the largest eigenvalue is of smaller order than     ( p − b )   1 / 2    b  − 1 / 4    , where b is the number of unbounded eigenvalues. Condition (C3) essentially assumes that the functional predictor    X i   ( t )    is based on a latent factor model, where the factor loadings meet the pseudo-independence assumption. If   X ( t )   is a Gaussian process, it can be expanded as   X  ( t )  =  ∑  j = 1  m    λ j    N j   u j   ( t )   , with   N j   being independent standard normal random variables. This expansion is a special case of (C3) when the   ( i , j )  -th element of the transformation matrix  Γ  is     λ j    〈  u j  ,  ϕ i  〉   . These conditions are generally met for most data and do not affect the validity of the proposed test. Many datasets can be regarded as following a Gaussian process, such as changes in gene expression levels, logarithmic returns on financial asset prices, soil moisture, and temperature distribution.



We present the asymptotic theory for the proposed test statistic under the null hypothesis and local alternative (C4) in the subsequent two theorems:



Theorem 1.

Under the assumptions of conditions (C1), (C3–C9), it follows that


          ( i )      E  (  T  n p   )  =   ∥  C *   ( α )  ∥  2  + o    tr (   Σ  * 2  )   / n  ;           ( i i )      T  n p   −   ∥  C *   ( α )  ∥  2  =   1   n 2      ∑  i = 2  n   ∑  j = 1   i − 1    〈  X i  −  μ  i t   ,  X j  −  μ  j t   〉   ε i   ε j  +  o p     tr (  Σ * 2  )   / n  ,      








where    C *   ( α )  = E  [  〈  X i  −  μ  i t   , α 〉   (  X i  −  μ  i t   )  ]   . It can be regarded as the covariance operator of a random variable    X i  −  μ  i t    .





Theorem 2.

Assume conditions (C1–C3) and (C5–C9) hold, we then have the following results under either the null hypothesis or the local alternative (C4):


      n (  T  n p   − ∥  C *   ( α )   ∥ 2  )     σ  2    2 tr (   Σ  * 2  )        ⟶ D   N  ( 0 , 1 )  ,  as  n → ∞ ,   








where   ⟶ D   represents convergence in distribution.





Theorem 2 demonstrates that, under the local alternative hypothesis (C4), the proposed test statistic possesses the following asymptotic local power at the nominal significance level  α :


  Ψ  ( β )  = Φ  −  z α  +     n ∥   C *     ( α )  ∥  2     σ 2    2 tr (  Σ * 2  )       ,  








where   Φ ( · )   denotes the cumulative distribution function of the standard normal, and   z α   represents its   ( 1 − α )  th quantile. We define   η  ( α )  =  C *   ( α )  /  σ 2    2 tr (   Σ  * 2  )    , which represents the signal-to-noise ratio. When the term   η ( α ) = o ( 1 / n )  , the power converges to  α , then the power converges to 1 if it has a high order of   1 / n  . This implies that the proposed test is consistent. The power performance will be demonstrated through simulations in Section 4.



According to Theorem 2, the proposed test statistic leads to the rejection of   H 0   at a significance level  α  when


  n  T  n p   ≥   2   σ ^  2    tr (   Σ  * 2  )  ^     z α  ,  








where    σ ^  2   and     tr (   Σ  * 2  )  ^   z α    serve as consistent estimators for   σ 2   and   tr (   Σ  * 2  )  , respectively. We use a similar method as in [24] to estimate the trace. That is,


    tr (   Σ  * 2  )  ^  =  Y  1 n   − 2  Y  2 n   +  Y  3 n   ,  








where    Y  1 n   =   1  A n 2      ∑  i ≠ j      〈   X ˇ  i T  ,   X ˇ  j  〉  2   ,    Y  2 n   =   1  A n 3      ∑  i ≠ j ≠ k     〈   X ˇ  i T  ,   X ˇ  j  〉   〈   X ˇ  j T  ,   X ˇ  k  〉   ,    Y  2 n   =   1  A n 4      ∑  i ≠ j ≠ k ≠ l     〈   X ˇ  i T  ,   X ˇ  j  〉   〈   X ˇ  k  ,   X ˇ  l  〉    with    A n m  = n ! /  ( n − m )  !  . And the simple estimator     σ ^  2  =   ( n − 1 )   − 1    ∑  i = 1  n    (   Y ˇ  i  −   Y ˇ  ¯  )  2    is used, which is consistent under the null hypothesis testing.




4. Simulation


This section evaluates the finite sample performance of the proposed test, including its size and power. The assessment is conducted through a series of simulation studies. Through numerical simulations, we will validate that the distribution of the proposed test statistic under the null hypothesis is consistent with the properties stated in Theorem 1. For each simulation, we create 1000 Monte Carlo samples. The basis expansion and FPCA are conducted using the R package fda.



To mitigate the probability of both Type I and Type II errors in the testing procedure, the sample size must be adequately large. However, to maintain computational efficiency during the numerical simulations, the sample size should not be excessively large. Consequently, the sample size n in this study has been set within a range of 50 to 200. To validate the effectiveness of our proposed test, the parameters are flexibly set.



Here we compare the proposed test   T  n p    with the chi-square test   T n   constructed by [18]. The cumulative percentage of total variance (CPV) method is used to estimate the number of principal components in   T n  . Let CPV, explained by the first m empirical functional principal components, be defined as follows:


  CPV =     ∑  i = 1  m    λ ^  i     ∑  i = 1  p    λ ^  i     ,  








where    {   λ ^  i  }   i = 1  p   is the estimate of the eigenvalue of the covariance operator. The smallest value of m for which CPV (m) surpasses the threshold of 95% is selected in this section. We denote p as the number of basis functions used to fit curves. The simulated data are produced according to the following model:


   Y i  =  ∫ 0 1  α  ( s )   X i   ( s )  d s + g  (  U i  )  +  ε i  ,   i = 1 , 2 , … , n .  








where   g  (  U i  )  = 2  U i    or   g  (  U i  )  = 2 + sin  ( 2 π  U i  )   , and   {  U i  , i = 1 , 2 , … , n }   is independently drawn from the uniform distribution on   ( 0 , 1 )  . To analyze the impact of different error distributions, the following four distributions will be selected: (1)   ε i  ∼  N ( 0 ,  1 )  , (2)   ε i  ∼  t  ( 3 )  /  3   , (3)   ε i  ∼  Γ ( 1 , 1 ) − 1  , (4)   ε i  ∼   ( lnorm  ( 0 , 1 )  −  e  )  /   e ( e − 1 )    . All results about   g  (  U i  )  = 2  U i    are presented in Supplementary Materials.



We next report the simulation results for two data structures of the predictor   X ( t )  .



1. The predictor   X ( t )   is defined as    ∑  j = 1  50   ξ j   ϕ j   ( t )   , with   ξ j   normally distributed with mean 0 and variance    λ j  = 10   (  ( j − 1 / 2 )  π )   − 2    ,    ϕ j   ( t )  =  2   ( j − 1 / 2 )  π t   for   j = 1 , 2 , … , 50  . The slope function   α ( t )   is given by   c (  2  sin  ( π t / 2 )  + 3  2  sin  ( 3 π t / 2 )  )  , where the coefficient c ranges from 0 to 0.2.   c = 0   corresponds to the null hypothesis. The number of basis functions used to fit curves and the sample size are taken as follows:   p = 11 , 49  ,   n = 50 , 100  . Under different error distributions, Table 1 and Table 2 evaluate the empirical size and power of both tests for different non-parametric functions when the nominal level  α  is   0.05  .



From Table 1 and Table 2, the following can be seen: (i) The performances of both tests remain consistent across various error distributions and non-parametric functions; (ii) Because   T  n p    is intended for functional data beyond the reach of a few principal components, the power of the proposed test is somewhat less than that of   T n  . (iii) The power of the test increases with the sample size n, but it is not significantly affected by increases in the parameter value p. In fact, for the functional data structure given in Simulation 1, the number of principal components selected is relatively small, regardless of the number of basis functions used to fit the functional data.



2. The functional predictor is constructed using the expansion in (7), with   ϕ k   representing the Fourier basis function on [0,1] defined as    ϕ 1   ( t )  = 1  ,    ϕ 2   ( t )  =  2  sin  ( 2 π t )   ,    ϕ 3   ( t )  =  2  cos  ( 2 π t )   ,    ϕ 4   ( t )  =  2  sin  ( 4 π t )   ,    ϕ 4   ( t )  =  2  cos  ( 4 π t )  , …  . The first p of the basis functions will be used to generate the prediction function and slope function. Let    X i   ( t )  =  ∑  j = 1  p   ξ  i j    ϕ j   ( t )   ,   α  ( t )  =  ∑  j = 1  p   β j   ϕ j   ( t )   , where   p = 11 , 49 , 201 , 365  ,   n = 50 , 100 , 200  , the coefficient of slope function   {  β i  = | β | /  p  , i = 1 , … , p }   with     | β |  2  = c ∗  10  − 2     and c varying from 0 to 1.   c = 0   corresponds to the case in which   H 0   is true. The coefficients of predictor   ξ  i j    follow the moving average model:


   ξ  i j   =  ρ 1   Z  i j   +  ρ 2   Z  i ( j + 2 )   + … +  ρ T   Z  i ( p + T − 1 )   ,  








where the constant T adjusts the degree of dependence among the elements of the predictor.   {  Z  i j   ,  Z  i ( j + 1 )   , … ,  Z  i ( p + T − 1 )   }   are drawn independently from the distribution   N ( 0 ,  I  p + T − 1   )   with   T = 10  . The element at the   ( j , k )   position of the covariance matrix  Σ  for coefficient vector   ξ i   is    ∑  l = 1   T − | j − k |    ρ l   ρ  l + | j − k |    I { | j  −  k | < T } ,    where   {  ρ k  , k = 1 , … , T }   is independently generated from the uniform distribution   U ( 0 , 1 )  .



The bandwidth is chosen using cross-validation (CV). At a significance level of   α = 0.05  , Table 3 delineates the empirical size and power of the two tests when the function   g ( · )   is linear. Table 4 presents the results for the case where   g ( · )   is a trigonometric function.



From Table 3 and Table 4, the number of basis functions used for fitting functions has a very important impact on the test. Specifically, (i) Across various error distributions, as p increases, the empirical size of test   T n   significantly exceeds the nominal level, whereas our proposed test   T  n p    maintains stable performance; (ii) The power of the test increases with the sample size n. Conversely, it decreases as the values of p increase. (iii) The proposed test demonstrates robustness across all scenarios presented in this simulation study. Actually, for the functional data structure given in Simulation 2, selecting too many principal components negates the effectiveness of FPCA-based test statistics. Instead, the proposed test has great advantages (see bold numbers in Table 3 and Table 4).



To more effectively verify the accuracy of the asymptotic theory underlying our proposed test statistic, Table 5 provides the mean and standard deviation (sd) of the test statistic under different scenarios. From Table 5, it is observed that when   c = 0  , the mean of our proposed test statistic fluctuates around zero, and the standard deviation fluctuates around one. This aligns with the theoretical expectations. As c increases, the mean of the test statistic moves further away from zero, and the standard deviation moves further away from one, indicating a departure from the null hypothesis.



Furthermore, to verify the asymptotic theory of our proposed test, we consider the case where   ( n , p ) = ( 200 , 365 )  . Figure 1 and Figure 2 draw the null distributions and the q-q plots   T  n p   , corresponding to   g ( u ) = 2 u   and   g ( u ) = 2 + sin ( 2 π u )  , respectively. The null distributions are represented by the dashed lines, while the solid lines are density function curves of standard normal distributions.



For different   n , p  , Figure 3 and Figure 4, respectively, show the empirical power functions of the proposed test statistics. These figures are presented for four different error distribution functions. The function   g ( · )   is linear in Figure 3 and trigonometric in Figure 4. When   ( n , p ) = ( 200 , 201 ) , ( 100 , 201 ) , ( 200 , 365 )  , the empirical power functions of the proposed test are represented by solid lines, dashed lines, and dotted lines, respectively. From Figure 3 and Figure 4, it can be seen that the power increases rapidly as long as c increases slightly. The test’s power is positively related to the sample size n and inversely related to the magnitude of p. The proposed test is stable under different error distributions. These are consistent with the conclusions in Table 3 and Table 4.



It is worth noting that, theoretically, a kernel function   K ( · )   is sufficient if it satisfies the conditions of symmetry and Lipschitz continuity. In practical applications, however, the choice of kernel function should be based on the characteristics and requirements of the data. For instance, the Epanechnikov kernel is more suitable for bounded data, while the Gaussian kernel is better suited for data with long tails. In this simulation study, according to the given data setting, the Epanechnikov kernel was chosen. To compare the effects of the two kernels, we replaced the Epanechnikov kernel used to generate Figure 4 with a Gaussian kernel to produce Figure 5. From Figure 4 and Figure 5, it can be observed that the impact of the two kernels on the test is relatively minor.



The numerical simulations show that our proposed test performs well for the data types. However, with larger sample sizes, the numerical simulations in this paper require considerable computational time, which is a limitation of the proposed test statistic. Additionally, its performance on the datasets that violate the assumptions (C1–C3) and (C7), such as when the real data are not in a Sobolev ellipsoid of order two, remains to be seen.




5. Application


This section applies the proposed test to the spectral data, which has been described and analyzed in the literature (see [25,26]). This dataset can be obtained on the following platforms: http://lib.stat.cmu.edu/datasets/tecator (accessed on 16 July 2024). Each meat sample is characterized by a 100-channel spectrum of absorbance, along with the moisture (water), fat, and protein contents. The absorbance is calculated as the negative logarithm base 10 of the transmittance, as measured by the spectrometer. The three contents, measured in percent, are determined by analytic chemistry. The dataset comprises 240 samples, partitioned into 5 subsets for the validation of models and extrapolation studies. In this section, we utilize a total of 215 samples, which include both training and test samples drawn from the 5 subsets. The spectral measurement data consist of curves, represented by    X i   ( · )   , corresponding to absorbance values recorded at 100 equally spaced wavelengths from 850 nm to 1050 nm. Let   Y i   represent the fat content as the response variable,   Z i   represent the protein content, and   U i   represent the moisture content. Similar to [27], the following two models will be used to assume the relationship between them:


   Y i  =  ∫ 850 1050  α  ( t )   X i   ( t )  d t + g  (  Z i  )  +  ε i  ,  



(10)






   Y i  =  ∫ 850 1050  α  ( t )   X i   ( t )  d t + g  (  U i  )  +  ε i  .  



(11)







The present investigation primarily focuses on the test in models (10) and (11):   α ( t ) = 0  . The number of basis functions used for fitting function curves p is selected as 129. Figure 6 shows the estimation of slope function   α ( t )   in models (10) and (11).



The calculation results are as follows: (i) For model (10), the value of the statistic is    T  n p   = 31.186  ; p-value is 0. (ii) For model (11), the value of the statistic is    T  n p   = − 0.867  ; p-values are 0.386. From this, we can see that the model test (10) is significant, while the model test (11) is not significant. This result can also be reflected in Figure 6. It is obvious that the estimated value of   α ( t )   on the right side of Figure 6 is much smaller than that on the left side.




6. Conclusions


To test (2), this paper first provides a pseudo-estimate of the non-parametric function   g ( u )   using kernel methods with a fixed coefficient function   β ( t )  . The pseudo-estimate is then substituted into the model, converting the original model into a linear one. This allows for the construction of the second-order U-test statistic employed in this paper, utilizing the corresponding testing methods from functional linear models. The proposed test does not require estimating the covariance operator of the predictor function. It follows a normal distribution asymptotically under both a null hypothesis and a local alternative. Moreover, numerical simulations show that our proposed test performs better than the test constructed in [18] when functional data cannot be approximated by a few principal components. Finally, the real data are applied to our proposed test to verify its feasibility.



Additionally, the proposed test is adaptable to cases where the response variable is functional, which is a focus for our upcoming research. In the real world, the proposed test requires real data to meet some technical conditions (C1–C3, C7). When data fail to satisfy these conditions, the viability of the test presented in this paper requires further investigation. Therefore, future work may focus on broadening the test’s applicability. The calculation of the statistics in numerical simulations requires optimization for efficiency.
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Appendix A


Several lemmas are established to facilitate the proofs of Theorems 1 and 2. Without loss of generality, we assume that    μ 0   ( t )  = 0   and   E [ g ( U ) ] = 0  . Let    C n  =   log ( 1 / h ) / ( n h )   +  h 2   . With reference to the asymptotic theory of non-parametric estimation, the pseudo-estimation of the non-parametric function satisfies    sup  u ∈ Ω    ∥  g ˇ   ( u )  − g  ( u )  ∥  =  O p   (  C n  )   . Denote


  D g  (  U i  )  = g  (  U i  )  −  g ˇ   (  U i  )  ,  D  μ  i t   =  μ  i t   −   μ ^   i t   ,  








for   i = 1 , 2 , … , n  . Similarly to the lemmas in [21], it is easy to derive the following lemmas.



Lemma A1.

If (C1), (C3), and (C4) hold, it can be demonstrated that for any square matrix, M,


          ( i )     E   Z 1   Z 1 T  M  Z 1   Z 1 T   = M +  M T  + tr  ( M )   I p  + Δ diag  ( M )  ;           ( i i )    E   Z 1   Z 2 T  M  Z 2   Z 1 T   = tr  ( M )   I p  ;           ( i i i )   E    (  〈  X 1  −  μ  1 t   , α 〉   〈  X 1  −  μ  1 t   ,  X 2  −  μ  2 t   〉   〈  X 2  −  μ  2 t   , α 〉  )  2   = o  ( tr  (   Σ  * 2  )  )  .      













Lemma A2.

Given that conditions (C1–C3) and (C5–C9) are satisfied, the following results are obtained.


          ( i )     E    〈   X ˇ  1  ,   X ˇ  2  〉  4   = o  ( n  tr 2   (   Σ  * 2  )  )  ;           ( i i )    E    〈  C *   (   X ˇ  1  )  ,   X ˇ  1  〉  2   = o  ( n  tr 2   (   Σ  * 2  )  )  .               













Lemma A3.

If (C1–C9) hold, then we can obtain the following:


          ( i )     E  〈   X ˇ  1  ,   X ˇ  1  〉  = O  ( tr  (  Σ *  )  )  ;           ( i i )    E    Y ˇ  1 2   = O  ( 1 )  ;           ( i i i )   E  〈    X ˇ  ¯  12  ,    X ˇ  ¯  12  〉  = O  tr (  Σ *  ) / n  ;           ( i v )   E     Y ˇ  ¯  12 2   = O   C n 2   ;           ( v )    E   〈    X ˇ  ¯  12  ,    X ˇ  ¯  12  〉     Y ˇ  ¯  12 2   = O  tr  (  Σ *  )  /  n 2   ,             








where      X ˇ  ¯   i j    ( t )   ,     Y ˇ  ¯   i j    represent the sample means of    X ˇ   ( t )    and   Y ˇ   without ith and jth samples, for   i , j = 1 , 2 , … , n  . That is


      X ˇ  ¯   i j    ( t )  =   1  n − 2     ∑  k ≠ i , j     X ˇ  k   ( t )  ,            Y ˇ  ¯   i j   =   1  n − 2     ∑  k ≠ i , j     Y ˇ  k  .   













Proof of Theorem 1. 

Rewrite


    n  n − 2     Δ  i j     X ˇ   ≜  P  i j   ( 1 )   +  P  i j   ( 2 )   +  P  i j   ( 3 )   +  P  i j   ( 4 )   ,         n  n − 2     Δ  i j     Y ˇ   ≜  L  i j   ( 1 )   +  L  i j   ( 2 )   +  L  i j   ( 3 )   +  L  i j   ( 4 )   ,  








where


         P  i j   ( 1 )   =  1 −   1 n     〈   X ˇ  i  ,   X ˇ  j  〉  ,            P  i j   ( 2 )   = −   1  2 n      〈   X ˇ  i  ,   X ˇ  i  〉  +  〈   X ˇ  j  ,   X ˇ  j  〉  − 2 E  〈   X ˇ  1  ,   X ˇ  1  〉   ,           P  i j   ( 3 )   = −  1 −   2 n     〈   X ˇ  i  +   X ˇ  j  ,    X ˇ  ¯   i j   〉  ,      P  i j   ( 4 )   =  1 −   2 n      〈    X ˇ  ¯   i j   ,    X ˇ  ¯   i j   〉  −    E [  〈   X ˇ  1  ,   X ˇ  1  〉  ]   n − 2     ,           L  i j   ( 1 )   =  1 −   1 n      Y ˇ  i    Y ˇ  j  ,         L  i j   ( 2 )   = −   1  2 n       Y ˇ  i 2  +   Y ˇ  j 2  − 2 E    Y ˇ  1 2    ,           L  i j   ( 3 )   = −  1 −   2 n       Y ˇ  i  +   Y ˇ  j      Y ˇ  ¯   i j   ,      L  i j   ( 4 )   =  1 −   2 n        Y ˇ  ¯   i j  2  −    E    Y ˇ  1 2     n − 2     ,     








then the expectation of test statistic   T  n p    is as follows:


  E  [  T  n p   ]  =  ∑  j < i    ∑  l , k = 1  4  E   P  i j   ( l )    L  i j   ( k )    .  











To prove the conclusion (i) in Theorem 1, it needs to be calculated one by one for   ( l , k ) , l , k = 1 , 2 , 3 , 4  . Because of the similarity to calculations in different cases of   ( l , k )  , here, we mainly consider the case where   ( l , k ) = ( 1 , 1 )  ,


  E   P  i j   ( 1 )    L  i j   ( 1 )    ≜  G 1  ( 1 , 1 )   +  G 2  ( 1 , 1 )   +  G 3  ( 1 , 1 )   +  G 4  ( 1 , 1 )   +  G 5  ( 1 , 1 )   +  G 6  ( 1 , 1 )   ,  








where


         G 1  ( 1 , 1 )   =     ( n − 1 )  2   n 2    E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉  D g  (  U 1  )  D g  (  U 2  )   ,           G 2  ( 1 , 1 )   =     ( n − 1 )  2   n 2    E  [  〈  X 1  −   μ ^   1 t   , α 〉   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 2  −   μ ^   2 t   , α 〉  ]  ,           G 3  ( 1 , 1 )   =     ( n − 1 )  2   n 2    E  [  〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   ε 1   ε 2  ]  ,           G 4  ( 1 , 1 )   =    2   ( n − 1 )  2    n 2    E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 2  −   μ ^   2 t   , α 〉  D g  (  U 1  )   ,           G 5  ( 1 , 1 )   =    2   ( n − 1 )  2    n 2    E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉  D g  (  U 1  )   ε 2   ,           G 6  ( 1 , 1 )   =    2   ( n − 1 )  2    n 2    E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 1  −   μ ^   1 t   , α 〉   ε 2   .     











For the above six items, we will analyze them one by one. Firstly, we consider the first term. We have the following:


            E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉  D g  (  U 1  )  D g  (  U 2  )            = 2 E  [  〈 D  μ  1 t   ,  X 2  −  μ  2 t   〉  D g  (  U 1  )  D g  (  U 2  )  ]  + E  [  〈 D  μ  1 t   , D  μ  2 t   〉  D g  (  U 1  )  D g  (  U 2  )  ]           = O   W 12   W 21    ξ 2 T   ξ 2  −  μ T   (  U 2  )   ξ 2    g 2   (  U 1  )            = O  tr  (  Σ *  )  /  n 2  h  ,     








then    G 1  ( 1 , 1 )   = o    tr (   Σ  * 2  )   / n    holds. For the second term, we have the following:


            E [  〈  X 1  −   μ ^   1 t   , α 〉   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 2  −   μ ^   2 t   , α 〉  ]          = E [  〈  X 1  −  μ  1 t   , α 〉   〈  X 1  −  μ  1 t   ,  X 2  −  μ  2 t   〉   〈  X 2  −  μ  2 t   , α 〉  ]             + 2 E   〈 D  μ  1 t   , α 〉   〈 D  μ  1 t   , D  μ  2 t   〉   〈 D  μ  2 t   , α 〉               + 2 E   〈  X 1  −  μ  1 t   , α 〉   〈 D  μ  1 t   , D  μ  2 t   〉   〈 D  μ  2 t   , α 〉               + 2 E   〈  X 1  −  μ  1 t   , α 〉   〈  X 2  −  μ  2 t   , D  μ  1 t   〉   〈 D  μ  2 t   , α 〉               + 2 E   〈  X 1  −  μ  1 t   , α 〉   〈  X 1  −  μ  1 t   , D  μ  2 t   〉   〈 D  μ  2 t   , α 〉               + 2 E   〈 D  μ  1 t   , α 〉   〈  X 1  −  μ  1 t   , D  μ  2 t   〉   〈 D  μ  2 t   , α 〉               + 2 E   〈  X 1  −  μ  1 t   , α 〉   〈 D  μ  1 t   , D  μ  2 t   〉   〈  X 2  −  μ  2 t   , α 〉             = ∥   C *     ( α )  ∥  2  + O  2 β   Σ  * 2  β / n h +  β T   Σ *  β tr  (  Σ *  )  /  n 2   .     











Combined with (C1), (C3), and (C9),    G 2  ( 1 , 1 )   =   ∥  C *   ( α )  ∥  2  + o    tr (   Σ  * 2  )   / n    holds. The error term   ε i   with a mean of zero is independent of the predictor; hence, it is easy to see that both the third term   G 3  ( 1 , 1 )    and the sixth term   G 6  ( 1 , 1 )    are zero. For the other two cross terms,   G 4  ( 1 , 1 )    and   G 5  ( 1 , 1 )   , we need to prove that they are high-order infinitesimals of     tr (   Σ  * 2  )   / n  . In fact,


            E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 2  −   μ ^   2 t   , α 〉  D g  (  U 1  )            = E   〈  X 1  −  μ  1 t   , α 〉   〈  X 1  −  μ  1 t   , D  μ  2 t   〉  D g  (  U 2  )               + E   〈 D  μ  1 t   , α 〉   〈 D  μ  1 t   ,  X 2  −  μ  2 t   〉  D g  (  U 2  )               + E   〈 D  μ  1 t   , α 〉   〈  X 1  −  μ  1 t   , D  μ  2 t   〉  D g  (  U 2  )               + E   〈  X 1  −  μ  1 t   , α 〉   〈 D  μ  1 t   , D  μ  2 t   〉  D g  (  U 2  )               + E   〈 D  μ  1 t   , α 〉   〈 D  μ  1 t   , D  μ  2 t   〉  D g  (  U 2  )            = O  n E [  W 23 2   β T   (  ξ 1   ξ 1 T  −  ξ 1   μ T   (  U 1  )  )   ξ 3  g  (  U 3  )  ]           = O  E [  β T   Σ *   (  U 1  )  μ  (  U 2  )  g  (  U 2  )   f  − 1    (  U 2  )  ] / n h           = o    tr (   Σ  * 2  )   / n  .     











Finally, for   G 5  ( 1 , 1 )   , we have the following:


            E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉  D g  (  U 1  )   ε 2            = E [  〈  X 1  −  μ  1 t   + D  μ  1 t   ,  X 2  −  μ  2 t   + D  μ  2 t   〉   ( −  W 12   ε 2 2  )  ]          = E  [   (  ξ 1  − μ  (  U 1  )  )  T   ξ 1   W 21   W 12    σ  2  ]  + E  [  W 12 2   ξ 2 T   (  ξ 2  − μ  (  U 1  )  )   σ 2  ]           = O  tr  (  Σ *  )  /  n 2  h  .     











Using (C3) and the following fact    tr 2   (  Σ *  )  ≤ p tr  (   Σ  * 2  )   , we obtain   tr  (  Σ *  )  /   tr (   Σ  * 2  )   = o  ( n h )   , i.e.,    A 5  ( 1 , 1 )   = o    tr (   Σ  * 2  )   / n   . Then, the following can be seen:


  E   P  i j   ( 1 )    L  i j   ( 1 )    =   ∥  C *   ( α )  ∥  2  + o    tr (   Σ  * 2  )   / n  .  











The conclusion (i) of Theorem 1 follows from the calculation of   E   P  i j   ( 1 )    L  i j   ( 1 )      and the proof of Theorem 1 in [21]. Conclusion (ii) is addressed in Theorem 2’s proof; here we omit it. □





Proof of Theorem 2. 

By Theorem 1, we have the following:


     n ( E  (  T  n p   )  − ∥  C *   ( α )   ∥ 2  )     σ  2    2 tr (   Σ  * 2  )      = o  ( 1 )  ,  








then we only need to prove the following:


     n (  T  n p   − E  T  n p   )     σ  2    2 tr (   Σ  * 2  )        ⟶ D   N  ( 0 , 1 )  .  



(A1)







We denote    T  n p   ( k , l )   = n     n 2     − 1     ∑  i > j      P  i j   ( k )    L  i j   ( l )   − E   P  i j   ( k )    L  i j   ( l )       with   k , l = 1 , 2 , 3 , 4  . The subsequent result is established:


  n  (  T  n p   − E  T  n p   )  =  ∑  k = 1  4   ∑  l = 1  4   T  n p   ( k , l )   .  











In order to derive the asymptotic properties of the above equation, we will find the asymptotic order of all terms   T  n p   ( k , l )   . These items are divided into the following two groups according to the treatment methods.




	
Group 1:   ( k , l ) = ( 1 , 1 )  ,   ( 1 , 2 )  ,   ( 1 , 3 )  ,   ( 1 , 4 )  ,   ( 2 , 1 )  ,   ( 2 , 3 )  ,   ( 3 , 1 )  ,   ( 3 , 3 )  ,   ( 4 , 1 )  ,   ( 4 , 3 )  .



	
Group 2:   ( k , l ) = ( 2 , 2 )  ,   ( 2 , 4 )  ,   ( 3 , 2 )  ,   ( 3 , 4 )  ,   ( 4 , 2 )  ,   ( 4 , 4 )  .








Since the methods are similar, the cases of   ( k , l ) = ( 1 , 1 )   and   ( k , l ) = ( 2 , 2 )   will be considered, respectively, in detail in each group. Firstly, for   T  n p   ( 1 , 1 )   , we can rewrite the following:


   T  n p   ( 1 , 1 )   ≜  T  n p , 1   ( 1 , 1 )   +  T  n p , 2   ( 1 , 1 )   +  T  n p , 3   ( 1 , 1 )   +  T  n p , 4   ( 1 , 1 )   +  T  n p , 5   ( 1 , 1 )   +  T  n p , 6   ( 1 , 1 )   +  T  n p , 7   ( 1 , 1 )   +  T  n p , 8   ( 1 , 1 )   +  T  n p , 9   ( 1 , 1 )   ,  



(A2)




where


         T  n p , 1   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i   {  〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉  D g  (  U i  )  D g  (  U j  )   − E [   〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉                            D g  (  U i  )  D g  (  U j  )   ] } ,            T  n p , 2   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i   {  〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   〈  X j  −   μ ^   j t   , α 〉  D g  (  U i  )  − E  [ 〈   X i  −   μ ^   i t   ,  X j                           −   μ ^   j t    〉 ]   〈  X j  −   μ ^   j t   , α 〉  D g  (  U i  )  } ,           T  n p , 3   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i   {  〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   〈  X i  −   μ ^   i t   , α 〉  D g  (  U j  )  − E  [ 〈   X i  −   μ ^   i t   ,  X j                           −   μ ^   j t    〉 ]   〈  X i  −   μ ^   i t   , α 〉  D g  (  U j  )  } ,           T  n p , 4   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i   {  〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉  D g  (  U i  )   ε j  − E  [ 〈   X i  −   μ ^   i t   ,  X j                           −   μ ^   j t    〉 D g  (  U i  )   ε j  ]  } ,           T  n p , 5   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i   {  〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉  D g  (  U j  )   ε i  − E  [ 〈   X i  −   μ ^   i t   ,  X j                           −   μ ^   j t    〉 D g  (  U j  )   ε i  ]  } ,           T  n p , 6   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i     〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   〈  X j  −   μ ^   j t   , α 〉   ε i   ,           T  n p , 7   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i     〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   〈  X i  −   μ ^   i t   , α 〉   ε j   ,           T  n p , 8   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i   {  〈  X i  −   μ ^   i t   , α 〉   〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   〈  X j  −   μ ^   j t   , α 〉  − E  [ 〈   X i                        −   μ ^   i t   , α  〉  〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   〈  X j  −   μ ^   j t   , α 〉  ]  } ,           T  n p , 9   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  j < i    〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉   ε i   ε j  .     











To prove (A1), we shall prove the following:


      T  n p   ( 1 , 1 )   − E  T  n p   ( 1 , 1 )       σ  2    2 tr (   Σ  * 2  )      =    T  n p , 91   ( 1 , 1 )     σ 2    2 tr (   Σ  * 2  )      +  o p   ( 1 )  ,  



(A3)




where    T  n p , 91   ( 1 , 1 )   =    2 ( n − 1 )   n 2      ∑  j < i     〈  X i  −  μ  i t   ,  X j  −  μ  j t   〉   ε i   ε j   .



It is easy to see that the means of nine items in the right equation of (A2) are all zero. To calculate their asymptotic order, it is necessary to prove their second moment. Due to the similarity in calculating the first eight items, we use the first item   T  n p , 1   ( 1 , 1 )    as an example to consider.


  E    (  T  n p , 1   ( 1 , 1 )   )  2   =    n 2     n 2   2     ∑  i = 2  n  E   Q  i , 1   ( 1 , 1 )    Q  i , 1   ( 1 , 1 )    +    n 2     n 2   2     ∑  i = 2  n   ∑  j ≠ i   E   Q  i , 1   ( 1 , 1 )    Q  j , 1   ( 1 , 1 )    + o  ( tr  (   Σ  * 2  )  )  ,  








where


   Q  i , 1   ( 1 , 1 )   =  ∑  j = 1   i − 1    〈  X i  −   μ ^   i t   ,  X j  −   μ ^   j t   〉  D g  (  U i  )  D g  (  U j  )  .  











For   i ≠ j  , let us calculate   E   Q  i , 1   ( 1 , 1 )    Q  i , 1   ( 1 , 1 )      and   E   Q  i , 1   ( 1 , 1 )    Q  j , 1   ( 1 , 1 )     .


              E   Q  i , 1   ( 1 , 1 )    Q  i , 1   ( 1 , 1 )             =  ( i − 1 )  E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉  D g   (  U 1  )  2  D g   (  U 2  )  2            +  ( i − 1 )   ( i − 2 )  E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 1  −   μ ^   1 t   ,  X 3  −   μ ^   3 t   〉  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )            ≜  ( i − 1 )   B 11  ( 1 , 1 )   +  ( i − 1 )   ( i − 2 )   B 12  ( 1 , 1 )   ,                E   Q  i , 1   ( 1 , 1 )    Q  j , 1   ( 1 , 1 )             =  Ξ 1  E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 1  −   μ ^   1 t   ,  X 3  −   μ ^   3 t   〉  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )              +  Ξ 2  E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 3  −   μ ^   3 t   ,  X 4  −   μ ^   4 t   〉  D g  (  U 1  )  D g  (  U 2  )  D g  (  U 3  )  D g  (  U 4  )            ≜  Ξ 1   B 12  ( 1 , 1 )   +  Ξ 2   B 13  ( 1 , 1 )   ,     








where    Ξ 1  =  ( i − 1 )  ∧  ( j − 1 )   ,    Ξ 2  =  ( i − 1 )   ( j − 1 )  −  ( i − 1 )  ∧  ( j − 1 )   .



Using the Cauchy–Schwarz inequality and Lemma A.2, we can obtain


   B 11  ( 1 , 1 )   = O  (  C n 4   n  tr  (   Σ  * 2  )  )  .  











For   B 12  ( 1 , 1 )    and   B 13  ( 1 , 1 )   ,


      B 12  ( 1 , 1 )        = E   〈  X 1  −   μ ^   1 t   ,  X 2  −   μ ^   2 t   〉   〈  X 1  −   μ ^   1 t   ,  X 3  −   μ ^   3 t   〉  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )            = O ( E   W 23  tr  (  Σ *   (  U 1  )   Σ *   (  U 3  )  )  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )                + E   W 13   W 21  tr  (  Σ *   (  U 1  )   Σ *   (  U 3  )  )  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )                + E   W 12   W 13  tr  (  Σ *   (  U 1  )  )  tr  (  Σ *   (  U 3  )  )  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )                + E   μ T   (  U 1  )  μ  (  U 2  )   μ T   (  U 3  )  μ  (  U 1  )  D g   (  U 1  )  2  D g  (  U 2  )  D g  (  U 3  )   )          = O ( E [ tr  (  Σ *   (  U 1  )   Σ *   (  U 2  )  )   g 2   (  U 1  )  g  (  U 2  )   ] /  n 2  +  E 2  [ tr  (  Σ *   (  U 1  )  )   g 2   (  U 1  )  ]  /  n 3               + E [  μ T   (  U 2  )  μ  (  U 1  )   μ T   (  U 1  )  μ  (  U 2  )  g  (  U 1  )  /  n 2  ]              + E [  μ T   (  U 2  )  μ  (  U 1  )   μ T   (  U 1  )  μ  (  U 2  )   g 2   (  U 1  )   g 2   (  U 2  )  /  n 2  ] ) ,        B 13  ( 1 , 1 )        = O ( E [ D  μ T   (  U 1  )  D μ  (  U 2  )    ( μ  (  U 3  )  −  μ ^   (  U 3  )  )  T   ( μ  (  U 4  )  −  μ ^   (  U 4  )  )                     D g  (  U 1  )  D g  (  U 2  )  D g  (  U 3  )  D g  (  U 4  )   ] )           = O   μ T   (  U 1  )  μ  (  U 2  )   μ T   (  U 3  )  μ  (  U 4  )  g  (  U 1  )  g  (  U 2  )  g  (  U 3  )  g  (  U 4  )  /  n 2   .     











So, we can have    T  n p , 1   ( 1 , 1 )   =  o p     tr (   Σ  * 2  )     . We apply similar methods to the   T  n p , 1   ( 1 , 1 )   , the terms   {  T  n p , k   ( 1 , 1 )   , k = 2 , … , 7 }   are all equal to    o p   (   tr (   Σ  * 2  )   )   . For   T  n p , 9   ( 1 , 1 )   , we rewrite


      T  n p , 9   ( 1 , 1 )   ≜  T  n p , 91   ( 1 , 1 )   +  T  n p , 92   ( 1 , 1 )   +  T  n p , 93   ( 1 , 1 )   +  T  n p , 94   ( 1 , 1 )   ,     








where


         T  n p , 91   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  i = 2  n   ∑  j = 1   i − 1     〈  X i  −  μ  i t   ,  X j  −  μ  j t   〉   ε i   ε j   ,           T  n p , 92   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  i = 2  n   ∑  j = 1   i − 1     〈  X i  −  μ  i t   , D  μ  j t   〉   ε i   ε j   ,           T  n p , 93   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  i = 2  n   ∑  j = 1   i − 1     〈  X j  −  μ  j t   , D  μ  i t   〉   ε i   ε j   ,           T  n p , 94   ( 1 , 1 )   =    2 ( n − 1 )   n 2     ∑  i = 2  n   ∑  j = 1   i − 1     〈 D  μ  i t   , D  μ  j t   〉   ε i   ε j   .     











Since the means of the above four formulas are zero, in order to prove that (A3) is true, it is necessary to verify that the second moments of    T  n p , 9 k   ( 1 , 1 )   , k = 2 , 3 , 4   are higher-order infinitesimals of the quantity   tr (   Σ  * 2  )  . In fact,


     E   [  T  n p , 92   ( 1 , 1 )   ]  2       = E   [  T  n p , 93   ( 1 , 1 )   ]  2           =    4   ( n − 1 )  2    σ  4    n 4     ∑  i = 2  n    ( i − 1 )  E   〈  X 1  −  μ  1 t   , D  μ  2 t   〉  2            = O  E [  〈  X 1  −  μ  1 t   , D  μ  2 t   〉   〈  X 1  −  μ  1 t   , D  μ  2 t   〉  ]           = O  n E [  W 23 2   ξ 3 T   Σ *   (  U 1  )   ξ 3  ]           = o ( tr  (   Σ  * 2  )  ) ,     










     E   [  T  n p , 94   ( 1 , 1 )   ]  2       = O  E [  〈 D  μ  i t   , D  μ  j t   〉   〈 D  μ  i t   , D  μ  j t   〉  ]           = O  E [ tr  (  Σ *   (  U 3  )  μ  (  U 1  )   μ T   (  U 1  )   f  − 1    (  U 3  )  )  ] / n h  + O   tr 2   (  Σ *  )  /  n 2  h           = o ( tr  (   Σ  * 2  )  ) .     











Then Equation (A3) holds. Similarly, for Group 2, i.e., when   ( k , l ) = ( 2 , 2 )  ,   ( 2 , 4 )  ,   ( 3 , 2 )  ,   ( 3 , 4 )  ,   ( 4 , 2 )  ,   ( 4 , 4 )  , there is a similar proof process for the asymptotic behavior of each item in the group. Here, we only consider   T  n p   ( 2 , 2 )   . By careful calculation, we have the following:


              E [   (  〈   X ˇ  1  ,   X ˇ  1  〉  +  〈   X ˇ  2  ,   X ˇ  2  〉  − 2 E  (  〈   X ˇ  1  ,   X ˇ  1  〉  )  )  2  ]          = O ( E  [   〈  X 1  −  μ  1 t   ,  X 1  −  μ  1 t   〉  2  ]  +  E 2   [  〈  X 1  −  μ  1 t   ,  X 1  −  μ  1 t   〉  ]               + E [  〈  X 1  −  μ  1 t   ,  X 1  −  μ  1 t   〉   〈  X 2  −  μ  2 t   ,  X 2  −  μ  2 t   〉  ] )          = O ( E  [   (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 1  − μ  (  U 1  )  )    (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 1  − μ  (  U 1  )  )  ]               + E [   (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 1  − μ  (  U 1  )  )    (  ξ 2  − μ  (  U 2  )  )  T   (  ξ 2  − μ  (  U 2  )  )  ]              +  E 2   [   (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 1  − μ  (  U 1  )  )  ]   )           = O ( E  [ 2 tr  (   Σ  * 2   (  U 1  )  )  +  tr 2   (  Σ *  )  + Δ tr  (  diag  (   Γ  T   (  U 1  )  Γ  (  U 1  )  )    Γ  T   (  U 1  )  Γ  (  U 1  )   )  ]  ) .     











Using the fact that


  E  [ tr  (  diag  (   Γ  T   (  U 1  )  Γ  (  U 1  )  )    Γ  T   (  U 1  )  Γ  (  U 1  )   )  ]  = E  [ tr  (   Σ  * 2   (  U 1  )  )  ]  = O  ( tr  (   Σ  * 2  )  )  ,  








we have the following:


     E  [   (  〈   X ˇ  1  ,   X ˇ  1  〉  +  〈   X ˇ  2  ,   X ˇ  2  〉  − 2 E  (  〈   X ˇ  1  ,   X ˇ  1  〉  )  )  2  ]  = O  (  tr 2   (  Σ *  )  + tr  (   Σ  * 2  )  )  .     



(A4)







In addition, by a simple calculation, we have the following:


     E [   (   Y ˇ  1 2  +   Y ˇ  2 2  − 2 E  [   Y ˇ  1 2  ]  )  2  ]      = 2 E  [   (   Y ˇ  1 2  )  2  ]  + 2 E  [   Y ˇ  1 2    Y ˇ  2 2  ]  − 4  E 2   [   Y ˇ  1 2  ]  = O  ( 1 )  .     



(A5)







Combining (A4), (A5) with the Cauchy–Schwarz inequality, we have the following:


      E |   T  n p   ( 2 , 2 )    |      ≤   1  4 n      E [   (  〈   X ˇ  1  ,   X ˇ  1  〉  +  〈   X ˇ  2  ,   X ˇ  2  〉  − 2 E  (  〈   X ˇ  1  ,   X ˇ  1  〉  )  )  2  ]     E   [   Y ˇ  1 2  +   Y ˇ  2 2  − 2 E  (   Y ˇ  1 2  )  ]  2             = o    tr (   Σ  * 2  )    .     











We denote the following:     T ˇ   n p 1   ≜     n 2     − 1 / 2     ∑  i = 2  n     ∑  j = 1   i − 1     〈  X i  −  μ  i t   ,  X j  −  μ  j t   〉   ε i   ε j   , by condition (C1), we only need to consider the following:     T ˇ   n p   =     n 2     − 1 / 2     ∑  i = 2  n     ∑  j = 1   i − 1      (  ξ i  − μ  (  U i  )  )  T   (  ξ j  − μ  (  U j  )  )   ε i   ε j   . Then, by Slutsky’s theorem, if the following conclusion can be obtained, Theorem 2 will be proved.


      T ˇ   n p     var (   T ˇ   n p   )       ⟶ D   N  ( 0 , 1 )  .  











By some simple calculations, we have   var  (   T ˇ   n p   )  =   σ  4  tr  (   Σ  * 2  )   . Let    Z  n i   =  ∑  j = 1   i − 1    〈  X i  −  μ  i t   ,  X j  −  μ  j t   〉   ε i   ε j  /     n 2      ,    v  n i   = E  [  Z  n i  2  |  F  i − 1   ]   ,   X  u i  =   (  ξ i  ,  U i  ,  ε i  )  T   , where    F i  =  { X  u 1  , … , X  u i  }    is a  σ -algebra produced by   { X  u i  , k = 1 , … , i }  ,    V n  =  ∑  i = 2  n   v  n i    . The condition   E [  Z  n i   |  F i  ] = 0   is readily verifiable, and the sequence   {  ∑  i = 2  j   Z  n i   ,  F j  : 2 ≤ j ≤ n }   constitutes a mean-zero martingale. Adherence to the Martingale central limit theorem is ensured by verifying the following conditions:


     V n   var (   T ˇ   n p   )      ⟶ P   1 ,   as  n → ∞ ;  



(A6)






   ∑  i = 2  n    σ   − 4    tr  − 1    (   Σ  * 2  )   E {   Z  n i  2   I ( |   Z  n i    | > η    σ  2    tr (   Σ  * 2  )    ) |   F  i − 1     }     ⟶ P   0   for  ∀  η > 0 .  



(A7)







Note that


   v  n i   =    σ 2    n 2      ∑  j = 1   i − 1     ε j 2    (  ξ j  − μ  (  U j  )  )  T   Σ *   (  ξ j  − μ  (  U j  )  )  + 2  ∑  k < l < i    ε k   ε l    (  ξ k  − μ  (  U k  )  )  T   Σ *   (  ξ l  − μ  (  U l  )  )   .  











Then, we define the following:


     V n   var (   T ˜   n p   )    ≜  C  n 1   +  C  n 2   ,  








where


     C  n 1      =   1    n 2    σ 2  tr  (   Σ  * 2  )      ∑  j < i    ε j 2    (  ξ j  − μ  (  U j  )  )  T   Σ *   (  ξ j  − μ  (  U j  )  )  ,       C  n 2      =   2    n 2    σ 2  tr  (   Σ  * 2  )      ∑  k < l < i    ε k   ε l    (  ξ k  − μ  (  U k  )  )  T   Σ *   (  ξ l  − μ  (  U l  )  )  .     











The equality   E [  C  n 1   ] = 1   can be readily confirmed, and we have the following:


            var  (  C  n 1   )  = E  [  C  n 1  2  ]  − 1          =   1   n 4    (  σ 4    Σ  * 2  )  2      ∑  i = 2  n  (  ( i − 1 )  E [   (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )    (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (   ξ 1              − μ  (  U 1  )   )  σ 4   ε 1 4  ] +  ( i − 1 )   ( i − 2 )  E [   (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )  (   ξ 2              − μ  (  U 2  )    )  T   Σ *   (  ξ 2  − μ  (  U 2  )  )   σ 4   ε 1 2   ε 2 2  ] )             +   1   n 4    (  σ 4    Σ  * 2  )  2      ∑  i = 2  n   ∑  j ≠ i   (  ( i − 1 )  ∧  ( j − 1 )  E  [   (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )  (   ξ 1              − μ  (  U 1  )    )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )   σ 4   ε 1 4   ] +   (  ( i − 1 )   ( j − 1 )  −  ( i − 1 )  ∧  ( j − 1 )  )  E  [ (   ξ 1              − μ  (  U 1  )    ) T   Σ *   (  ξ 1  − μ  (  U 1  )  )    (  ξ 2  − μ  (  U 2  )  )  T   Σ *   (  ξ 2  − μ  (  U 2  )  )   σ 4   ε 1 2   ε 2 2  ]  ) − 1          =    E [  ε 1 4  ]   n  σ 4   tr 2   (   Σ  * 2  )     O  ( E  [   (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )    (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )  ]  )           =    E [  ε 1 4  ]   n  σ 4   tr 2   (   Σ  * 2  )      O ( E   [ tr  (  Σ *   (  U 1  )   Σ *   Σ *   (  U 1  )   Σ *  )  ]  +  tr 2   (  Σ *   (  U 1  )   Σ *  )              + Δ tr ( diag  (   Γ  T   (  U 1  )   Σ *  Γ  (  U 1  )  )    Γ  T   (  U 1  )   Σ *  Γ  (  U 1  )  ) )          =    E [  ε 1 4  ]   n  σ 4   tr 2   (   Σ  * 2  )     O  ( tr  (   Σ  * 4  )  +  tr 2   (   Σ  * 2  )  )  ,     











By (C2), we have    C  n 1     ⟶ P   1  . Similarly, we can obtain   E [  C  n 2   ] = 0  , and we have the following:


            var  (  C  n 2   )  = E  [  C  n 2  2  ]           = O  (    2     n 2   2   tr 2   (   Σ  * 2  )      ∑  i = 2  n   (  ( i − 1 )   ( i − 2 )  E [    (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 2  − μ  (  U 2  )  )    (    X 2              − μ  (  U 2  )    ) T   Σ *   (  ξ 1  − μ  (  U 1  )  )  ]  +  ∑  i = 2  n   ∑  j ≠ i    ( i − 1 )  ∧  ( j − 1 )   (  ( i − 1 )  ∧  ( j − 1 )  − 1 )                 E [   (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 2  − μ  (  U 2  )  )    (  ξ 2  − μ  (  U 2  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )  ] ) )          = O     tr (   Σ  * 4  )    tr 2   (   Σ  * 2  )      .     











Combined with   tr  (   Σ  * 4  )  = o  (  tr 2   (   Σ  * 2  )  )   , we have    C  n 2     ⟶ P   0  . Thus, Equation (A6) holds. Finally, we only need to prove (A7). Hence, leveraging the law of large numbers and the fact that    E [   Z  n i  2   I ( |   Z  n i    | > η   σ 2  tr  (   Σ  * 2  )   ) ]  ≤ E  (  Z  n i  4  |  F  i − 1   )  /  (  η 2   σ 4  tr  (   Σ  * 2  )  )  ,   it suffices to demonstrate that    ∑  2 ≤ i ≤ n   E  (  Z  n i  4  )  = o  (  tr 2   (   Σ  * 2  )  )   . Through straightforward computations, we obtain the following result:


           ∑  i = 2  n  E  [  Z  n i  4  ]         =   1    n 2   2     ∑  j < i   E  [   (   (  ξ i  − μ  (  U i  )  )  T   (  ξ j  − μ  (  U j  )  )  )  4   ε i 4   ε j 4  ]  +  ∑  i = 2  n  E  [  Z  n i  4  ]         =   1    n 2   2     ∑  j < i    ∑  k ≠ j   E  [   (   (  ξ i  − μ  (  U i  )  )  T   (  ξ j  − μ  (  U j  )  )  )  2    (   (  ξ i  − μ  (  U i  )  )  T   (  ξ k  − μ  (  U k  )  )  )  2   ε i 4   ε j 2   ε k 2  ]         =     E 2   (  ε 1 4  )      n 2   2     ∑  i = 2  n   ( i − 1 )  E   [   (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 2  − μ  (  U 2  )  )  ]  4  +    3  σ 4  E  (  ε 1 4  )      n 2   2     ∑  i = 2  n   ( i − 1 )   ( i − 2 )               E    (   (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 2  − μ  (  U 2  )  )  )  2   (   (  ξ 1  − μ  (  U 1  )  )  T    (  ξ 3  − μ  (  U 3  )  )  2  )          = O     E   [   (  ξ 1  − μ  (  U 1  )  )  T   (  ξ 2  − μ  (  U 2  )  )  ]  4    n 2     + O     E   [   (  ξ 1  − μ  (  U 1  )  )  T   Σ *   (  ξ 1  − μ  (  U 1  )  )  ]  2   n        











Combining (C2) and Lemma 2, Equation (A7) holds. Thus, the proof of Theorem 2 is completed. □
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Figure 1. The null distributions and q-q plots of our proposed test when   g ( u ) = 2 u  . 
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Figure 2. The null distributions and the q-q plots of our proposed test when   g ( u ) = 2 + s i n ( 2 π u )  . 
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Figure 3. Empirical power functions of our proposed test when   g ( u ) = 2 u  . 
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Figure 4. Empirical power functions of our proposed test when   g ( u ) = 2 + s i n ( 2 π u )  . 
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Figure 5. Empirical power functions of our proposed test with the Gaussian kernel when   g ( u ) = 2 + s i n ( 2 π u )  . 
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Figure 6. (a) The estimator of the slope function in model (10); (b) the estimator of the slope function in model (11). 
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Table 1. When   g ( u ) = 2 u  , the empirical size and power for two tests are evaluated.
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    ( n , p )    

	
c

	
N(0,1)

	
t(3)

	
    Γ ( 1 , 1 )    

	
lnorm(0,1)




	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   






	
(50,11)

	
0.00

	
0.069

	
0.060

	
0.074

	
0.077

	
0.071

	
0.071

	
0.084

	
0.053




	
0.05

	
0.097

	
0.101

	
0.133

	
0.102

	
0.135

	
0.107

	
0.148

	
0.111




	
0.10

	
0.250

	
0.211

	
0.292

	
0.244

	
0.269

	
0.225

	
0.337

	
0.283




	
0.15

	
0.474

	
0.383

	
0.555

	
0.448

	
0.494

	
0.415

	
0.576

	
0.470




	
0.20

	
0.713

	
0.584

	
0.761

	
0.631

	
0.738

	
0.602

	
0.755

	
0.656




	
(100,11)

	
0.00

	
0.049

	
0.052

	
0.055

	
0.052

	
0.058

	
0.059

	
0.049

	
0.052




	
0.05

	
0.233

	
0.195

	
0.275

	
0.225

	
0.217

	
0.195

	
0.312

	
0.268




	
0.10

	
0.689

	
0.603

	
0.746

	
0.660

	
0.715

	
0.618

	
0.743

	
0.652




	
0.15

	
0.961

	
0.877

	
0.956

	
0.913

	
0.963

	
0.899

	
0.931

	
0.884




	
0.20

	
0.998

	
0.984

	
0.986

	
0.975

	
0.995

	
0.975

	
0.978

	
0.965




	
(100,49)

	
0.00

	
0.057

	
0.060

	
0.050

	
0.061

	
0.051

	
0.049

	
0.055

	
0.047




	
0.05

	
0.224

	
0.203

	
0.282

	
0.255

	
0.236

	
0.225

	
0.305

	
0.288




	
0.10

	
0.741

	
0.607

	
0.757

	
0.665

	
0.718

	
0.615

	
0.747

	
0.659




	
0.15

	
0.962

	
0.900

	
0.947

	
0.871

	
0.950

	
0.884

	
0.938

	
0.886




	
0.20

	
0.998

	
0.981

	
0.987

	
0.977

	
0.997

	
0.978

	
0.988

	
0.969











 





Table 2. When   g ( u ) = 2 + sin ( 2 π u )  , the empirical size and power for two tests are evaluated.






Table 2. When   g ( u ) = 2 + sin ( 2 π u )  , the empirical size and power for two tests are evaluated.





	
    ( n , p )    

	
c

	
N(0,1)

	
t(3)

	
    Γ ( 1 , 1 )    

	
lnorm(0,1)




	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   






	
(50,11)

	
0.00

	
0.062

	
0.064

	
0.072

	
0.069

	
0.071

	
0.072

	
0.060

	
0.054




	
0.05

	
0.087

	
0.091

	
0.109

	
0.096

	
0.112

	
0.103

	
0.117

	
0.106




	
0.10

	
0.235

	
0.197

	
0.250

	
0.219

	
0.241

	
0.208

	
0.293

	
0.249




	
0.15

	
0.420

	
0.359

	
0.502

	
0.419

	
0.449

	
0.389

	
0.506

	
0.449




	
0.20

	
0.658

	
0.545

	
0.724

	
0.605

	
0.694

	
0.573

	
0.735

	
0.638




	
(100,11)

	
0.00

	
0.062

	
0.062

	
0.050

	
0.046

	
0.063

	
0.060

	
0.054

	
0.060




	
0.05

	
0.217

	
0.205

	
0.239

	
0.219

	
0.235

	
0.208

	
0.255

	
0.240




	
0.10

	
0.668

	
0.568

	
0.714

	
0.617

	
0.696

	
0.605

	
0.748

	
0.644




	
0.15

	
0.946

	
0.874

	
0.947

	
0.883

	
0.946

	
0.852

	
0.927

	
0.873




	
0.20

	
0.996

	
0.980

	
0.993

	
0.972

	
1.000

	
0.979

	
0.987

	
0.964




	
(100,49)

	
0.00

	
0.050

	
0.062

	
0.056

	
0.063

	
0.047

	
0.067

	
0.060

	
0.056




	
0.05

	
0.226

	
0.216

	
0.249

	
0.202

	
0.209

	
0.199

	
0.277

	
0.256




	
0.10

	
0.674

	
0.562

	
0.734

	
0.611

	
0.692

	
0.582

	
0.733

	
0.639




	
0.15

	
0.943

	
0.873

	
0.943

	
0.890

	
0.941

	
0.855

	
0.925

	
0.889




	
0.20

	
0.997

	
0.976

	
0.994

	
0.981

	
0.998

	
0.980

	
0.982

	
0.955











 





Table 3. When   g ( u ) = 2 u  , the empirical size and power for two tests are evaluated.
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    ( n , p )    

	
c

	
N(0,1)

	
t(3)

	
    Γ ( 1 , 1 )    

	
lnorm(0,1)




	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   






	
(50,11)

	
0.00

	
0.097

	
0.066

	
0.088

	
0.076

	
0.096

	
0.074

	
0.104

	
0.059




	
0.25

	
0.378

	
0.454

	
0.442

	
0.518

	
0.389

	
0.443

	
0.487

	
0.572




	
0.50

	
0.589

	
0.695

	
0.669

	
0.749

	
0.610

	
0.702

	
0.725

	
0.783




	
0.75

	
0.765

	
0.832

	
0.811

	
0.861

	
0.769

	
0.847

	
0.832

	
0.882




	
1.00

	
0.865

	
0.917

	
0.883

	
0.925

	
0.867

	
0.912

	
0.889

	
0.922




	
(100,11)

	
0.00

	
0.060

	
0.067

	
0.086

	
0.064

	
0.072

	
0.058

	
0.062

	
0.049




	
0.25

	
0.511

	
0.711

	
0.582

	
0.738

	
0.569

	
0.739

	
0.618

	
0.760




	
0.50

	
0.820

	
0.932

	
0.857

	
0.932

	
0.846

	
0.922

	
0.841

	
0.924




	
0.75

	
0.949

	
0.984

	
0.943

	
0.975

	
0.935

	
0.973

	
0.917

	
0.967




	
1.00

	
0.982

	
0.998

	
0.971

	
0.986

	
0.971

	
0.989

	
0.958

	
0.984




	
(100,49)

	
0.00

	
0.245

	
0.064

	
0.224

	
0.058

	
0.236

	
0.058

	
0.202

	
0.048




	
0.25

	
0.541

	
0.498

	
0.570

	
0.543

	
0.534

	
0.501

	
0.563

	
0.564




	
0.50

	
0.754

	
0.771

	
0.804

	
0.807

	
0.767

	
0.776

	
0.769

	
0.798




	
0.75

	
0.884

	
0.910

	
0.899

	
0.936

	
0.899

	
0.904

	
0.879

	
0.887




	
1.00

	
0.957

	
0.966

	
0.949

	
0.968

	
0.956

	
0.964

	
0.928

	
0.934











 





Table 4. When   g ( u ) = 2 + sin ( 2 π u )  , the empirical size and power for two tests are evaluated.
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    ( n , p )    

	
c

	
N(0,1)

	
t(3)

	
    Γ ( 1 , 1 )    

	
lnorm(0,1)




	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   

	
   T n   

	
   T np   






	
(50,11)

	
0.00

	
0.099

	
0.069

	
0.087

	
0.075

	
0.086

	
0.063

	
0.101

	
0.064




	
0.25

	
0.353

	
0.420

	
0.423

	
0.484

	
0.383

	
0.434

	
0.482

	
0.538




	
0.50

	
0.574

	
0.661

	
0.640

	
0.714

	
0.602

	
0.677

	
0.695

	
0.758




	
0.75

	
0.751

	
0.806

	
0.783

	
0.849

	
0.750

	
0.814

	
0.804

	
0.860




	
1.00

	
0.841

	
0.893

	
0.869

	
0.913

	
0.842

	
0.897

	
0.874

	
0.913




	
(100,11)

	
0,00

	
0.067

	
0.058

	
0.060

	
0.054

	
0.065

	
0.055

	
0.072

	
0.059




	
0.25

	
0.486

	
0.662

	
0.545

	
0.713

	
0.537

	
0.697

	
0.591

	
0.742




	
0.50

	
0.783

	
0.901

	
0.819

	
0.906

	
0.814

	
0.907

	
0.832

	
0.916




	
0.75

	
0.930

	
0.983

	
0.918

	
0.966

	
0.930

	
0.980

	
0.915

	
0.955




	
1.00

	
0.976

	
0.996

	
0.959

	
0.983

	
0.977

	
0.994

	
0.954

	
0.972




	
(100,49)

	
0.00

	
0.236

	
0.066

	
0.212

	
0.066

	
0.218

	
0.061

	
0.243

	
0.065




	
0.25

	
0.543

	
0.475

	
0.540

	
0.506

	
0.526

	
0.480

	
0.658

	
0.612




	
0.50

	
0.744

	
0.745

	
0.781

	
0.791

	
0.747

	
0.750

	
0.835

	
0.815




	
0.75

	
0.885

	
0.892

	
0.890

	
0.911

	
0.875

	
0.891

	
0.913

	
0.913




	
1.00

	
0.948

	
0.964

	
0.937

	
0.956

	
0.938

	
0.955

	
0.947

	
0.956











 





Table 5. Mean and standard deviations of our proposed test statistics across different scenarios.
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    ( n , p )    

	
c

	
N(0,1)

	
t(3)

	
    Γ ( 1 , 1 )    

	
lnorm(0,1)




	
mean

	
sd

	
mean

	
sd

	
mean

	
sd

	
mean

	
sd






	
(50,11)

	
0.00

	
−0.0333

	
0.9374

	
−0.0061

	
0.9418

	
−0.0043

	
0.9994

	
−0.0247

	
0.9825




	
0.25

	
1.7738

	
2.2073

	
1.3510

	
1.9616

	
1.2082

	
1.8621

	
1.6662

	
2.2812




	
0.50

	
3.3189

	
2.7381

	
2.6000

	
2.5333

	
2.3050

	
2.4013

	
3.1053

	
3.0144




	
0.75

	
4.7067

	
3.0726

	
3.7388

	
2.9395

	
3.3175

	
2.7857

	
4.3626

	
3.5327




	
1.00

	
5.9521

	
3.2898

	
4.7717

	
3.2447

	
4.2325

	
3.0603

	
5.4780

	
3.9246




	
(100,11)

	
0.00

	
−0.0200

	
0.9308

	
−0.0064

	
0.9198

	
−0.0638

	
0.9361

	
−0.0263

	
0.9369




	
0.25

	
3.7480

	
3.0049

	
2.6939

	
2.5895

	
2.3069

	
2.4523

	
3.0643

	
3.0377




	
0.50

	
7.0041

	
3.8159

	
5.1654

	
3.4800

	
4.5174

	
3.2602

	
5.7955

	
4.2112




	
0.75

	
9.8990

	
4.2990

	
7.4175

	
4.1336

	
6.5733

	
3.8412

	
8.2343

	
5.0734




	
1.00

	
12.5121

	
4.6155

	
9.4800

	
4.6283

	
8.4585

	
4.2903

	
10.4237

	
5.7426




	
(100,49)

	
0.00

	
−0.0344

	
0.9647

	
−0.0853

	
0.9221

	
−0.0634

	
0.9468

	
−0.0322

	
0.8838




	
0.25

	
1.3974

	
1.6203

	
2.4578

	
2.0814

	
2.2854

	
2.0247

	
2.7763

	
2.3084




	
0.50

	
2.6816

	
2.0302

	
4.6292

	
2.7638

	
4.2755

	
2.6032

	
5.0716

	
3.1856




	
0.75

	
3.8472

	
2.3259

	
6.4930

	
3.2520

	
6.0145

	
2.9903

	
6.9775

	
3.7744




	
1.00

	
4.9262

	
2.5550

	
8.1087

	
3.5979

	
7.5483

	
3.2715

	
8.6025

	
4.2086




	
(100,201)

	
0.00

	
−0.0284

	
0.9996

	
−0.0464

	
0.9366

	
−0.0799

	
0.9973

	
−0.1059

	
0.9523




	
0.25

	
0.5965

	
1.1769

	
0.9410

	
1.2687

	
0.8517

	
1.2541

	
1.0221

	
1.3276




	
0.50

	
1.1730

	
1.3154

	
1.8179

	
1.5234

	
1.6749

	
1.4624

	
1.9941

	
1.6616




	
0.75

	
1.7107

	
1.4365

	
2.5847

	
1.7106

	
2.4135

	
1.6295

	
2.8149

	
1.9165




	
1.00

	
2.2170

	
1.5368

	
3.2742

	
1.8666

	
3.0751

	
1.7569

	
3.5290

	
2.1234




	
(200,365)

	
0.00

	
−0.1197

	
0.9914

	
−0.1129

	
0.9450

	
−0.0892

	
0.9681

	
−0.1104

	
0.9420




	
0.25

	
0.8032

	
1.2129

	
3.3462

	
1.8678

	
3.0628

	
1.6937

	
3.3950

	
1.9900




	
0.50

	
1.6756

	
1.3740

	
5.9872

	
2.3996

	
5.5453

	
2.0681

	
5.9918

	
2.6471




	
0.75

	
2.4867

	
1.5036

	
8.0726

	
2.7188

	
7.5441

	
2.3124

	
8.0182

	
3.0317




	
1.00

	
3.2467

	
1.6108

	
9.7640

	
2.9315

	
9.1963

	
2.4703

	
9.6570

	
3.2855
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