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Abstract: In this work, we aim to explore the superconvergence of a modified nonconforming cut finite
element method with rectangular meshes for elliptic problems. Boundary conditions are imposed
via the Nitsche’s method. The superclose property is proven for rectangular meshes. Moreover, a
postprocessing interpolation operator is introduced, and it is proven that the postprocessed discrete
solution converges to the exact solution, with a superconvergence rate O(h3/2). Finally, numerical
examples are provided to support the theoretical analysis.
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1. Introduction

Boundaries/interfaces with time or involving complex geometries arise in many
engineering applications and physical phenomena problems. Cut finite element methods
(CutFEM) have been developed to solve PDEs whose solutions involve jumps, kinks,
singularities and other locally non-smooth features within elements. This method not only
retains the accuracy and robustness of a standard finite element method, but also relaxes
the mesh, which is independent of the geometric description. Over the past few decades,
cut finite element methods have been applied to many problems [1-6]. We also refer to the
overview article [7] and the references therein.

Note that superconvergence of the finite element method is quite popular in prac-
tice, and several types have been studied in the past few decades. There are two main
techniques within the framework of superconvergence. One technique is the interpolation
approximation, which has two ingredients: the supercloseness between the numerical
solution and the finite element canonical interpolant, and the global superconvergence
between the exact solution and a postprocessed solution. This technique has been studied
for conforming finite elements [8-11] and nonconforming finite elements [12,13]. The other
one uses some equivalences, and involves translating the superconvergence of the original
problems into the superconvergence of some mixed problems—for example, the equiv-
alence between the Crouzeix—Raviart method and the lower order Raviart-Thomas (RT)
method for the Poisson equation [14], and the equivalence between the the nonconforming
Rannacher—Turek (NCRT) element and RT element for elliptic equations [15].

For the NCRT element, based on the interpolation approximation technique, it has been
shown in [12] that the supercloseness between the numerical solution and the finite element
interpolation holds only under square meshes. To overcome this barrier, many modified
NCRT elements [12,13,16] have been proposed. In this work, we study the cut finite
element method, based on the five-node nonconforming element developed in [12,13]. The
main contribution is that a postprocessing operator is designed, and the superconvergence
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order O(h3/2) is proven for elliptic problems based on the nonconforming CutFEM under
rectangular meshes.

The remainder of this paper is organized as follows. In Section 2, we formulate
the modified nonconforming CutFEM. The supercloseness is presented in Section 3. A
postprocessing operator and the global superconvergence are analyzed in Section 4. Some
numerical results are shown in Section 5 to verify the theoretical results. The conclusions
are given in the last section. Throughout this paper, C is used to denote generic positive
constants, which are independent of /, the location of the boundary to the mesh. Moreover,
A < Bstands for A < CB.

2. The Model Problem and the Finite Element Formulation

Consider the following elliptic problem with a bounded and simply connected domain
Q C R? under a smooth boundary I' = 9Q:

—Au=f in ),
(1)
u=g on d(),

where f is a smooth function, and g € H : (T') is the Dirichlet boundary function prescribed
onT.

Remark 1. For f € [*(Q) and g € H? (T), it is well known that the variational formulation of
(1) has a unique solution u € H'(Q). In the following analysis of superconvergence, we assume

that g € H3 (T) for the solution u € H3(Q) N W2>(Q).

For domain ), we first define a fictitious domain ), such that Q) C Q. Let {T;} bea
family of non-overlapping rectangles that cover the domain Q. For any K € 7, we define
hk as diam(K), and denote  := maxgc7, hg. Note that any element K € 7, is considered
closed. Define the set of cut elements by Gl := {K € T, : KNI # @}. In particular,
for K € GI, we denote 'y = KNT, 7;10 ={KeT,: KNQ # @} and Q, := UKeThQK.

Denote the set of all interior edges of 7,1 by ¢),. Denote uncut and cut edges by ¢/ and &5,

respectively, which are defined as ¢} := {e € ey :e=0KNIK,, K, K, € Tp,and e C Q},
and sfl”t ={e=enQ:e=0K NI, K,K, € Gg} Further, the set of extended edges is
denoted by

el :={e=0K;N3K,: K, K, € Ty, Kjor K, € G} }.

. 2 2
Define H'Hh,ﬂh = ZKGEQHV'HLZ(K)‘
We define a weak space:

V= {v € L2(Qy) : v € H*(K), VK € T,2'}.

Let K = [-1,1] x [-1,1] denote the reference element with four vertices
4 =(-1,-1),@=(1,-1),a3 = (1,1) and a4 = (—1,1). Denote the bilinear function Fx
as an isomorphism from K to K by

4

4 -~
x =) xiNi(&m), y =YL wiNi& ), (&n) €K,

i

where (x;,y;),i = 1,2,3,4 are four vertices of element K, and N;(¢,7),i = 1,2,3,4 are the
basis functions of the standard conforming bilinear finite element space, which can be
written as

Ni(G ) = 7(1=8) (A —n), No(&,n) = 7(1+ (A —1),

N3(G, ) = - (1+8)(1+n), Na(&n) =(1=¢)(1+7).

NS N -
N U N
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Denote the finite element space of modified nonconforming elements with support in
Qh by

Vii= {0 € () : ol € Oerr(K), [[elds =0, Ve € ey },

e

where Querr(K) == {g = G0 F (3 € span < 1,610,817 >}, [olle = ol — olx, if
e = 81(1 N E)K,

We now give the finite element formulation based on the weak formulation of Prob-
lem (1). Firstly, the average {v} on the cut edges ¢ is defined by

1 1
{v} = Evl|e~+ Evr|’ér

with vj = Z)|K],,]' =1, K, K, € G}l:
The modified nonconforming cut finite element method is to find uj, € Vj, such that

Ap(up, o) = Ly(vy), Yo, €V, ()

where Ay, (-, -) is the bilinear form on (V + V},) x (V +V},) and Lj,(+) is the linear function
on V + V}, defined by

Ap(u,0) =) Vu-Vo— Y / (Vu-nv+ Vo -nu)

keT,0 T KNQ KeGh
+ Z To / U — /({Vu-ng}[v] +{Vo-ng}ul]) ®)
Ke Gr eeesht €
T1
+ h [ [Vu][Vo),
GZ‘”” / eezs /

and

/fv+2/ (Vo-n+ 1), @

KeGl

where n is the unit outward normal vector on the boundary I', and v; (i = 0,1) are
positive numbers.
We introduce the energy norm on the space V + V}, as

ol = et ol + X Hvellg, 5
KETQ eesh
with i 1
2 2 2 2
[ollyr =7 Y. lollz2gry and [[oll5, == ) 7 el
KeGh eeest

From the proof of Lemma 6 in [2], the following inequality can be directly obtained.

Lemma 1. Suppose that h is sufficiently small. For any vy, € Vj,, we have

2 2
S lonllha + 2 BIVole),

I
€€€h

2 2
where ||vy[[j, o = ZKGEOHVUHB(KQQ)'
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To analyze the convergence and superconvergence, we need an extension result (see
Chapter VI, Section 2 of [17], or Chapter 6 of [18]). We continuously extend the solution
u € H3(Q) NW%*(Q) of (1) to R? to obtain a function & € H3(R?) N W**(R?), such that

ulo =u, |l gige) S 1ullgiqy 7=0123, (6)

and
H{IHWZ‘”(RZ) S ||”HWZ°°(Q)~ )

It is easy to obtain the following inconsistency equation:

Ap(u—up,op) = Y, [ Viu-ne[oy]. (8)

ece)’ €

Assume that g and <y are large enough; it is easy to find that the coercivity of Ay (-, -)
holds, which can be proven similarly to Theorems 4.1 and 4.2 of [19]. Then, the a priori
error estimate for the modified nonconforming CutFEM holds:

[ = unll 2y + Bllle = wnllly S H2Hlull 2 - ©)

Estimate (9) implies that (2) is a first order in energy norm |[||-|||;,. Therefore, an
improved 1 + 5,5 > 0 order for the recovery-type error estimate indicates superconver-
gence. Moreover, if the ||-|||, —distance between two functions is O(h!**), we say that they
are superclose.

3. Supercloseness Analysis

In this section, we will show the supercloseness result between the gradient of the
finite element solution and the gradient of the interpolation of the exact solution. Firstly, for
any element K, define a local interpolation operator by [, IIxv = [,vand [, ITxv = [ o,
where e C dK. Denote by IT;, the interpolation operator over Vj, by IT,v := (I1,9)|q and
IT,v|x = Igv. From the interpolation theory in [20] and the above extension properties,
the following approximation estimate holds:

2 ‘u - Hh“ﬁvl,p([() 5 h27l|i[|W2rP([R2) S; h27l|u|W2rP(Q)/ (10)
KeT,

where!/ =0,1and 1 < p < co.

For element K € 7, \ G} and v, € V},, V- (V)vy, and (Voy, - ng) sk are constants, and
then [ (u —IT,u)V - (Vo,) = 0and [, (u —IT,u) Vo), - ng = 0, through the definition of
IT},. Similarly to the proof of Theorem 3.1 of [21], we have the following Lemma.

Lemma 2. Let u be the solution of the interface problem, and I1ju be the interpolation of u, defined
as above. If u € W2 (Q), then for all v, € V},,

Ap(u =Ty, vy) S 02 |ull 00 0 ll[on ]

Theorem 1. Let uy, be the finite element solution of the discrete problem, and I1ju be the interpola-
tion of u. If u € H3(Q) N W**(Q), then

s = Thyally, < (Rl 0 + B2 ).

Proof. Using the coercivity of Aj(+,-), we have

oy — Ty < Ap(up, — Thyu, uy, — Th,u)

11
= Ap(u — pu, up — Tu) — Ap(u — up, up — Iu). an
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From Lemma 2, the first term on the right hand can be estimated via
Ap(u — T, uy, — Xu) < CH/2||u 200,011 = T[] - (12)
From Lemma 3.1 of [12], the following consistency error estimate holds:
Ap (= gy — Tyu) < CH2[ue]| |4y =TTl (13)
Combining (12) with (13), we complete the proof. O
Remark 2. From the definition of |||-|||;,, Lemma 1, and Theorem 1, we obtain
2 3/2
e =Tt S P2l 0+ B2 ]l 0 (14)

4. Postprocessing and Superconvergence

In this section, we will use a postprocessing operator defined in [13], and apply it
to our fictitious domain. The global superconvergence for the modified nonconforming
cut finite element method to elliptic problems will be analyzed. For this purpose, we
assume that 7y, is obtained from 7y, by dividing each element M of 7T, into four congruent
rectangles K;,i = 1,2,3,4. Define an operator I, on 75y, I,|m = Iy, and define the local
operator Iy : L'(M) — P>(M) by

(Ingit — 1) = 0; /K (Ingit — 1) = 0,

/(IMu—u) —0,i=1,2,3,4 /
e; K 2UKy

1UK3
where ¢;,i = 1,2,3,4 are four edges of M. From Lemma 3.2 of [13], we obtain the following
Lemma, which presents the properties of operator Ij,.

Lemma 3. The interpolation operator Iy, satisfies
LpTyu = Ly, || (4= Lytt) |y 5 S B Nell3 000 1200l i3 S 0nllop 60

Now, we give some notations. For partition 7, we define Tthl = {M € Ty, :
MNQ # @} and Oy, = UpenM. Let Gy, == {M € Tz, : M & O, }. Note that there

might exist an element K € 7, which is not in 7, for K C M and M € G, (see Figure 1
for an illustration). For each element M € G}, in order to obtain superconvergence, we
need expand the value from Q) into M. For K C M but KN Q) = &, there is K’ C M and
K' C Q. Let Py : L2(K) — Qncrr(K) be the L2(K) projection. Take

—~——

Py xv := Px(vy|xr) € Qnerr(K)
with

5
~K'
PK’,KD = 2 UK,i(PK,l"
i=1
where v}, is the continuous extension of v;, and ¢k ; is the basis function of QNCRT(K)-

Further, we define
5

Qkv =Y <0k;> Pk,

i=1

where the average is the convex combination

~ KM
< UK,i >= Z wWgm Uﬁ,l’
melg
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with weights wgm, such that 0 < wgm < 1land Y, wgn = 1, and Ix = {m : K, C
QpforKe M,KNQ = g,K,, € M}. Forv € V, let Q,v|x = Qkv. Itis easy to find that

Qullyo =10 and [|Quonllo 0, < l0nllna,-

For v € V},, we define a postprocessing operator [J,;, by Jo5,v := I, Qyv. Then, we can
obtain the following main superconvergence result in this work.

2h

Figure 1. Illustration of definitions of 7;10, 7;(;3, Qy,, Oy, and Gzrh for domain ). Partitions 7;10
(fine meshes) and 7'2(,3 (coarse meshes) of domain (). Left: elements in (), (magenta area). Middle:
elements in (), (cobalt blue area). Right: elements in Gzrh (magenta area).

Theorem 2. Let u and uy, be the solutions of (1) and (2), respectively. Assume that u € W>*(Q) N
H3(Q), then

3/2
s0th "2lu

[t = Tantin |l g0 S Bl

2,00,0)°

Proof. We decompose u — Joyuy, as (u — JopITyu) + (TopIlu — Jopuy). Then, the triangle
inequality implies that
| (0 — Tontin) g0 < (4 = TonTyta) [l g, o + [[(T2n T vt — Tontin) llog,

(15)
= || (u — Lyu) ||, 0 + 1(L2n QI Tpu — Ly Qi) ||y, s

where the last equality uses the definition of J,;, and Lemma 3, and then we obtain
Tollyu = Ly Qullyu = Lyllyu = Lpu. From Lemma 3 and the extension properties,
we have

e = Lyl 00 < CH?ull3 0. (16)

Using Lemma 3, we obtain

(| Loy QuI Tyt — Ly Qg2 0

(17)
< CllQuITpu — Quun |l 00y, < ClITTpu — uply 3,0
and together with (14), the following estimate holds
[ 12 Qul T — Ly Quupllypa S h2||“||3,0 + 12 ||u 2,00,00" (18)

Finally, the proof is directly obtained from (16)—(18). O

5. Numerical Examples

In this section, we will consider several numerical examples to verify the theoretical
results given in the previous section. In these examples, we will test the convergence rate,
supercloseness result and superconvergence rate based on square meshes and different rect-
angular meshes. We summarize our experimental results in tables, displaying the following
errors: De := ||u — upll;, o, D"e:= |y, — Iul|, o and D7 e := |lu — Topity || 3 -
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5.1. Example 1

In this example, we consider the elliptic problem with a circular boundary with center
(0,0) and radius r = 1/2. Define domain Q) = {(x,y) : x*> + y*> < r?}. Choose the fictitious
domain O = [—0.5,0.5] x [~0.5,0.5], and let f be chosen such that the exact solution is
u(x,y) = (x> — x)(y> — y). The performance for errors of De, D''e and DY ¢ with square
and rectangular meshes are shown in Table 1. Firstly, it shows errors of De, D¢, and
DY e versus square meshes with h, = hy, = 1/8,1/16,1/32,1/64 and 7o = 71 = 100,
respectively. It is observed that our formulation converges with the optimal rate O(h) for
De, and with rate O(h3/2) for D'e and D7 e, which support Theorems 1 and 2. Secondly,
the performance for errors of De, D'e and D¢, based on two different rectangular meshes,
are also tested. It is shown that the convergence rate of De is O(h), and the convergence
orders for D''e and D7 e are O(h/?), which are also coincide with the theoretical analysis.

Table 1. Rates of errors for Example 1 based on square and rectangular meshes with penalty
parameters yg = y; = 100.

hy hy De Rate D'l Rate D7 e Rate
1/8 1/8 9.3335 x 1072 8.6752 x 1072 8.7346 x 1072
1/16 1/16 41432 x 1072 1.1716 3.4709 x 1072 1.3215 3.6997 x 1072 1.2393
1/32 1/32 1.8062 x 102 1.1977 1.2783 x 1072 1.4410 1.4339 x 1072 1.3674
1/64 1/64 8.1059 x 1073 1.1559 45268 x 1073 1.4977 5.1910 x 1073 1.4658
1/4 1/8 1.4864 x 1071 1.4406 x 10~1 1.5410 x 1071
1/8 1/16 7.0590 x 102 1.0742 6.3422 x 1072 1.1836 7.0242 x 1072 1.1335
1/16 1/32 3.0848 x 1072 1.1942 24337 x 1072 1.3818 2.6597 x 1072 1.4010
1/32 1/64 1.3424 x 102 1.2003 8.5553 x 1073 1.5082 9.9456 x 1073 1.4191
1/8 1/6 1.1737 x 101 1.1222 x 101 1.0300 x 101
1/16 1/12 51093 x 1072 1.1998 44336 x 1072 1.3398 44650 x 1072 1.2060
1/32 1/24 2.2139 x 1072 1.2065 1.6559 x 1072 1.4208 1.7724 x 1072 1.3329
1/64 1/48 9.8307 x 1073 1.1712 59211 x 1073 1.4836 6.5601 x 1073 1.4339
5.2. Example 2
In this example, we consider an elliptic boundary condition. The boundary curve is
. . X o xZ yz _ . .
the zero level set of the following function: ¢(x,y) = Gar T ane 1. Define domain
Q = {(x,y) : ¢(x,y) < 0}, and let the fictitious domain ) = [-1,1] x [—0.5,0.5]. We
choose the exact solution u(x,y) = e*¥. The numerical results for De, DYe, and D7e,
based on square and rectangular meshes with g = 7 = 100, are presented in Table 2,
which shows the same convergence, supercloseness, and superconvergence rates as the
theoretical analysis.
Table 2. Rates of errors for Example 2 based on square and rectangular meshes with penalty
parameters yg = 71 = 100.
hy hy, De Rate D¢ Rate D7e Rate
1/8 1/8 9.0498 x 1072 8.0253 x 1072 8.7898 x 1072
1/16 1/16 3.8709 x 1072 1.2252 2.9733 x 1072 1.4324 3.3166 x 1072 1.4061
1/32 1/32 1.7297 x 102 1.1621 1.0919 x 102 1.4452 1.2686 x 102 1.3864
1/64 1/64 7.8501 x 1073 1.1397 3.7896 x 1073 1.5267 43814 x 1073 1.5337
1/4 1/8 1.4929 x 10~1 1.3847 x 1071 1.4334 x 1071
1/8 1/16 6.3781 x 1072 1.2269 5.2454 x 1072 1.4004 5.1589 x 1072 1.4743
1/16 1/32 2.7873 x 1072 1.1942 1.9036 x 1072 1.4622 2.0169 x 1072 1.3548
1/32 1/64 1.2656 x 1072 1.1390 6.7447 x 1073 1.4969 7.4012 x 1073 1.4463
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Table 2. Cont.
hy hy De Rate D¢ Rate D7e Rate
1/8 1/4 1.5692 x 101 1.4741 x 101 1.7173 x 101
1/16 1/8 7.0478 x 1072 1.1547 6.0883 x 1072 1.2757 7.0293 x 1072 1.2887
1/32 1/16 2.9559 x 102 1.2535 2.1598 x 1072 1.4951 2.6111 x 1072 1.4287
1/64 1/32 1.3058 x 102 1.1786 7.5276 x 1073 1.5206 9.2699 x 1073 1.4940
5.3. Example 3
In this example, we choose a more complicated boundary. The boundary curve is the
zero level set of the following function: ¢(x,y) = (3(x? +y?)? — x)? — x2 — y?> + 0.02. Let
domain Q) = {(x,y) : ¢(x,y) < 0}, and the fictitious domain Q) = [—0.25,0.75] x [—0.5,0.5].
The exact solution is set to be u(x,y) = sin(mx)sin(my). Table 3 displays the convergence
rates of De, D'le, and D7 ¢ for our formulation based on square and rectangular meshes
with 9 = 1 = 100. We also observe the same convergence, supercloseness, and supercon-
vergence phenomena for three meshes as predicted in our theoretical analysis.
Table 3. Rates of errors for Example 3 based on square and rectangular meshes with penalty
parameters yg = 71 = 100.
hy, De Rate D¢ Rate D7 e Rate
1/8 1/8 3.4465 x 107! 3.1674 x 107! 3.1945 x 10!
1/16 1/16 1.3095 x 10~} 1.3961 1.1489 x 10~1 1.4629 1.1297 x 10~1 1.4996
1/32 1/32 5.3084 x 1072 1.3026 4.0167 x 1072 1.5162 3.8787 x 1072 1.5423
1/64 1/64 2.3179 x 1072 1.1954 1.4131 x 1072 1.5070 1.4416 x 1072 1.4279
1/8 1/16 2.1853 x 1071 1.9994 x 101 1.9957 x 101
1/16 1/32 9.1487 x 1072 1.2561 7.4441 x 1072 1.4254 7.2634 x 1072 1.4582
1/32 1/64 3.9748 x 1072 1.2026 2.8217 x 1072 1.3995 2.9227 x 1072 1.3133
1/64 1/128 1.7577 x 1072 1.1771 9.6124 x 1073 1.5536 1.0655 x 102 1.4557
1/12 1/8 2.5133 x 1071 2.2064 x 1071 2.7792 x 107!
1/24 1/16 9.8588 x 1072 1.3500 8.0975 x 1072 1.4461 8.5858 x 1072 1.6946
1/48 1/32 4.2002 x 1072 1.2309 2.9083 x 1072 1.4772 3.2786 x 1072 1.3888
1/96 1/64 1.9020 x 102 1.1429 1.0599 x 102 1.4561 1.1400 x 102 1.5239

In the three examples, the performance of errors De, D''e and D/e on both the square
meshes and rectangular meshes is tested. The numerical results show that the nonconform-
ing cut finite element method converge with optimal rate O (/) for De and with O(h3/2)
order of convergence for D''e and D/e, which is accordant with our theoretical results.

6. Conclusions

In this work, we have studied the superconvergence of the modified nonconforming
cut finite element method to solve elliptic problems on rectangular meshes. We have proven
that the supercloseness rate between the gradient of the numerical solution and the gradient
of exact solution’s interpolation is O(h%/2). Through a constructed postprocessing operator,
we have proven that the error between the exact gradient and the postprocessed gradient
with rate O(h%/2). Numerical examples with squares and rectangular meshes have been
provided to illustrate the theoretical results.
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