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Abstract: Intersecting disciplines, as an important trend in the development of modern academic
research and education, have exerted a profound and positive influence on scientific research activities.
Based on control theory and fractional-order theory, this paper presents a novel approach for the
speed regulation of a permanent magnet synchronous motor (PMSM) in the presence of uncertainties
and external disturbances. The proposed method is a composite control based on a model-free sliding
mode and a fractional-order ultra-local model. The model-free sliding mode is a control strategy
that utilizes the sliding mode control methodology without explicitly relying on a mathematical
model of the system being controlled. The fractional-order ultra-local model is a mathematical
representation of a dynamic system that incorporates the concept of fractional-order derivatives.
The core of the controller is a new type of fractional-order fast nonsingular terminal sliding mode
surface, which ensures high robustness, quick convergence, while preventing singularity. Moreover,
a novel fractional-order nonlinear extended state observer is proposed to estimate both internal
and external disturbances of the fractional-order ultra-local model. The stability of the system is
analyzed using both the Lyapunov stability theory and the Mittag–Leffler stability theory. The
analysis confirms the convergence stability of the closed-loop system under the proposed control
scheme. The comparison results indicate that the proposed composite control based on the fractional-
order ultra-local model is a promising solution for regulating the speed of PMSMs in the presence of
uncertainties and disturbances.

Keywords: interdisciplinary disciplines; composite control; PMSM; fractional-order theory

MSC: 93-10

1. Introduction

In the modern education system, the vigorous development of interdisciplinary disci-
plines promotes in-depth reform and comprehensive innovation in scientific research of
unprecedented strength [1–4]. This trend not only breaks through the barriers of traditional
disciplines, but also promotes the integration and regeneration of the knowledge system,
and provides a fertile soil for the cultivation of composite and innovative talents [5,6]. This
paper takes motor control as an example to explore a new motor control theory based on the
intersection of mathematics and control disciplines. The permanent magnet synchronous
motor (PMSM) is widely used in various applications due to its superior qualities, including
its high efficiency, reliability, and precise control [7–10]. The primary feature of the PMSM
is the presence of permanent magnets on the rotor, which generate a stable magnetic field
that interacts with the stator winding to produce torque. The PMSM offers exceptional
efficiency, making it an ideal choice for applications that prioritize energy conservation,
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including electric vehicles, industrial machinery, and household appliances [11]. Moreover,
the PMSM has a high power density, which allows it to provide significant torque in a
compact, space-saving design, making it ideal for applications with size restrictions [12].

Recently, fractional-order models have received increasing attention due to their ability
to offer a more precise representation of complex systems compared to traditional integer-
order models. These models are rooted in the concept of fractional calculus, which extends
the scope of traditional integer-order derivatives and integrals to encompass non-integer
orders. A fractional-order model can be formulated as a differential equation featuring a
fractional-order derivative or integral, where the order of the derivative or integral can
be any real number, not limited to integers. This flexibility enables a more nuanced and
realistic portrayal of system dynamics.

Fractional-order models have achieved notable success in diverse fields, such as con-
struction engineering, electricity markets, and medical science [13–15]. These models have
demonstrated superior performance in modeling systems exhibiting nonlinear behavior,
memory effects, and intricate dynamics. In summary, fractional-order models provide a
versatile and potent framework for modeling complex systems. Their capacity to capture
non-integer order dynamics and long-range interactions renders them an invaluable tool
for researchers and engineers across various disciplines. With ongoing efforts to develop
advanced modeling techniques, fractional-order models are poised to play an ever-growing
role in enhancing our understanding and control of complex systems. Additionally, a
fractional-order modeling approach is frequently employed to characterize the dynamics
of the PMSM [16,17]. This method offers a more precise representation of the motor’s
behavior, in contrast to traditional integer-order models, by integrating fractional-order
elements into the model. By incorporating these fractional-order elements, the model
enables a deeper understanding and more accurate prediction of the motor’s response to
diverse inputs, ultimately facilitating the development of enhanced control strategies and
boosting operational efficiency.

In recent years, fractional-order sliding mode control (FOSMC) has garnered signif-
icant attention in the realm of control systems, owing to its superior performance and
robustness compared to traditional integer-order sliding mode control [18]. FOSMC is
a control strategy that seamlessly integrates the principles of fractional calculus into the
sliding mode control framework, thereby enabling more precise modeling and control of
intricate dynamical systems. One of the pivotal advantages of FOSMC lies in its proficiency
in effectively tackling nonlinear and uncertain systems. By embedding fractional-order
dynamics within the control law, FOSMC achieves faster convergence, mitigates chattering,
and enhances tracking performance. Specifically, it is worth noting that FOSMC has the
advantage of reduced chattering compared to the conventional sliding mode control [19].
By incorporating the concept of fractional calculus into the sliding mode control framework,
FOSMC allows for a smoother transition of the system’s state towards the sliding surface.
This smoother convergence not only enhances the system’s robustness but also significantly
mitigates the high-frequency oscillations, commonly known as chattering, that are inherent
in traditional sliding mode control.

Consequently, it is particularly well-suited for applications in power grids, quadro-
tors, robots, aerospace, and other high-performance systems where precise control is
paramount [20–23].

One important application of FOSMC is in the field of PMSMs. The PMSM is a
highly nonlinear system, with uncertainties introduced by factors such as friction, payload
variations, and modeling errors [24–26]. Traditional control strategies often struggle to
accurately control these systems, resulting in poor performance and stability issues [27–29].
By utilizing FOSMC, a PMSM can achieve better trajectory tracking, disturbance rejection,
and robustness against uncertainties [19,30,31]. Fractional-order dynamics help to smooth
out control signals, reducing chattering and improving control accuracy. This enables the
PMSM to perform complex tasks with greater precision and efficiency. Overall, FOSMC has
shown great potential for a wide range of applications where precise and robust control
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is crucial. Its ability to handle nonlinearities, uncertainties, and disturbances makes it a
valuable tool for improving the performance of complex dynamical systems in various
fields, including power grids, quad-rotors, robots, aerospace, and other high-performance
systems where precise and robust control is essential. With continued advances in research
in this area, we can expect to see even more innovative applications of FOSMC that push
the boundaries of control technology.

Model-free control represents a class of algorithms that operate without an explicit
mathematical model of the controlled system. Rather than relying on a predefined model,
these algorithms learn directly from data and iteratively refine their control strategies using
an ultra-local model [32]. This approach is particularly advantageous in complex and
uncertain systems where acquiring an accurate mathematical model may be difficult or
where the model fails to capture the system’s dynamics adequately.

An extended state observer (ESO) is commonly employed to estimate the states of
the ultra-local model, particularly when some states are not directly measurable [33,34].
By leveraging the ultra-local model and available measurements, the ESO can predict the
unmeasured states, providing an estimate that can be utilized for control purposes. A
key strength of the ESO lies in its ability to accurately estimate system states even amidst
disturbances, noise, and modeling errors. In [35], a fractional-order ultra-local model is
introduced to formulate the original dynamic system for simplified controller design. This
approach considers model complexity, uncertainties, and disturbances, incorporating non-
integer behavior and memory effects to offer a more precise representation of real-world
systems. Furthermore, fractional-order models offer greater flexibility in modeling complex
systems with nonlinear dynamics and time-varying parameters, thereby facilitating a
deeper understanding of the system’s behavior.

The existing FOSMC and ESO, which are often constructed based on integer-order
ultra-local models, possess certain limitations that arise from this fundamental construction.
The reliance solely on integer-order ultra-local models in designing both FOSMC and ESO
introduces limitations pertaining to the inability to fully encapsulate the inherent prop-
erties of fractional-order systems, resulting in reduced robustness, accuracy, and limited
applicability in real-world scenarios where fractional-order dynamics prevail. Building on
the insights provided in the preceding discussion, this paper puts forth a novel approach to
model-free sliding mode control for the speed regulation system of a PMSM. This control
strategy is designed to effectively manage uncertainties and external disturbances that may
be present in the system. Central to this approach is the development of a fractional-order
ultra-local model, which provides a more accurate representation of the system dynamics.

Through comparisons with the existing studies, our contributions to this article are
further emphasized:

1. In contrast to the traditional integer-order ultra-local model of the PMSM, the fractional-
order ultra-local model is now being employed to more precisely represent the original
complex system dynamics, thereby facilitating the development of a comprehensive
controller design.

2. To estimate the internal and external disturbances of this model, a novel fractional-
order nonlinear extended state observer (FNESO) is proposed. To date, no other
researcher has proposed this innovative approach. Although a fractional-order
ESO was previously introduced in [36], it was primarily focused on constructing
a fractional-order linear ESO for disturbance compensation, without fully addressing
the complexities inherent in the model.

3. This paper introduces a novel approach to control systems design, which incorporates
the Lyapunov stability theory. Specifically, we put forward a fractional-order nonsin-
gular terminal sliding mode control method in this study. The core of the controller
is based on a new type of fractional-order sliding mode, which offers several advan-
tages including enhanced robustness, rapid convergence, reduced chattering, and the
prevention of singularities.
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4. The stability analysis of the closed-loop system, utilizing the proposed control method,
is demonstrated through the application of the Lyapunov theorem and Mittag–Leffler
theory. Additionally, a comparison of results has been conducted to validate the
efficiency and distinct advantages of the proposed control approach.

The organization of this paper is outlined as follows:
Section 2 provides a brief overview of the mathematical model of the PMSM. Section 3

introduces the fundamentals of fractional-order calculus. Control strategies and stability
analysis are discussed in Section 4, followed by the presentation of comparison results from
simulations in Section 5. Finally, Section 6 offers concluding remarks on the study.

2. Problem Description

This section provides an in-depth introduction to the essential knowledge of the
mathematical model of PMSM.

The equation for the electromagnetic torque of a PMSM is initially presented in the
following manner [27]:

Te =
3
2

pn

(
ϕ f iq(t) + (Ld − Lq)id(t)iq(t)

)
(1)

where Te symbolizes the electromagnetic force of rotation; ϕ f is the permanent magnet flux
linkage; pn is the pole pairs number; Ld and Lq represent the inductances of the dq−axes;
and id(t) and iq(t) are the components of armature currents on the dq−axes, respectively.

For a surface-mounted PMSM, Ld = Lq = L in this paper. The mathematical model of
the PMSM can be expressed as specified in reference [37,38]:{

Te − TL = J
.

ω(t) + Bω(t)

Te =
3
2 pnϕ f iq(t)

(2)

.
ω(t) =

3pnϕ f

2J
iq(t)−

B
J

ω(t)− 1
J

TL (3)

where ω(t) is the actual mechanical speed; J, TL, and B are the rotational inertia, the load
torque and the friction coefficient, respectively.

The main aim of this paper is to elaborate on the control objective, which can be
articulated in the following manner:

e(t) = ωr(t)− ω(t) = 0 (4)

where ωr(t) is the reference speed; e(t) is the speed error.

3. Preliminaries

This section will provide an overview of the definitions and lemmas of fractional-order
calculus. It will discuss how fractional-order integration and differentiation generalize
the concepts of integer-order calculus. The two most frequently utilized definitions for
fractional-order are the Riemann–Liouville definition and the Caputo definition. In this pa-
per, we will be utilizing the Riemann–Liouville type fractional-order definition for our study.
The εth order Riemann–Liouville fractional derivative and the uth order Riemann–Liouville
fractional integral of function f (t) are given by [39,40]:

t0
Dε

t f (t) =
1

Γ(1 − ε)

d
dt
∫ t

t0

f (τ)
(t − τ)ε dτ

t0
Du

t f (t) =
1

Γ(u)
d
dt
∫ t

t0

f (τ)

(t − τ)1−u dτ

Γ(z) =
∫ ∞

0 e−γγz−1dγ

(5)
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where R(z) > 0, and t and t0 represent the upper and lower bounds of the fractional
derivative and integral, 0 < ε, u < 0. In the following text, t0

Dε
t is abbreviated as Dε

t .
The properties of fractional-order integration and differentiation are as follows [41]:

dn

dtn (Dε
t f (t)) = Dε+n

t f (t) (6)

dn

dtn (Du
t f (t)) = Du+n

t f (t) (7)

where n is an integer.
The fractional-order differentiation possesses the unique property of being a linear

operation, allowing for increased versatility and precision in mathematical analysis [41]:

Dε
t (a f (t) + b f (t)) = aDε

t f (t) + bDε
t f (t) (8)

where a > 0 and b > 0.

Remark 1. Fractional-order theory has significant advantages and broad application prospects in
practical engineering applications. By introducing fractional-order calculus, a more accurate system
model can be established, control accuracy and stability can be improved, and the application fields
can be broadened. Therefore, it is of great significance to conduct in-depth research on fractional-order
theory and its application in practical engineering.

Lemma 1 ([42–44]). Consider x = 0 as the equilibrium point of the fractional-order system, and
let V(x, t) be a continuously differentiable function. In order for the Lyapunov function V(x, t) to
be valid, it must satisfy two conditions:

a1∥x∥ ≤ V(x, t) ≤ a2∥x∥ab (9)

and
DεV(x, t) ≤ −a3∥x∥ab (10)

where a1 > 0 , a2 > 0 , a3 > 0 , a and b are positive constants, and so the fractional-order system
exhibits Mittag–Leffler stability.

Lemma 2 ([42–44]). At each passing moment, the subsequent inequality remains true.

Dt
ε

(
1
2

xTQx
)
≤ xTQDε

t x (11)

where Q ∈ Rn×n is a symmetric positive-definite matrix of gains.

Remark 2. Due to the richer dynamic characteristics exhibited by fractional-order systems, they
offer greater flexibility in system design. By incorporating the Mittag–Leffler stability criterion,
engineers can devise control systems with superior performance indices while ensuring the stability
of the system is maintained.

4. Control Strategies and Stability Analysis

For an unidentified nonlinear model, the notion of control without a predetermined
model is described in the references [45,46]. This approach involves utilizing an ultra-local
model approximation for the nonlinear system, which can be expressed as follows:

.
y(t) = αu(t) + F (12)

where α is some given constant; F represents an unknown constant parameter that poten-
tially encompasses significant nonlinearities in the PMSM.
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For any unknown nonlinear model, there is a corresponding fractional-order ultra-
local model that can be effectively approximated [35]:

Dε
t y(t) = αu(t) + F (13)

where Dε
t y(t) denotes the ε-order derivative of y(t).

According to Equation (13), the control input of fractional-order iPID is specifically
defined as

u(t) =
1
α

(
K1e(t) + K2

.
e(t) + K3

∫
e(t) + Dε

t yr(t)− F̂
)

(14)

where F̂ represents the calculated sum of both internal and external disturbances caused by
the innovative FNESO method; yr(t) is a reference output trajectory, and e(t) = yr(t)− y(t);
K1 > 0, K2 > 0, K3 > 0.

By substituting Equation (14) into Equation (13), we can deduce the following equation:

K1e(t) + K2
.
e(t) + K3

∫
e(t) + Dε

t e(t) + ξ(t) = 0 (15)

where ξ(t) represents the estimated margin of error associated with the novel FNESO.
By applying the Laplace transform to Equation (15), we can derive the following:

K1E(S) + K2SE(S) + K3
E(S)

S
+ SεE(S) + ξ(S)− ξ(0) = 0 (16)

The final value theorem is commonly utilized in the calculation of steady-state error,
providing a useful tool for determining the ultimate error as

lim
t→∞

e(t) = lim
S→0

S2(ξ(S)− ξ(0))
K1S + K2 + K3S2 + Sε

(17)

The rephrased version of Formula (17) is

lim
t→∞

e(t) = lim
S→0

ξ(S)− ξ(0)
K1
S + K2

S2 + K3 + Sε−1
(18)

According to Equation (18), we can obtain e(t) = 0 when S approaches zero in-
finitesimally. Building upon the fractional ultra-local model (13), we can now present the
commensurate fractional-order equation of state in the following form:{

Dε
t x1 = αu(t) + x2

Dε
t x2 = φ

(19)

where x2 represents the disturbance term F; φ is the fractional-order derivative of the
disturbance term.

This paper utilizes the FNESO method to accurately estimate the F value by incor-
porating the control input and output variables into the analysis. The construction of the
novel FNESO unfolds in the following manner:

ê1(t) = Z21 − x1

Dε
t Z21 = Z22 − β1 ê1(t) + au

Dε
t Z22 = −β2 f al(ê1(t))

(20)

f al(e(t)) =

|e(t)|α̂sgn(e(t)) |e(t)| > δ

e(t)
δ1−α̂ otherwise

(21)

where β1 > 0, β2 > 0.
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Based on the extensive research and analysis found in references [47,48], this section
aims to demonstrate and affirm the robustness and stability of the proposed FNESO.

Let {
e1 = Z21 − x1

e2 = Z22 − x2
(22)

where e1 is the estimated error of x1, and e2 is the estimated error of x2.
The fractional-order derivative given in Equation (22) is expressed as{

Dε
t e1 = e2 − β1e1

Dε
t e2 = −β2 f al(e1)− φ

(23)

Define {
e′1 = e1

e′2 = e2 − β1e1
(24)

The fractional-order derivative of Equation (24) is expressed as{
Dε

t e′1 = e′2
Dε

t e′2 = −β1e′2 − β2 f al(e1)− φ
(25)

Constructing a Lyapunov function involves selecting a function that satisfies the
following criteria:

V =

e′1∫
0

2β2 f al(τ)dτ+e′2
2 (26)

In accordance with the mean value theorem for integrals, there exists a ‘ϑ’ that meets
the requirements of the following equation:

V = 2β2 f al(ϑ)e′1 + e′2
Te′2, ϑ ∈

[
0, e′1

]
(27)

According to (27), we can obtain V > 0. Next, the fractional-order derivative of
Equation (27) can be expressed as follows:

Dε
t V = 2β2 f al(ϑ)e′2 + Dε

t e′2
Te′2 (28)

According to Lemma 2, by substituting Equation (25) into Equation (28), we can derive
the following:

Dε
t V ≤ 2β2 f al(ϑ)e′2 + 2e′2

T Dε
t e′2

= 2β2 f al(ϑ)e′2 + 2e′2
T(−β1e′2 − β2 f al(e1)− φ)

= 2e′2(−β1e′2 − φ +ℜ)

(29)

where ℜ = β2 f al(ϑ)− β2 f al(e1) and e′2
T = e′2.

According to (21) and (27), we can obtain |ℜ| < Φ; Φ is a positive real number.

Assumption 1 . The gain φ is set such that inequality is satisfied as follows: if φ > ℜ ,
|e′2| >

φ−ℜ
β1

is satisfied; if φ < ℜ, |e′2| > − φ−ℜ
β1

is satisfied.

Based on Assumption 1, it can be stated that the derivative of Equation (29) is
determined as

Dε
t V < −2

∣∣e′2(β1e′2 + φ −ℜ
)∣∣ < 0 (30)

Utilizing Lemma 1 in order to obtain Equation (30) suggests that the system’s stability
is demonstrated through the Mittag–Leffler theorem.

The fractional-order sliding mode control component is incorporated as an additional
input to the system to offset any estimation error and measurement noise. This additional
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input, denoted as u′(t), enhances the final model-free fast nonsingular terminal sliding
mode controller (MFFNTSMC), which is defined as follows:

u(t) =
1
α

(
K1e(t) + K2

.
e(t) + K3

∫
e(t) + Dε

t yr(t)− F̂
)
+ u′(t) (31)

After substituting Equation (31) into Equation (10), the newly defined closed-loop
error is as follows:

K1e(t) + K2
.
e(t) + K3

∫
e(t) + Dε

t e(t) + F̃ + αu′(t) = 0 (32)

Hence, the additional input u′(t) is specifically aimed at offsetting the disturbance.
According to the sliding mode control framework, a distinct switching function s1(t)
is defined as the fractional-order fast nonsingular terminal sliding mode surface in the
following way:

s1(t) = Dε−1
t e(t) + λ1(e(t))

p/q + λ2

x
e(t) + λ3

∫
e(t) + λ4e(t) (33)

where λ1 > 0, λ2 > 0, λ3 > 0, λ4 > 0.
The derivative of Equation (33) can be calculated as follows:

.
s1(t) = Dε

t e(t) +
λ1 p

q
(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t) (34)

Then, the decision is made to implement the following reaching law:

.
s1(t) = −ηsign(s1(t)) (35)

where η > 0.
Referring to the studies by (34) and (35) as well as the fractional-order ultra-local

model (13), we can derive the following conclusions:

−K1e(t)− K2
.
e(t)− K3

∫
e(t)− F̃ − αu′(t) +

λ1 p
q

(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t) = −ηsign(s1(t)) (36)

From Equation (36), the input u′(t) is defined as:

u′(t) =
1
α

(
ηsign(s1(t))− K1e(t)− K2

.
e(t)− K3

∫
e(t)− F̃ +

λ1 p
q

(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t)

)
(37)

Upon substituting Equation (37) into Equation (31), the total input can be rephrased in
the following manner:

u(t) =
1
α

(
Dε

t yr(t) + ηsign(s1(t))− F̂ − F̃max +
λ1 p

q
(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t)

)
(38)

Remark 3. The integration of the fast nonsingular terminal sliding mode surface into FOSMC
provides a powerful tool for designing controllers that exhibit reduced chattering, faster convergence
with finite-time stability, improved robustness, and greater flexibility in design.

Building upon the research of previous scholars [49,50], this article delves into a
thorough analysis of the stability of the control strategy as highlighted in the subsequent
sections. According to the Lyapunov stability theory, we introduce the Lyapunov function,
defined as follows:

V =
1
2

s1
2(t) (39)
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Differentiating Equation (39) with respect to time yields

.
V = s1(t)

.
s1(t)

= s1(t)
(

Dε
t e(t) + λ1 p

q (e(t))(p/q)−1 + λ2
∫

e(t) + λ3e(t) + λ4
.
e(t)

) (40)

Based on the findings of (34) and (35), it can be concluded that

Dε
t y(t) = Dε

t yr(t) + ηsign(s1(t))− F̃max + F̃ +
λ1 p

q
(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t) (41)

Equation (41) can be further transformed into the following expression:

−ηsign(s1(t)) + F̃max − F̃ +
λ1 p

q
(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t) = Dε

t e(t) (42)

By substituting Equation (42) into Equation (40), we can derive the following relationship:

.
V = s

(
−ηsign(s(t)) + F̃max − F̃

)
= −η|s(t)| − s

(
F̃ − F̃max

)
≤ −η|s(t)| − |s(t)|

∣∣∣F̃ − F̃max

∣∣∣
(43)

Then,
.

V is negative definite. Based on the Lyapunov stability theory, we can conclude
that s1(t) will be bounded in finite time as |s1(t)| ≤ Ψ.

Combining |s1(t)| ≤ Ψ with (33), we have the fractional-order nonsingular terminal
sliding mode s1(t) as

Dε−1
t e(t) + λ1(e(t))

p/q + λ2

x
e(t) + λ3

∫
e(t)+λ4e(t)− s(t) = 0 (44)

The equation given in (44) can be expressed in a different form as:(
1 − s(t)

(
Dε−1

t e(t)
)−1

)
Dε−1

t e(t) + λ1(e(t))
p/q + λ2

x
e(t) + λ3

∫
e(t) + λ4e(t) = 0 (45)

When
(

1 − s(t)
(

Dε−1
t e(t)

)−1
)

> 0 holds, the fractional-order nonsingular termi-

nal sliding mode surface defined in Equation (45) will continue to be maintained as in
Equation (33). Therefore, the system trajectory will continuously approach the sliding
mode surface until it ultimately reaches

∣∣∣Dε−1
t e(t)

∣∣∣ ≤ Ψ.

Dε−1
t e(t) +

(
λ1 − s(t)(e(t))q/p

)
(e(t))p/q + λ2

x
e(t) + λ3

∫
e(t) + λ4e(t) = 0 (46)

When
(

λ1 − s(t)(e(t))q/p
)
> 0 holds, even as time passes, the fractional-order nonsin-

gular terminal sliding mode surface as described in Equation (33) will remain unchanged.
Hence, the system trajectory will continuously approach the sliding mode surface until it
finally reaches (e(t))q/p ≤ Ψ

λ1
.

Dε−1
t e(t) + λ1(e(t))

p/q + λ2

x
e(t) + λ4e(t) +

(
λ3 − s(t)

(∫
e(t)

)−1
)(∫

e(t)
)
= 0 (47)

When
(

λ3 − s(t)(
∫

e(t))−1
)

> 0 is met, the fractional-order nonsingular terminal
sliding mode surface will continue to be maintained as condition (47) is satisfied. Therefore,
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the system trajectory will continually approach the sliding mode surface until it reaches∣∣∫ e(t)
∣∣ ≤ Ψ

λ3
.

Dε−1
t e(t) + λ1(e(t))

p/q +

(
λ2 − s(t)

(x
e(t)

)−1
)x

e(t) + λ4e(t) + λ3

∫
e(t) = 0 (48)

When
(

λ2 − s(t)(
s

e(t))−1
)

> 0 holds, (48) will still remain the fractional-order
nonsingular terminal sliding mode surface as in (33). Therefore, the system trajectory will

persistently converge to the sliding mode surface until it reaches |
s

e(t)| ≤ Ψ
λ2

.

e(t) = (λ4)
−1
(

Dε−1
t e(t) + λ1(e(t))

p/q + λ2

∫ ∫
e(t) + λ3

∫
e(t)− s(t)

)
(49)

Expression (49) satisfies the following inequality:

|e(t)| ≤ (λ4)
−1
(∣∣∣Dε−1

t e(t)
∣∣∣+ ∣∣∣λ1(e(t))

p/q
∣∣∣+ ∣∣∣λ2

x
e(t)

∣∣∣+ ∣∣∣∣λ3

∫
e(t)

∣∣∣∣+ |s(t)|
)

(50)

Based on the previous analysis, it can be concluded that

|e(t)| ≤ 5(λ4)
−1Ψ (51)

Lastly, the stability of the closed-loop control system has been demonstrated, ensuring
that the control errors will be limited as indicated in Equation (51).

In this paper, we utilize the FNESO method to estimate the value of the disturbance
term F. By substituting FNESO (20) into Equation (38), the total input can be recalculated
as follows:

u(t) =
1
α

(
Dε

t yr(t) + ηsign(s1(t))− Z22 +
λ1 p

q
(e(t))(p/q)−1 + λ2

∫
e(t) + λ3e(t) + λ4

.
e(t)

)
(52)

The following introduces several existing model-free control algorithms, and in the
next section, a comparative analysis will be conducted between existing control algorithms
and the control method proposed in this paper.

The control input of iPID is clearly outlined and defined in reference [46]:

u(t) =
1
α

(
K1e(t) + K2

.
e(t) + K3

∫
e(t) +

.
yr(t)− F̂

)
(53)

In references [33,51], the existing control method, known as the model-free fractional-
order sliding mode controller (MFFSMC), is introduced, and the design rationale for this
control method is outlined as follows:

u(t) =
1
α

(
K1e(t) + K2

.
e(t) + K3

∫
e(t) +

.
yr(t)− F̂

)
+ u′(t) (54)

where

u′(t) =
1
α

(
−K1e(t)− K2

.
e(t)− K3

∫
e(t) + kDε|e(t)|αsgn(e(t))

+η1s2(t) + η2|s2(t)|αsgn(s2(t))− F

)
(55)

Based on the principles of sliding mode control, a switching function s2(t) is intro-
duced to define the fractional-order nonsingular terminal sliding mode as follows:

s2(t) = e(t) + kDε−1|e(t)|αsgn(e(t)) (56)
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After substituting Equation (56) into Equation (54), the overall input can be reformu-
lated as follows:

u(t) =
1
α

( .
yr(t)− F̂ − Fmax + kDε|e(t)|αsgn(e(t)) + η1s + η2|s|αsgn(s)

)
(57)

The current control method uses a traditional ESO to estimate the total disturbance.
The traditional ESO equation is as follows:

ê1(t) = Z21 − x1
.
Z21 = Z22 − β1 f al(ê1(t)) + au

.
Z22 = −β2 f al(ê1(t))

(58)

Figure 1 depicts an innovative field-oriented control system designed for regulating
the speed of a PMSM, which is based on the innovative MFFNTSMC technique integrated
with FNESO.
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Figure 1. The configuration of the proposed MFFNTSMC with the proposed FNESO. 
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Figure 1. The configuration of the proposed MFFNTSMC with the proposed FNESO.

5. Comparative Results

In this section, we present comparative results to verify the speed regulation perfor-
mance of the proposed MFFNTSMC. To demonstrate the effectiveness of our approach,
we established a PMSM speed regulation system using field-oriented control with various
control strategies in Matlab (https://www.mathworks.com/products/matlab.html, ac-
cessed on 1 August 2024). We compared our proposed control strategy with the traditional
iPID and traditional MFFSMC methods. During the comparative simulations, all three
current loops were controlled using PI controllers with identical parameters. Furthermore,
to better highlight the advantages of our proposed control strategy, we ensured that certain
parameters in the different control strategies remained consistent, thereby minimizing the
impact of parameter variations on the comparison results. The control parameters for the
iPID in the speed loop are specified as follows: α = 100, K1 = 10, K2 = 0.1, K3 = 0.5,
β1 = 2000, and β2 = 150, 000. The specified control parameters of the conventional MFF-
SMC in the speed loop are as follows: α = 100, α = 0.5, ε = 0.9, k = 0.5, η1 = 5, η2 = 0.5,
β1 = 2000, and β2 = 150, 000. The control parameters in the speed loop of the proposed
MFFNTSMC system are presented as follows: α = 100, p = 3, ε = 0.9, k = 0.5, λ1 = 5,
λ2 = 0.5, β1 = 20, 000, β2 = 300, 000, q = 5, λ3 = 50, λ4 = 0.1, and η = 2. This paper
has referred to the motor parameters presented in papers [52] and [53]. Table 1 provides a
comprehensive overview of the essential parameters associated with the PMSM.

https://www.mathworks.com/products/matlab.html
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Table 1. Key parameters of the PMSM.

L ϕf J B pn Rs

5.25mH 0.1827 Wb 0.009 kg·m2 0.008 N·m·s/rad 4 0.958 Ω

Case I: speed response curves comparison.

In this case study, we will be comparing the speed response curves of different systems.
By analyzing the data collected from these curves, we will be able to determine which
system performs most efficiently in terms of speed response. Through this comparison, we
aim to identify the strengths and weaknesses of each system, providing valuable insights
to inform decision-making and optimize performance. The speed response of the PMSM
under the proposed and conventional existing controllers is compared in Figures 2 and 3.
To evaluate the control performance of different controllers, the reference speed is set at
80 rad/s, 40 rad/s, and 200 rad/s. Figure 2 illustrates the speed response curves under the
iPID, MFFSMC, and MFFNTSMC methods for various step signals without load. Mean-
while, Figure 3 showcases the speed response curves under the same methods for different
step signals with 5 N·m load. The results depicted in Figures 2 and 3 demonstrate that the
reaching time achieved with the proposed MFFNTSMC algorithm is significantly shorter
compared to that of the conventional existing controller. These figures vividly illustrate
how the dynamic system closely follows the reference speed with much greater speed
and precision when utilizing the MFFNTSMC algorithm as opposed to the conventional
controller. These findings unequivocally showcase the superior dynamic characteristics of
the proposed MFFNTSMC algorithm.
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Case II: comparison of speed-tracking performance.

To demonstrate the remarkable speed-tracking capabilities of both traditional com-
posite control and the newly proposed composite control methods, a comparison of the
tracking abilities of a sine wave signal, square wave signal, and triangular wave signal
under different controllers is made. The outcomes of this test can be seen in Figures 4 and 5.
The comparison of tracking curves is shown in Figure 4, and the tracking error is shown
in Figure 5. The thorough examinations reveal that the tracking error for the reference
is significantly reduced in the proposed composite control method as compared to the
conventional composite control method.
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Case III: comparing resistance to uncertainties and disturbances.

The system uncertainties and disturbances in this paper are primarily caused by sud-
den changes in the external load of the PMSM. To assess the robustness of the proposed
MFFNTSMC method, a sudden change in external load was introduced during the simula-
tion. The reference speed was set at 50 rad/s and the simulation time at 1 s. In Figure 6,
the external load increased from 0 N·m to 5 N·m at 0.5 s under the iPID, MFFSMC, and
MFFNTSMC methods, respectively. In Figure 7, the external load decreased from 5 N·m
to 0 N·m at 0.5 s under the same control methods. Figures 6 and 7 illustrate how external
load disturbances impact the control strategies. Remarkably, the recovery time under
the MFFNTSMC method was found to be significantly shorter than that under the iPID
and MFFSMC methods, indicating the superior robustness of the proposed MFFNTSMC
compared to traditional control methods.
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Case IV: comparison of disturbance estimation.

The comparison of disturbance estimation between the proposed FNESO and con-
ventional ESO can be seen in Figure 8. In Figure 8a, observations from different observers
on the same disturbance are depicted. Figure 8b,c showcase the error in disturbance es-
timation. The blue curves represent the disturbance in the control system when using
the conventional ESO, while the red curves represent the proposed FNESO. The accu-
racy of the proposed FNESO is superior to that of the conventional ESO when operating
under the same conditions. The analysis further demonstrates that the FNESO is con-
vergent and effectively tracks the system’s state variables, confirming the efficacy of this
estimation method.
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Case V: comparison of control signals.

A comparison of the simulation results of control signals provides valuable insights
into the performance and effectiveness of different control methodologies. Figure 9 shows
the comparison of control signals between the proposed MFFNTSMC and MFFSMC when
the external load changes from 0 N·m to 5 N·m at 0.5 s. Figure 10 shows the comparison
of control signals between the proposed MFFNTSMC and MFFSMC when the external
load changes from 5 N·m to 0 N·m at 0.5 s. From Figures 9 and 10, it is clear that the
control signals of the controller proposed in this paper exhibit less chattering and a shorter
response time.
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6. Conclusions

Based on the foundations of mathematics and control theory, this study introduces
an innovative control strategy for the PMSM speed regulation system, utilizing the novel
FNESO and the proposed MFFNTSMC. A new sliding surface, referred to as the fractional-
order fast nonsingular terminal sliding mode surface has been devised to enhance robust-
ness and improve dynamic response. Moreover, a recently developed FNESO is employed
to estimate uncertain terms within the PMSM speed regulation system. Through com-
parative simulations, it has been conclusively shown that the proposed strategy exhibits
excellent speed-tracking performance and robustness. The integration of FNESO and
MFFNTSMC has been found to be highly effective in achieving superior control outcomes
for PMSM speed regulation. This novel approach offers substantial advancements in
control strategies for PMSM systems, providing enhanced performance and stability in
speed regulation.
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The proposed composite control presents a promising direction for future research,
with opportunities to explore experimental validation, extension to MIMO systems, the
optimization of control parameters, combinations with other advanced control strategies,
and applications to specific industrial systems.
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