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Abstract

:

In this paper, we first prove the q-version of Schwarz Pick’s lemma. This result improved the one presented earlier in the literature without proof. Using this novel result, we study the majorization problem for the q-general class of functions with bounded radius rotations, which we introduce here. In addition, the coefficient bound for majorized functions related to this class is derived. Relaxing the majorized condition on this general family, we obtain the estimate of coefficient bounds associated with the class. Consequently, we present new results as corollaries and point out relevant connections between the main results obtained from the ones in the literature.
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1. Introduction and Preliminaries


We consider  A  as the class of normalized analytic functions f in   ℧ : = { t ∈ C : | t | < 1 }   that satisfy the condition   f  ( 0 )  =  f ′   ( 0 )  − 1 = 0   and have the following series.


  f  ( t )  =  t  +  ∑  n = 2  ∞   a n   t n  ,   t  ∈ ℧ .  



(1)







The function   f ∈ A   is subordinate to function   g ∈ A   if there exists an analytic function   ω : ℧ ⟶ ℧   with   ω ( 0 ) = 0  , such that   f ( t ) = ( g ∘ ω ) ( t )  . The family of all univalent functions in  A  is denoted by  S . The subclasses   S ∗   and  C  of  S  represent the usual families of starlike and convex functions in ℧, respectively. These classes were first comprehensively classified and studied by Shanmugam [1] using the properties of convolution and subordination. Later, Ma and Minda [2] established their coefficient-related results. They considered the analytic function  ϕ  with the following properties:




	(a)

	
  ϕ ∈ S   with   Re  ϕ ( t ) > 0  ,




	(b)

	
 ϕ  is starlike with respect to   ϕ ( 0 ) = 1  ,




	(c)

	
  ϕ ( ℧ )   is symmetric about the real axis,




	(d)

	
   ϕ ′   ( 0 )  > 0  .









Then, they defined the following two families:


   S ∗   ( ϕ )  : =  f ∈ A :    t  f ′   ( t )    f ( t )    ≺ ϕ  ( t )    



(2)




and


  C  ( ϕ )  : =  f ∈ A :     t  f ′   ( t )   ′    f ′   ( t )     ≺ ϕ  ( t )   .  



(3)







These classes laid a solid foundation for the emergence of various families of their subclasses. The table below illustrates some of the subfamilies of    S ∗   ( ϕ )    related to the present investigation.



	S/N
	   S ∗   ( ϕ )   
	 ϕ 



	(i)
	  S E ∗  
	   ϕ 1   ( t )  =  e  t     [3]



	(ii)
	   S  L  ∗   ( s )   
	   ϕ 2   ( t )  =   ( 1 + s t )  2  ,  s ∈  ( 0 , 1 /  2  ]    [4]



	(iii)
	  S  C  ∗  
	   ϕ 3   ( t )  = t +   1 +  t 2      [5]



	(iv)
	   S ∗   ( A , B )   
	   ϕ 4   ( t )  =  ( 1 + A t )  /  ( 1 + B t )  ,  − 1 ≤ B < A ≤ 1   [6]



	(v)
	  S  α  ∗  
	   ϕ 5   ( t )  =  ( 1 +  ( 1 − 2 α )  t )  /  ( 1 − t )  ,  α ∈  [ 0 , 1 )    [7]



	(vi)
	   S   L q   ∗   ( s )   
	   ϕ 6   ( t )  =      2 ( 1 + s t )   2 + s ( 1 − q ) t     2  ,  s ∈  ( 0 , 1 /  2  ]    [8,9] .








The q-calculus (i.e., quantum calculus) is a generalization of classical calculus without the concept of limit. Instead, it uses the quantity q as a parameter to extend many classical results, methods, and subclasses of  S . It was first introduced in geometric function theory by Ismail et al. [10]. Consequently, many articles in this direction appeared in the literature. For example, one may see [8,9,11,12] and the references. Mohammed and Adegani [12] extended the general Ma-Minda class to that of its q-analogue and obtained the radius of majorization associated with the class.



Definition 1.

Let   0 < q < 1  . Then the q-number    [ n ]  q   is given by


     [ n ]  q  =         1 −  q n    1 − q    ,  n ∈ C ,          ∑  ι = 0   n − 1     q ι  = 1 + q +  q 2  + ⋯  q  n − 1   ,  n ∈ N ,        n ,  as  q →  1 −  ,        








while the q-factorial and q-derivative of a complex valued function f in  A  are respectively given by


     [ n ]  q  ! =      1  if  n = 0            [ n ]  q  ·   [ n − 1 ]  q  ·   [ n − 2 ]  q  ·   [ n − 3 ]  q  ⋯ 2 · 1  if  n ∈ N        










    D q  f  ( t )  =         f ( q z ) − f ( t )   ( q − 1 ) t    ,  t ≠ 0         f ′   ( 0 )  ,  t = 0 ,         f ′   ( t )  ,  as  q →  1 −  .        











From the above explanation, it is easy to see that for   f ( t )   given by (1),


    D q  f  ( t )  = 1 +  ∑  n = 2  ∞    [ n ]  q   a n   t n  .   













Let   f , g ∈ A  , we have the following rules for q-difference operator   D q  .



	(i)

	
   D q   ( f  ( t )  g  ( t )  )  = f  ( q t )   D q  g  ( t )  + g  ( t )   D q  f  ( t )   ;




	(ii)

	
   D q   ( σ f  ( t )  ± δ g  ( t )  )  = σ  D q  f  ( t )  ± δ  D q  g  ( t )   , for   σ , δ ∈ C ∖ { 0 }  .







A natural generalization of the class   S ∗   is the class   S  κ  ∗   of functions with bounded radius rotation whose investigation started with the work of Leowner [13] and subsequently developed by Paatero [14,15]. According to Pinchuk [16], a function   f ∈  S  κ  ∗    if and only if for   κ ≥ 2  , it has representation:


   S f   ( t )  =     κ + 2  4     p 1   ( t )  −     κ − 2  4     p 2   ( t )  ,  








where    p j   ( t )  ≺  ( 1 + t )  /  ( 1 − t )    ( j = 1 , 2 )   .



Recently, this class received attention in the direction of Ma-Minda class. Afis and Noor [17] and Jabeen and Saliu [18] introduced the classes   S   C κ   ∗   and    S   L κ   ∗   ( s )    of bounded radius rotation related with crescent and limaçon domains. They examined the inclusion properties, radius problems, coefficient inequalities, and other associated geometrical properties. For more information on the study of   S  κ  ∗   and its subfamilies, one may see “A survey on functions of bounded boundary and bounded radius rotation” by Noor [19].



Let   f , g ∈ A  . Then f is majorized by g or g majorized f (written as   f ( t ) ≪ g ( t )  ) in ℧ if   | f ( t ) | ≤ | g ( t ) |   for all   t ∈ ℧  . The idea of this notion emanated from the work of Macgregor [20], where he showed that if   f ( t ) ≪ g ( t )   in ℧, then there exists an analytic function  φ  with   | φ ( t ) | ≤ 1   in ℧ such that


  f ( t ) = φ ( t ) g ( t ) ,  t ∈ ℧ .  











This article opened the door to studying the majorization problems for various classes of univalent functions (see [12,21,22,23] and the references cited therein). Cho et al. [21] examined the majorization property for the class    S ∗   ( ϕ )   , which was later generalized by Mohammed and Adegani [12] and Adegani et al. [23].



Motivated by the recent work [12,17,18,21,24], we introduce and investigate the majorization problem for the general class    S  κ , q  ∗   ( ϕ )    of functions of bounded radius rotation. In addition, we obtain the coefficient inequality for majorized functions associated with this class and illustrate some particular cases of our results. Furthermore, relaxing the majorized condition on this general family, we obtain the estimate of coefficient bounds associated with the class.



Definition 2.

Let   f ∈ A  . Then   f ∈  S  κ , q  ∗   ( ϕ )    if and only for   κ ≥ 2  ,


      t  D q  f  ( t )    f ( t )    =     κ + 2  4     p 1   ( t )  −     κ − 2  4     p 2   ( t )  ,   








where    p j   ( t )  ≺ ϕ  ( t )    ( j = 1 , 2 )   .





As a special case, we have the following:




	(a)

	
As   q →  1 −    the class    S  κ , q  ∗   ( ϕ )    reduces to the one introduced and studied by Jabeen et al. [24].




	(b)

	
For   κ = 2  , we have the class introduced and studied by Mohammad and Adegani [12].




	(c)

	
For   κ = 2   and   q →  1 −   , we obtain the general family of Ma-Minda [2].









Remark 1.

When we replace   ϕ ( t )   with Ma and Minda functions, we obtain the corresponding subclasses of q-bounded radius rotations of Ma and Minda type (see [25]).





Remark 2.

When we replace   ϕ ( t )   with Ma and Minda functions and suppose   q →  1 −   , we obtain the corresponding subclasses of bounded radius rotations of Ma and Minda type (see [17,18]).





Remark 3.

When we replace   ϕ ( t )   with Ma and Minda functions and suppose   κ = 2  , we obtain q-starlike class of Ma and Minda type (see [8,9,26]).





Remark 4.

When we replace   ϕ ( t )   with Ma and Minda functions,   κ = 2   and   q →  1 −   , we obtain the starlike class of Ma and Minda type (see [4,5,6]).





Next, we need the q-analogue of Schwarz Pick’s Lemma to prove our main result, which can be proved by using Nehari’s techniques at [27] (p. 168). This new lemma improves the earlier results by Adegani et al. [28] and by Vijaya et al. [29] without proof.



Lemma 1

( q -Schwarz Pick’s Lemma). If ω is analytic in ℧ and   | ω ( t ) | < 1  , then


   |   D q   ω  ( t )  | ≤     1 −   | ω  ( t )  |  2     1 − q | t |   1 + | t |     ,  t ∈ ℧ .  













Proof. 

Since  ω  is bounded in ℧, so is


  g  ( t )  =    ω ( t ) − ω ( ζ )   1 −   ω ( ζ )  ¯  ω  ( t )     ,   | ζ |  < 1  .  











Observe that   g ( ζ ) = 0  . Consider


  h  ( t )  =    g  ( t )   ( 1 −  ζ ¯  t )    t − ζ    .  



(4)







Then, h is analytic at   t = ζ ,   lim sup  | t | → 1    | g  ( t )  |  ≤ 1  , and       t − ζ   1 − t  ζ ¯      = 1   for   | t | = 1  . Hence, by the maximum modulus principle,   | h ( t ) | ≤ 1   for all   t ∈ ℧  . Now, setting   ζ = q t   in (4), we have


     h ( t )     =     ω ( t ) − ω ( q t )   t − q t         1 − q  t ¯  t   1 −   ω ( q t )  ¯  ω  ( t )               =     1 −   q | t |  2    1 −   ω ( q t )  ¯  ω  ( t )        D q  ω  ( t )           =     1 −   q | t |  2    D q  ω  ( t )    1 −    ω ( t )  ¯  −  ( 1 − q )    t  D q  ω  ( t )   ¯   ω  ( t )         











Therefore,


     | h ( t ) |     =      1 −   q | t |  2    D q  ω  ( t )    1 −    ω ( t )  ¯  −  ( 1 − q )    t  D q  ω  ( t )   ¯   ω  ( t )               ≤     1 −   q | t |  2    |  D q  ω  ( t )  |    1 −   | ω  ( t )  |  2  −   ( 1 − q )  | t | |   D q   ω  ( t )  |  | ω  ( t )  |              <     1 −   q | t |  2    |  D q  ω  ( t )  |    1 −   | ω  ( t )  |  2  −   ( 1 − q )  | t | |   D q   ω  ( t )  |     .     











We see that   | h ( t ) | ≤ 1   if


      1 −   q | t |  2    |  D q  ω  ( t )  |    1 −   | ω  ( t )  |  2  −   ( 1 − q )  | t | |   D q   ω  ( t )  |     ≤ 1  ,  








which holds if


   1 −   q | t |  2    |   D q    ω  ( t )  | ≤ 1 − | ω  ( t )  |  2  −   ( 1 − q )  | t | |   D q   ω  ( t )  |  .   











That is


   1 − q | t |   ( 1 + | t | ) |   D q    ω  ( t )  | 1 − | ω  ( t )  |  2  .  











Hence,


   |   D q   ω  ( t )  | ≤     1 −   | ω  ( t )  |  2     1 − q | t |   ( 1 + | t | )     .  











□





Remark 5.

Lemma 1 reduces to the classic Schwarz Pick’s lemma as   q →  1 −   .





Lemma 2

([30] (Proposition 5.4)). If ϕ is convex univalent, has non-negative Taylor coefficients about the origin, and   Re ( ϕ ( t ) ) > 0   in ℧, then


   min  | t | = r    | ϕ  ( t )  |  = ϕ  ( − r )  ≤  | ϕ  ( t )  |  ≤ ϕ  ( r )  =  max  | t | = r    | ϕ  ( t )  |   .  














2. Main Results


Theorem 1.

If   f ∈ A   is majorized by   g ∈  S  κ , q  ∗   ( ϕ )   , then    D q  g  ( t )    majorized    D q  f  ( t )    in the disc    | t | <   r κ   ( q )   , where    r κ   ( q )    is the smallest positive root of the equation:


    ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )    ( κ + 2 )   min  | t | = r    | ϕ  ( t )  |  −  ( κ − 2 )   max  | t | = r    | ϕ  ( t )  |   − 8 r = 0  .   













Proof. 

From the antecedent, there exists an analytic function  φ  with   | φ ( t ) | ≤ 1 ,  t ∈ ℧   such that   f ( t ) = φ ( t ) g ( t )  . Therefore,


      D q  f  ( t )      = φ  ( q t )   D q  g  ( t )  +  D q  φ  ( t )  g  ( t )           =  φ  ( t )  −  ( 1 − q )  t  D q  φ  ( t )    D q  g  ( t )  + g  ( t )   D q  φ  ( t )           =  φ  ( t )  −  ( 1 − q )  t  D q  φ  ( t )  +    g  ( t )   D q  φ  ( t )     D q  g  ( t )       D q  g  ( t )           =  φ  ( t )  +     g ( t )    D q  g  ( t )     −  ( 1 − q )  t   D q  φ  ( t )    D q  g  ( t )   .     



(5)







Since   g ∈  S  κ , q  ∗   ( φ )   , then


       t  D q  g  ( t )    g ( t )       =     κ + 2  4     p 1   ( t )  −     κ − 2  4     p 2   ( t )  ,   p j   ( t )  ≺ ϕ  ( t )    ( j = 1 , 2 )           =     κ + 2  4    ϕ  (  ω 1   ( t )  )  −     κ − 2  4    ϕ  (  ω 2   ( t )  )   ,     



(6)




where   ω j   (  j = 1 , 2  ) is analytic in ℧ with    ω j   ( 0 )  = 0   such that    |   ω j    ( t )  | = r < 1   . Since   Re  ϕ (  ω j   ( t )  )  > 0    ( j = 1 , 2 )    in ℧, we can rewrite (6) as


     g ( t )    D q  g  ( t )     =    t      κ + 2  4   ϕ  (  ω 1   ( t )  )  −    κ − 2  4   ϕ  (  ω 2   ( t )  )     .  



(7)







From the minimum and maximum modulus principle, we have that


   min  | t | = r    | ϕ  ( t )  |  ≤  min   |   ω 1    ( t )  | = r     | ϕ   (  ω 1   ( t )  )   | =   min   |   ω 1    ( t )  | ≤ r     | ϕ  (  ω 1   ( t )  )  |   








and


   max   |   ω 2    ( t )  | ≤ r     | ϕ   (  ω 2   ( t )  )   | =   max   |   ω 2    ( t )  | = r     | ϕ   (  ω 2   ( t )  )   | ≤   max  | t | = r    | ϕ  ( t )  |   .  











Using these inequalities in (7), we have


        g ( t )    D q  g  ( t )         ≤   r  |    κ + 2  4    ϕ (  ω 1   ( t )  )  −    κ − 2  4    ϕ (  ω 2   ( t )  )  |             ≤    4 r   |  κ + 2   min   |   ω 1    ( t )  | = r     ϕ (  ω 1   ( t )  )  −  κ − 2   max   |   ω 2    ( t )  | = r     ϕ (  ω 2   ( t )  )  |             ≤    4 r   |  κ + 2   min  | t | = r    ϕ ( t )  −  κ − 2   max  | t | = r    ϕ ( t )  |     .     



(8)







In view of (5) and (8), and using Lemma 1 with   | φ ( t ) | = ρ ≤ 1  , we obtain


    |   D q   f  ( t )  |        ≤   | φ  ( t )  |  +      g ( t )    D q  g  ( t )      +  ( 1 − q )  r   |  D q  φ  ( t )  |    |  D q  g  ( t )  |        ≤   | φ  ( t )  |  +     4 r   |  κ + 2   min  | t | = r    ϕ ( t )  −  κ − 2   max  | t | = r    ϕ ( t )  |    +  ( 1 − q )  r      1 −   | φ  ( t )  |  2    ( 1 − q r ) ( 1 + r )       |  D q  g  ( t )  |        ≤  ρ +     4 r ( 1 −  ρ 2  )    ( 1 − q r )   ( 1 + r )  |  κ + 2   min  | t | = r    ϕ ( t )  −  κ − 2   max  | t | = r    ϕ ( t )  |    +    r  ( 1 − q )   ( 1 −  ρ 2  )    ( 1 − q r ) ( 1 + r )       |  D q  g  ( t )  |        : =  V  κ , q    ( r , ρ )  ,  r ∈  ( 0 , 1 )  ,  ρ ∈  [ 0 , 1 ]   .     











To find    r κ   ( q )   , we choose    r κ   ( q )  = max  r ∈  ( 0 , 1 )  :  V  κ , q    ( r , ρ )  ≤ 1 ,  ρ ∈  [ 0 , 1 ]    . But    V  κ , q    ( r , ρ )  ≤ 1   if and only if


    0    ≤  ( 1 − q r ) ( 1 + r ) − r ( 1 − q ) ( 1 + ρ )  |  κ + 2   min  | t | = r    ϕ ( t )  −  κ − 2   max  | t | = r    ϕ ( t )  |           − 4 r  ( 1 + ρ )  : =  W  κ , q    ( r , ρ )   .     











We see that    W  κ , q    ( r , ρ )    is decreasing on   0 ≤ ρ ≤ 1  . Therefore,   min  W  κ , q    ( r , ρ )  =  W  κ , q    ( r , 1 )  : =  W  κ , q    ( r )   , where


   W  κ , q    ( r )  =  ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )  |  κ + 2   min  | t | = r    ϕ ( t )  −  κ − 2   max  | t | = r    ϕ ( t )  | − 8 r  .  











We observe that    W  κ , q    ( 0 )  > 0   and    W  κ , q    ( 1 )  < 0  . Therefore, there exists   r =  r κ   ( q )    which satisfies (1). Hence,    W  κ , q    ( r )  ≥ 0   for all r in the disc    | t | <   r κ   ( q )   . □





It is worthy of note that for   κ = 2  , we have:



Remark 6.

If   f ∈ A   is majorized by   g ∈  S  q  ∗   ( ϕ )   , then    D q  g  ( t )    majorized    D q  f  ( t )    in the disc   | t | < r ( q )  , where   r ( q )   is the smallest positive root of the equation:


    ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )   min  | t | = r    | ϕ  ( t )  |  − 2 r = 0 .    













This result is an improvement to the one obtained by Mohammad and Adegani [12] (Theorem 2.1, p. 3). In addition, as   q →  1 −   , Theorem 1 reduces to Theorem 2 in [21] and becomes various corollaries obtained for respective Ma and Minda functions. Now, for   κ > 2  , we obtain the following results.



Corollary 1.

Let   f ∈ A   and   f ( t ) ≪ g ( t )   with   g ∈  S  κ , q  ∗   (  ϕ 5  )  : =  S  κ , q  ∗   ( α )   . Then    D q  f  ( t )  ≪  D q  g  ( t )    in the disc    | t | <   r  κ , q    ( α )   , where    r  κ , q    ( α )    is the smallest positive root of the equation:


    r  κ , q    ( α )  =  ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )  |  ( 1 − 2 α )   r 2  − κ  ( 1 − α )  r + 1 | − 2 r  ( 1 −  r 2  )  = 0   













Proof. 

Since    ϕ 5   ( t )    is convex in ℧, then by Lemma 2 and Theorem 1, we have the required result. □





We have the following consequence for   α = 0   in Corollary 1.



Corollary 2.

Let   f ∈ A   and   f ( t ) ≪ g ( t )   with   g ∈  S  κ , q  ∗   (  ϕ 5  )  : =  S  κ , q  ∗   . Then    D q  f  ( t )  ≪  D q  g  ( t )    in the disc    | t | <   r  κ , q    , and    | t | <   r  κ , q     is the smallest positive root of the equation:


    ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )  |  r 2  − κ r + 1 | − 2 r  ( 1 −  r 2  )  = 0  .   













Corollary 3.

Let   f ∈ A   and   f ( t ) ≪ g ( t )   with   g ∈  S  κ , q  ∗   (  ϕ 2  )  : =  S   L  κ , q    ∗   ( s )   . Then    D q  g  ( t )    majorized    D q  f  ( t )    in the disc    | t | <   r  κ , q    ( s )   , where    r  κ , q    ( s )    is the smallest positive root of the equation


    ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )  |  s 2   r 2  − κ s r + 1 | − 2 r = 0  .   













Proof. 

The method of proof is the same as the proof of Corollary 1. □





Corollary 4.

Let   f ∈ A   and   f ( t ) ≪ g ( t )   with   g ∈  S  κ , q  ∗   (  ϕ 1  )  : =  S   e  κ , q    ∗   . Then    D q  g  ( t )    majorized    D q  f  ( t )    in the disc    | t | <   r  κ , q    ( e )   , where    r  κ , q    ( e )    is the smallest roots of the equation


    ( 1 − q r ) ( 1 + r ) − 2 r ( 1 − q )   2 cosh ( r ) − κ sinh ( r )  − 4 r = 0  .   













Remark 7.

As   q →  1 −   , the Corollaries 1–4 reduce to the corresponding Corollaries 2.2–2.5 in [24].





Theorem 2.

Let   ϕ  ( t )  = 1 +  B 1  t +  B 2   t 2  +  B 3   t 3  + ⋯   be convex in ℧ and   f ∈ A   have the form (1). If   f ( t ) ≪ g ( t )   with   g ∈  S  κ , q  ∗   ( ϕ )   , then


    |   a n   | ≤ 1 +   ∑  m = 2  n    ∏  j = 2  m      2 q   [ j − 2 ]  q  + κ  |  B 1  |    2  q  n − 1     [ n − 1 ]  q  !       .   













Proof. 

Let


     t  D q  f  ( t )    f ( t )    = p  ( t )  = 1 +  ∑  n = 1  ∞   d n   t n   .  











It was shown in [24] that


   |   d n   | ≤    κ 2    |  B 1  |   .  



(9)







Now, carefully following the procedures of the proof in [24] (Theorem 2.6) and using (9), we obtain the required result. □





Remark 8.

(i) As   q →  1 −   , Theorem 2 becomes Theorem 2.6 in [24].



(ii) For   κ = 2   and when   q →  1 −   , Theorem 2 reduces to the result of Cho et al. [21] (Theorem 3, p. 7).





Corollary 5.

Let   ϕ  ( t )  = 1 +  B 1  t +  B 2   t 2  +  B 3   t 3  + ⋯   be convex in ℧ and   f ∈ A   have the form (1). If   f ( t ) ≪ g ( t )   with   g ∈  S  q  ∗   ( ϕ )   , then


    |   a n   | ≤ 1 +   ∑  m = 2  n    ∏  j = 2  m      q   [ j − 2 ]  q  +  |  B 1  |     q  n − 1     [ n − 1 ]  q  !       .   













Corollary 6.

Let   f ∈ A   and suppose that   f ( t ) ≪ g ( t )   in ℧ with   g ∈  S  κ , q  ∗   (  ϕ 4  )  : =  S  κ , q  ∗   ( A , B )   . Then


    |   a n   | ≤ 1 +   ∑  m = 2  n    ∏  j = 2  m      2 q   [ j − 2 ]  q  + κ  ( A − B )    2  q  n − 1     [ n − 1 ]  q  !       .   













Corollary 7.

Let   f ∈ A   and suppose   f ( t ) ≪ g ( t )   in    ℧    2  2    : =  z ∈  C : | t | <   2  / 2    with   g ∈  S  κ , q  ∗   (  ϕ 3  )  : =  S   C  κ , q    ∗   . Then


    |   a n   | ≤ 1 +   ∑  m = 2  n    ∏  j = 2  m      2 q   [ j − 2 ]  q  + κ   2  q  n − 1     [ n − 1 ]  q  !       .   













Corollary 8.

Let   f ∈ A   and suppose that   f ( t ) ≪ g ( t )   in ℧ with   g ∈  S  κ , q  ∗   (  ϕ 2  )  : =  S   L  κ , q    ∗   . Then for   0 < s ≤ 1 / 2  ,


    |   a n   | ≤ 1 +   ∑  m = 2  n    ∏  j = 2  m      q   [ j − 2 ]  q  + κ s    q  n − 1     [ n − 1 ]  q  !       .   













We note that the proof of Corollaries 2.10–2.113 follows the same method of proofs of Corollaries 2.7–2.9 in [24].



Remark 9.

As   q →  1 −   , Corollaries 2.10–2.13 reduce to Corollaries 2.7–2.9 in [24].





In the next result, we relax the majorization condition and obtain the coefficient inequality associated with the class    S  κ , q  ∗   ( ϕ )   .



Theorem 3.

If   f ∈  S  κ , q  ∗   ( ϕ )   , then


    ∑  n = 2  ∞   4   [ n ]   q  2  −  κ 2     max  | t | = 1    | ϕ  ( t )  |   2     |  a n  |  2  ≤  κ 2     max  | t | = 1    | ϕ  ( t )  |   2  − 4 .   













Proof. 

Since   f ∈  S  κ , q  ∗   ( ϕ )   , then


       t  D q  f  ( t )    f ( t )       =     κ + 2  4     p 1   ( t )  −     κ − 2  4     p 2   ( t )  ,   p j   ( t )  ≺ ϕ  ( t )    ( j = 1 , 2 )           =     κ + 2  4    ϕ  (  ω 1   ( t )  )  −     κ − 2  4    ϕ  (  ω 2   ( t )  )   ,     








where   ω j   (  j = 1 , 2  ) is analytic in ℧ with    ω j   ( 0 )  = 0   such that    |   ω j    ( t )  | = r < 1   . Thus,


  f  ( t )  =    4 t  D q  f  ( t )     ( κ + 2 )  ϕ  (  ω 1   ( t )  )  −  ( κ − 2 )  ϕ  (  ω 2   ( t )  )      .  











It follows from Parseval’s identity and the maximum modulus principle that


     2 π  ∑  n = 1  ∞    |  a n  |  2   r  2 n       =  ∫  0   2 π     | f  ( t )  |  2   d θ          = 16  ∫  0   2 π        t  D q  f  ( t )     ( κ + 2 )  ϕ  (  ω 1   ( t )  )  −  ( κ − 2 )  ϕ  (  ω 2   ( t )  )      2   d θ          ≥ 16  ∫  0   2 π       | t   D q    f  ( t )  |  2       ( κ + 2 )  | ϕ   (  ω 1   ( t )  )   | +  ( κ − 2 )  | ϕ   (  ω 2   ( t )  )   |   2     d θ          ≥ 16  ∫  0   2 π       | t   D q    f  ( t )  |  2      ( κ + 2 )   max   |   ω 1    ( t )  | = r     | ϕ   (  ω 1   ( t )  )   | +  ( κ − 2 )    max   |   ω 2    ( t )  | = r     | ϕ  (  ω 2   ( t )  )  |   2     d θ          ≥ 16  ∫  0   2 π       | t   D q    f  ( t )  |  2      ( κ + 2 )   max  | t | = r    | ϕ (   ω 1    ( t )  | +  ( κ − 2 )    max  | t | = r    | ϕ  (  ω 2   ( t )  )  |   2     d θ          = 16  ∫  0   2 π       | t   D q    f  ( t )  |  2     2 κ  max  | t | = r    | ϕ  (  ω 1   ( t )  )  |   2     d θ          =   4   κ  max  | t | = r    | ϕ  (  ω 1   ( t )  )  |   2     ∫  0   2 π     | t  D q  f  ( t )  |  2   d θ          =   4   κ  max  | t | = r    | ϕ  (  ω 1   ( t )  )  |   2    · 2 π  ∑  n = 1  ∞    [ n ]   q  2    |  a n  |  2   r  2 n    .     











That is


   ∑  n = 1  ∞   4   [ n ]   q  2  −  κ 2     max  | t | = r    | ϕ  ( t )  |   2     |  a n  |  2  ≤ 0  ,  








which gives the desired result. □





The following results are the consequences of Theorem 3.



Corollary 9.

If   f ∈  S  κ  ∗   ( ϕ )   , then


    ∑  n = 2  ∞   4  n 2  −  κ 2     max  | t | = 1    | ϕ  ( t )  |   2     |  a n  |  2  ≤  κ 2     max  | t | = 1    | ϕ  ( t )  |   2  − 4 .   













Corollary 10.

If   f ∈  S  q  ∗   ( ϕ )   , then


    ∑  n = 2  ∞     [ n ]   q  2  −    max  | t | = 1    | ϕ  ( t )  |   2     |  a n  |  2  ≤    max  | t | = 1    | ϕ  ( t )  |   2  − 1 .   













When   q →  1 −    and choose a particular Ma-Minda function  ϕ , we have the following:



Corollary 11

([17]). If   S   C κ   ∗  , then


   ∑  n = 2  ∞   4  n 2  −  κ 2   3 + 2  2      |  a n  |  2  ≤  κ 2   3 + 2  2   − 4 .  













Corollary 12

([18]). If    S   L κ   ∗   ( s )   , then


   ∑  n = 2  ∞   4  n 2  −  κ 2    1 + s  4     |  a n  |  2  ≤  κ 2    1 + s  4  − 4 .  













For   κ = 2   and   ϕ  ( t )  =  ϕ 6   ( t )   , we have



Corollary 13

([9]). If   f ∈  S ∗   (  ϕ 6  )  : =  S   L  κ , q    ∗   ( s )   , then


   ∑  n = 2  ∞    n 2  − 16      1 + s   2 + ( 1 − q ) s     4     |  a n  |  2  ≤ 16      1 + s   2 + ( 1 − q ) s     4  − 1 .  













When   q →  1 −    and   κ = 2  , we have the following results:



Corollary 14

([3]). If   f ∈  S ∗   (  ϕ 1  )  : =  S  e  ∗   , then


   ∑  n = 2  ∞    n 2  −  e 2     |  a n  |  2  ≤  e 2  − 1 .  













Corollary 15

([31]). If   f ∈  S ∗   ( ϕ )    with   ϕ  ( t )  = 1 + 4 t / 3 + 2  t 2  / 3  , then


   ∑  n = 2  ∞    n 2  − 9    |  a n  |  2  ≤ 8  .  














3. Conclusions


This article was motivated by the current novel family of the Ma and Minda type, which is related to the functions with bounded radius rotations introduced and studied by Jabeen et al. [24]. In light of this, we began by proving the q-version of the classic Schwarz Pick’s lemma. This result improved significantly from those obtained earlier by Vijaya et al. [29] without proof and Adegani et al. [28]. In addition, we applied this q-classic result to obtain the radius of majorization on the family    S  κ , q  ∗   ( ϕ )   . Also, under the majorization condition on    S  κ , q  ∗   ( ϕ )   , bound of the coefficient of   f ∈ A   was obtained. We concluded the findings of this article by obtaining the coefficient bound of   f ∈ A   when the majorization restriction on    S  κ , q  ∗   ( ϕ )    was relaxed. Many improvements to the known and some new results were presented as corollaries.



In future work, geometric properties such as integral preservation properties, radius of inclusion properties, and first-order differential subordination relations of    S  κ , q  ∗   ( ϕ )    can be further explored in different directions and perspectives.



It is worth noting that [24] and the present work are the only articles that have first addressed the majorization problem on any family of Ma and Minda type having bounded radius rotations. As a result, these works will serve as the backbone for further investigation in this direction.







Author Contributions


All authors equally contributed to this article. In particular, writing—original draft preparation, K.J., A.S., J.G. and S.H.; writing—review and editing, K.J., A.S., J.G. and S.H. All authors have read and agreed to the published version of the manuscript.




Funding


This research was funded by United Arab Emirates University (grant no. UPAR12S127).




Data Availability Statement


The original contributions presented in the study are included in the article. Further inquiries can be directed to the corresponding author.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Shanmugam, T.N. Convolution and differential subordination. Int. J. Math. Math. Sci. 1989, 12, 333–340. [Google Scholar] [CrossRef]

	



Ma, W.C.; Minda, D. A unified treatment of some special classes of univalent functions. In Proceedings of the Conference on Complex Analysis; International Press: St. Paul, MN, USA, 1992; pp. 157–169. [Google Scholar]

	



Mendiratta, R.; Nagpal, S.; Ravichandran, V. On a subclass of strongly Starlike functions associated with exponential function. Bull. Malays. Math. Sci. Soc. 2015, 38, 365–386. [Google Scholar] [CrossRef]

	



Masih, V.S.; Kanas, S. Subclasses of starlike and convex functions associated with the limaçon domain. Symmetry 2020, 12, 942. [Google Scholar] [CrossRef]

	



Raina, R.K.; Sokół, J. Some properties related to a certain class of starlike functions. Comptes Rendus Math. 2015, 353, 973–978. [Google Scholar] [CrossRef]

	



Janowski, W. Some extremal problems for certain families of analytic functions I. Ann. Pol. Math. 1973, 3, 297–326. [Google Scholar] [CrossRef]

	



Robertson, M.I. On the theory of univalent functions. Ann. Math. 1936, 37, 374–408. [Google Scholar] [CrossRef]

	



Jabeen, K.; Saliu, A. A Study of q-Analogue of the Analytic Characterization of limaçon Functions. Miskolc Math. Notes 2023, 24, 179–195. [Google Scholar] [CrossRef]

	



Saliu, A.; Jabeen, K.; Al-Shbeil, I.; Aloraini, N.; Malik, S.N. On q-limaçon functions. Symmetry 2022, 14, 2422. [Google Scholar] [CrossRef]

	



Ismail, M.E.H.; Merkes, E.; Styer, D. A generalization of starlike functions. Complex Var. Theory Appl. Int. J. 1990, 14, 77–84. [Google Scholar] [CrossRef]

	



Saliu, A.; Noor, K.I.; Hussain, S.; Darus, M. On quantum differential subordination related with certain family of analytic functions. J. Math. 2020, 2020, 6675732. [Google Scholar] [CrossRef]

	



Mohammed, N.H.; Adegani, E.A. Majorization problems for class of q-starlike functions. Afr. Mat. 2023, 34, 66. [Google Scholar] [CrossRef]

	



Loewner, K. Untersuchungen über die Verzerrung bei konformen Abbildungen des Einheitskreises |z|. Verh. Sächs. Ges. Wiss. Leipzig 1917, 69, 89–106. [Google Scholar]

	



Paatero, V. Über die konforme Abbildung von Gebieten deren Ränder von beschränkter Drehung sind. Ann. Acad. Sci. Fenn. Ser. A 1931, 33, 1–79. [Google Scholar]

	



Paatero, V. Über Gebiete von beschrÄnkter Randdrehung. Ann. Acad. Sci. Fenn. A 1933, 37, 20. [Google Scholar]

	



Pinchuk, B. Functions of bounded boundary rotation. Isr. J. Math. 1971, 10, 6–16. [Google Scholar] [CrossRef]

	



Afis, S.; Noor, K.I. On subclasses of functions with boundary and radius rotations associated with crescent domains. Bull. Korean Math. Soc. 2020, 57, 1529–1539. [Google Scholar] [CrossRef]

	



Jabeen, K.; Saliu, A. Properties of functions with bounded rotation associated with limaçon class. Commun. Korean Math. Soc. 2022, 37, 995–1007. [Google Scholar] [CrossRef]

	



Noor, K.I.; Malik, B.; Mustafa, S. A survey on functions of bounded boundary and bounded radius rotation. Appl. Math. E-Notes 2012, 12, 136–152. [Google Scholar]

	



MacGregor, T.H. Majorization by univalent functions. Duke Math. J. 1967, 34, 95–102. [Google Scholar] [CrossRef]

	



Cho, N.E.; Oroujy, Z.; Adegani, E.A.; Ebadian, A. Majorization and coefficient problems for a general class of starlike functions. Symmetry 2020, 12, 476. [Google Scholar] [CrossRef]

	



Gangania, K.; Kumar, S.S. On Certain Generalizations of S*(ψ). Comput. Methods Funct. Theory 2022, 22, 215–227. [Google Scholar] [CrossRef]

	



Adegani, E.A.; Alimohammadi, D.; Bulboacă, T.; Cho, N.E. Majorization problems for a class of analytic functions defined by subordination. J. Math. Inequal. 2022, 16, 1259–1274. [Google Scholar] [CrossRef]

	



Jabeen, K.; Saliu, A.; Hussain, S. Majorization Problem for General Family of Functions with Bounded Radius Rotations. Arab. J. Basic Appl. Sci. 2024, 31, 388–392. [Google Scholar] [CrossRef]

	



Noor, K.I.; Riaz, S. Generalized q-starlike functions. Stud. Sci. Math. Hung. 2017, 54, 509–522. [Google Scholar] [CrossRef]

	



Khan, N.; Shafiq, M.; Darus, M.; Khan, B.; Ahmad, Q.Z. Upper bound of the third Hankel determinant for a subclass of q-starlike functions associated with lemniscate of Bernoulli. J. Math. Inequal. 2020, 14, 51–63. [Google Scholar] [CrossRef]

	



Nehari, Z. Conformal Mapping; McGraw-Hill: New York, NY, USA, 1952; p. 164. [Google Scholar]

	



Adegani, E.A.; Mohammed, N.H.; Bulboacă, T. Majorizations for subclasses of analytic functions connected with the q-difference operator. Rend. Circ. Mat. Palermo II Ser. 2024, 1–18. [Google Scholar] [CrossRef]

	



Vijaya, K.; Murugusundaramoorthy, G.; Cho, N.E. Majorization problems for uniformly starlike functions based on Ruscheweyh q-differential operator defined with exponential function. Nonlinear Funct. Anal. Appl. 2021, 26, 71–81. [Google Scholar] [CrossRef]

	



Kanas, S.; Sugawa, T. On conformal representations of the interior of an ellipse. Ann. Fenn. Math. 2006, 31, 329–348. [Google Scholar]

	



Sharma, K.; Jain, N.K.; Ravichandran, V. Starlike functions associated with a cardioid. Afr. Mat. 2015, 27, 923–939. [Google Scholar] [CrossRef]












	
	
Disclaimer/Publisher’s Note: T