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In this supplementary file, we will present (i) the rest of the simulation presented in the
manuscript, in particular the comparison of our model with other methods in the literature,
(ii) the proof of Theorem 1, (iii) the proofs of Lemmas 1, 2 and 3 allowing to show Theorem
1, (iv) the proof of Lemmas A5 and A6 that are used to show Theorem 2., and (v) the proof
of Theorem 3.

Simulation study

In order to evaluate the effectiveness of the CVGPLFSIM model, we employ a random
splitting of the sample into two subsets: a training subset, denoted as I;, comprising 80% of
the observations, and a test subset, denoted as I, comprising 20% of the observations. The
purpose of the training subset is to estimate the model parameters, while the test subset is
used to assess the accuracy of the predictors. We utilize the Mean Square Error of Prediction
(MSEP), as defined in Aneiros et al. [1] and given by

1 ~
MSEP = #712 Z(Yl — Yi)z/VaI'IZ(YZ'),

i€l

where Y; represents the predicted value based on the training subset, #I, denotes the
number of observations in the test subset I, and varp, (Y;) denotes the variance of the
response variables in the test subset. This indicator allows us to assess the accuracy of our
predictions with respect to the variability in the test dataset.

The performance comparison of the CVGPLFSIM model with other models is presented
in Tables S1 and S2 when n = 500 and in Tables S3 and 5S4 when n = 1000. Based on the
obtained results, we can infer that the CVGPLFSIM model demonstrates competitiveness
and effectiveness in analyzing the given dataset.

Tables 51,52, S3 and S4 show the performance of the CVGPLFSIM model by comparing it
with other models when 7 increases from n = 500 to n = 1000. The CVGPLFSIM model is
a competitive one for such data.

Table S1. MSEP for different models in the Gaussian case when n = 500.

Functional models MSEP
M-1 (CVGPLFSIM) g(yi(Xi, Zz)) = 77(061X1/i + 062X2/i) + R((ﬁ, Z,>) + € 0.062
M-2 (GNP-FPLSIM)  ¢(u;(X;, Z;)) = 77(061X1/,‘ + DCZXQ,Z‘) +R(Z;) +¢; 0.079
M-3 (FPLSIM) Y; = 1’](0(1X1,i + 0(2X2,1’) +R(Z;) +¢; 0.098
M-4 (SIM) Y; = q(ale,i + 0(2X2,1‘) +¢&; 1.113
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Table S2. MSEP for different models in the logistic case when n = 500.

Functional models MSEP
M-1 (CVGPLFSIM) g(yi(Xi, Zl)) = 7’](0(1X1,,‘ + DQXQ,Z') + R((ﬁ, Z1>) +&; 0.068
M-2 (GNP-FPLSIM) g(yi(Xi, Zz)) = 1’](0(1X1,,‘ + D(2X2,i) + R(Zl) + & 0.071
M-3 (FPLSIM) Yi =n(n X1 +a2Xp,) + R(Z;) + ¢ 0.088
M-4 (SIM) Yi = (a1 Xy, +aXp;) +¢ 1.005

Table S3. MSEP for different models in the Gaussian case when n = 1000.

Functional models MSEP

M-1 (CVGPLFSIM)  ¢(ui(X;, Z;)) = (a1 X1 + 02Xp;) + R((B, Z;)) +&  0.043
(

M-2 (GNP-FPLSIM) ¢ “l/ll'(Xl', Zi)) = 77(0(1X1,i + DC2X2,,') + R(Zi) +¢&; 0.068
M-3 (FPLSIM) Y; = n(nq Xy + OCQXZ,I‘) +R(Z;) +¢; 0.872
M-4 (SIM) Y, = }](txle,i + DC2X2,1‘) +¢&; 1.034

Table S4. MSEP for different models in the logistic case when n = 1000.

Functional models MSEP

M-1(CVGPLFSIV)  g(pi(X;, Z;)) = (a1 X1, +a2Xo;) + R((B, Z;)) + &  0.051
(

M-2 (GNP-FPLSIM) g yi(Xi, Zz)) = 77(061X1/i + 062X2/i) + R(Zl) + € 0.063
M-3 (FPLSIM) Y; = ?7(0(1X1,j + WZXQ,I') +R(Z;) +¢; 0.097
M-4 (SIM) Y, = 1’](0{1X1,i + 0(2X2,1’) +¢&; 1.091

Proof of Theorem 1
For more details, we refer the reader to the paper by Ait-Saidi et al. [2].
Proofs of Lemma 1 and Lemma 2.
Setd = /n(t—1),b=+/n(0—6&) and W = B(W). Then (4,b) = argmax I(a,b),
a,b
where

I(a,b) = % ) Q(g*l{ﬁ@ﬁ(r)xi) +5TWi},Yi) - % i Q(g’l{mm},Yi)

Il
—_
Il
—_

i Q(g_l{mOi}/Yi>/ (S1)
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with
= (X, W) =7 B(x(8)7X;) + 6T W,
CN\T
T, = XZ-T,W,T) ,
o = ﬁiol'(Xi,Wi)Z”YoTB(“T( 0)X )+5o = 79 B(Ur0:) + 8 W;,
where Uy o = a ' (19)X;.
Thus
~ o T Tya
my; = '70B( T01)+5O 77( TOi)+5O Wi,
S Wi = g — ii(Urpi),
mo(T) = 73 B(a” ()X) +é W,
W = 99 B(Uyrp) + ) W; where Uy g =o' (19)X.
So T
(ﬁT,BT> = arg max f(a,b),
a,b
where
) = 3 Qs (Ui + =TT (@)X ) g + =0T )
7 1 T,01 1 T,01 1 7 +1
nz:l \F \/ﬁ

%i (8 {1mo;}, Y) (S2)

By the Taylor expansion, it exists ;; between 0 and 7j (Um,' + ﬁa—r JT (To)Xi) — 77 (Urpi) +
ﬁbTWi, independent of Y; such that
-1) -~ 5 1 +o7 = 1 1 —1g,
Qg §Moi 7| Uroi + Wk ] (10)Xi ) = 7(Ucoi) + ﬁb Wi, Yi| — Q(g {moi}/Yi)
1

— Y, >[n(um+\}ﬂﬂ<ro>xi)—ﬁ<uw->+bTwz}

where

I(a,b) = i%(moir Y;) [ﬁ(ur,oi + \}HQT]T(TO)XI'> — Uz o) + \}ﬁbTWi]

" 1 1 117
Y 92(moi + Cui, Vi) [ﬁ(uf,m- + ﬁﬂﬂm)xi) = 1(Urei) + ﬁbTwi] :
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Applying again the Taylor’s formula to the function 7j(-), we have the existence of U,
between U o; and Uy g; + ﬁaT JT (10)X; independent of Y; such that

1
i <UT,Oi + ﬁﬂT]T(To)Xi) — 7(Uzi)
L T7T 1 7 T 1.7 L 77 !
= ﬁﬂ (UT/Oi)a ] (TO)XiJ’_EU (UT,,') <\/ﬁ€l ] (To)Xl‘> (\/ﬁﬂ ] (TO)Xi)
a' ] (1) X; + %;7“ (Ur)a' ] (10) XX, J(w0)a.

1
WU/(UT,Oi)

Consequently

Ll {f”

~

—~
=
2

1 (R
W)a T (1) X+ 5] (UTi)aTIT(TO)XiXiT](TO)a+\/ﬁbTW,«] :

<
=
]

Therefore

=
_
S
S~—
I
-
=
1=

- ~ 1 & . -
1 (1itoi, Vi) (Uri)a ' ] (10)X; + 7 Y g1 (170, Yi)b T W;
iz

i—1
1 & B Ly — 1 & 5
to, Y g1 (1o, V)i (Uri)a " ] T (10) XX J(t0)a + o Y @2 (o + Cis Vi) M
i=1 i=1
1 n . Tor T 1 n .
+5 Y a2 (i + Gy Yi)b ' WiW; b + - Y a2(1gi + Cnis Yi)Li,
i—1 i—1
where
2
M; = [ﬁ’(uT,Oi)aTJT(ro>Xi+ 5 fﬁ"( wi)a' ] (1) XX f(ro)a}
L, = [YTB/(UT,Oi)ﬂT] (10) X; +2\7 7 B"(Ur)a’ " (10)XiX; J(10)a }WTb
Thus
=y 0 YO U T T (1) X qu i, Yi)bT W
- oir +1 T,U1 Ul/
= f (S3)
1
+ EQTAn,lla{l + Op(l)} + EbTAn,ZZb + QTAnrlzb{l + Op(l)},
with
1& —
An,ll n 2[42 1oi + Cni, Yi {77 TOZ } +q1 mozryz)ﬂn(ul',i)}]T(TO)XiXiT](TO)
i=1
1 & -
Appn = EZQ 2(oi + Cnis Y, ) W
i=1
1 ¢ ~ _y Ty v T
Apia = - Z’iz(moiJrCni,Yi)’? (Urpi)]  (T)XiW;

Il
_
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From [3], there exist large enough constants c; and c; such that

n

1 "
A= o 12 |420mai, Y {1 (U)o 1 (o, Y7 (Ur) [T () X1 T (1)
i=1

_ op{i Y (el —l—Cz)} — 0p(1).

Moreover, we have

- fl[ (m10s) {16 (Ue) Y + 1 (1o, Y0 (U )| T (10) X X7 J (10)
FD g () {1 (Ur) Y2 + 1 (s YO (U |1 (0) XiX] T (70)]
+Op(1)
R gm0 (1), V) (i (Ue) ¥ + 2 ((T), V) ()| T () XX ()]
+0p(1)
= E[[{(y - mo(T))) i (mo(T)) = pa(mo(T)) } {1 (Uro) }*

E
+(Y =g (mo(1)) ) oa (mo (1)) (U o) |J T (1) XX (10) | + O (1)
= —E[pa(mo(T){16(Ur0) T (1) XX (10)] + Op(1).

By the same arguments, we get

- op{n i(qm\ +C2)} = Op(1)

By De Boor [4], H17~’ 1|l = O(hP~1), s0

_ op{ll1 i(c1|Y|+cz)} — 0p(1)

A" 12 — Z‘h moz/ )77(/)(UT,01'>]T(TO>X1'WZ‘T
z 1

and, from the law of large numbers, we have

n

1 . -
Y a2 mai, Yo (Uo)J T (70) XiWiT = E g2 (moi, Yo (U (0) XiWiT | +Op (1).
i=1
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Then, we obtain
Ay = —E[Pz(mo(T)){ﬂé(Ur,o)}2IT(T0)XWTI(TO)} +op(1) = —Ay +Op(1)
Anzz = —E|pa(mo(T)WW'| +08(1) = — Az + Op(1)
Anz = —E|oa(mo(T))(Ur)] T (0) XWT | +Op(1) = —Arz + Op(1),
with

Au = E|pa(mo(T)){n(Uro) }J T (v0) XWT ] (x0)]
An = E[py(mo(T))WW']
A = E|pa(mo(T))(Uro)] ()XW |.
We deduce that
To8) =72 3 a0 YO U ()X, + 72 s X 0T
43T Ana{l +0p(1)} + 2b7 Ansb+aT Arzb{1+Op(1))

—( Z )T\}Hiéql(mm'yi)( néuT’Oi)]/—{,j(TO)Xi ) +;(ﬂT,bT)A< Z ) +Op(1).

From the Pollard’s convexity lemma [5], we have

i 1 & MUz T (10)X;
( : ) = A 1i§_1q1(moi,yi)< ol T'Ogvi () >+op(1), (S4)
o All A12
where A = < Asz Ay )

Elsewhere, we have

Var (o, v (10(Hen)) (0 Y]

- E q%(mo(T),Y)( 1o (Uz)] " (10)X )( 1o (Ur)] T (10)X )T

Then by applying the /-method, we obtain

\/ﬁ( "‘(f%:(‘;‘o(m) ) A)N(O,R(TO)A’lﬁlA’lRT(TO)).

Thus (X(f') — 0(('['0) = O[p(l/\/ﬁ) and 5* 5() = O]p(l/\/ﬁ)

Proof of Lemma 3
We set

¥
and mop; = Wl(T,’) = 170 (D&T(T())Xi) + 5TWI' = ﬂo(u-r,oj) + STWZ',
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with U, g; = a " (1) X;. Thus
1 — mo; = {’7( a (7)X ) - '70( T(To)Xi> } + W, (8 — &) (S6)
There exists ¢; between #1; and m; such that

g (m;, ;) = qi1(mo;, Yi) +q2(8;, Yi) (1 — mg;)
= q1(mo;, Vi) +92(&i, Y‘){ 7 (“T(f)Xi) —1o (DCT(TO)Xi) }
+q2 (&, Y;)W,T (6 — &), from (S6). (S7)

There exists 8 between @ and 8 such that

0= 550 = 55(0) + - (®) 7 )
o~ ~ 2 ~ 71 ~
thus — § = —{B;’Tge(e)} %(9).
We know that
50) = o0)
= %qu mzr ng'Y/ )
i=1
| v'B (2" () X)) " (7)X;
= o Y q1(my, Y;) ( B(ocTET)Xi) ) . (S8)
i=1 Wi
Then, from (S7), we obtain successively
= - iiql(mi,ms(ﬂ(axi)
1Z -
= ﬁi;ql(mm’ Yi)B(lXT(T)Xi)
3 @0 {1 (a7 (0) —no(o” (1) B o7 (01%)
%2 (& Y)W (5~ ) B(w” (2)X,). ($9)

I\
-

For the first sum in (S9), we obtain

1(mo, Yi)B(“T(f)Xi)

a(1) = Op (ﬁ), we have

B ((xT(T)X,)

But, since a(7) —
- B(“T(To)xi) = B (“T(TO)Xz) J" (1) Xi{a(%) — (1)} ' X;
+a(?) —a(t)} ' X o(1)
(T T 1
= B (06 (TO)Xi>] (T())Xl'—i-O]p(\/ﬁ).
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We know that
q1(mo;, Yi) = (Yi _gil(mOi))Pl(mOi) = p1(mo;)e;. (510)

From the Bernstein’s inequality, we have
logn
_o, (, fiog ) .
Since E Z g1 (moi, Vi) X[

Op( ) (T) —IX(T()> = Op(%) and B/(IXT(T())Xi> =
i=1

O(1/h) and from the weak law of large numbers we obtain

L1y pn(maeiB (o (m)X;)
i=1

LLN

n

Y q1(mo;, Y;)B ("‘T(f)Xz)

i=1

S|

< 1
n

épl(mm)ﬁiB (D‘T(TO)Xi>

i) YDB' (a7 ()X )7 (1) XX, {a(%) — (o)}
o) o) o)

B OP(fﬁh)‘

Then

+0p(

sl-
=
N——

1
n

iql(mOi,Yi)B(th(f) Xi) —Op

(\/1511) (S11)

For the third term in (59), since § — §y = Op(1/y/n) and from the weak law of large
numbers, we obtain

Y)W, (5 - 60)B ( T(f)x,-) Y)B(ocT(f)Xl)WiT(g—(SO)

For the second term in (S9), we have

< {1 (a7 (®)X) =7 (2" (v0)X;) }B (a7 (7);)
+,ﬁ L a2(@ ) {1 (o (%) o (2 (w)x,) }B (T (91%)

< f (@, Y; T{B(ucT('Z')X1>—B(aT(TO)XZ)}B(aT(f)XZ) (S12)
+%z 28, i) B (2 (7)X)) (513)
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Since ||7 — 10|, = O (hd> and from the weak law of large numbers, we obtain (513) =
Op(hP).

As previously, we have a(%) — a(19) = Op(1/+/n), and 7" B'(a(19)X;) = O(h™!). Then,
from the weak law of large numbers, we obtain

512 = L @i (B 0x) - B(57 @x) (s (%)
% ng(éz Y)7 B (a7 (0)X:) T ()X {2(7) — a(w0)} B« (£)X;)
cor(L)
= Op \/1%> (S14)
We deduce that
% g%(éi, Y;) {’7 (“T(f')xi) — 1o (D‘T(TO)Xi) }B(“T(f)xi) =Op (\/1171 + hp)- (S15)
Then
‘gé(é) 3 :op<\/§7h +h”>. (S16)
Elsewhere, since (S7) we have
50 = L La0m B (T 0X)] )X
= L Lm0 (T 0% (),
= 5 Lol 7 (4 OX)T @)X
o ém, Y {77 (a7 (®)X:) = mo(a(w)X) b7 (a7 ()X:) ] (70) X;
+% i q2(&i, YT’ (“T(f)xi)]T(To)XiWiT(‘S —dp). (S17)

i=1

For the first term in (S17): since ||7j — o[l = O(hP), ||7' — 14|, = O(RP~1), 79 € Sp and
11 € H(p), we obtain

% ié‘h (moi, Y;)if’ (“T(T)Xi)IT(To)Xi

n

1
= Y ailmo, Y (aT ()Xi) ] ()X
i=1

+
Sl—, I
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On the other hand g1 (mg;, Y;) = (Yi — g (mg;))p1(mo;) = p1(mp;)e;, with e; = Y; —
¢~ 1(my;) is the ith residue.
From the Bernstein’s inequality, we have

n

13 g1 s Yoy (7 ()X ) T () X,

n\i:

% Y p1(moj)eing (5T (TO)Xz') T (0)X;
im

o)
%i (moi, Yi)7] (“T(f)Xi)]T(TO)Xi:OP<W>- (S18)

For the second term in (517), since ||7 — 1o/, = O(h?), a(T) — a(79) = p(ﬁ), i€ H(p)
and ‘ﬁ(wT(f)Xi) — ﬁ(aT(To)Xi) <C ‘X;—{tx(r) —a(T) }|, we get

Thus

1
— i 14
O[p(\/ﬁJrh)
For the third term in (517) we have ‘17 (" (T)X;)| = [7"B' (a7 (T)X;)| = O(1/h).
Since ||B'(«" (7)X;)|| = O(1/h) and 6 — 60—OP(1/f) weobtam
LN v i (T (DX T (e X (5 — 60| = On (Lo
E i:Zl’h(guyz)W (‘x (T)Xz)] (TO)XzWi (5 ‘SO) _O]P(h\/ﬁ). (819)
Thus 51 )
(0 — I P
‘BT(O) i} op(h\fwz > (520
odg) - " gy (1, Y)W,
%() = qu(mz/ i)W

n
Y g1 (moi, i) Wi+ = ZQZ & Yi) (8 — 60) W' W
i=1 1

1 e .
+y L@ {i(e’ (0%) —m(s"(0x) fW. 620
For the first term in (S21), according to the Bernstein’s inequality, we obtain

- op<\/1°§”>. (522)

Since § — 8y = Op(1/+/n) and from the law of large numbers, we get

= Op (\;ﬁ) . (S23)

q1(mo;i, Yi)Wi| = =

n
p1(mo;)eiW;

Y;) (8 — o) Wi Wi
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From the law of large numbers, we obtain, ||7 — 1o||, = O(h?), a(T) — a(19) = Op(1//n)
and |7/ (a7 (2)X;) =|7"B'(«T(¥)X;) = O(1/h), we have

n

Ly g {778

i=1

~Qz
/‘\
2
_‘
—
~
N~—
>
~—
|
=
S
/N
2
_‘
~—~
s
N~—
>
N—
—
1

IN

Z Cl/

B3 Y 02(6 )7 B (o7 () X ) {a(7) - a<ro>}TF<ro>Xiv‘vi‘

1
o (5)
Zqz & YD) 7B (87 (v0)W; ) {8(%) — (1)} T () XiW
+Op<\}ﬁ+hp>

1 1 1
From (522),(523) and (524), we deduce

1

nz (gz 1)1

i=1

+

al 1
] (o)

From (516),(520) and (525), we deduce

Hal :OP<+hP>. (526)

[e¢]
For the second order derivative, from (S1), one has

n

V=1 Y- aalmi, V)G (T, 7,0)8] (1,7,9)

0 7B (" (0)X)] ()X ()X B(aT (1)X)] T ()X 0
+- 3 1 (m;, Yy) ( B'(a" (1) X;)] T (7)X; 0 0 )
i=1 0 0 0
n 7B (@ (0)X) 5 T (1)} X 0 0
+= ) qi(m; m( 0 0 0)
i=1 0 0 0
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T 0 0
so, by posing D,, g = 0 I 0 ,
0 0 B(a™(7)X))

weget Do 1) (1) 07, = w5187 (107) Asaresul

Vn = 1 ; mi,Yi Dn Ti Ti TDT
,0 nj:Zqu( ) ,9(1 )(1 ) n,0
L yTB"(«"(T)X) ] (1) X ()X B (2" (1)X;)] T (1)X; 0
+- g (mi, Yi) ( B'(aT(1)X;)] T (1)X; 0 0 )
i=1 0 0 0
Y B (@ (0)X)Z{J"(1)}X; 0 0 )
0 00
0 00

1 n
+ Y q1(m;, Yi)
i-1

According to Lemma A1 and the condition (C2), we have

sup‘ V. 91 Hz = O(v/N,) almost-surely
p ,
and 5l .
(0 — I P
o], = (o)
Then
T I G < sup|y %@ =0V o
I LopTop 90 PI|Vas |36 P, = NG '

Proof of Theorem 2
By De Boor [4], we know that HR — RH2 = O(h) and, from Lemma A1, we get

~ - ~ 2
IR -RWIZ = |[G=8) Bt
= (G-8TBit)B (H(E-9)
1 n

=

(1)]l2 = Oz { VN (1/ v/ + 1) }. Then

and from Lemma 3, we obtain ||R(t) —

|[R=R[, < IR®)-ROI2+ R R,

- (v} om o ()

Proof of Theorem 3
From Lemma A1, we have

i) -1 = |G-9TBE| = G-7"BOB (7 -7)
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and from Lemma 3, we have ||77(t) — 7j(t)||2 = Op{\/Nn (ﬁ + h”) } Then

IN

17(8) = 7(®)l2 + 117 = 70ll

— OP{F(\}}Z +h”) } +Op (1)

- o)}

On the other hand, from Lemma 3, we have
logn
= Oa.s. { ngh }

117 =70l

(1,1m2), — (11, 112)

su
Myt % I PR PR
Thus
7—1ll.=0 hP
17—l P{F<fh+ >}
Finally
17~ molly <17 =0+ 17 =m0l = Oe{ V(= +#7) | +0(h)
1
= Op{VN +hf’).
“”{F<m
Proof of Lemma A2

Note that according to the condition (C8), p; is a fixed bounded function.

According to Lemma 2, the logarithm of the e-bracketing of the class of functions A, (d) :=
{p2(m(t)) :m € My, ||m —mpl|| < 6} is c{Ny,log(d/€) +log(1/6)}, so the corresponding
entropy integral is given by

e d@ ) = [ {14108y (e 200, ) } e

5 5 3
/ {1+anlog<>} de <cé
0 €

According to Lemma 7 of [6] and Theorem 3,

IN

VNu + 10g((15>1.

. N 1
1= lle < e VAR =0l = O { N (1 + ) | (s27)

By the Lemma 1 and Theorem 3, one has

| L 3 pa ) (U ar) — 10U b1 (Usa)] T (1) @(X)

i=1

E [pa(m) (L) — (U b (W) ()00

- ol )} (e o))

By conditions (C1) — (C5), we obtain

op{Nn(h +ﬂ)}x {5<m+ 10g((15>>}zo]1>(1),
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which implies that

g lepxmoi){ﬁ(uT,Do — oUe) (U] () 0(X,)

E [pa () (L) = 10U b (U ()00

Then

E [02(m0o) {7 (Uz,0) — 170(Ur,0) }170(Ur,0) D (X)]
= E[p2(mo){n*(Urn) — 10(Ux,0) }170(Ur,0)P(X)]
+E [p2(m0) {71 (Ur,0) — 17" (Ur,0) }170(Ur,0)P(X)]

Ep2(mo){11" (Urp) = 10(Ur0) }1o(Ur0) (X)] + Op <\}ﬁ>

where 7* is the projection of 77 onto SY) which is B-Spline space with the normalized basis,
relative to the theoretical inner products.
By the definition of ®, for any measurable function g, we have

E |3(Uro)p2 (mo(T))] T (10)®(X) | = E[(Ur0)o2(mo(T)J T (10)(X = X(Uro)) | = 0.

Hence the result about (26) in Lemma A2 holds. Similarly, (27) and (28), in Lemma A2,
follow from Lemma 1.

Proof of Lemma A3

Under the condition (C6), the functions ¥ and p, are fixed and bounded. Set

Ay(8) = {p2(m(t))¥ () such that m € M, ||m —mgl| < 6}.

We have log N (&, A (6), ||) < C{Nn 1og(‘z> + 10g(215) }

So, the corresponding entropy integral is bounded by Lemma 6 since

e aa@), 1) = [ {1+108N; (e Ao(o), 1)} e

C5{m+ log(5> }

According to (26) in Lemma A2, Lemma 3, Theorem 3 and the condition (C1), we obtain

IN

n

% ;{ﬁ(ur,ai) - UO(ur,oi)}PZ(moi)‘Y(Ti)

E

E[{(Us) UO(UT,o)}PZ(mo(T))‘Y(T)}‘ _ ou»(),

which implies that
1 n
=Y A1 (Uroi) = 10(Ur,oi) b2 (moi) ¥ (T;)

i=1

_E[{ﬁ(ur,o) - WO(UT,O)}PZ(T”()(T))T(T)}‘ =0 (\}ﬁ)
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By the definition of ¢, for any measurable function S(.), we have E[S(Ux)p2(mo(T))¥(T)] =
0. Hence (29) in Lemma A3 holds. Similarly (30) and (31) in Lemma A3 follow from Lemma
1.

Proof of Theorem 4

Let us denote

i Ur=al(D)X

ii. Forallv = (vlT,va)T, where v; € RN and v, € RNz, we define
(v;a(2),8) = (e + 01T (R)@(x);a(2),8) +0F ¥(W).
iii. M, ={m(xw)=na’(t)x)+5"wneH(pp)}

A 1 &
(v, a(t),0) maximizes I(m) = . Y. 0 {g_l{m(Xi, WZ-)},YI} forallm € M, whenv = 0,
i=1

a . .
then %l (1) ] ,—o = 0. 1i.e.

we use the notations,
iv. iy =H(Ur;;a(t),0) +6TW; =4TBy(Uyr;) +6TW.
) T
«

v Upi=a' ()X et Urp = o (10)X;
Thus
I
0 = Tml(m)lvzo

= 711ilql(ml/Yz)ﬁ/(ar,i}ﬂi(f),(§)]T(f)qD(Xl)

= % é[Yi - g_l(ml)}Pl(mz)ﬁ/(Uf,i,a(f'),j)]T(f')CD(Xz)

= 5 L[ 870 o) W) ()X,

+% é[yl —8 (ml)}pl(’”l){’?/(ur,z‘;a(f)rﬁ) = Mo (Ur0i) } T (1) @(X;)

We have

=" (a7 (1) X;a(2),8) a(2) — a(20)} "X + {7 (Usgisa(2), 6) — §(Ur)} + O (})
=" (aT(TO)Xl,a(f),(?) X J(0)(2 = 10) + {7 (Urois (%), 8) — g (Ur,i) } + Op <1n)
because £ — 19 = Op (%) then
(@) ~alw)) X = X7 (a(8) ~a(m)} = X7 J(0) (2 =) + e 1= ).
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Moreover, we have
Y —g (i) = {Yi —871(7”01')}1@ - {871(7?11‘) —871(”101‘)}
= &= {g7"(h) — g (moy) }.
Then, using conditions (C3), (C4) and (C9), we have
1& 1, N AT o
L Y=g ) [ () {7 (U, (2),6) = (Ueon) T (£)(X))
i=1
1& .
:E Z zPl {77 ( T,ir "‘ ‘5) 777(/)(UT,01'>}]T(T)CD(X1'>
i=1
187 . - o X
—— ) [& 7 () — g (o) | () {7 (U (2), 8) = (Ui } T (£)0(Xy)

+
Sle Iy

n

1= MSH

Il
_

1 o
E Zezpl 1 {77 ( T,ir ‘X 5) 717,(1'[”[',01';“(

Il
A

Il
MR

),6) 17 (1)P(X))

E1p1 mz {77 ( TOz“X(f)lﬁ) _Wé(uT,Oi)}]T(f)qD(Xi)

[g (o) — g (o) | o1 () {1 (Ul (%), 8) = 1 (U i) } T (2)(X:)

_ly Z eipr (1) (Uroi (1), 8) ] T (£)@(X) X{ ] (10) (£ — T0)

_|_

Sl= I

S|

[l
)
=
PN .

Then

™=
Oq‘
E

1= M=

Il Il
—_ —_

Il
_

-

SzPl m; {77( 7,007 ( ) 5) TOZ }]T )

{g () - g‘l(mm)}m(@)ﬁ”(uf,o;m(f),ﬁ) JT(@)@(X)X] J(0) (£~ )

) = gm0 n () 1 (i), 8) = 1)} (2)2(%,) + O

N———

Sl— I
‘M= 1=

Y — g7 ()| o ) (U )T (£)@(X;) + Op (=
i

I
—

eio1 ()10 (Uro1) ] T (£)D(X;)

Il
-

)

7200 =g ) 1 ) U 7 (£)() + O

|
S|
.M:

I
_

sl

€iP1 (m01)770( Toz)]T(f)cD(Xi)

|-
iy

+% = ei{p1 (1) — o1 (moi) Y16 (Ur,oi) ] T (£)2(X;)
_li[g 1(71%‘)—g—l(mo')}m(m‘)m(u 4)]T(%)q>(x.)+op<1)
nia Z i )10 (Uroi l NG

[+ 1 —II+O0p ( (S28)

%)

1

n

)
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According to (S27), we have |11 — mp||o, = Op {Nn (h’” \} ) }, thus,

= % isi{pl(mi) — 01(moi) 16 (Ur i) (£)@(X)

= fZ&m mo;) (1 — i )70 ( TOi)]T(TO)¢(Xi)+OP<1>

n

since ](%) — J(t0) = % () e (£ — ) + Op (%) .

According to the condition (C10), the expectation of the square of the kth column of II* is

2
[{ ZEZP1 (moi)( moz)’70( TOi)IT(TO)qD(Xi)ek} ] B 0<71l>.

Indeed, since (C10), weak law of large numbers and || — my||,, = Op{Nn (h + fh) },

we obtain

2
E [{711 ; eip (o) (1t — moi)%(ur,oi)IT(To)q’(Xi)ek}

2
- %E [111{28%93(7’”01‘)("%‘ - moi)%(ur,oi)]T(TO)CD(Xi)ek} ]

IN
‘('3
=)
&=
—
| —
—N—
1=
ie)
o
3
:
3
3
2.
=
S
A
Q
=
_'
g
iy
Ll
Y
3
——
N

By the Markov’s inequality
n

Z 1P1 moz moz)ﬂo( Toi)]T(TO)(D(Xi) = OP(\}H)-

=1

Since, for all v > 0, we have

18 A /
7 ; £i0 (mo;) (1 — moi )7l (U o) ] (10) @(X;)

IN

2
iy {{i ;&'Pﬁ (m;) (1i1; — moi)’?(/)(ur,gi)]T(TO)q)(Xi)}

For the third term, it exists 77; between #1; and my; such that

PN _ . _ > .
g (i) — g 1(moi):(mi_moi)d7g 1(m)‘m:m0i+wg L (110) |y (1115 — ).

m
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Then
m = ié[g*(mi)—g-l<m0i>}m<mi>n6<uf,0i>ﬂ<ro>q><xi>
= 5 L[ 0 7 0 s V) () ()

(i) — g~ (mOi)} [o1(7#17) — o1 (mi) 6 (Ur0i) ] (10)®(X;)

+
|-
.MS

OQ|

Il
—

(1t — mo;)o2 (moi) 10 (Ur,01) ] T (10)D(X;)

Il
S|
.m:

Il
-

+% é dzi:zgm) (= moi)01(moi) 7o (Uri) ] T (70)(X;)
+% ‘"l {gfl(mi) - 871("101')} [01071;) — p1(mo) |6 (U 0i)] T (10)@(X;)

= I + I, + III5.

In addition, since || — 1o/, = OP{\/Nn (hp + ﬁ) }, we have

i —mo = §(Ueia(t),8) — 1o(Urei) + (3—50)TW1'
= (Ueia(t),8) — 7 (Uroi; a(2),8) + i (Ur o 2(2),8) — 1o (Uror) + (6 — b0)  W;
=y (Ugo){a(?) — ()} Xi + 7 (Uri; (2),8) — 10(Uri) (8 — 50)T Ni
(1)
n

Since ®(x) = x — Y(urp),
¥(w) = w— Tro) and {a(?) — a(w)} ' @(X) = ©(X) () (2 ) + Op (L),
then

i —mo = (Ugpi) {a(£) — a(10)} {P(X:) + Y(urgi) }
+77( T,0i7 ( ) 3) - 7]0(qu1‘) + (5_ 50)T{1F(Wi) +r(u’r,0i)} =+ OIP’<

= U/(ur,oi)qj( ) (TO>(T_T0)+77( T,0i7 ()/5)—770(111,01')
! (U o) Y (t.00) T (10) (2 = 0) + (8= 80) ¥ (W) + (6 — 80) ' T(Up i)

()

)

sl
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Then
My = 5 Sl = i U)f ()0()
— 3 L) () PT (0 @(X)@(6) () e =)
i L a0 L) ()X ()T () )
3 2200 (U (2),6) — 1o(U) P Uee ()X,

+% éPZ(moi) {110 (Ur0i) }2]T(To)q’(Xz‘)Y(Ur,oi)T](To)(f )

+% iilPZ(moi)W(l)(ur,oi)]T(TO)CD(Xi)r(UT,D,‘)T (8 — o) +Op (;ﬁ) ,

From Lemma A2, we have

3 L2 P2 [ (U 0(2),8) = 10U} Use)] ()X = O (=

% iilPZ(moi)W(/)(uT,oi)]T(TO)qD(Xi)r(uT,oi)T (6 —d0) = Op (\}ﬁ)
Then
M= Y paln) bt (U] (0)0(X)
i=1
- % iPZ(moi){Ué(Ur,oi)}ZIT(TO)CI’(Xz’)q’(Xi)TI(TO)(f )

1

- 4 ly o) (U o) T (10) D (X )F (W) T §—og) +0p(-1).
+ gpz(m )10 (Uroi) ] (10)@(Xi)¥(W;) J(10) (6 — o) + ]P(\/ﬁ)

S| =

According to conditions (C5) — (C10), we have

1 & d2e(m .
i = LY EED g o (i (Urer) T ()2()
i=1 m=m;
< el —m|2 =0 N2<h”+1>2 — 0 (=)
>~ 0|lco P n m P \/ﬁ .

Likewise, since |1 (#1;) — p1(mo;)| < Cp | — mo;| < Cpl[rit — mo||o, for all [1#1; — moi| < Mo
1/ - dg!

g (1) — g (moy)| = |

for all |rf1;; — mg;| < My, we obtain

(i — mg;)| < C;’n%- —mo;| < Cgllrit—mo,

and,

’m:ﬁi

n
m = L
n

Y[ 0m5) — 872 (moi) | [ (7s) — pa (i)} T (70) ()

i=1

IN

N 1
el =], = e ( = ).
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Thus

= %fpz(mo»{né)(uT,m)}2F(ro><1><xi>q><x,~>T1<ro><f—~r0>
i=1

1 Y (L)) ()X PN (8= 80) +0p (= ).

i=1

Moreover, we have,

™=
o
>
B
ha
=
|
S|
=
—
OQ\
®
|
oQ
B
S
—
2
®
=
=

NN
) T

o

i

N

[ngs
0
e}
=
—

3
S
SN—
-6
=
:_/
+
S

M-
o0
~
e}
[y
—

3
N
|
e}
—
—
3
S
\;/
—
€
—~
Il
N

As in the above, we show that

V=13 o m) — pa(man) ¥ () = op(;ﬁ),

i=1
Indeed, we have, || — mg||,, = Op{Nn (hp + ﬁ) }, then

v - 1 iei{m(mi)—m(mo»}wv‘vi)

T on

_ % i_flsipi(mm)(mi — o)) ¥ (W;) + Op (\}ﬁ)

1
== V*+O]P(n)

From the condition (C10), we have

2
1 X _
E [{ — 2 €ipn (moi) (1 — mm)‘f(wz‘)ek}
i=1
By Markov’s inequality, we obtain
18 X _ 1
. Y eipq (mo;) (1h1; — mo; ) ¥ (W;) = Op ,
i=1

SO

r-o(E)
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It exists m1; between it; and mg; such that

{87 () — g~ (mor) fa (1)
= {871(”%‘) - gil(mOi)}pl(mOi) + {871("%') - 871(77101')}{{71(”%‘) — p1(mo;) }

= (i~ mm)di{g—l(m)}\m m0p1<m0i>+<mimooz;f;{g—l(m)}\mmim(mol-)
) —

+{g7" (i
3 {gfl(m)}]mzmipl(m()i)

= (M — mo;)p2(mo;) + (1i; — mo;) 7

mOz }{pl(ml) p1(mo;) }

Then
V= s 0m) g ) o ) )
= L0 ma)pa(mo) ¥ ()
o = (om0
+i;{g o) — g~ mog) o () — o (mir) YE (W)

= VI + VI, + VI3,

we know that,

i —mo = §(Uei;a(t),8) —no(Uroi) + (5—50)TW1'
= U/(UTOZ) (X) ( ( )_“(TO))+77(UT01 (A) A)_WO(UT,Oi)
17 (Ur,00)Y T (Uro) (%) — a(10)) + ¥ T (W;) (6 — do)

+TT (Ur i) (6 = 0) + Op (\}ﬁ>

= U/(UT,OZ')CI)T(X )](TO)('% ) + ﬁ( T,0ir & (f)rg) - WO(UT,OZ')
+[‘YT(W1‘) +T7 Uy }(5 80) + 1" (Ur0i)Y " (Ur,00) ] (10) (T — T0)

%)
Then
Vi = L0 m)pa(mo) ¥
= L (e )ealmo) PO ()] ()~ )
2 1 ol YR [T 00 + 17 (W) (6 - )
3 Lo 0(Ucos(2),9) ~ nolcan] 2o ¥ ()
o o WUsapalm TR (U705 = ) + O (= ).

I
—
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From Lemma A3, we have
li[ (Uri;a(%),0) — 10(Ur0i) ] p2(mo;) ¥ (W;) = Op 1
n1:1 \/ﬁ
1 2 (U2 m) ¥ (R)YT (L) ()2 ) = 02 (-
nl:1 TOZ 2\IMo; i 7,01 0 0 P \/171
Y 20 ¥ (R (U (6 — ) = 0 (=)
ni=1P2 0i i 7,0 0 Op NG .
Then
1 ] .
VL = EZU/(UT,Oi)pZ(mOi)T(Wi)q)T(Xi)](TO)(T_TO)
i=1
+1 ipz(mOi)T(Wi)TT(Wi) (6—60) + Om(l)-
s Vi
As in I, and III3, we show that, |VI| = (%) and |VI3| = O]p(f) then
1 u / y T A~
VI = ;Z’? Uz 0i)p2(moi) ¥ (W)@ (X;)](T0) (T — 10)
i=1
_ 1

References
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By applying the central limit theorem and the J-method, we obtain the distribution of
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