
Citation: Barasoain-Echepare, Í.;

Zárraga-Rodríguez, M.; Podhorski, A.;

Villar-Rosety, F.M.; Besga-Oyanarte,

L.; Jaray-Valdehierro, S.;

Fernández-Arévalo, T.; Sancho, L.;

Ayesa, E.; Gutiérrez-Gutiérrez, J.; et al.

Mathematical Model for Optimal

Agri-Food Industry Residual Streams

Flow Management: A Valorization

Decision Support Tool. Mathematics

2024, 12, 2753. https://doi.org/

10.3390/math12172753

Academic Editors: Kin Keung Lai,

Lean Yu and Jian Chai

Received: 21 June 2024

Revised: 27 August 2024

Accepted: 2 September 2024

Published: 5 September 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Mathematical Model for Optimal Agri-Food Industry Residual
Streams Flow Management: A Valorization Decision
Support Tool
Íñigo Barasoain-Echepare 1,*, Marta Zárraga-Rodríguez 1 , Adam Podhorski 1 , Fernando M. Villar-Rosety 1 ,
Leire Besga-Oyanarte 2 , Sofía Jaray-Valdehierro 2 , Tamara Fernández-Arévalo 2 , Luis Sancho 2 ,
Eduardo Ayesa 2 , Jesús Gutiérrez-Gutiérrez 1 and Xabier Insausti 1

1 Tecnun School of Engineering, University of Navarra, Manuel de Lardizábal 13, 20018 San Sebastián, Spain;
mzarraga@unav.es (M.Z.-R.); apodhorski@unav.es (A.P.); fmdvillar@unav.es (F.M.V.-R.);
jgutierrez@unav.es (J.G.-G.); xinsausti@unav.es (X.I.)

2 CEIT Basque Research and Technology Alliance (BRTA), Manuel de Lardizábal 15, 20018 San Sebastián, Spain;
lbesga@ceit.es (L.B.-O.); sjarayv@ceit.es (S.J.-V.); tfernandez@ceit.es (T.F.-A.); lsancho@ceit.es (L.S.);
eayesa@ceit.es (E.A.)

* Correspondence: ibarasoaine@unav.es; Tel.: +34-943-219-877

Abstract: We present a mathematical model for agri-food industry residual streams flow management,
which serves as a decision support tool for optimizing their valorization. The aim is to determine,
under a cost-benefit analysis approach, the best strategy at a global level. The proposed mathematical
model provides the optimal valorization scenario, namely the set of routes followed by agri-food
industry residual streams that maximizes the total profit obtained. The model takes into account the
complete stoichiometry of the residual stream at each step of the valorization route. Furthermore, the
model allows for the calculations of different scenarios to support decision-making. The proposed
approach is illustrated through a case study using a real-case network of a region. The case study
bears evidence that the use of the model can lead to significant profit increases compared to those
obtained with current practices. Moreover, notable profit improvements are obtained in the case
study if the selling price of all the value-added products considered increases or if the processing
cost of the animal feed producer decreases. Therefore, our model enables the detection of key factors
that influence the optimal strategy, making it a powerful decision-support tool for optimizing the
valorization of agri-food industry residual streams.

Keywords: agri-food residual streams; valorization; optimization; mathematical modeling; value chain

MSC: 90-10; 90B06; 90B50; 90B90

1. Introduction

Optimal management of agri-food industry residual streams is linked to sustainable
food processing, and the reutilization (valorization) of such organic waste is a relevant
issue of global concern under a circular economy approach.

Agri-food industry organic waste deposited in landfills represents a cost to the agri-
food processor and is responsible for greenhouse emissions and air pollution as well
as groundwater contamination. The social and environmental negative impact would
be mitigated if the organic waste of one food processing sector is used as a resource
(feedstock) for another. Hence, the use of agri-food industry residual streams as raw
material for obtaining new value-added products is of great interest and makes valorization
a revenue source.

In the literature there exist many references regarding agri-food waste valorization,
mainly under technical and economic aspects, but they are focused on one valorization
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process or on one particular agri-food waste. However, valorization requires collaboration
across the entire industry chain, and improving the logistics system is a challenge to be
addressed [1]. Therefore, a broader approach is needed in order to determine the best
strategy at a global level. Such an approach must consider the logistics of multi-step
valorization routes in big networks. It should also include environmental aspects for
management prioritization. Moreover, for the optimization of the valorization processes
considered in those routes, the complete stoichiometry of the residual streams should be
taken into account.

To address these challenges, in this paper we present a mathematical model for opti-
mal agri-food industry residual streams flow management. This model allows to find the
optimal valorization scenario handling together different agri-food industries, with their
corresponding residual streams, multiple bio-based industries, and all the available routes
that residual streams can follow through bio-based industry processes (i.e., valorization
processes). Our model includes the complete stoichiometry of the residual streams for
accurate process modeling and supports the inclusion of economic, social, and environ-
mental factors. Furthermore, variation of the model’s parameters enables the detection of
key factors that influence the optimal strategy, making the mathematical model a powerful
decision support tool for optimizing the valorization of agri-food industry residual streams.

The rest of the paper is structured as follows: In Section 2 we present a literature review.
In Section 3, we present the description of the mathematical model and the optimization
problem to be solved. In Section 4, the use of the proposed model is illustrated through a
case study. Finally, in Section 5, we present the conclusions of this work.

2. Literature Review

Although transport and treatment of agri-food industry residual streams can some-
times be very expensive, those costs may be covered and eventually overcome by higher
benefits due to valorization’s economic, social, and environmental impact. In fact, bio-
based industries have gained special attention under the European Circular Economy
strategy since they allow to recover valuable compounds and to obtain new value-added
products from residual streams, reducing both waste and environmental footprint. How-
ever, according to [2], literature evidencing the application of waste valorization models is
still limited.

Commonly adopted strategies for the management and valorization of agri-food in-
dustry residual streams are to process them in order to obtain biofuels, bioproducts, animal
feed, or high value-added compounds (see, e.g., [3–6]). Therefore, there will be multiple
possible valorization scenarios available for agri-food industry residual streams flow man-
agement, and the aim of this work is to find the optimal one. In this study, a valorization
scenario is understood as a set of agri-food industries, with their corresponding residual
streams, a set of bio-based industries, and a set of available routes that residual streams can
follow from agri-food industries through different bio-based industries processes (i.e., val-
orization processes). It should be mentioned that valorization processes, in addition to
obtaining value-added products, may generate new residual streams, which in turn can be
re-introduced in another valorization process as feedstock.

In the literature, different methodological approaches have been employed to evaluate
several potential waste valorization strategies: life cycle assessment (LCA), life cycle
sustainability assessment (LCSA), life cycle costing (LCC), cost-benefit analysis (CBA), full
cost accounting (FCA), and variations on multi-criteria decision analysis (MCDA). Those
methodologies assess different valorization scenarios according to their economic viability,
environmental and social sustainability, or technological maturity [7]. Following one of
these approaches, a company can determine what is likely to be its optimal valorization
option (see, e.g., [8,9]). In this work, we follow a CBA approach where profits of multiple
potential strategies are compared. However, the aim is to determine the best strategy at a
global level and not necessarily help a specific company in its decision-making.
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For the optimization of agri-food industry residual streams flow management, it is nec-
essary to consider logistics but also the mass and energy flows that allow the optimization
of industrial processes.

Currently, there are commercial programs for the simulation of industrial processes
such as Aspen Plus®, Chemcad®, Pro/II®, Prosim®, SuperPro®, or COCO® among many
others. These programs, based on mass and energy balances, allow predicting the response
of the system to scenarios or disturbances in a wide range of sectors (chemical, petroleum,
pharmaceutical, bio-technological, wastewater treatment, etc.). However, the model library
for food sector processes has not followed the same development, and there are still missing
models of numerous main processes (see [10]). The existing commercial products focus
on providing tools for the description of the bio-industry and allow the residual stream
generated in the different sectors to be taken as raw material. The biggest limitation of
those commercial products is that they are mainly based on the analysis of specific facilities
and not on broader analyses of big networks with various industries, in which logistics
plays a key role.

Parallel to the development and updating of these commercial programs, the scientific
community is making considerable progress in the development of models to simulate and
predict the value-added products that can be obtained through fermentation (see, e.g., [11–14])
and extraction [15,16].

Furthermore, the aforementioned commercial programs base optimizations or deci-
sions on technical and economic factors, although there are more and more attempts to
include environmental aspects. An example of this is the Aspen Plus “Environmental &
Safety Analysis” module. Numerous works are collected in the literature that combine
LCA and industrial process modeling (see, e.g., [17–19]).

In the literature, there also exist many references focused on the productivity and
sustainability of just one valorization process with one input and one output (see [20–24]
among others). Their aim is to model and optimize the performance of a single operation.
Our mathematical model has a more global approach, and as many valorization processes
as wanted can be considered. It should be mentioned that in order to find the optimal
valorization scenario, the complete stoichiometry of the residual stream may be essential.

For the logistic analysis, there are specific programs such as Arena®, Flexsim®, or
TRUX Haul-it, among others, that allow the analysis of commercial or logistic operations.
There are programs for optimising the time of decision-making but not for the optimization
of mass flows such as industrial simulators.

In the literature, waste exploitation is not a very common issue. There exist references
dealing with the design of biomass supply chains for the production of bio-based products
(see [25–30] and references therein). The supply chain involves raw material suppliers,
processing plants, and demand. Unlike here, in many of those references, biomass is the
raw material considered instead of agri-food industry residual streams, and it usually
comes from dedicated crops. Moreover, in many of those references, only biorefineries
are regarded as bio-based industries, while in this work as many management options as
wanted can be considered. Furthermore, the design of a supply chain is linked to meeting
customers’ demands, while in our case such an approach is not entirely appropriate. Our
work is focused on the management and valorization of residual streams, and hence, talking
about meeting customers’ demands makes no sense.

In the literature, there exist also many references dealing with the problem of where to
locate a new biorefinery or the problem of establishing the number, size, and location of all
the potential biorefineries in the network (see, e.g., [31–37]). In this work, we assume that
the number and location of the bio-based industries are known. Nevertheless, our model
allows us to study different layouts of the network in order to determine the optimal one.
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3. Methodology

In this section, we first present the description of the model considered and the
optimization problem to be solved. Secondly, we introduce the mathematical formulation
of the optimization problem.

3.1. Model Description and Assumptions

The model considered represents a valorization scenario and consists of a set of
agri-food industries (AFI), a set of bio-based industries (BBI), a set of available valoriza-
tion routes, a set of residual streams generated, and a residual stream distribution. The
mathematical model is developed according to the following criteria:

• A residual stream from a given AFI (by-products) is reintroduced as raw material in a
valorization route. There may be different routes available. Without loss of generality,
we assume that each AFI generates only one by-product (if more than one by-product
were generated, as many instances of the AFI as needed could be used).

• Available valorization routes for a given residual stream are made up of different
steps. Each step corresponds to the set of BBIs that can use such a residual stream as
raw material.

• The relations between the input and the outputs of a BBI are modeled as linear applica-
tions and therefore can be modeled by using a matrix. Mathematical models used for
describing mass transformations in the bio-industries processes are out of the scope
of this paper. However, since many of those transformations are usually modeled
by using differential equations, it is not unusual to assume that some valorization
processes conform to a linear transformation and therefore can be modeled by using a
transformation matrix.

• BBIs use a residual stream as raw material to produce value-added products and can
also generate a new residual stream. The relation between the residual stream at the
input and at the output of a BBI and the relation between the residual stream at the
input and the value-added products at the output of a BBI are modeled separately.

• The residual stream generated in one BBI must be sent to the next step of the valoriza-
tion route.

• If a BBI does not produce a residual stream (e.g., landfills, incineration plants, waste
water treatment plants, etc.) or the residual stream generated cannot be used as
feedstock for another valorization process, then the valorization route ends.

• The residual stream might be modeled considering the by-products that it contains as
well as considering its chemical composition.

• It is assumed that the composition of the residual stream does not change with trans-
port or storage. This assumption may not be true in real conditions, but it could be
easily overcome by including in the model a transformation matrix that represents
those changes.

• A residual stream from a given BBI is never reintroduced in the same BBI.
• The profit obtained in a BBI at each step is the difference between the revenue from the

sale of the value-added products obtained and the cost derived from the valorization
of the residual stream used as feedstock in such step.

• The model supports the inclusion of economic, social, and environmental costs/benefits.
• BBIs are assumed to have enough capacity for processing all the residual streams that

they receive.

The aim of this work is to determine the optimal valorization scenario, that is, the resid-
ual streams distribution that maximizes the sum of profits generated at BBIs throughout the
different available steps of the valorization routes from the AFIs through one or more BBIs.

3.2. Mathematical Formulation of the Optimization Problem

In this subsection, we present the mathematical formulation of the optimization
problem to be solved. First we introduce some notation.
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Assume, without loss of generality, a valorization scenario with N AFIs (AFI1, AFI2, ...,
AFIN) and N BBIs (BBI1, BBI2, ..., BBIN). Figure 1 shows an S-step model of the valorization
scenario considered, with s ∈ {1, . . . , S} being the step number of the valorization route.
The S-th step is the final step where all the valorization routes of the residual streams
have ended. That is, either the residual stream has been deposited in a landfill (or in an
incineration plant, in a waste water treatment plant, etc.) or the residual stream generated
cannot be used as feedstock for another valorization process. A connection between BBIs
(or between AFIs and BBIs) in Figure 1 represents a possible path of the valorization route.

Figure 1. Simplified diagram of an S-step model.

Let Q be the number of by-products and chemical compounds that the residual streams
considered in the scenario might contain. Then, a residual stream is modeled as a Q × 1 real
column vector. The residual stream at the output of the BBIi at step s, s ∈ {1, . . . , S − 1}, is
given by

xi(s) = Ai

N

∑
j=1

α
(s)
j,i xj(s − 1), i ∈ {1, . . . , N}, (1)

with xi(0) being a Q × 1 real column vector that models the residual stream generated at
AFIi, Ai being the Q × Q real matrix that models the relation between the residual stream
at the input and the residual stream at the output of BBIi, and α

(s)
j,i ≥ 0 being the proportion

of residual stream that is received at BBIi from BBIj at step s (or from AFIj if s = 1).

According to the assumptions, α
(s)
j,i = 0 if i = j, for all s ∈ {2, . . . , S}. Moreover,

∑N
i=1 α

(s)
j,i = 1 for all j ∈ {1, . . . , N} and s ∈ {1, . . . , S}.

Let Mi be the number of different value-added products at the output of BBIi. The rev-
enue from the sale of those value-added products obtained at step s, s ∈ {1, . . . , S},
is given by

ri(s) = p⊤
i Bi

N

∑
j=1

α
(s)
j,i xj(s − 1), i ∈ {1, . . . , N}, (2)

with ⊤ denoting transpose, pi being a Mi × 1 real column vector with the selling prices of
the value-added products obtained at BBIi, Bi being the Mi × Q real matrix that models
the relation between the residual stream at the input and the value-added products at the
output of BBIi, and xj(s) given in (1).
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The cost derived from the valorization of the residual stream received at BBIi at step s,
s ∈ {1, . . . , S}, is given by

ci(s) =
N

∑
j=1

(
cj,i(s)

)⊤
α
(s)
j,i xj(s − 1), i ∈ {1, . . . , N}, (3)

with cj,i(s) being a Q × 1 real column vector that models the costs at BBIi derived from
the valorization of the residual stream received from BBIj (or from AFIj if s = 1) and xj(s)
given in (1).

Therefore, from (2) and (3), the profit obtained at BBIi at step s, s ∈ {1, . . . , S},
is given by

bi(s) =
N

∑
j=1

(
bj,i(s)

)⊤
α
(s)
j,i xj(s − 1), i ∈ {1, . . . , N},

with bj,i(s) = B⊤
i pi − cj,i(s). Observe that bj,i(s) models the profit obtained at BBIi when

the residual stream received from BBIj (or from AFIj if s = 1) is processed. It should be
mentioned that the profit vector, bj,i(s), supports the inclusion of revenues from the sales of
value-added products obtained, costs derived from the valorization of the residual stream
(transport, energy, labour, etc.), as well as social and environmental costs/benefits.

Table 1 shows a summary of the different model parameters and decision variables.

Table 1. Summary of the different parameters and decision variables in the proposed mathemati-
cal model.

Parameters Description

xi(s) Residual stream at the output of BBIi at step s
Ai Relation between the residual stream at the input and the output of BBIi
ri(s) Revenue from the sale of value-added products obtained at BBIi at step s
pi Selling prices of the value-added products obtained at BBIi
Bi Relation between the residual stream at the input and the value-added products at the output of BBIi
ci(s) Cost derived from the valorization of the residual stream received at BBIi at step s
cj,i(s) Costs at BBIi derived from the valorization of the residual stream received from BBIj
bi(s) Profit obtained at BBIi at step s
bj,i(s) Profit obtained at BBIi at step s from the sale of value-added products obtained from the residual stream coming

from BBIj

Variables Description

α
(s)
j,i Proportion of residual stream received at BBIi from BBIj at step s

Now we present the mathematical formulation of the optimization problem to be
solved, which is expressed as the maximization of an objective function subject to a number
of constraints. We aim to obtain the residual stream distribution that maximizes the sum of
profits generated throughout the different available steps of the valorization routes. Hence,
we aim to solve the following maximization problem:

Maximize
S

∑
s=1

N

∑
i=1

N

∑
j=1

(
bj,i(s)

)⊤
α
(s)
j,i xj(s − 1)

Subject to
α
(s)
i,j ≥ 0 i, j ∈ {1, . . . , N}, s ∈ {1, . . . , S}
n

∑
j=1

α
(s)
i,j = 1 i ∈ {1, . . . , N}, s ∈ {1, . . . , S}

α
(s)
i,j = 0 i = j, s ∈ {2, . . . , S}

(4)
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The maximization is with respect to α
(s)
i,j , with i, j ∈ {1, . . . , N} and s ∈ {1, . . . , S},

and the objective function of the optimization problem (4) is a non-linear function. There
are numerical methods that are able to solve the aforementioned optimization problem in a
reasonable amount of time.

4. Results of a Case Study

In this section, the proposed approach is illustrated through a case study. Using a
real-case network of a region, we compare, under a CBA approach, the current agri-food
industry residual streams management strategy with the optimal management strategy
obtained by solving the optimization problem presented in Section 3.2. Our mathemat-
ical model allows for the calculations of different scenarios to support decision-making.
Different factors affect the revenue and/or the cost of the case under study. A sensitivity
analysis that takes these factors into account has been carried out to show the potential of
the mathematical model.

4.1. Case Study Description

Consider the region in Figure 2a. The set of agri-food industries and the set of BBIs
that can be found in the considered region are shown in Figure 2b,c, respectively.

(a)

(b) (c)
Figure 2. Considered region, agri-food industries and BBIs. (a) A 100 × 100 kilometer region of
northern Spain considered for optimization. (b) Plot of the different agri-food industries found in the
considered region. Each point corresponds to one agri-food industry. (c) Plot of the different BBIs
found in the considered region. Each point corresponds to a different BBI.

Although the mathematical model allows us to consider as many agri-food industries
and BBIs as desired, for the sake of simplicity, we will select for the example a valorization
scenario with two agri-food industries (AFI1 and AFI2) and five BBIs: two anaerobic
digesters operating at mesophilic temperature (BBI1 and BBI2), two composting plants (BBI3
and BBI4), and one animal feed producer (BBI5). Detailed descriptions of the treatments
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carried out in the anaerobic digester, the composting plant, and the animal feed producer
are depicted in Figures 3–5 respectively.

Figure 3. Diagram representing the treatments carried out in the anaerobic digester.

Figure 4. Diagram representing the treatments carried out in the composting plant.

Figure 5. Diagram representing the treatments carried out in the animal feed producer.

As it can be seen in Figure 6, the residual streams may go through different valorization
routes. At first, both residual streams may be sent to any of the anaerobic digesters, to any
of the composting plants (ending the valorization route), or to the animal feed producer
(ending the valorization route as well). In the case that the agri-food industry residual
stream is sent to an anaerobic digester, the resulting residual stream is then sent to any of
the composting plants, ending the valorization route.

The residual streams in the scenario are modeled considering two different by-products
(potato peels, which is the processing waste from AFI1, and artichoke bracts, which is the
processing waste from AFI2) and 68 chemical compounds. Hence, a residual stream is
modeled as a 70 × 1 real column vector where each entry reflects the amount in tons of
by-product or chemical compound that the residual stream contains. The complete list
of the considered chemical compounds can be found in [dataset] [38]. For this example,
the considered amount of potato peels is 2 tons and the considered amount of artichoke
bracts is 5 tons.

Residual streams at the output of AFI1 and AFI2, x1(0) and x2(0), can be found in
[dataset] [38]. According to (1) residual streams at the output of BBI1 and BBI2 at s = 1 are
given by

x1(1) = A1

(
α
(1)
1,1 x1(0) + α

(1)
2,1 x2(0)

)
,

x2(1) = A2

(
α
(1)
1,2 x1(0) + α

(1)
2,2 x2(0)

)
,
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with A1 and A2 being the 70× 70 real matrices that model the relation between the residual
stream at the input and the residual stream at the output of BBI1 and BBI2, respectively.
Matrices A1 and A2 can be found in [dataset] [38].

Figure 6. Diagram representing the possible valorization routes of the proposed example.

Three value-added products can be obtained: biogas, which is used to produce elec-
tricity and heat (from BBI1 and BBI2), compost (from BBI3 and BBI4), and animal feed
(from BBI5). Hence, the matrices that model the relation between the residual stream at
the input and the value-added products at the output of BBIi, Bi with i ∈ {1, . . . , 5}, turn
out to be 1 × 70 real row vectors (which can be found in [dataset] [38]). Moreover, pi
with i ∈ {1, . . . , 5}, have only one entry, pi, which corresponds to the selling price of the
value-added product obtained at BBIi, i ∈ {1, . . . , 5}. Revenue from the sale depends on
the amount of value-added products obtained and the selling price of such products.

In this example, we classify the costs derived from the valorization of a residual stream
into two categories: processing cost (cp) and transport cost (ct). We assume that processing
cost depends on the total mass processed at the BBI and that transport cost additionally
depends on the BBI from which the waste stream processed comes (distance).

We now compute the profit vector at each BBI in this example, which depends on
the tons of residual stream processed. A summary of the information provided by the
companies for computing the profit vector can be found in Table 2. Distances between each
industry (di,j), computed using openrouteservice [39], are presented in Table 3.

Table 2. Value of the different model parameters.

Parameters Value Unit Notation

Pr
oc

es
si

ng
co

st

BBI1
BBI2

9.3 €/ton cp1, cp2

BBI3
BBI4

18.77 €/ton cp3, cp4

BBI5 436.51 €/ton cp5
Transport cost 0.0468 €/km ton ct

Se
lli

ng
pr

ic
e biogas 490 €/ton p1, p2

compost 34 €/ton p3, p4
animal feed 316.83 €/ton p5
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Table 3. Distance matrix of the considered industries, in kilometres.

AFI1 AFI2 BBI1 BBI2 BBI3 BBI4 BBI5

AFI1 0 13.01 34.74 39.53 54.8 35.17 17.59
AFI2 0 16.88 50.92 41.89 31.37 16.57
BBI1 0 34.61 38.75 55.93 38.91
BBI2 0 50.62 78.45 60.1
BBI3 0 72.13 57.33
BBI4 0 18.41
BBI5 0

Using the information in Tables 2 and 3, we compute the profit obtained at BBIi at step
s, with s ∈ {1, 2}, when residual stream from BBIj (or from AFIj if s = 1) is processed as

bj,i(s) = pi · B⊤
i −

(
cpi + dj,ict

)
170 i, j ∈ {1, . . . , 5},

where 1H is the H × 1 vector of ones.
Hence, according to (4), we aim to solve the following maximization problem:

Maximize
5

∑
i=1

2

∑
j=1

(
bj,i(1)

)⊤
α
(1)
j,i xj(0) +

4

∑
i=3

2

∑
j=1

(
bj,i(2)

)⊤
α
(2)
j,i xj(1),

Subject to
α
(1)
i,j ≥ 0 i ∈ {1, 2}, j ∈ {1, . . . , 5},

α
(2)
i,j ≥ 0 i ∈ {1, 2}, j ∈ {3, 4},

∑5
j=1 α

(1)
i,j = 1 i ∈ {1, 2},

∑4
j=3 α

(2)
i,j = 1 i ∈ {1, 2}

(5)

The objective function of the optimization problem is a non-linear function. Non-linear
optimization problems are considered to be harder than linear problems, and optimizing
the non-linear objective function analytically is not an easy task. There are numerical
methods that are able to solve the aforementioned optimization problem in a reasonable
amount of time and, among them, we use the well-known gradient descent or steepest
descent method (see, e.g., [40]).

4.2. Optimization Results and Sensitivity Analysis

In the considered example, the current agri-food industry strategy for the management
of processing waste is to send all the residual streams to produce animal feed. Therefore,
α
(1)
1,5 = 1, α

(1)
2,5 = 1, and the profit obtained for the considered amount of by-products

generated by AFI1 and AFI2 would be −161€. Solving the maximization problem in (5), we
obtain that the optimal strategy for the management of the processing waste is to use all the
residual streams to generate biogas in the first step and to produce compost in the second
step. That is, α

(1)
1,1 = 1, α

(1)
2,1 = 1, α

(2)
1,3 = 1, and the profit obtained for the considered amount

of by-products generated by AFI1 and AFI2 would be 592€. This result bears evidence that
the use of the model can lead to significant profit increases compared to those obtained
with current industry practices. Figure 7 compares the current and the optimal residual
stream distribution.
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(a) (b)

Figure 7. Diagram representing residual stream distribution. (a) Current distribution. (b) Optimal
distribution obtained by solving the maximization problem in (5).

As it has been mentioned, different factors may affect the profit and the optimal
residual stream distribution of the case under study. Just to show the potential of the
model, a brief sensitivity analysis has been carried out to study the impact of variations in
parameters related with the revenues or with the costs.

As an example, we have proposed two groups of scenarios. In the first group of
scenarios, we have changed the value of parameters related to the revenue obtained from
the sales. Specifically, the selling prices of the biogas, the compost, and the animal feed have
been changed by ±35%. These adjustments were made separately as well as simultaneously,
resulting in eight different scenarios. Table 4 shows the variation in the solution of (5) after
adjusting the prices, and Figure 8 also depicts the optimal residual stream distributions in
this group of scenarios. As it is shown, the optimal residual stream distribution changes
only in two scenarios: when the selling price of animal feed increases or when the selling
prices of all the value-added products increase. If the selling price of animal feed increases,
the optimal management strategy would be to send all the residual streams to produce
animal feed. If the selling prices of all the value-added products increase, the optimal
management strategy would be to use the artichoke bracts to produce animal feed and to
use the potato peels to produce first biogas and secondly compost. Interestingly, a decrease
in the selling price of the animal feed does not affect either the residual stream distribution
or the profit obtained.

Table 4. Summary of the impact variations in selling prices (an up arrow represents an increase and a
down arrow represents a decrease).

Value-Added
Product

Selling
Price

Profit Optimal
Strategy

↑35% ↑35% Figure 8cbiogas ↓35% ↓35% Figure 8c
↑35% ↑11.5% Figure 8ccompost ↓35% ↓11.5% Figure 8c
↑35% ↑44.1% Figure 8aanimal feed ↓35% 0% Figure 8c
↑35% ↑48.6% Figure 8ball ↓35% ↓46.4% Figure 8c
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(a) (b)

(c)

Figure 8. Results obtained when modifying selling prices. (a) Optimal distribution when the animal
feed price increases 35%. (b) Optimal distribution when all selling prices increase 35%. (c) Optimal
distribution for the rest of resulting scenarios

In the second group of scenarios, we have changed the value of parameters related
to the processing costs of the valorization processes. Specifically, the processing cost of
the anaerobic digestion plant, the composting plant, and the animal feed producer have
changed by ±35%. As in the first group, these adjustments were made both separately and
simultaneously, resulting in eight different scenarios. Table 5 shows the variation in the
solution of (5) after adjusting the processing costs, and Figure 9 depicts the optimal residual
stream distributions in the second group of scenarios. As it is shown, the optimal residual
stream distribution remains unchanged in every scenario, except when the processing cost
of BBI5 (that is, the animal feed producer) decreases. In that case, the optimal management
strategy would be to send all the residual streams to produce animal feed.

The result bears evidence that our model enables us to study the impact of different
factors on the profit and on the optimal residual stream distribution. This brief sensitivity
analysis shows the potential of the mathematical model as a powerful decision-support
tool for optimizing the valorization of agri-food industry residual streams.
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Table 5. Summary of the impact of variations in costs derived from the valorization of the resid-
ual streams (an up arrow represents an increase and a down arrow represents a decrease).

BBI
Processing

Cost Profit
Optimal
Strategy

↑35% ↓3.8% Figure 9bBBI1, BBI2 ↓35% ↑3.8% Figure 9b
↑35% ↓6.4% Figure 9bBBI3, BBI4 ↓35% ↑6.4% Figure 9b
↑35% 0% Figure 9bBBI5 ↓35% ↑53.2% Figure 9a
↑35% ↓10.4% Figure 9ball ↓35% ↑10.4% Figure 9b

(a) (b)

Figure 9. Results obtained when modifying the production costs. (a) Optimal distribution when the
processing cost of animal feed production decreases 35%. (b) Optimal distribution for the rest of
resulting scenarios.

5. Conclusions

In this paper, we have presented a mathematical model for optimal agri-food industry
residual streams flow management. Our model includes the complete stoichiometry of the
residual streams for accurate process modeling and supports the inclusion of economic,
social, and environmental factors. Furthermore, variation of the model’s parameters
enables the detection of key factors that influence the best recommended way for the
valorization of agri-food industry residual streams from a holistic perspective. This makes
the mathematical model a powerful decision-support tool.

To show the potential of our model, the proposed approach is illustrated through
a case study using a real-case network of a region. Although it is a simplified example,
the results obtained bear evidence that the use of our model can lead to significant profit
increases compared to those obtained with current practices. Moreover, the brief sensitive
analysis conducted uncovers several useful management insights and shows that the model
has a wide range of possible applications, such as:

• Given a valorization network of industries in a region, the model allows to improve
the profits compared to those achieved through existing industry practices.

• Enables to test different scenarios to make informed decisions. For instance, it enables
us to study the impact of variations in the selling prizes and/or the valorization costs
(individually and simultaneously) in the profit and in the optimal residual stream
distribution. This knowledge helps to recognize potential challenges or opportunities
in advance.
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• Helps to detect key factors that influence the optimal strategy and to identify optimal
conditions for achieving the best strategy at a global level.

• Allows us to deal with the problem of establishing the number, size, and location of
all the potential BBIs of a valorization network and to study different layouts of the
network in order to determine the optimal one.

• Given a complex valorization network of industries, with many different multi-step val-
orization routes available, the model enables to avoid unprofitable valorization options.

• Helps to anticipate the impact of potential risks by simulating different scenarios.
This will improve the resilience of the valorization network, leading to more strategic
decision-making.

Interesting future lines would be to explore strategies for addressing possible data
limitations in real-world applications, to study how to evaluate in the long run the possible
effects of the optimal strategy on the environment and the economy, and to extend the
model in order to relax the linearity assumption of the valorization processes.
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