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Abstract: In the most common literature about fractional calculus, we find that ,D{ f(t) = oI *f(t)
is assumed implicitly in the tables of fractional integrals and derivatives. However, this is not straight-
forward from the definitions of I f(t) and ,Df f(t). In this sense, we prove that oDf f(t) = oI; *f(t)
is true for f(t) = t'"1logt, and f(t) = e, despite the fact that these derivations are highly non-
trivial. Moreover, the corresponding formulas for _«Df |¢| ~%and —coIf'|t] % found in the literature are
incorrect; thus, we derive the correct ones, proving in turn that _D{ || 0= sy =% holds true.

Keywords: Riemann-Liouville fractional integral; Riemann-Liouville fractional derivative; Weyl
fractional integral; Weyl fractional derivative

MSC: 26A33

1. Introduction

From the very beginning of the invention of differential calculus, important inquiries
regarding the significance of the non-integer operations of integrals and derivatives calculus
were brought up. In this sense, it is well known that Leibniz initially introduced a symbolic
approach and employed the notation d"y/dt" = D"y to represent the n-th derivative,
with 7 being a non-negative integer. However, L'Hospital asked in a letter to Leibniz dated
in 1695 [1]: “What if n is 1/2?” Leibniz replied, "It will lead to a paradox.” But he added,
“From this apparent paradox, one day useful consequences will be drawn”. From this initial
“paradox”, fractional calculus was developed through contributions from mathematicians
such as Euler, Lagrange, Laplace, Fourier, and others during the 18th and early 19th
centuries (a comprehensive summary of its historical progression can be found in [2]
[Chap. I]). Despite the efforts of these great mathematicians, a satisfactory expression for
the generalization of integration to fractional powers was not developed until the mid-19th
century, through the work of Liouville [3]. However, it is worth noting that Abel set the
notation that was used later by Liouville (and also used nowadays) for fractional-order
integration when solving the generalization of the tautochrone problem (see [4] and the
references therein). For a rigorous understanding of fractional calculus as a theory involving
operators of integration and differentiation of arbitrary order, we recommend the book by
Samko, Kilbas, and Marichev [5].

Definition 1 (Riemann-Liouville fractional integral). For & > 0[6] ([Chap. XIII])

B0 = s [ =0 e ()
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Remark 1. Usually, a = 0 in many textbooks and applications [7] [Eqn. 1.2]. However, when
a — —oo in (1), we obtain the Weyl fractional integral, i.e.,

IO = s [T @

It is worth noting that in [6] [Chap. XIII], we find other definition of the Weyl fractional
integral, i.e.,

1

BAF = 1 /tw(r — L f(r)dr.

It is easy to prove that
—oolf f(t) = Ba{f(—T); —t}.

As pointed out in [7] [Sect. 1.2], one is tempted to substitute « with —a in (1) in order to
obtain a definition for the fractional derivative ,Df f (t). Nevertheless, some care is required
in the integration for this generalization, and the theory of generalized functions has to be
invoked. In order to avoid the use of generalized functions, we find in [8] [Sect. 2.3.3] the
following definition:

Definition 2 (Riemann-Liouville fractional derivative). For m € N, and a« > 0

m t
%%/%dl’, m_1<0(<m,
WDEf(t) = ¢ Thm = di Ja (=)

Wf(t), N = m.

€)

Remark 2. Usually, a = 0 in many textbooks and applications [7] [Eqn. 1.13b]. However,
when a — —oo in (3), we obtain the Weyl fractional derivative [7] [Eqn. 1.108], i.e., for m € N,
and « >0

1 d” /t Ld’f m—1l<a<m

_OOD?f(t) = WW —o0 (t _ T)tx-i-l—m (4)
g/ (1) N

Nonetheless, in the existing literature, we find tables of Riemann-Liouville fractional
derivatives, wherein they just substitute « with —« in the corresponding Riemann-Liouville
fractional integral. For instance, if E;, ,(z) denotes the Mittag-Leffler function, and ¢(z) de-
notes the digamma function, we find in [6] [Eqn. 13.1.(24)] and [9] [Table IV.1], respectively,

patv=11
olf [t~ logt] WV()V) logt +p(v) — p(a+v)], 5)
offe! = *Eypia(At), (6)

Nevertheless, in [8] [Appendix], we find that « is changed by —« in (5) and (6) in order to
obtain the corresponding fractional derivatives, i.e., oD [t "1 logt] and oDfe.
Also, we find in [7] [Eqn. 1.112]

_ T'6+a) s =6
D = FEEE e =t )

However, according to our numerical experiments, it seems that (7) does not hold true.
Consequently, the aim of this paper is twofold. On the one hand, we want to justify that

OD?‘[tvfllogt} = OI;“[tvfllogt},

OD?CE/U — OI;ae)\t’
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from the definitions given in (1) and (3). We will see that these proofs are highly non-trivial.
On the other hand, we would like to calculate the Weyl fractional integral and derivative

for the power function, i.e., —cIf|f| ™ and _oD¥|t|°, as well as to justify that
oD = oot

This paper is organized as follows. Section 2 collects all the definitions of the special
functions and polynomials that appear throughout the paper. Section 3 calculates the frac-
tional integrals oI* [#' 1 log t], gIfeM, and _oI¥|#|~°. Despite the fact that oI¢ [~ log ],
and oI%eM are found in the existing literature, it is worth performing these calculations,
as they will be useful in the following section. In Section 4, we calculate (D [' " logt],

oD%M and o D?|¢| . Finally, we collect our conclusions in Section 5.

2. Preliminaries

In this section, we collect all the definitions of the special functions and polynomials
that appear throughout the paper.

Definition 3. For Rea > 0, the gamma function is defined as [10] [Eqn. 1.1.1]
I'(z) = / 1ot dr, 8)
0

Definition 4. The digamma function is defined as [10] [Eqn. 1.3.1]

Definition 5. The Pochhammer polynomial is defined as [11] [Eqn. 18:12:1]
I'x+n
(8 =3 (r+ D(x+2) - (x+n=1) = L (10)
Definition 6. For Rea > 0, Reb > 0, the beta function is defined as [10] [Eqns. 1.5.2&5]
Lo . I'(a)T(D)
_ a—1 o b—1 —_
B(a,b) = /O R (11)

Remark 3. Note that if we are considering a,b € R, then the condition Rea > 0, Reb > 0,
becomesa,b > 0.

Definition 7. The lower incomplete gamma function is defined as [11] [Eqn. 45:3:1]
z
y(a,z) = / v le~tqy, (12)
0
Definition 8. The two-parameter Mittag—Leffler function is defined as [12] [Eqn. 10.46.3],

[e9) Zk

Euu(z) = k;o TGkt o)’ (13)

Definition 9. The generalized hypergeometric function is defined as [12] [Eqn. 16.2.1]

o k
g ( fveofp ): (@) (ap), 2 ”
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3. Fractional Integrals
3.1. Fractional Integral of the Power Function
Theorem 1. Fora >0,y > —1, and t > 0, we have [6] [Eqn. 13.1.(7)]
rQ
oI# Y = &{Hl{ (15)

[(1+4y+a)

Proof. Apply definition (1), and perform the change in variables t — T = st, with f > 0
to obtain

1 't -
(T _ )y
olft (@) ./0 (t—7)" trdt
ety 1 a1 1 'Vd
= T(ac)/o 71 —s)7dr.

B(a,1+7)

Finally, apply (11) to obtain (15) as we wanted to prove. Note that we consider «,y € R;
thus, according to Remark 3, we havea >0,y > —1. O

As mentioned in the Introduction, the Weyl fractional integral for the power function
given in (7) does not seem to hold true. Therefore, next, we are going to calculate _I}'|f| -,
For this purpose, let us first prove the following lemma.

Lemma 1. Fora < —f —1 < 0, and t > 0, the following integral formula holds true:

0
Tp(t) = [ (t=7)[rlfac (16)
_ ppnl(E1—a—pT(E+1)
[(—a) '
Proof. Perform the change in variables u = —T to obtain

o) = [ (-0 -far

—00

= /(t—i—u)“uﬁdu.
0

Perform the change in variables u = st/(1 —s) with t > 0, and use the definition of the
beta function (11) to obtain

Top(t) = /0l (” 1Sjs)a(1s—ts>ﬁt<1 dss>2

t”‘*ﬁﬂ/l(l —5) P 2P,
0

B(—a—pB—1,8+1)

Applying again (11), we finally arrive at (16), as we wanted to prove. According to Remark 3,
wehavea < —f—-1<0. O

Theorem 2. ForO<a <d<1l,andt >0

re-acos(¥-m)
1—'(5) COS<%§> .

oIt = 17)
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Proof. Note that ‘
IO = I8+ oIF|E O
Also, from (1) and (15), fora > 0, < 1and t > 0, we have
_ _ Ir(1-y9) 5
M0 = oIf 70 = L0, 1
Moreover, from definition (1) and lemma (16), we have fora < §d < 1,and t > 0
_ 1 /0 1, - _sT(0—a)T(1-9)
_wl“t”‘:—/ t— 1) g0 =l , 1
ey I A i (19)
sz—l,—zF(t)
and thus, according to (18) and (19), we obtain
el [H 70
I'(0—w) 1
0Tl —-4
=9 rwra-a * I’(1+1xc$)]
_ s F6—a)T(1-6)T(s
I'(5)
1 n 1
Fa)I(1—a) T(A4+a—-06)T(6—a)]
Now, apply the property [10] [Eqn. 1.2.2]
I'(z)T(1-2z)= Sin(2) (20)
to obtain r(s )
B (1T S A i —a))].
t | | 1—'((5) Sil’l(ﬂ’&) [sm(rwc) + sm(rc(é 06))]

Finally, apply the property [13] [Eqn. 5.61]

sinA—i—sinB:Zsin(A B)cos(Az_B), (21)

to arrive at (17) as we wanted to prove. O

3.2. Fractional Integral of the Exponential Function
Lemma 2. The following identity holds true:

(e, z) =z T(a) e " Eq144(2)- (22)

Proof. Consider the expansion [11] [Eqn. 45:6:2]

e“y(a,z) = Z i G
) (e +1)
Taking into account the factorial property of the gamma function [10] [Eqn. 1.2.1], i.e.,
I'(z+1)=2zI(z), (23)

and the definition of the Pochhammer symbol (10), we have

00 k

e y(a,z) =2T(a
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Finally, apply the definition of the Mittag—Leffler function (13) to complete the proof. [
Theorem 3. For t > 0, and « > 0, the following fractional integral holds true [9] [Table IV.1]:
olfeM = t"E1 1 4a(AL). (24)

Proof. According to the definition of the Riemann-Liouville fractional integral (1), we have

1 t -
olfeM = r(‘x)/(t—r)“ leMdr
0
o
- I)}(zx)/o (At — A7) LM AdT,

thus performing the change in variables u = A(t — 7), and taking into account the definition
of the lower incomplete gamma function (12), we obtain

A QAL pAL i
olfeM = / utle gy
0

Finally, apply (22) to complete the proof. [

3.3. Fractional Integral Formula of the Logarithmic Function

Lemma 3. The following integral formula holds true:

./01 11— 1) ogtdt = m[lp(a) —y(a+Db)], (25)

Rea > 0, Reb > 0.

Proof. Perform the derivative with respect to the first parameter in the beta function
definition (11),

9 B(a, b) (26)

oa
Y - _ I"(a)T(a+b) —T(a)I"(a+b)
= /O 11— 1" Mogtdt = T(b) 20 D) /

and take into account the definition of the digamma function (9) to complete the proof. [

Theorem 4. The following fractional integral holds true [6] [Eqn. 13.1.(24)]:
patv—=1 r(v)

I'(a+v)
Rea > 0, Rev > 0.

ol [# M logt| = llogt + p(v) — (e +v), 2

Proof. Apply the definition (1) and perform the change in variables T = tu with t > 0
to obtain

olf [t"_l log t}

t
= F(lac)/ (t—1)* v ogTdr
0

= E log t /1(1 — u)ailuvfldu + /1(1 - “)Wl”%1 log udu (28)
T() & 0 0 i .
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Use the definition of the beta function (11) to calculate the first integral in (28) as
1 1o T'(v)T(a)
1—u)* 'y = — 2, 29
) Ot e = T (29)

Rea > 0, Rev > 0.

The second integral in (28) is given in lemma (25). Therefore, substituting (25) and (29) in
(28), we arrive at (27) as we wanted to prove. [

4. Fractional Derivatives
4.1. Fractional Derivative of the Power Function

Lemma 4. The following n-th derivative formula holds:

dn tﬂ _ r(a+1) tafn.

darn T(a—n+1) (30

Proof. According to the definition of the Pochhamer symbol (10), we have

di’l
Wt“ = a(a—1)---(a—n+1)*"
= (a—n+1),t""
— r(ﬂ+1) tﬂ*l’l
Fa—n+1)

O

Theorem 5. Fora > 0, v > —1, and t > 0 [9] [Table IV.1], [8] [Appendix], the following
fractional derivative holds true:

Ir(1+7)

DY = ————
0™t T(1+7—a)

e, 31)

Proof. According to definition (3), and the results given in (15) and (30),

oDftT = (Df"o oI' *)t¥

r(l +7) ﬂt7+m—zx
I(1+vy+m—a)dtm

r(l“")’) F(’)’+m_“+1>t'y+m70ﬁm
Frl+y+m—a) T(y—a+1) !

as we wanted to prove. [

Now, we calculate the Weyl fractional derivative corresponding to the Weyl fractional
integral calculated in (17).

Theorem 6. ForO0 <6 <1,a > 0,andt > 0,

I(6+a) cos(%‘s + mx) s
() cos(%é) '

—eoDf [t =

(32)

Proof. According to the definition of the Weyl fractional integral (4), we have

D[t = _ D70 + oDY|t|C. (33)
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On the one hand, apply definition (3), taking into account that « ¢ Nand m —a > 0,

- 1 am 7]
« 5 _ Bl
700D0|t| - r(m _ DC) dtm ‘/700 (t _ T)“Jrl*m dr.

Imflfa,fé(t)

Now, apply lemmas (16) and (30) to obtain form —a < <1

r(a +6— m) r(l — 5) d™ tm—a—é
I'(m—a)T(14+a—m)dtm
I'(a+6—m)T(1-9) F(m—oc—(H-l)t -
I'm—a)T(1+a—m) I'(—a—05+1)

—Dle

(34)

On the other hand, taking into account that ¢t > 0 and « ¢ N, apply (31) to obtain for § < 1,

_ ~ r(1-6) 5
D¢ b _ DY 0 — po—a
Substitute results (34) and (35) in (33) to arrive at
DE |~ = t4OT(1—6) [T(w+d—m)T(1—a—6+m) 1
- I(1—a-—94) I'(m—a)T(14+a—m) '
Now, apply (20)
—eoDf [
_ s I'(a+0) I'(1-0)T(0) sin7t(m — ) 1
B T(5) F(l—oc—é)l”(oc—i—é) sin7t(a+ 6 —m)
_ as I'(a+9)sinm(a sin T
I'(9) sin 7T(5  sinm(a+0)
_ s I'(a+9) [sinm(a+6) —sin e ‘
I'(9) sin 776
Finally, apply (21) and simplify to arrive at (32) as we wanted to prove. [J
4.2. Fractional Derivative of the Exponential Function
Theorem 7. Fora > 0,a ¢ N,and t > 0
oDfeM = t7YEy 1, (AL). (36)

Proof. Apply the definition (3) and expand the exponential fraction in its Maclaurin series
to obtain

o At 1 a" f m—a—1 AT
oDfer = 71"(;71—04)017'1/0“7’[) ettdt

B 1 dm gt a1 & (AT
_ mﬁfo(t_r) k;) d

1 dm (e )\k t Tk
B 1"(m—0¢)dtm<k20k'/o de7>' (37)
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Perform the change in variables T = u t with t > 0 in (37), and apply the definition of the
beta function (11). Thus, for m —a > 0, we have

m o ko
OD?E)\t _ r(ml Ix) 27 (tmtx 2 ();:') / Mk (1 _ u)m—a—ldu>
_ ! 0

k=0

m %) k
- 1*(ml_a);tm<tm“2 ();:,) B(k—i—l,m—a))

k=0
gm @ )\k tm*tk‘i’k

dkaZOI‘(m—rx—l—k—f—l)'

Now, apply the differentiation formula (30) to arrive at

) )Li’)k

Dae/\t . ( )
0
! k;:) I'k+1—ua)

Finally, apply the definition of the Mittag-Leffler function (13) to complete the proof. [

4.3. Fractional Derivative of the Logarithm Function

Lemma 5. The following n-th derivative formula holds true:

;n(tﬁlogt) misﬁ"[1ogt+¢(ﬁ+1)—¢(ﬁ—n+1)]. (38)

Proof. According to Leibniz’s differentiation formula [12] [Eqn. 1.4.12],

n n—k k
@@l = ¥ (3) 1m0 2780, )

k=0

and applying the n-th derivative formula given in (30), as well as the following one (which
can be easily proved by induction)

dn (=1)" Y —1)

¥ logt = n=12,...

tn !

after simplification, we arrive at

% (tﬁ log t)
an— k

n ‘B d
= k; (k) gk gElost

0
dnk g dk
= logt gt +Z< )dt" i o8 !

_ W logt ¢ (-D"!
= T(B+ D lr(/s TES YR D ey ey b

k=1

(40)

In order to calculate the finite sum given in (40), consider the following function f(z) which
can be recast as a hypergeometric function [14] [Sect. 2.1]
n k=1

ORDY n—KIT(B—n+k+1)

k=1

(41)

1 1,1—n
- r<n>r<ﬁ—n+z>2F1( Bon+2 l‘) @)
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On the one hand, integrating term by term in (41)
z n Zk
= t)dt = : 43
8(2) /of() ,;k(n—k)!F(ﬁ—n+k+1) (43)
On the other hand, applying the integration formula given in [14] [Eqn. 2.2.3]
a, .. .,ap,aer]
P+1Fl/]+1< b]r-~-/bq/bq+l X)
_ T (bgsr) x'to
T(ap+1) T (bg41 — ap+1)
X
tp—1(y _ plbgri—apn-1 p ( 1. 8p t) dt,
/O ( ) P b], ceey bq
takinga; =1,a0 =1—n,b; = p—n+ 2, we obtain
8(z)
z 1 z 1,1—n
= ) dt = [ am( g —t) dt
/of() T(mI(B—n+2)Jo “( /3—n+2‘ >
z 1,1,1—n
- F(n)F(ﬁ—n+2)3F2< 2,8 —n+2 ’ Z) (“44)
Therefore, from (43) and (44),
n (_1)7(—1
—o(—1) =
g(=1) k;k(n—k)! (B—n+k+1)
B 1 e Lil-n ||
T TmI(B-n+2)* 2\ 2p—n+2| )
Now, consider the reduction formula [15] [Eqn. 7.4.4(40)]
1,1,a b—1
(1) = =g -D -y -a)
to arrive at -
S _ 9B+ = p(p—n+1) s
Ek(n—kTB-—n+k+1) MT(p—n+1)

Finally, substitute (45) in (40) to arrive at the desired result. [

Theorem 8. Fora > 0, ¢ N,Rev > 0, and t > 0, the following fractional derivative holds true:

v—ua—1 v
oD¥ [tv-l log t} = tm_ra())[logw P) — (v —a)].

(46)
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Proof. Apply the definition (3) and perform the change in variables T = tu with t > 0,
to obtain for « > 0,

oD} {tvfl log t]

1 am t m—a—1_vy—1
= mw/o (t_T) T 10gTdT
m 1
- F(ml 2 ;—m {tm’”"l {logt‘/O (1- u)m_“_luvfldu
1
+ /0 (1—u)"* ' logu du] } (47)

The first integral in (47) is just a beta function (11); thus, for Rev > 0, we have

I'(v)T(m—a)

1
_oym—a—1_v-—1 _
/0(1 u) u’du T —atv)’

and for the second one, we can apply (25); thus, for Rev > 0, we have

1 a1y C(v)T(m—a)
_oym—a—1_v-1 —_ _ —
/0 (1—u) u" " logudu T —atv) [p(v) —yp(m—a+v),
thereby
oDf {t”fl log t}
I'(v)
- I(m—a+v)
m tmfaJrV*ll f) 4+ B ot ar tmfaJrvfl (48
(o ogt) + [p(v) — plm —a+v)| o : )
Apply (38) to obtain
d™ m—a+v—1
i log )
_ F(m —at U) —atv—1 _ _ _
= T —a) t logt+yp(m—a+v) —¢p(v—a)], (49)
and apply (30) to obtain
ﬂ m—a+v—1 _ F(Wl —aA V) —atv—1
' - T(v—a) ! ’ 0

Insert (49) and (50) in (48), and simplify the result to complete the proof. [

5. Conclusions
On the one hand, according to (27), (46), (24) and (36), we have analytically justified that

oD" [tv—l log t} = o™ [t”‘l log t} (1)
tv—zx—l 1-'(1/)
W[logt +y(v) —¢p(v—a)],
OD?EM = Olt_lxe)\t = t_IXEL],“ ()\t) , (52)

applying the corresponding definitions of the Riemann-Liouville fractional integral (1)
and the Riemann-Liouville fractional derivative (3). Note that the fractional derivatives
calculated in (51) and (52) can be obtained from the corresponding fractional integrals,
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substituting « by —a. However, the corresponding derivations from the Riemann-Liouville
definitions of the fractional integral and the fractional derivative in order to arrive to this
conclusion are highly non-trivial.

On the other hand, from the definitions of the Weyl fractional integral (2), and the
Weyl fractional derivative (4), we have calculated the novel formulas (17), and (32), i.e.,

F((S + zx) cos(%& + mx)
I'(5) cos(%‘s)

DYt = LU nal

Again, we can obtain the derivative formula _.Df|#| - substituting « by —« in the corre-
sponding formula for _ o I}|¢| ~?. Nevertheless, according to the corresponding derivations,
this property is not straightforward as in the case of (51) and (52). In general, this occurs
because the definition of the Riemann-Liouville fractional derivative (3) involves an m-th
derivative. Meanwhile, this is not the case for the definition of the Riemann-Liouville
fractional integral (1). It would be interesting to investigate the conditions under which it
is satisfied that

DEf(E) = ol f(E), (53)

from the definitions given in (1) and (3) since (53) is implicitly taken for granted in the most
common literature about fractional calculus, to the knowledge of the authors.
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