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1. Introduction
In the present paper, we study a non-local two-parameter problem of the follow-
ing type:

—(a—i—b/ |Vu|2dx)Au:ySL(;)+|u|2*2u+/\f(x,u) in Q

o)

(P) u>0 in Q)
u=20 on dQ).

We assume that () is a bounded domain in RY with smooth boundary 9Q (N > 4),

s: Q)+ [0, +0c0] isin L@ (1), and f : QO X R+ [0, +0c0] is a Caratheodory function not
identically zero and satisfying f(x,0) = 0 a.e. in Q. Moreover, a,b >0,y > 1,and A, u > 0
are real parameters. As usual, we denote by 2* := 1\%7]:]2 the Sobolev critical exponent and
by (2*)' = 2 its conjugate.

The peculiarity of the above problem is the combination of a Kirchhoff-type operator,
which is responsible for the non-local nature of the problem, of a strong singular term,
a critical nonlinearity, and a subcritical perturbation. The existence or multiplicity of
solutions to Kirchhoff-type problems with critical terms is frequently studied by mountain
pass arguments combined with the Lions concentration-compactness principle, both when
N < 4 (see [1-3]) and in the higher dimensions (N > 4) (see [4-7]). Note that, in order to
employ the concentration-compactness principle, 2 and b need to satisfy suitable constraints.
Moreover, in high dimensions, the effect of a non-local operator, combined with a critical
nonlinearity, forces the energy functional to be coercive, and the interplay between the
Kirchhoff and the critical term allows us to establish some variational properties that will
be crucial to our arguments (see [8]).

After the pioneering work of [9], the interest in singular problems has been increasing
over the years; existence and multiplicity results have been obtained, both for the weak
singular case (i.e., v < 1) and for the strong singular case (i.e., ¥ > 1). Indeed, due to the
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presence of the singular term, when 7y < 1, problem (P) is variational, and it is possible
to associate with (P) an energy functional E, , which, although not differentiable, has
useful properties in the natural Sobolev space H}(Q2). On the contrary, in the case y > 1, in
general, the energy functional E, ,, is no longer defined on the whole H}(Q). In the seminal
work of [10], it is proved that, even in the semilinear case, the pure singular problem is
not expected to possess solutions in H}(Q) for v > 3. However, if the singular term is
multiplied by a suitable positive weight, one can still obtain solutions in H} (Q) via sub-
and super-solution techniques (see [11]).

The presence of a non-local term, in the context of singular problems, makes the
analysis more challenging, since it becomes quite difficult to establish any sort of compar-
ison principle (which is one of the main tools to produce solutions in the presence of a
strong singularity).

In the present work, we study the interaction between a non-local, a critical, and a
singular term to investigate the existence of multiple solutions for (P) in H}(Q). Note
that, if  and b are big enough and A = 0, problem (P) has precisely one solution, which
corresponds to the unique global minimizer of Ey, (see Remark 3). The presence of a
perturbation breaks this uniqueness property, and the existence of three weak solutions is
obtained for big As and small ys. The study of existence of three solutions for singular prob-
lems driven by the p-Laplace operator has been developed in [12] in the low-dimensional
case and in [13] for any dimension. Later, in [14], an equivalence-type result was obtained
in the setting of Orlicz spaces for the non-local case.

In the present work, we extend the results of [13] to a more general problem: with
respect to [13], the presence of a non-local operator and a critical term requires some extra
variational properties. Thus, even if the underlying idea is the same, our multiplicity result
is not straightforward. Employing the results of [8], we are still able to prove that the
energy functional E, , associated with (P) is sequentially weakly lower semicontinuous
and that its derivative satisfies some form of compactness property.

We will prove the existence of two local minimizers via topological arguments. The
idea is to show that the functional E, ¢ for A > 0 is large enough, has two local minimizers,
and that the topology of E, , after being perturbed by the singular term, changes little
enough so that E, ,, still has two local minimizers in H}(Q)), as long as the parameter y > 0
is small enough. The existence of a third solution follows at once by employing a suitable
version of the mountain pass theorem for Szulkin functionals.

Let us first present the definition of weak solution in our framework (see [11]).

Definition 1. A weak solution for (P) is a function u € H}(Q) such that
(i) u > 0almost everywhere in (),

(i) su""¢p € LYQ)V ¢ € H}(Q),

(iii) V¢ € H}(Q); there holds

(a—l—b/0|Vu|2dx) /QVuVLde—y/()su*W(pdx—/Quz**lcpdx—/\/of(x,u)(pdx:0.

In the subsequent work, we will assume the following:
(f1) there exist c1,cp > 0, g € (2,2%),such that 0 < f(x,t) < 1 + et L forae x € Q,

t>0;
(f2) lim;_,p+ Ltt) = 0 uniformly in ;

(s1) there exists € C}(Q)), with > 0, such that s~ € L@ (Q).
Let F: Q) x [0, +00] — R be a primitive of f, i.e.,

F(x,t) = /Otf(x,s)ds.

Also put f(x,t) =0forall t <O0.
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In order to state our main result, let us introduce some useful notation. We endow

1
H}(Q) with the classical norm || - || := ([ |V -[?dx)? and LP(Q) with the standard
1
Lebesgue norm || - ||, := ([ |- [F) 7, p < 2*. Letuy := max{u,0} and u_ := max{—u,0}.
Denote by Sy the embedding constant of H}(Q) — L?"(Q), i.e.,
2*
So = sup Hu||§:
weny oy 11
Now, define the constants
N—4
4N —4) —if N>4
Ci(N) == S, ZN'T ,
So if N—4
N—-4
2(N—4) 7 1
(N-4) > — if N>4
Co(N) := NS N-221 2
2(N) S0 [( N+2) }
35, if N=4

The above constants were introduced in [8], where some useful variational properties of
the energy functional involving a Kirchhoff and a critical term were proved.
The following result is the main purpose of this work.

Theorem 1. Assume conditions (f1), (f2), and (s1), and put

Tlyl|2 4 bjy4 = L 2%
S 3 e 311 el |
3 =ingy S < 2y e HY (O /P .a

m{ Jo Fx,uy(x))dx u € Ho(Q), o (x,us(x))dx >0 (1)

Then, the following holds true.

(i) Ifa#b > C1(N) then, for each A > A*, there exists u* = p*(A) > 0 such that, for all
0 < p < p*, problem (P) has at least two weak solutions.

(i1) Ifa#b > Cy(N) then, for each A > A*, there exists u* = p*(A) > 0 such that, for all
0 < u < u*, problem ('P) has at least three weak solutions.

Remark 1. Note that Co(N) > C1(N) for N > 4.

2. Abstract Results
We now state the preparatory results upon which the proof of Theorem 1 is based.
Define S : QO x R +— [—0c0, +-00] by

vy—1
400, if xe€Q and t<0.

1 1—y .
S(x,t) = { s(x)t"”7, if xeQand t>0,
The singular operator ¥ : H(% (Q)) = [—o0, +00] is given by

/ S(x,u)dx, if S(x,u) € LY(Q),
Y(u) = = 2)
+00, if  S(x,u) ¢ LY(Q).

Also, we define a functional ®, : H}(Q)) — R by

1 1 1 *
() 1= pallull + byl = o Jusl3 = A [ Flxus(x))dx.
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Finally, we can introduce the extended energy functional E, ,, : H}(Q)) — [—00, +-00] by

Epp(u) i= @y (u) + ¥ (u).

Lemma 1. Assume a' T b > C1(N). Then, the functional ®y is sequentially weakly lower

semicontinuous.

The proof is the same as in Lemma 2.1 of [8]. Here, we indicate the main steps
for completeness.

Proof. Let {u,} C H}(Q) such that u, — u € H}(Q) (thus, {u,} is bounded). Let us
define an auxiliary functional I" : H(l) () — Rby

1 , 1 s 1 o
T = gallulP + gbllul* — 5 ul3:
Simple computations and the Brezis-Lieb lemma give us the relations

ot = o1 = [foew = 2] + 0w (1),
loan |1 = Null* > et — u]* + 04 (1),

lutn 13+ = lell3: = lln — w3 +0u (1).
Combining the relations above, we obtain
D(n) =T() = e — ul2(3a+ §0llwn — ull? = 32llun = ul®-2) +04(1).

Define, for N > 4, the convex function g : [0, +c0[— R given by
a b S() *_
For N > 4, ¢ attains its minimum at

(2(2*—2) 50)4—12*
to=="%22)

and simple computations show that

N-4

g(f())ZO < a7 b>C(N).

For N = 4 (in this case, 2* = 4), we rewrite g(t) = (% +(b— So)%>, which attains its
minimum value § at fo = 0 for b > S,.
Therefore, for N > 4, if A" h > C1(N), it holds that

. . o . . o 2
lim inf(T (1) — T ()] > lim inf] |1, — u|%g(t0) | > 0.
To finish the proof, it is enough to note that
1 «
@o(u) = T(u) + o flu- |3
O

Corollary 1. Assume AT h > C1(N) and (f1). Then, for each A > 0, the functional @, is
sequentially weakly lower semicontinuous.
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Lemma 2. Assume the following: either N = 4 and Pl > C1(N),or N > 4anda,b > 0are
arbitrary. Then, the functional ® is coercive.

Proof. Indeed,

1 1 1 x

Bo(u) > yallull?+ by ull* — o ul:
1 1 1 "
> alul+ byl — ol

Therefore, for 2* < 4 (when N > 4), the claim is true for all a4,b > 0; if 2* = 4 (when N = 4),
the conclusion follows only for b > Sg. [

Corollary 2. Under the same conditions as in Lemma 2, the energy functional E) ,, is coercive for
all A, u > 0.

We denote by W the class of functionals ® : X — R having the following property:

(W) if {uy}yen is a sequence in X such that u, — u (weakly) and
Iminf ®(u,) < O(u);
n
then, it has a sub-sequence strongly converging to u.

Proposition 1. Assume a"Th > C1(N). Then, &y € W.

Proof. Let {u,},cn be a sequence in H}(Q) such that u, — u and liminf, ®o(u,) < Po(u).
By Lemma 1, lim inf, ®g(u,) = Pp(u). Thus, recalling that

1

Pu) = @o() — o

|u—|13,

by the weak lower semicontinuity of the norm, we deduce that

1

Hminf T (uy) < Po(u) — 27”“*”%1 =I(u). ®)

From the proof of Lemma 1, we observe that
T(un) = T(u) > [lun — ul’g(to) +0u(1),
and thus

liminf[[ (1) — D(u)] > ggﬂf[uun - u||2g(t0)}.

n——+o0
Now, if 1" T b > C; (N), one has g(tp) > 0, and the claim follows by (3). U

The following result will be crucial in the subsequent work.

Theorem 2 ([15]). Let X be a reflexive and separable real Banach space, and let I,] : X — R be
two sequentially weakly lower semicontinuous functionals with I € W. Assume that

Lim I(u)+ J(u) = +oo.

[Ju]] —o0

Then, any strict local minimizer of I + ] in the strong topology is the same in the weak topology.

Corollary 3. Assume ATh> G (N) and (f1), (f2). Then, 0 is a local minimizer of ®, in the
weak topology.
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Proof. We apply Theorem 2 choosing I = ®y, and [ is defined by J(u) = —A [, F(x,u (x)) dx.
By Lemma 1 and assumption (f;), I and ] are sequentially weakly lower semicontinu-
ous, and Proposition 1 ensures that I € W. The coercivity of [ + ] = &, follows by
Lemma 2 (for 1 = 0). By (f2), 0is a local minimizer of ®, in the strong topology, and the
claim follows. [

The singular term prevents the application of the classical critical point theory for C!
functionals. We will need the following.

Definition 2 ([16]). Let X be a real Banach space, ® € C1(X), and ¥ : X — R U {+o0} proper,
convex and lower semicontinuous. Then, I = ® + Y is referred to as the Szulkin functional.
Moreover, a point u € X is said to be critical for the Szulkin functional I if u € dom¥ (u) = {u €
X: ¥(u) < +oo} and

(@ (u),v—u)+¥(v) —¥(u) >0 foral veX.
It is well-known that a local minimum of I is a critical point of 1.
Lemma 3 ([13], Lemma 3.1). Assume (s1). Then,
int(C}(Q)4) € dom(¥)
where int(C}(QY) 1) denotes the interior in the ordered Banach space C}(Q) of the positive cone
ClQ)y ={ueccl@) :ux) >0 VxecQl

Remark 2. The energy functional E, ,, associated with problem (P) is a Szulkin functional. Indeed,

®, is of class C1(H} (Q)), while ¥, defined as in (2), is a convex and lower semicontinuous (Ls.c.)
functional. Moreover, it is proper from the previous result.

Definition 3. We say that the operator T : X — X* satisfies the (S) condition if the following is
true: let {uy}y>1 C X such that u, — u € X and

lim sup(T (uy), un —uy <O0.

n—+-00

Then, u, — u € X.
Proposition 2. Assume AT b > Ca(N). Then, the operator <I>6 satisfies the (S). condition.

Proof. Letn > 1and t € [0,1]. A straightforward calculation shows that

Dy (1t + (1 — E) i) (st — u) (st — 1) >
4
allun — ull? + bl + (1= ]| — 0] = (2 = 1)Sol| (b1 + (1 = £un) 72 [ — l|* >

4
allin — )+ blltu + (1 — )i |2l atn — ]2 — (2% = 1)Sollfue + (1 — Byt || 72|t — ]2 =
[+ Bt + (1= B |2 = (2" = 1)Soll e+ (1 = | 2] [0 — ]|

Now, define the auxiliary function
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and g(tp) > 0if and only if

N-2

b > [N2—4] {%;IN_—;@ 50} N—4

IfN =4,
g(t) =a+ (b—3S)t,

and if b > 3S, g(t) > a. Subsequently, if a'Th > C>(N), there exists a constant C > 0
such that ,
O (tu + (1 — t)uty) (y — u) (g — u) > Clluy — ul?.

Let {u, } be a sequence such that u, — u and

lim sup<q>0'(un),un — u> <0.

n—+o0
Then,
lim sup(®y’ (1), 1y —u) =0,
n—r+00
and so

0 > limsup (P’ (un), un — u) = limsup<CI>£)(un) — ®B(u),un - u>

n—-+4oco n—r+o00
l "
=limsup [ Py(tu+ (1 — t)un)(uy — u)(uy — u)dt
n——+oo 0
> limsup C||u, — ul|?.

n—-+oo

Thus, we conclude that

lim |ju, — u|®> =0;
n——+00

that is our claim. [
From Proposition 2, it follows that:
Corollary 4. Assume AT > Co(N) and (f1). Then, the operator <I>/A satisfies the (S) 4 condition.

Remark 3. Proposition 2 also shows that ®( is strongly monotone; thus, in particular, @y is
strictly convex.

Definition 4. Let I = ® + Y be a Szulkin functional defined on a Banach space X. We say that I

satisfies the Palais—Smale condition if, for any sequence {uy },>1 C X and {€, },>1 C Ry such
that I(uy) — c € R, €, +— 0, and

(@ (), 0 = ) +¥(0) = ¥ () = —€ullo —
foralln > 1and forall v € X, {uy },>1 possesses a strongly convergent sub-sequence.

Proposition 3. Assume AT h > C2(N), (f1)- Then, the energy functional E, ,, satisfies the
Palais—Smale condition.

Proof. Let {uy},>1 be a sequence such that {E, , (1)} converges to some ¢ € R, and let
{€n}n>1 be a sequence of positive real numbers such that e, — 0. Since E, ,, is coercive
by Corollary 2, u, — u € H}(Q) up to a sub-sequence. Moreover, we note that E A
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is sequentially weakly lower semicontinuous, and thus E, ,(4) < +co. Subsequently,
u € dom(¥). Setting v = u in the inequality in Definition 4, we obtain

(@ (1), 0 — ) < 0¥ (1) = 0¥ (1) + =
Now, since ¥ is sequentially weakly lower semicontinuous, there holds

limsup<<I>,A(un),un - u> < limsup(p¥(u) — p¥ (un) + €nl|u — unl|)

n—-+4oco n——+o00
= plimsup(¥(u) — ¥ (un))
n——+o00
< 0
From Corollary 4, @) is of type (S), and thus u, + u strongly in H}(Q). O

Proposition 4. Any critical point u € H}(Q) of E A (in the sense of Szulkin) is a weak solution
for problem (P).

Proof. By Definition 2, for all v € H}(Q2), there holds
(D) (u),v—u) +u(¥(v) —¥(u)) > 0. (4)
Since u € dom(¥), by the definition of S, it is clear that # > 0 almost everywhere in Q). Let

p € Hé(Q), @ >0,and v := u + €@ in (4).
Then,

(a—i_b”uuz)/Q<V”'V§0>dX—/()Mz*flq)dx—)\/nf(x,u)q)dx > V/Q S(x,u) —

Taking € + 0 and applying Fatou’s Lemma, we obtain that

S(x,u+ep)
€

dx.

s(x)u"p € LY(Q)
and
(a—l—b||u||2> /()(Vu,V(p)dx—/Quz**lq)dx—/\/of(x,u)(pdx2y/()s(x)u*'ycpdx. (5)

Letv := (1 —€)u, withe € (0,1), in (4).
Then,

(a+b||u||2> /()(Vu,Vu}dx—/Quz*dx—)x/nf(x,u)udx—‘u/n S<x'<1_€):) _S(x'u)dx <0. (6)

Applying the mean value theorem for functions of a real variable, there exists T = T(€) €
(0, €) such that (6) can be rewritten as

<a+b||u||2> /()(Vu,Vu)dx—/Quz*_ludx—/\/gf(x,u)udx—y(l—T(e))‘”/ﬂs(x)ul_%lx§O.

Taking € + 0, we obtain

(a + b||u|\2) /()(Vu,Vu)dx — /Q u? dx — A/Qf(x,u)udx — y/ﬂs(x)ulﬂdx <0.
Therefore, by (5), we deduce that

(a + b||u|\2) /()(Vu, Vu)dx — /Q u?dx — A/Qf(x,u)udx —u /Q s(x)u! " 7dx = 0.
Now, take any ¢ € H}(Q) to test (5) with the function

v:=(u+ep)"
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and obtain

(a+b\|u||2) / (Vu,V(u+egp))dx — /Q uz*_l(u+eq))dx—/\/§.)f(x,u)(u+eq))dx

—u / u+eq)dx — (a+bllul?) /{u+e<p<0}<vu/ V(1 + eq))dx
Z d A ’ d -7 dx > 0.
- /{”+€<P<0} ! (M " 64)) o {u+ep<0} f(x u) (u - €§0) xn {utep<0} S(X)M (u * €¢> t=

From the inequality above, we have
=0

<a+b||u||2)/Q|Vu\2dx—/Ouz*dx—)\/Qf(x,u)udx—y/ﬂs(x)ulf'ydx—i-

e[(a+b||u|2) /Q<Vu,V<p>dx/Quz*_lgodx/\/of(x,u)q)dxy./ﬂs(x)u_7godx}+

<0

~(a+blul?) [ Vuldx —e(a+blul?) [ Vu, Vo)d
(atblal?) [ IVuld—e(a+blul?) [ (Vi Voydrt

<0

/ W N u+eg)dx+ A flx,u)(u+ep)dx+pu s(x)u”"(u+eqp)dx > 0.
{u+ep<0} {u+ep<0} {u+ep<0}

In other words,

(a—i—bHqu) /()(Vu,V@dx—/Quz**lqodx—/\/nf(x,u)(pdx—y/ﬂs(x)u*%odx
_ (a + b||u|\2) /{u+€¢<o}(Vu,V(p>dx > 0.

Taking the limit as € — 0, we conclude that

(a—l—bHuHZ) /()(Vu,qu)dx / u? g )\/ fx,u qodx—y/ Ju Tedx >0,

and, by the arbitrariness of ¢, we conclude that

(a—i—bHuHZ) /()(Vu,Vgo)dx / u? g )\/ fx,u qodx—y/ Ju~Tpdx = 0;

that is, u is a weak solution to (P). O
Lemma 4. Under condition (f1), all critical points u € H}(QY) of ®, belong to int(C}(Q)4).

Proof. Assume u as in the statement and note first that u > 0. Putk = (a + b||u||?). Thus,

we can write
—Au=a(x)(14+u(x)) inQ @)
u = 0 in aQ,

where

uxZ**l X, (u(x
o) i L BT T A (1))

k 14 u(x)

Let us prove that a(x) € L? (Q).
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In fact, by (f1), denoting by ¢ a constant whose value may vary from line to line,
there holds

a1 Af G w(x) ) ?
k 1+ u(x)

. <u(x)2*—1 +e(1+ u(x)q_1)> ?

1+ u(x)
< c(14u(x)?) e LN(Q).

Therefore, by the Brezis—Kato arguments (see, for instance, Lemma B.3 of [17]), u € LF(Q)
for all p > 1. This proves that the right-hand side of (7) belongs to LP(Q2) for all 1 <
p < 400, which in turn allows us to use the Calderén-Zigmund inequalities to prove that
ue Wg’p (Q) forall 1 < p < +oco. Finally, the Sobolev immersions imply that u € C14(Q)
for some & € (0,1). From Theorem 1 in [18], we conclude that u > 0 a.e. in Q). O

We conclude this section recalling the following topological result, which will be useful
in the subsequent work. Its proof will be used in the proof of our main result and, for this
reason, we provide it here.

Proposition 5 ([13], Proposition 2.2). Let X be a Hausdorff topological space. Let {Ky },>1 C X
be a decreasing sequence of compact subsets such that (,>1 Ky, is the disjoint union of non-empty
compact sets S; (i = 1,2). Then, for some 1 > 1, the set Ky is the disjoint union of non-empty
compact sets C; (i = 1,2), where S; C C; (i = 1,2).

Proof. Since X is Hausdorff and S; is compact, there are disjoint open sets O; (i = 1,2) so
that S; C O; (i = 1,2). Moreover,

Ky C X\ ﬂ Ka| ﬁkn
= G (X\Ky) U[ 2 S,]
:nzl i=1
c | UX\Kn) L2J
Ln=1 i=1

By the compactness of Ky, there is a finite index set ] such that

2

o

i=1

Ky C

U (X\Ka)

nejf

Since the set sequence { X\Kj },,>1 is increasing, for 77 = max J, there holds

2
Ky C Ky C (X\Kz) | O;.

In other words,

2
Krc|JO 8)
i=1
Define
Ci=KgnO; for i=1,2. 9)

Relations (8) and (9) tell us that C; (i = 1, 2) are disjoint and compact. It is also clear that
ScC(@=12. O
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3. Main Result

Now we are in a position to prove Theorem 1. First, we prove the existence of two
local minimizers for the energy functional associated with problem (7). The proof follows
as in [13], Theorem 1.1 (see also [19]).

Lemma 5. Assumea 2 b > C1(N). Under conditions (f1), (f2), and (s1), the energy functional
E, . has at least two local minimizers.

Proof. From assumption (f2), it follows that 0 € H} (Q2) is a strict local minimizer of ®, in
the strong topology. Consequently, 0 is also a strict local minimizer in the weak topology
from Corollary 3.

In other words, there is a weak neighborhood of zero O C H}(Q) such that
P, (1) > 0Vu € O\{0}. Thus,

_ = oA 1 _
@[ =0,0) = () @7 ([ =, 1] ) = (0} U (@7 (1=,0)10).
n>1
By the definition of A*, for A > A*, infueHé(Q) ®, <0, and thus CID)Tl ([—00,0D\O # @.
Note that the sublevel sets of ®, are weakly compact and metrizable (thus sequentially
weakly compact) with respect to the weak topology. By Proposition 5, for some 7 > 1,

there exist weakly compact and sequentially weakly compact disjoint sets C; (i = 1,2) with
{0} C ¢y and @Xl([—oo, 0])\O C Cy, such that

o' ([-=1]) ~erve

Since ®, + uY is sequentially weakly lower semicontinuous and C; (i = 1,2) are
sequentially weakly compact, we obtain the existence of u; € C; (i = 1,2) such that

nf(@ +p¥) = Py () + p¥ ().
We wish to prove that, for i = 1, 2, there holds
/ 1
u; € O;:={uec0;: ®)(u) < %},

where O; (i = 1,2) come from the proof of Proposition 5. Notice also that (’); cCi(i=12).
The O; values are weakly open and therefore strongly open, and ®, is strongly
continuous. Therefore, the (’); values are strongly open. Let us prove that

dom(¥) N O; £ @.
Indeed, by Lemma 3, it is enough to prove that
int(CH(Q)) N O; # @.

Since 0 € (9’1, then there exists a positive number ¢ such that B(0,¢) C (’)/1. Then,
dom(¥) N (’); # Q.

On the other hand, by the coercivity and the sequential weak lower semicontinuity of
®,, there exists 1 € (’)’2 as a global minimizer of ®,. Thus, u is a critical point of ®,, and
by Lemma 4, 1 € int(C}(Q)+); thus, dom(¥) N O, # @.
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Then, we may define in R the constant

mii= inf ———G =12
dom(‘I’)ﬂO; I D)

Take y* > 0 such that

1
s > max{m;: i=1,2}.
Therefore, for all 0 < u < u*, there are y; € dom(¥) N (’); such that
. 1
P (i) + Palys) <pmin¥ + .

Thus, we may find u; € dom(¥) N Cy, up € dom(¥) N Cy s.t:

Iréi_n(dDA +u¥) = Q) (u;) +u¥(u;), i=1,2

We wish to prove that u; € (’);, i = 1,2. Assume by contradiction that, for some i € {1,2},
it holds that u; ¢ (9;. This means that @, (u;) > %
Then,

in/f(CI)A—i-y“I’) > igf(dh—l—y‘l’)

= Dp(ui) + p¥ ()
> i+ymmw
7 C:
> p¥(yi) +Palyi),
which is a contradiction. [

Proof. (1) By Lemma 5, the energy functional E, , has at least two local minimizers.
Proposition 1.1 of [16] guarantees that local minimizers are critical points in the sense of
Szulkin, and from Proposition 4, the claim follows.

(2) From Proposition (3), the energy functional E, , satisfies the Palais-Smale condi-
tion. Since Co(N) > C;(N), E, , has two local minimizers and given Corollary 3.3 of [16],
the thesis is proved. 0O
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