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Abstract: Off-policy is a key setting for reinforcement learning algorithms. In recent years, the
stability of off-policy learning for value-based reinforcement learning has been guaranteed even
when combined with linear function approximation and bootstrapping. Convergence rate analysis is
currently a hot topic. However, the convergence rates of learning algorithms vary, and analyzing the
reasons behind this remains an open problem. In this paper, we propose an essentially simplified
version of a convergence rate to generate general off-policy temporal difference learning algorithms.
We emphasize that the primary determinant influencing convergence rate is the minimum eigenvalue
of the key matrix. Furthermore, we conduct a comparative analysis of the influencing factor across
various off-policy learning algorithms in diverse numerical scenarios. The experimental findings
validate the proposed determinant, which serves as a benchmark for the design of more efficient
learning algorithms.

Keywords: finite sample analysis; off-policy learning; minimum eigenvalues; MRetrace

MSC: 68T05

1. Introduction

Off-policy learning generates experience data by a behavior policy and learns a different
target policy. Off-policy TD learning with a linear function approximation may diverge
in counterexamples known as “the deadly triad” [1]. The fundamental reason is that the
key matrix of off-policy TD is not guaranteed to be positive definite [2]. In the recent
30 years, the main research focused on the convergence guarantee of off-policy algorithms
via the construction of positive definite matrices, e.g., Bellman residual (BR) [3], gradient
temporal difference (GTD) [4], fast gradient temporal difference (GTD2) and TD with
gradient correction (TDC) [5], emphatic TD (ETD) [2], and modified Retrace (MRetrace) [6].

Recently, due to the guarantee of convergence, more research has paid attention
to the convergence rate analysis of reinforcement learning algorithms. Dalal et al. [7]
proposed convergence rates both in expectation and with a high probability for one-
timescale temporal difference learning algorithms. Dalal et al. [8], Gupta et al. [9], Xu
et al. [10], and Dalal et al. [11] obtained convergence rates with a high probability for
two-timescale temporal difference learning algorithms. Durmus et al. [12] proposed tight
high-probability bounds for linear stochastic approximation with a fixed step size. For
control settings, Xu and Liang [13] proposed convergence rates for Greedy-GQ. Zhang
et al. [14] proposed convergence rates for projected SARSA. Wang et al. [15] proposed
convergence rates with a high probability for distributionally robust Q-learning.

However, the above analysis did not answer the following questions: Which of these
algorithms is faster? Which one should we choose? The purpose of this paper is to give an
intuitive comparison of the convergence rate.
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Our contributions: (1) We propose a simplified version of the expected convergence
rate theorem. (2) We analyze the core elements of the convergence rates by assuming the
same settings for each algorithm, and we find that the main factor affecting convergence
rate is the minimum eigenvalue of the key matrix. (3) We calculate core elements of different
temporal difference learning algorithms for several environmental examples and validate
by experimental studies.

2. Background

This section introduces MDP and reinforcement learning algorithms with their
key matrices.

2.1. Markov Decision Process

Consider a discounted Markov decision process (S, A, R, T, ), where S is a state
space, |S| = n, A is an action space, 7 : S x A x S — [0,1] is a transition function,
R:S x AxS — Risareward function, and ¢ € [0,1) is a discount factor. The state value
function is

VT(s) = B

S rlso = s], M

t=0

where r; is an immediate reward, and 7t is a policy used to select action 4 in state s with a
probability 7t(a|s). The value function is approximated with a linear function, as follows:

V(s) = V(s) = 0T (s) = iem(s), @

where 0 is the weight vector, and ¢(s) is the feature vector of state s. This paper is con-
cerned with off-policy learning, where a different behavior policy y generates experiences

<Str Aty Yi41, St+1, ﬂt+1>-

2.2. Learning Algorithms and Their Key Matrices

Learning algorithms and their key matrices are summarized in Table 1.

Table 1. The general solution expressions for each algorithm (6 = A7'b).

Algorithm Key Matrix A Positive Definite b
Off-policy TD A = DTD,(I—yPr)® X boit = ®'Dyr
Retrace @D, D (I—-P;)® X D,
BR @ (I—Py) "Dy (I—9Pr)® v @' (I—yPy) ' Dyra
7]1 Aot bt
GTD Vit Ao v 2
~Al; 0 0
7C Ao byt
GTD2 il . v 2
~Al;y 0 0
TDC AlLCA v AlC by
ETD @'Dj(1—Pr)P v @'Djry
MRetrace @D, (1-9D:Pr)® v bost

2.2.1. Off-Policy TD
The update rule of off-policy TD [2] is as follows:

0r41=0r + prove (reg1 + 70/ Pri1 — 6 Pr) e

=0; + ot (Ptrt+14’t — pepr(Pr — 7¢t+1)T9t) ®)
=0; + at (boft s — Ao 10),
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Its key matrix is
Ao = 1im E[Aofft] = lim n By [ptsbt(cPt — 74’t+1)T}

= Edy [Ptqbt ¢t — 1) St = S}

= L) ) ET(s0,5) 50 (5) (005) — 10()) |

4)
= L du(5)9(3)(9(5) — v Lals) L T(5,0,5)9() |
= L du($)p(s) (9(5) =7 LlPalwr(s)
=@ Dy (I—Pr),
b = lim n Blbog,] = Lim B, (01711 191]
= Zdu Pt7t+1<l’t|5t = s
7i(als)
_Zd Z ).”(“| ) re1(s) ()
dey s)p(s) Y m(als)) T(s,a,s)R(s,a,s")
=®'D,rr,
where 1 is an expected reward vector under policy 7 with each component being
=YY n(als)R(s,a,s"). (6)

2.2.2. Retrace(0)
The update rule of Retrace(0) [16] is as follows:
Or-41=0 + cras (7t+1 + 960 Ex [ 1] — 9?¢t)¢t
=0; + (cm+14>t — crpr(Pr — VEn[¢t+1])T9t) @
=0t + ot (DRetrace(0),t — ARetrace(0),:0t)

where ¢; = min(1,p¢), Ex[¢r11] = Yp 7w(alsi+1)$(si11). The key matrix of the expected
Retrace’s update (7) is

ARetrace(O = hm E[ARetrace(O ] = 111’1’1 Ey {Ctgbt((l‘)f W]Eﬂ[¢t+1])—r}

= Lt [wp $)(9(5) ~ 7Ex[p(s)]

= L au(s)(s) Cptaloymin (1, 710 ) (906) — 1Eelos) | ®

= L (5)(s) Lomin (u(als), w(als)) (#(5) — 7 DlPeloop()

= ®'D,D.(I-Px)®,

where D, is the nn x n diagonal matrix with d, on its diagonal, and each component of d_ is

=Y _min(u(als), (als)). (9)
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bRetrace(O) = tILTOE[bRetrace(O),t} = }gl;lo Ey [Ctrt—i-lﬁbt]

=Y du(s)Eycire14]St = 5]

_ (4 7(als)
= Ldy(s) L lals)min (1, 705 Y1900 (10)
=Y du(s)¢p(s))_min (u(als), 7(als)) Z T(s,a,5')R(s,a,s")
=o'D,r,

where r. = Y, min (p(als), 7w(als)) Ly T(s,a,5')R(s,a,s").

2.2.3. Naive Bellman Residual

The update rule of the naive Bellman residual [3] is as follows:

0r1=0r + prace (res1 + 70/ Pria — 04 o) (Pr — YEr[Pri1])
=0 + a; (PtrtJrl (Pt — YPrs1) — pe(Pr — YPr11) (Pt — 7Eﬂ[¢t+1]>T9t) (11)
=0; + a; (bpr, — ABr:0r),

Its key matrix is
Apr = lim E[ABRt] = hm n By [Pt(‘i’t — YEr[¢pr1]) (1 — 74’t+1)T}

= L (o) B [pr(9n — Enlgra)) (00 = 10:) 1S = 5

= L du(e) ) SZT(s, 0,) 2 (9(5) BRI (905) ~ 7906
= L) LET (08 7(al) 006) 7Bl (<)]) (006) ~ 79() | (12)
= LA((#(s) — 1Exlo(s)) (9(6) —v);n<a|s>§T<s,a,s'>¢<s’>f
= Lau(s)9(s) = 1Elp( ) (95) — 7 ElPelw(s)) |
=@ (I—9Py) 'Dy(I—7P7)®, )
bgr = lim ]E[bBRt] = lim Eyforre1(¢r — vEx[¢r1])]
_ zd pites1 (91— 7Enlprsa))ISs = 5
- Zdy(s) was) T 1 (9(5) — TERl9(E]) (13)
- zd o) L w(als) £ T(s.0,5)R(5.5)

=@ (I-9Pr) 'Dyrr,

224.GTD
The update rule of the GTD [4] algorithm is as follows:

wir1 = wi + Be(1pr — wi),

(14)
01 = 0 + ar(pr — Y9 P wy,

where the TD error 6 = r; + (7¢} — ¢¢) " 6;.
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Let gt = (th/\/ﬁ, QI)T,‘ thus, we can obtain

St41 = &t + ar/11(bgTpi+1 — AGTD,4+181), (15)

where blrp 1 = (r¢,07) and

-
I Pr(Pr — 1)
AGTDt+1 = Vi f . (16)
" ( (19} — 01/ 0
Its key matrix is
A
Agp = lim E[Agrp,] = \/ﬁrl off ), (17)
t—o0 . _Aoff O
. ®'D,r
bgp = }Eﬁ‘o E[bcrp,| = ( OV n), (18)
2.2.5. GTD2
The update rule of the GTD2 [5] algorithm is as follows:
wir1 = wi + Be(0r — 47?601%)4)1?/ (19)
Or41 = 0t + e (pr — Y1) P/ wr,
where the TD error 6; = r; + (y¢; — cpt)TBt.
Let gt = (w/ / /7,6, )"; thus, we can obtain
St+1 = &t + ar\/1(bgTposs1 — AGTD2t+18t), (20)
where blrpy i1 = (rig’,07) and
3 (¢r —ve) "
AGTD2t+1 = VPP Pl ! :
( (Y9} — ¢y 0
Its key matrix is
. C A
Actp2 = lim E[Agrpo] = \/ﬁT off ), (21)
t—o0 _AOff 0
. d'D,r
berp = lim E[bgrmy] = ), (22)
t—o0 0
where C = E[pp].
2.2.6. TDC
The update rule of the TDC [5] algorithm is as follows:
Wir1 = Wi+ Be (8t — P wi)r, 23)
Ori1 = 0 + wedips — ary i (@] wr),
where the TD error 6 = ¢ + (y¢] — ¢¢) " 0y
Its key matrix is
Atpc = AjgC ' Ans, (24)

brpc = AJgC '@ ' Dyrr, (25)
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2.2.7. ETD
The update rule of the ETD [2] algorithm is as follows:

Or+1 = 0 + atFror (Tt+1 + ’YGtT‘Pt-H - GtT‘Pt) ¢,

-
= 0; + at(Frperii19, — Fprpy (py — v, p1) 61) (26)
= 0; + ot (beTDt — AETD,0:),

where Fp =1and F; = yp;_1F,1 +1, Vt>0.

The key matrix of ETD is
Agrp = lim E[Agrp ]
t—o0

. T

= lim B, [Fipiy (¢ — 711) |
.
= Zdy 11m ]Ey {FtPtﬁbt(th ’Y¢t+1) | St = 5} 27
.
—Zd hm]E [Fi | St =] V[Pf‘i’t(‘i’t_'ﬂptﬂ) |St:5}
f(s)
=@ Df(I- yPr)D,
berp = tlggE[bETD,t] = tlgg Ey[Fiotri1194] 28)

=@ 'Dyry,
where Dy is a diagonal matrix with a diagonal element approximated to f = (I — 'yP;)’ldy.

2.2.8. MRetrace

MRetrace [6] is a modified version of Retrace [16] with a convergence guarantee. Its
update rule is as follows:

01110 + arpr (111 + X070, Pri1 — 6] Pt )y

=0; + ot (prres 19t — Pepr (Pr — xt')’¢t+l)T9t) (29)
=0; + at (bmr — Amr 16:),

where

Xp= LI min{l} = min{y(u|st) }, (30)

max, Ot a p;
bur: = 0174101 Avr = 0P (Pt — xevdre1) -

bMR = hm E[bt] = hm EV [Ptrt+14)t]

= Zd Ptrt+1¢t|5t = 5]

= L y(s) L lals) o reag(o) 61
=) du(s) Zn Z (s,a,8")R(s,a,s")

= QJTD},rm

The key matrix of MRetrace is
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Avir = lim B[A(] = lim By [¢1(¢1 — x7Ex[prsa])T |

= Y (5)Ey [9(5)(9(5) — xevErlg(s)]) |

= L du()9(5) (9(s) — Enlx7Erlp(s)]])

- Zauot0) (o)~ Eato min 5 i)
= Lu(e)p(s) (9(5) — ymin{ 2 Z';; LY IP(s))

=®'D,(I1-9DyP;)®,

(32)

where Dy is the n x n diagonal matrix with d, on its diagonal, and each component of d is

09 = i {253

3. Finite Sample Analysis

The measurement criteria of finite sample analysis and convergence rate analysis are
equivalent. They are both concerned with the relationship between errors and the number
of iteration rounds.

3.1. Convergence Rate of General Temporal Difference Learning Algorithm

Let us start with a finite sample analysis of a general temporal difference learning
algorithm. For the i.i.d. sequence {rt, ¢t, 4){}, where r; and ¢; are sampled from the Markov
process with behavior policy i, ¢; is sampled from target policy 7. Suppose its update rule
of parameter 0 is defined as follows:

9t+1 = 0; + a; (bt — Ath) =0; + Dét(h(et) + Mt+1), (33)

where
Miy1 = (A—A4)b: +b; —b, (34)
h(@t) =b— Af; = A0 — AY; = —A(@t —6%), (35)

where A = lim;_, E[A¢], b = lim;_, E[b;], and the fixed point is §* = A~!b. A and b are
based on the i.i.d. sequence {r:, ¢, ¢} }.

Assumption 1. The key matrix A of the general temporal difference learning algorithm is
positive definite.

Assumption 2. The sequences {r:, ¢y, ¢;} have uniformly bounded second moments. Let
Fi=0(61, My, ...,0i_1, My); then, fix some constant Cs > 0, such that the following holds:

E[||Mea || F] < Co(1+ |6 — 07]2). (36)

This assumption holds for any initial parameter vector 6;.
Assumption 3. Step-size sequence a; satisfies ay € (0,1), Y52 g ar = o0, and Y5 g a? < co.

Let Amin(X) and Amax(X) denote the minimum and maximum eigenvalues of the
matrix X.
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Theorem 1. (Convergence Rate in Expectation for General Temporal Difference Learning Algorithm).
Assume that Assumptions 1-3 hold. For t > 0, we have

t
t
E[fr41 — 072 <eME[f — 07|+ Cs Y [e%}zx?, (37)
i=0

)\t _ {_)Lmin(A + AT) Zli:i Xy + /\max (ATA + CS[) Eltc:i D‘i’ i S t’ (38)
i

0, i>t.

Proof. Note that the proof process is similar to the proof of Theorem 3.1 of [7].
Based on Definitions (33) and (35), we have

Ori1— 0" = 01 +ar(h(0:) + Myy1) — 07
=0 — 0" +ar(—A(0; — 0%) + Mi41) 39)
= (I—aA) (0 — 0%) + ar My 1.
161 — 0%[[* =(6411 — 0%) T (6111 — 6%)
=[(1 — a;A) (0 — %) + a; My 1] T [(1— a;A) (6 — 6%) + ar My q]
=(6; —0") " (I— wA) T (1 — a;A)(6; — 6%) (40)
+ar (0 —0°) T (1— aA) T Mg + M/ 1 (T — aA) (6 — 0%)
+ a7 [ My ||

Taking conditional expectations on both sides, and using E[M;1|F;] = 0, we get
E[[|601 — 07 ?1F] = afE[| Mea || ] + (8 — 6%) (11— wA) (1 -, A) (6, — 67). (41)
Therefore, using Assumption 2,
E[[[0r1 — 0% 12| F] < (6 — 0%) T Ay(6: — 6%) + Csas, (42)

where
A= (I —aA)T(1—wA) + Coa?LL (43)

Since A; is a symmetric matrix and the sum of two positive definite matrices, all its
eigenvalues are real and positive. Let A¢ := Amax(A¢); thus, we have A; > 0 and

E[]|61 — 07| 7] < Aell6r — 6712 + Con?. (44)
Taking the expectations on both sides, we have
E||6;51 — 0% < AE|6; — 6%]]2 4 Con?. (45)
Sequentially using the above inequality, we have
t

El|fp — 6**+Cs Y
i=0

t
E|6;41 — 0] < ll—[ Ak
k=0

f[ /\k] w?. (46)

k=i+1

where we let Hi:tﬂ Ay =1
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Based on Assumption 1, A is positive definite, and the matrices (A + A')and (ATA +
CsI) in (38) are positive definite. Thus, their minimum and maximum eigenvalues are
strictly positive. Hence, using Weyl’s inequality, we have
At = Amax (T — 0 A) T (I — 2;A) + Coa?T)
< /\max(I — Nt (A + AT)) + a%/\max<ATA + CSI)
<1- “t/\min(A + AT) + lx%)\max (ATA + CSI)
< e[foct/\min(A+AT)+ucf2/\maX(ATA+CSI)]

(47)

In the case of A; > 0, Vt > 0, when 0 < i < ¢, for the concatenated multiplication of (47)
from i to t, we have

! t T 2 T
[TA < He[*wmm(MA )+2 Amax (AT A+C1)]
k=i k=i

— eZ;t(:i [*“k)\min(AJFAT)+0‘1%/\max(ATA+CsI)] (48)

t
= e/\l

The claim now follows. [
3.2. Convergence Rate of the MRetrace Algorithm

Assumption 4. The Markov Chain (sy) is aperiodic and irreducible;  thus,
lim; 00 P(st = 8'[s9g = 5) = d(s") exists and is unique.

This assumption implies that the state distribution vector d,, of the behavior policy u
is the fixed point of
.
dy =P, dy, (49)

where the element of matrix P, isas follows:

[Pulsy = Y- plals)T (s,a,8"). (50)

Assumption 5. {¢r, 7, Ex[pri1]} is such that By (||| [[st,], Eulr?lse ], Exll|per1]]?|s,] are
uniformly bounded.

Assumption 6. The feature matrix ® is column full rank.

Corollary 1. (Convergence Rate in Expectation for MRetrace algorithm). Assume Assumptions 4—6
hold. Fix some constant Cs > 0, for t > 0, we have

t
E[|6r41 — 6% <eME[6g — 0|2+ Cs Y [eVt|o?. (51)
i=0

)\f _ {_/\min(AMR + AI—\F/IR) E}tc:i K + )‘maX(A]—\r/IRAMR + CSI> Z]t(:i 0‘%/ i < £ (52)
P=

0, i>t.

Proof. All we need is to show that the MRetrace algorithm satisfies the assumptions of
Theorem 1.

According to the proof of Theorem 1 of [6], given Assumptions 4 and 6, the ma-
trix Apr is positive definite. Under Assumption 5, there exists some constant Cs > 0,
E[||M¢y1]12|Fi] < Cs(1+ |6 — 67]|?). Then, based on Assumption 3, the claim follows by
directly applying Theorem 1. [
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4. How to Compare?

Theorem 1 and Corollary 1 are essentially simplified versions of Theorem 3.1 of [7], but
their advantage lies in facilitating the analysis of the main factor affecting convergence rates.

To ensure a fair comparison among different learning algorithms, we need the same
setting for each algorithm.

Assumption 7. Assume each algorithm shares the same feature matrix, the same behavior policy,
the same target policy, the same initial parameters 6y, the same constant Cs, and the same learning
rate sequences .

Corollary 2. (The main factor affecting convergence rates). Assume Assumptions 1-3, 6 and 7.
From the perspective of the expected convergence rate, the main factor that affects the convergence
rate is the minimum eigenvalue 3 Amin(A + A ") of the key matrix A. Furthermore, the larger
the minimum eigenvalue of the key matrix, the faster the algorithm has a convergence rate. (This
corollary is not actually what we discovered first. An anonymous expert reviewer of UAI2023
pointed out the role of the smallest eigenvalue. However, we did not find any relevant evidence or
conclusions in the existing literature, so we formally stated this conclusion here).

Proof. Based on Assumptions 1 and 2, we obtain Theorem 1 on the expected convergence
rate. Checking the error bound (37) in Theorem 1, removing the identical settings for
different algorithms, one can easily find that each term contains only a key term e, where
€ [0,t]. Wheni < t,
t t
M= Amin(A+AT) Y ap + Amax(ATA+ CI) Y o (53)
k=i k=i

Based on Assumption 3, we have Z,t(:i o > 2;(:1- tx%. Furthermore, fix variable i; thus,
we have

t
fm Y=o o
k=i
and ,
li 2 .
Jim gat < oo (55)
That is , ,
li li 2,
P I; e > A l; i (56)

Therefore, the main factor in (53) is —Amin (A +A ") Y &_; . Finally, based on the same
learning rate sequence, %)\min(A + AT) is the main factor that affects the convergence rate.
In (37), for a given ¢, a smaller bound indicates a faster convergence rate. In (37), all
elements including all ¢!, E||6 — 6%||2, Cs, and all a;, are greater than zero, meaning that a
smaller ¢! leads to a faster convergence rate. Therefore, the smaller the value of /\f in (53),

the faster the convergence rate. Hence, the larger the value of %Amin(A + AT), the faster
the convergence rate. [

5. Numerical Analysis

To compare the expected convergence rates of various algorithms, what we are going
to do next is to compute and compare the minimum eigenvalues of each algorithm in
different environments and different policies based on Corollary 2. The environments
include two-state counterexample [2], Baird’s counterexample [3,5], Random Walk with
tabular feature [5], Random Walk with inverted feature [5], Random Walk with dependent
feature [5], and Boyan Chain [5,17]. Furthermore, in Random Walk, the target policy takes
the right action in 60% of the time and the behavior policy selects the right and left action
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with equal probability [18]. In the Boyan Chain, the target policy and the behavior policy
are the same.

5.1. Example Settings

Two-state counterexample: The § — 260 problem has only two states. From each
state, there are two actions, left and right, which take the agent to the left or right state. All
rewards are zeros. The features ® = (1,2) " are assigned to the left and the right state. The
schematic of the environment is shown in Figure 1.

0 1.

L -1.0-
0.5 @ 0- @ 0.5
\_G/

Figure 1. Two-state counterexample, where the blue solid arrows represent the behavior policy u,

o

«

and the red dashed arrows represent the target policy 7.

The behavior policy takes the equal probability to left or right in both states, i.e.,

05 05
P = [ 05 05 } '
The target policy only selects action right in both states, i.e., Px = { 8 1 } .

The state distribution d, = (0.5,0.5) ", dx =d. = (0.5,05)T,C =25, f = (0.5,9.5)",
rr=0,1.=0.

Baird’s counterexample: Baird’s counterexample has seven states, and the schematic
of the environment is shown in Figure 2.

Figure 2. Baird’s counterexample, where the probability of the solid action and the dashed action in
behavior policy # and target policy 7t are yi(dashed | ) = §, u(solid | -) = % and 7t(solid | -) = 1.

The feature matrix is of dimensions (7 x 8) where each state is represented by an
8-dimensional feature, i.e.,

™ 17

S o oo ONO
S O OO NO O
S OO NO OO
SO NNO O OO
O NO O O oo
_ O O O O oo

OO O O OO
N — =

The behavior policy takes equal probabilities to each state, i.e.,
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101 1 1 1 1 17
7 7 7 7 7 7 7
11111011
7 7 7 7 7 7 7
11111011
7 7 7 7 7 7 7

p,— |l 1 1 1 1 11

K 7 7 7 7 7 7 7
11111011
7 7 7 7 7 7 7
A O O O S O
7 7 7 7 7 7 7
A O O T A
L7 7 7 7 7 7 7

The target policy only selects the action to state 7 in both states, i.e.,

17

S O o o o oo
o oo o oo
S O O O O oo
(el e lle R Mo Mo M)
S O o o o oo

H U U U U Y

The state distribution

Lot
h=d=lGyrrrys)
(0571 0 0 0 0 0 0.286]
0 0571 0 0 0 0 0286
0 0 0.571 0 0 0 0.286
C= 0 0 0 0.571 0 0 0.286 | .
0 0 0 0 0571 0 0286
0 0 0 0 0 0.571 0.286
10.286 0.286 0.286 0.286 0.286 0.286 1.429]

=G 5550 ehT v =(0,0,0,00,00)", = (0,000,00,0)".

Random Walk: Random Walk is centered around a typical Markov Chain. This chain
comprises five consecutive states, with two terminal states positioned at each extremity
serving as absorptive endpoints.

The schematic of the environment is shown in Figure 3.

Start

1 e 2 {3 {4 (s
NN
Figure 3. Random Walk. All walks begin in state 3. Under the behavior policy, take either a left or
right action with a probability of 0.5 in each state. Under the target policy, take either a left or right
action with a probability of 0.4 or 0.6 in each state.

Specifically, its state—state transfer probability of behavior policy is

0 06 04 0 0
04 0 06 0 0

P,=|0 04 0 06 0]
0 0 04 0 06
0 0 06 04 0
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The state—state transfer probability of the target policy is
0 05 05 0 O
05 0 05 0 O
P,=(0 05 0 05 0].
0 0 05 0 05
0 0 05 05 0
The state distribution d, = (3,3,3,3,1)7, d. = (09, 09, 09, 09, 09)T,
de=(2,2,2,22)", f=1(0773,1.84,3333,256,1493) T, rr = (—04,0,0,0,0.6) ", r. = (—04,
0,0,0,05)".

The Random Walk environment has three feature representations, which are called
tabular features, inverted features, and dependent features. The feature matrix of Random
Walk with tabular features is

100 00
01 00O
=0 01 0O
00010
0 00 01

0.111 0 0 0 0
0 0.222 0 0 0
C= 0 0 0.333 0 0
0 0 0 0.222 0
0 0 0 0 0.111

The feature matrix of Random Walk with inverted features is

0 05 05 05 05
05 0 05 05 05
o= (05 05 0 05 05].
05 05 05 0 05
05 05 05 05 0

0.222 0.167 0.139 0.167 0.194
0.167 0.194 0.111 0.139 0.167
C= (0139 0.111 0.167 0.111 0.139{.
0.167 0.139 0.111 0.194 0.167
0.194 0.167 0.139 0.167 0.222

The feature matrix of Random Walk with dependent features is

o

Il
> otluk -
STARNE I
~5hsk o o

0.222 0333 0.222

0.333 0.222 0.111
C= .
0.111 0.222 0.333
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Boyan Chain: The Boyan Chain consists of 13 states, each of which is represented by 4
state features. The feature matrix of the Boyan Chain with dependent features is

1 0 0 0
075 025 0 0
05 05 0 0
025 075 0 0
o 1 0 0
0 075 025 0
®=|0 05 05 0
0 025 075 0
o 0 1 0
0 0 075 025
0 0 05 05
0 0 025 075
0o 0 0 1|

The state distribution d,, = (0.108, 0.054, 0.081, 0.068, 0.075, 0.071, 0.073, 0.072, 0.072,
0.072,0.072, 0.072,0.108) T, dy=do= (1,1,1,1,1,1,1,1,1,1,1,1,1) T,

0.163 0.043 0 0
0.043 0.199 0.045 0
0 0.045 0.199 0.045|°
0 0 0045 0172

C:

f = (1.084,0.542,0.813,0.678,0.745,0.712,0.729,0.72,0.724,0.722,0.723,0.723,1.084) T,
tn=rc=(-3,-3,-3,-3,-3,-3,-3,-3,-3,-3,-3,-2,0) .

Then, the state—state transfer probability of behavior policy is the same as the state—
state transfer probability of target policy, i.e., P, = Py, where the element of matrix P, is as
follows, for i,j € [0,12]:

05 ifi<l0andj=i+1

05 ifi<10andj=1i+2
Puli,jl=41 ifi=1landj=12

1 ifi=12andj=0

0  otherwise.

The schematic of the environment is shown in Figure 4.

Figure 4. Boyan Chain. In state 0-10, each solid action is taken with probability 0.5. In states 11 and
12, the probability of a solid action is 1.
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5.2. Results and Analysis
Based on Table 1, first, we need to set ®, P, Py, D¢, 1¢, 17, C, Dy, and D, for each
setting. Then, based on the property d;, = P;,rdp,, we compute the eigenvector of the matrix

P;[r with eigenvalue 1.0, and we unitize it to obtain d;, and D,. (It is important to note that
when there are absorbing states in a Markov Chain, the probability distribution is 1.0 only
at the absorbing states and 0 at all other states. Therefore, we adopt a restart approach,
jumping directly back to the initial states, thus forming a probability transition matrix P,
without absorbing states.) After all, we compute the key matrix for each algorithm and
its minimum eigenvalue. Note that the step-size ratio # of the auxiliary parameter to the
learning parameter is usually set to 7 > 1.0.

The minimum eigenvalues in several examples for each algorithm are summarized
in Table 2. We can find the following: (1) In Baird’s counterexample and a two-state
counterexample, the minimum eigenvalues of key matrices in off-policy TD and Retrace
are both less than 0, indicating that they will diverge in these two counterexamples, which
is consistent with the existing research [2]. Additionally, compared with off-policy TD,
Retrace does have some mitigation towards divergence but cannot avoid it.

Table 2. Minimum eigenvalues %)\min(A + AT) of various algorithms on several examples.

Random Walk
Algorithm Two-State Baird’s Boyan Chain
Tabular Inverted Dependent
Off-policy TD —0.2 —0.791 0.018 0.017 0.07 0.024
Retrace —0.1 —0.113 0.017 0.015 0.063 0.024
BR 0.34 9.673 x 107V 0.002 0.007 0.033 0.002
GTD 0 0 0 0 0 0
GTD2 0 —1.077 x 10717 0 0 0 0
TDC 0.016 —0.002 0.002 0.007 0.011 0.002
ETD 3.4 —2.82 x 10716 0.195 0.165 0.76 0.245
MRetrace 1.15 —2.141 x 10717 0.046 0.02 0.094 0.024

(2) In Baird’s counterexample, the minimum eigenvalues of GTD2, TDC, ETD, and
MRetrace are all less than zero, indicating that their key matrices are not positive definite.
This seems inconsistent with our understanding. The main reason is that in Baird’s coun-
terexample, the feature matrix is 7 x 8, and is not column full rank, which is inconsistent
with the assumption in their theorems. Note that the absolute value of the minimum
eigenvalue is very small.

(3) Except for Baird’s counterexample, the minimum eigenvalues of GTD and GTD2
are all zeros. The reason is that matrices %)\min(A +A") of GTD and GTD2 are positive
semi-definite. In the context of this paper, we are unable to distinguish which one is faster
between GTD and GTD2 in numerical analysis.

(4) The minimum eigenvalue of TDC is higher than GTD and GTD2, which is consistent
with the literature.

(5) Except for Baird’s counterexample, the minimum eigenvalue of ETD is the largest.

(6) Except for Baird’s counterexample, MRetrace has the second-largest
minimum eigenvalues.

(7) All the minimum eigenvalues of BR are greater than 0, making it the only one to
remain positive definite in all examples. However, except for Baird’s counterexample, its
minimum eigenvalue is not large.

(8) The Boyan Chain is an on-policy setting; off-policy TD is implemented in on-policy;
and off-policy TD, Retrace, and MRetrace have the same minimum eigenvalue of 0.024. BR
and TDC have the same minimum eigenvalue of 0.002, indicating that BR and TDC are not
suitable for on-policy learning.

(9) It is surprising that in an on-policy setting, the minimum eigenvalue of ETD is
larger than that of on-policy TD. This implies that in terms of the expected convergence
rate, ETD is the most recommended option for on-policy learning.
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To the best of our knowledge, this is the first time that various temporal difference
learning algorithms have been compared for their convergence rates in a very intuitive
numerical analysis manner.

In summary, in the expected sense, ETD has the fastest convergence rate, followed
by MRetrace.

6. Experimental Studies

In Section 3, we proposed Corollary 2, and in Section 4, we compared the sizes of the
minimum eigenvalues of different algorithms for various environment settings. This means
that we carried out theoretical analysis combined with numerical analysis, but whether the
analytical results reflect the actual situation needs to be experimentally verified. Therefore,
we adopted the same environment settings as in Section 4.

Each algorithm runs independently 20 times, with 1000 steps per run, and calculates
the mean and standard deviation.

To compare convergence rates, we need to observe the trend of |6; — 6*| over time
step t. Note that according to Table 1, different algorithms have different optimal solutions
0* = A'b, so we need to calculate their optimal solutions separately for each algorithm
and then measure the errors.

The learning rate is set to satisfy Assumption 3, a; = ag X t%l, where g is an initial
learning rate. We set = 4 for GTD and GTD2 in all environments. In two-state counterex-
amples, ag = 0.1, and v = 0.9. In Baird’s counterexamples, ag = 0.05, and v = 0.99. In
Random Walk, #p = 0.25, and v = 0.9. In a Boyan Chain, «g = 0.25, and y = 0.9.

The learning curves of different algorithms in different environments are shown in
Figure 5, where each curve displays the mean and standard deviation of the errors. We
can find the following: (1) In Random Walk with dependent features, the convergence rate
analysis is consistent with the learning curves of each algorithm. They have the same order:
ETD > MRetrace > off-policy TD > Retrace > TDC > BR > GTD2 > GTD.

(2) Off-policy TD and Retrace diverge in both counterexamples, but Retrace diverges
more slowly compared with off-policy TD. This is consistent with the numerical analysis in
Section 4.

(3) In Baird’s counterexample, GTD descends faster than GTD2 and TDC. This may
be related to the numerical analysis showing that the minimum eigenvalues of GTD2 and
TDC are less than 0. Therefore, this is consistent with the analysis.

(4) In Baird’s counterexample, ETD diverges. On the one hand, this is related to high
variances of ETD reported in the literature [6,19]; on the other hand, it is also related to the
numerical analysis, showing that the minimum eigenvalue is less than 0.

(5) In a two-state counterexample, compared to BR, ETD, and MRetrace, the algo-
rithms GTD, GTD2, and TDC converge very slowly. Additionally, BR converges slower
than MRetrace and ETD. These observations are consistent with our numerical analysis.
However, ETD is slower than MRetrace, which is attributed to the high variance of ETD.

(6) In Random Walk and the Boyan Chain, TDC converges much faster than GTD and
GTD2, which is consistent with our numerical analysis. This observation also aligns with
existing research.

(7) In Random Walk and the Boyan Chain, the convergence rate of ETD is remarkably
fast, which aligns with our numerical analysis. ETD is reported to be suitable for off-policy
learning, but its exceptional performance in on-policy learning is somewhat incredible.

(8) In the Boyan Chain, off-policy TD is implemented as on-policy TD. The learning
curves of TD, Retrace, and MRetrace overlap. This is consistent with our numerical analysis.

In conclusion, the convergence rates of the algorithms in the experiments align with the
numerical analysis. Moreover, any inconsistencies have interpretable underlying reasons.
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Figure 5. Comparisons of learning curves in different environments. (a) Two-state counterexamples;
(b) Baird’s counterexamples; (c) Random Walk with tabular features; (d) Random Walk with inverted
features; (e) Random Walk with dependent features; (f) Boyan Chain.

7. Conclusions and Future Work

Based on the proposed convergence rate for constructing general off-policy temporal
difference learning algorithms, this paper proved that the primary determinant influencing
convergence rate is the minimum eigenvalue of the key matrix. Focusing on this factor will
be more conducive to the development of faster converging off-policy learning algorithms.

The limitations of this paper include the following aspects:

(1)  This paper assumes that the learning rates of all algorithms are the same; however,
in reality, different algorithms have different ranges of applicable learning rates.

(2)  This paper does not consider the scenario of a fixed learning rate.

(8)  This paper focuses on learning prediction and does not address learning control.

Future works need to address the above limitations and explore how to design faster
algorithms based on the conclusions of this paper.
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In the end, we discovered a contradiction. Sutton et al. [4] proved that

I A -/ —A
AGTD = < ‘/ﬁT °ff> is positive definite. Note that in the paper, G = ( \/Tﬁ off )
—Ag 0 Aot 0

is proved to be negative definite [4]. According to Theorem A.3 of [20], the positive def-
initeness of square matrix A is equivalent to the positive definiteness of (A + A"); thus,

(AgTp + Alrp) is positive definite. However, our calculations in this paper showed that
2/m1 0\ . - P - .

(AgTp + Almp) = ( %ﬁ 0) is positive semi-definite, not positive definite. Therefore,

the conclusion that Agp is positive definite is questionable.
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