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1. Introduction

We will analyze the following Cauchy problem for the nonlinear defocusing magnetic
Schrodinger equation with non-local nonlinearity in the high dimensional frame d > 4:

{ 0+ Ay +ib(Hu —k[| - |79« [u2lu =0, (t,x) €[0,00) x RY, 1)

u(0,%) = f(x) € H'(RY),
with k € R, where 11 = u(t,x) : [0,00) x R — C, VA = V —iA, A = (Al,...,Ad) €
CL (R?\ {0};R), so that divA = 0, —A% = —V4.V4 is self-adjoint on L?(R?) and

loc
b : [0,00) — Cis a measurable function that contains dissipative and oscillatory terms. We

shall also assume that

A2 —2iA-V € L#®(RY), A€ LY (RY). @)

Moreover, ,
1B gy < (d —1)(d - 3), ©)

where the magnetic field B : R? — M, 4(R) is defined by
B:= DA — (DA),

with '
(DA);; = 9;Al, (DA)}; = (DA);.
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We will impose further the conditions on the nonlinear terms:
d—2<y<d, 4)

Rb(t), Ib(t) € C([0,00)) with Rb(t) > 0 and

B(t) :/Otb(s)ds, inf(mt(t)) > 0. 5)

t>0

The last of the two conditions above, roughly speaking, means that every global
solution of (1) behaves like the solution of the associated free equation (thatis, b(t) = k = 0)
as t — +oco. The main goal of this paper is to show the decay of the solutions to (1) in the
energy space. More explicitly, we will prove the following theorem.

Theorem 1. Letd > 4and k = 1, and let u € C([0,00); H' (R?)) be a global solution to (1) with
radial initial data f € H'(R?) such that (2) and the strict inequality in (3)~(5) are satisfied. Then,
for2 <r< dz—_dz, one achieves

: RB(t —
Jim €80 (e, ) ey = . ©

Equation (1) is significant in many mathematical physics models. For instance, it was
introduced in quantum mechanics to analyze the behavior of Bose-Einstein condensates by
considering the self-interactions of charged particles, as discussed in [1-3], and the refer-
ences therein. This has spurred numerous studies on the Schrodinger-Hartree equation.
For example, Ref. [4] demonstrates the asymptotic completeness and the existence of wave
operators for both the nonlinear Schrodinger equation with L? — H! intercritical nonlin-
earity and the Schrodinger—Hartree equation. Subsequent improvements on these results
for the Schrodinger-Hartree equation are found in [5]. Additionally, Refs. [6,7] employed
the pseudo-conformal transform to study scattering solutions of the Schrodinger-Hartree
equation in spaces with higher regularity than H'. In the critical case, Ref. [8] established
scattering for general data with d > 5. Scattering in the focusing case was achieved in [9,10]
for small and radial data. Further references for the NLS in a general setting include [11,12].
A principal tool in studying the dynamics of solutions to (1) is the Morawetz multiplier
technique and its associated estimates. In our recent work [13], we developed a method
combining Morawetz inequalities, a localization step, and interpolation with a contradic-
tion argument to achieve the decay of solutions for the Schrodinger—-Hartree equation.
This robust property is crucial in scattering theory, as highlighted in [12-14]. Motivated
by these developments, we present a generalization of this method for the damped mag-
netic Schrodinger equation with Hartree-type nonlinearity. The linearly damped nonlinear
Schrodinger equation plays a significant role across multiple scientific disciplines, including
nonlinear optics, plasma physics, and fluid mechanics. This equation is fundamental for
understanding various complex phenomena, such as the propagation of optical pulses
in nonlinear media, the behavior of plasma waves in magnetized environments, and the
dynamics of fluid flows under certain conditions. We quote here, for example, [15,16].
Our result is novel in the literature, and we make minimal assumptions on the magnetic
function A(x). Furthermore, our strategy simplifies and extends the damped magnetic
Schrodinger equation to the approach used in [17-20]. We emphasize also that the ap-
proaches previously proposed, for instance, in [21-23] (see also references therein), are
outperformed since we coped with the complex-valued function b(t) in (1).

2. Preliminaries

Before outlining our main achievements, we will unveil some necessary notations
and several useful results. For any two positive real numbers a,b, we write a < b (resp.
a 2 b) to denote a < Cb (resp. Ca > b), with C > 0, and we unravel the constant only when
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it is necessary. We introduce the Banach space L (R?) = L. for 1 < r < co. In addition,
we introduce )
Hl r(Rd) (1 _Ax)—er(Rd), Hl,r(Rd) — HJlC,r’

and denote it with H2(R¥) = H'(R?) = H.. Given any Banach space X, we define
Ifllex = esssup]|f(x)]|x-
teR

We adopt the notation L$X when one restricts t € [0, T), for T > 0. The following
results are also useful (see [9,17,19], respectively).

Lemma 1. Let f be a radial function in HY. Then,

[ 1] S 11309 @)
Proposition 1. Let A be as in (2) and (3). For any 1 < r < d, one obtains

|(—atyif

L S H(fA")%f

L%
and

H(_Ax)%f

S | -atif

p 2 ©)

We also have the following maximal estimate (see, for example, [24]), as a straightfor-
ward consequence of the Hardy inequality.

Proposition 2. Let 0 < v < d. We have

[t ] < ) a? o (10)

We recall also that the solutions to (1) satisfy the conservation laws. We summarize
them in the following.

Proposition 3. Let d > 1. Then, a sufficiently smooth solution to (1) satisfies the following
identities:

lu(t)ll2 = e "BOfll 2, H(u(t)) = H(f), (11)

where

H(u(t)) = 2B / (VAu(t, x)|? dx 4 ke? B / /Rd u(t,x)Plutt,y)? dxdy

|x —yld=
) Plu(t,y)
Zk///ﬂ% 2o 14 dxdy. (12
H2k )|y foa RO(S)e gy (12)
Proof. We utilize the change in variable
o(t, x) == eBOu(t, x) (13)

and see that u satisfies (1) if v solves

{ 1010 + A4y = ke 2RBO)[| . |[=447 5 |9|2]v,  (t,x) € [0,00) x RY, (14)

v(0,x) = ug(x).
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We multiply the above equation by (¢, x), integrate with respect to the x-variable,
and take the imaginary part, obtaining the following, since div A = 0:

1d 2 _ 2 .
S e lo(t, x)|"dx + /]Rd v(t,x)(—Au(t,x) + |A|7u(t, x) — 2iA - Vv(t,x))dx
+ [ ke 2RO ot ) Plfoe ) Pax
_.1d 2 . 2 _
=157 J |o(t, x)|"dx —21/]Rz A- V(!v(t,x)| )dx =0.
Thus, solutions local in time satisfy the conservation of mass
lo(D)1I72 = I1£117--

that is, the first identity in (11). We multiply now Equation (14) by (¢, x), integrate with
respect to the x-variable, and take the imaginary equation part. We have

R /R ) (v 40(t, )V 43;5(t, x) + ke 2PBO [| x| 74+7 & |v(t,x)|2]v(t,x)8tz7(t,x))dx =0.
The previous identity is enhanced to
L. (iatwa,xnz + ke 2B x|+ |v<t,x>|2]at|v<t,x>|2)dx =0
and then to
o [, (3194008 + Jhe PO 447 ¢ ot ) Rl 0 ) dx 19
= —k /Rd Rb(£)e 2B [|x| =97 « [o(t, x) ] [o(t, x) [dx.
Integrating with respect to the t-variable identity (15), we obtain
[, (19406, 2) 2 + ke 2RO =47 wo(t, ) Plo(t, ) ) dx
+2k /Ot /Rd Rb(s)e2RBE) [|x| =447 x |o(s, x) [0 (s, x) |Pdxds
= [ (194000, + K= 5 0(0,%) 1 o(0, ) ) dx.
The above relation suggests that the quantity
A1) = [, (19400t )P +ke 25O 277 5 fo(t, x) Pllo(t, 1)) x

t
42k /O /R Rb(s)e™ 2B x|~ s [o(s, x) 2 o(s, x) Pdxds

is conserved. Hence, this implies the local conservation of the Hamiltonian in (11) with
H(u(t)) asin (12). O

3. Well-Posedness

Here, we present the following existence and uniqueness result, which is crucial for
the proof of (6). Specifically, we prove the following proposition.

Proposition 4. Let d > 3. Assume that (2)—(5) are satisfied. Then, for all f € HL, there exists
T > 0 such that problem (1) has a unique local solution u € C([0, T); H}) with

B(t),, (¢t H <
e Ot ] oy S Il

Moreover, the solution can be extended globally in time if k > 0.
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Proof. We shall accomplish a fixed-point argument. Namely, consider the integral operator
associated with (14) to be defined for all f € H. as

7}(eB(t)u) _ eitAfé—&-B(t)f +k /t e—2§RB(t)ei(t—T)Af (H . |—(d—'y) % |eB(t)u|2]eB(t)u) (T) dr.
0

We need to show that it is possible to find a T = T(||f|| Hl ) > 0 and a unique
Bt x) € LYHL

satisfying the property
Tr(eBWu(t)) = eBOu(t), (16)

fort € [0, T). For the sake of simplicity, we will divide the proof into different steps.

Step One: For any eBWu € HL, there exist T = T(Ifllg:) > 0and R = R(||fll) > 0

such that
Tf(BLf;/H; (O,R)) € BL‘;’,H} (O,R),

forany T' < T.
By the classical Hardy-Littlewood—Sobolev inequality combined with (8) and (9),

we have
||7}(38(t)“)||L°T°L§ + ||Vx7}(3B(t)“)||L°T°L§ S ||7—f(eB(t)u)||L§9L§ + ||Vf7}(€ﬁ(t)”)||L;°L§
T
S Wfllgg + [ e 2RO [ s e BOu B .

At this point, by condition (5), the last term in the above chain of inequalities can be
controlled as follows:

T N . — . .
1l + [ 12RO 17 0 B Ou 21O oy e

S + THe—zé}tB(.)HLmHH Y & |eB(')u|2]eB(')”||L;oH;
t

—d . .

S+ T 1757 PO eBOul g
T bx

(1 7 1 BOuP) | BOu]
LYH, T LELy"
Sl + TN 1Ol + T[] o 120 o
T Hx T H1x T =X
SN+ THEBOuP oy 1Bl + TNl oy POul2 o
LH, 2 LPLy

SNl + TP u)? it 1B ullpsopy S NIl + TR,
LY H,

By selecting R and T so that
2| flly =R, 2CTR* <1,
we finish the proof of this step.

Step Two: Let T, R > 0 be as in the above step. Then, there exists T = T(HfHH}C) < T such that
Ty is a contraction on By 1 (0, R), equipped with the norm ||.|| ;2.
T X T X
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Consider eB()vy,eB()v, € B L H] (0, R). We obtain, by arguing as in the previous lines,
the following chain of inequalities:
||7}6B(')Ul _ PEB(')UZHL?L%

< Te [ 1757 JePCon P1eP Oy — [] - |77 ¢ eBC)0y 2)eP 0y |

L L¥L2

< THH . |fd+'y % \eB(')01|2](6B(')Ul . eB(')zJ2)

LPLZ

Ay B()p12 — [eB()p,]2)1eB0)
A1 1747 (P00 — P On)eP O |

< T)1eB0oy |2 —d+’yHe Jo1 —e ')UZHL;OL,%
L¥H, 2

7|11 1775 (1eBO0n P = [BOoP)) | o [1eBOma] 3
oy A—7 =

T “x T =x

(RZHE 01— ¢PV0p| e0p2 + R|[oy toll €% eB(')U2|L%°L%>
L

LFLy
< TR?[|oy — 0l

Then, we arrive at
[ TpeP 01 = TyePOvs| 1z S TR P00y — eB0n | 2.

This inequality allows us to say that 7 is a contraction on B L} (0,R) if T is chosen
in a suitable manner.

Step Three: The solution exists and is unique in L‘%"H}C, where T is as in the above step.
We can exhibit the existence and uniqueness of the solution using the contraction
principle for the map 7 defined on the complete metric space B; 1 (0, R), endowed with
T X

the topology induced by ||.||; ;2.
T X

Step Four: The solution can be extended globally.
We obtain, by conservation laws (11), (8), and (9), that

e

The previous bound leads to the global well-posedness for (1). [

ul| ,+ || VEEOu|| S H@©) +I1f 2 (17)

HL ™Y H L2

4. Morawetz Identities and Inequalities

Our first contribution is the Morawetz equalities associated to (1). They are presented
in the following.

Lemma 2. Letd > 1and u € C([0,00); H1) denote a global solution to (1) with radial initial data

f € H. such that (2) and the strict inequality in (3)—(5) are satisfied. Moreover, let 1 = (x) :
R? — R be a sufficiently reqular and decaying function, denoted by

V(t) = /Rdv,b(x)|eB(t)u(t,x)|2dx.
Then, the following identities hold:
) =23 / ERBO) (1 )V (x) - VAu(t, x) dx (18)

and
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V(t) = — /Rd AZp(x) BB u(t, x)|? dx
+4 /Rd BT Ay () D2y (x) - VAu(t, x) dx
(19)
—43 /Rd 2By (, x)V () - B(x)VAu(t, x) dx

_zk/Rd e*ZERB(t)Vle(X)~Vx[|x|*(d*7) % |eB(t)u(t,x)|2}|eB(t)u<t,x)|2dx,

where D2y € Mgy,4(R) is the Hessian matrix of ¢, and A2p = Ay(Axy), the bi-Laplacian
operator.

Proof. We will prove the identities for a smooth, rapidly decreasing solution u = u(t, x),
recovering the general case Bty € C(R; HL) viaa density argument. The proof of (18) is
similar to the one given in [20], since we can use transformation (13) and then Equation (14).

We present details for obtaining (19). We have the following identity for the linear terms,
using Theorem 1.2 in [20] and the v(¢, x) defined in (13) and (14) again. We obtain

2R /Rd (—Afv(t,x)) (Axl,b(x)ﬁ(t,x) +2Vp(x) W) dx
— /Rd A2y (x)|o(t, x) [P dx — 43 ./Rd o(t, X)Vap(x) - Bx)VAo(t, x)dx (20
+4 /]R Vio(t, 1) D2p(x) Vao(E, x) dx.
In addition, for the nonlinear terms, one has
2R /Rd e 2B x| =) 2] o(t, ) P Arp(x) dx
+4R /Rd e 2B x|~ s [u(t, x)[PJo(t, x) Vatp(x) - VEo(t, x) dx
=2 [ 2O x|~ wo(t, ) Po(t, ) PAxy(x) dx
AR /R e PBO 3~ o8, ) PJo(t, x) Vap(x) - V08, ) .
The last term of the above identity is equal to
2R [ e 2RO x|~ s fo(t, x) Plo(t, ) PAsy(x) dx
2R [ 2RO x|~ s fo(t, ) PV (x) - Vafolt,x) dx.

Then, through integration by parts of the second term in the last line above, one
arrives at

2 [ 2RO x|~ 1) s fo(t, x) Pllo(t, x) PAsy(x) dx
+4R /Rd e~ 2B ||~ [« o (t, x)[PJo(t, x) Ve (x) - VAo(, x) dx 1)

= -2 /]Rd e 2B p(x) -V, {|x|*(d’7) * |v(t,x)|2} lo(t, x))|? dx.

Combining now identities (20) and (21) and turning back to eBu(t, x), we
obtain (19). O
A Localized Morawetz Inequality

We start this section with a result that is a consequence of Lemma 2. More precisely,
we have the following lemma
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Lemma 3. Assume d > 4 and let u € C([0,0); H1) be a global solution to (1) with radial initial
data f € H. such that (2) and the strict inequality in (3)—(5) are satisfied. Then, it holds that

/Rd |x|3|eB(t u(t, x)2dx <S / 2RB (¢ a(t,x)Vap(x) - VAu(t, x) dx. (22)

Proof. We pick ¢ = (x) = |x|. This gives

X i-1 (d—1)(d—3)

Vel = [ A= T A ST )

if d > 4. A change in variable (13), Equation (14), and an application of identity (19) allow
us to write the following:

28t%/Rdz7(t,x)Vxlp(x) - VAu(t x) dx = *Z/Rd [ Aot ) dx
43 / o(t, \)Vyp(x) - B(x)VAo(t, x) dx
—0—4/ Vo(t, x)D2y(x)VAo(t, x) dx

_ 1
Fk(d — o) 2RBO) /Rd /Rd m|v(t,x)\2|v(t,z)\2K(x,z) dxdz,

(24)

with

K(x,z) = (x—z) - (x - Z).

x| 2]
By the elementary inequality

(=) (55 - ) = Uellel = - @y (B =0

x| |z |x][z]

we have that K(x,z) > 0. Therefore, one can drop the last term on the right-hand side
of (24). We shall focus now on the linear terms in (24), following the method utilized in [20].
Observe that the relations (23) relate to

V% o(t x)|

(25)
|x]

Vio(t, x)D*p(x)Vao(t, x) =
(see identity (3.9) in [20]) where the operator V7 is defined as

Vio(t,x) = Vio(t, x) — (va(t,x) - ") %

|x]

Therefore, utilizing (23), we have the following identity:

/Rd/ A2 (x)|o(t, x)|? dx
—40/ (t, %) V(%) - B(x)VA0(E, x) dx

+4/Rd Vio(t, x)D2y(x)VAo(t, x) dx (26)

V5o(t %)

=4
R |x|

dx+(d—1)(d—3)/Rd|U(t’x)|2dx

|x|?

+4\s/ v(t, x) (x) - VAo(t, x) dx.
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The last term of the identity above can be estimated as

—‘%/Rdv(t,x)é' (x) - VAo(t, x) dx

_(/Rd de)é(/ﬂ%d |x|2|xB(x)|2|V20(t,x)|2dx>% 27)
1 T )2 >
‘C*(/Rd' (t,;fi)'z dx) (/Rd |VAT§:|, ) dx) ,

C2 = (d—1)(d-3).
As a result, the right-hand side of (26) can be bounded as

T 2 ot )
4/ugdwdx+(d_l>(d_3)/wl(t,;3)|dx
/ (t,x)—B(x) - VAv(tx)d

where

|VTo(t, x)| (28)

Rd |x|

([, ) )

Notice also that the previous inequality and a continuity argument guarantee that

> 4 dx+(d—1)(d—3)/Rdex

|x|?

[Vao(t»)[*

o(t,x) |2
N | | dx+(d—1)(d—3)/Rd7dx

|x[?
—0—4\s/ v(t, x) (x) - VAo(t, x) dx (29)

lo(t, %) |?

i(d—1)(d—3 / G OF 4
> =1)d-3) [ e
for a i > 0. The above bound in combination with (24), the fact that K(x,z) > 0, and (26)
give the proof of (22). O

We have the following corollary, which is a consequence of (22).

Corollary 1. Let u € C([0,00); HL) be a global solution to (1) with radial initial data f € H.
such that (2) and the strict inequality in (3)~(5) are satisfied. Moreover, let Q% (r) = & + [—r,1]%,
withr > 0 and ¥ € RY. Hence, one obtains

” LI 10 2

Proof. By integrating (22) with (x) as in (23) with respect to the time variable on the
interval | = [t1, t2], with £, £, € [0, 00), one arrives at

t=ty
& e2RB() t,x)Veh(x -V?u t,x)dx
R4 v

t=t

ty 1
> 1B, >/ / ,
N/tl /Rd |x|3|€ 2 dxdt ‘x‘3|e u(t, x)|* dxdydt.
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Applying the Cauchy-Schwartz inequality and Proposition 1, we also infer that

. t=ty
23 [, ™0l Vap() - Véult ) x| Sy <o )
. t=t i

since the H}-norm is a quantity conserved by (17). Finally, we obtain (30) when t; = 0,
tp - oco. [

5. The Decay of Solutions

This section is devoted to demonstrating the main Theorem 1.

Proof. It is sufficient to prove property (6) for a suitable 2 < g < dz—dz because the thesis

for the general case follows conservation law (11) and interpolation. More precisely; it is
enough to show that

: B
tgrfoo lle (f)u(t,x)||Li+% =0. (32)
Then, property (6) follows for all 2 < g < dz—fz by combining (32) with

sup HeB(t)u(t,x)Hm < 00. (33)
teR ’

We recall the following localized Gagliardo-Nirenberg inequality (see [13]):

2444 d )
21l ﬁ’dT+4 < C| sup [Zlir2(0.)) | 1€l (34)

Ly xeR4

where Q% (r) = x + [~1,1]%. Next, assume by contradiction that (32) is not true; then,
by (33) and by (34), we deduce the existence of a sequence (t,, x,) € R x R? with t, — oo
and €y > 0 such that

inf ||gB(tn)u(tn,x)H%2(an 1y = €z. (35)

Notice that by (18) in conjunction with (33), we obtain

sup %/gb(x—xn)|eB(t>u(t,x)\2dx < oo,

where x(x) is a smooth and non-negative cut-off function, such that ¢(x) = 1 for x €
Qo(1) = [~1,1]7 and ¢(x) = 0 for x ¢ Qp(2) = [—2,2]%. Consequently, by the Fundamen-
tal Theorem of calculus, we deduce the inequality

‘/Rd d(x —xy) |eB(”)u(a,x)|2dx — /]Rd p(x — xn)|eB(t)u(t,x)|2dx < f\t —o|, (36)

for a C > 0 that does not depend on n. By choosing t = t,;, we have
/Rd o(x — x2)| B u(or, x)[2dx > /Rd (x — 1) | B u(ty, x) Pdx — Clty — o, (37)
which implies the following, considering the support property of function ¢:
B() x> [ (e u(ty, ) Pdx — Clty - 38
e” (o, x)|"dx > e?\mu(ty, x)|“dx al,
Jog ¥ P [ ety )P~ Cle o] )
for a C > 0 independent form 7. By combining this fact with (35), we have the existence of

T > 0 such that

108 (it 10 20, ) R (39)
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for some €; > 0. Notice that the previous estimate (39) provides, in combination with the
Strauss radial inequality (7), that the sequence of centers (x,),cn is uniformly bounded.
Observe also that since t, — co, we can assume that the intervals (eventually passing to a
subsequence) (ty, t, + T) are disjoint. In particular, we acquire the following for d > 4:

W+ T
ZTG% < Z/ /Q 1B (¢, x)|? dxdt (40)

X 11
~Y /

So, we obtain a contradiction because the right-hand side of the above (40) is bounded
by (30). O

—le tut,x 2 dxdt, 41
XERd ol |x|3| (t,x)| (41)

Remark 1. Note that (10) and (12) introduce
1B u(®) | < 1f e +/ 1P Tu(D)2 4 1PV u(o) | pdT
S 1B Ou(o)] +c/ 1B u(0) 1 dr.
Then, by Gronwall’s inequality, we have

|eBOu)|| |, S 1l

HL ™

with K > 0 depending on ||f|;2 and H(u(0)). Then, the Sobolev embedding and interpolation
with the conservation of mass in (11) lead to

B Du(t)y < e,

with) <e<land2 <r < d 2, which is not sufficient to guarantee a behavior like the one
disclosed by (6) in Theorem 1 upon letting t — +o0.

Remark 2. We also highlight that one can achieve an exponential decay just by interpolating the
conservation of mass in (11) and the estimate arising from the Sobolev embedding and (17). Namely,
one has

1B u(t)]le; < 1.

However, it is not enough to ensure a behavior such as in (6) in Theorem 1, which is a stronger
property of the solutions to (1). Moreover, the case RB(t) = 0, that is, when ib(t) is a real function,
cannot be included in the previous analysis.

Remark 3. It is important to notice that our results can be used to deal with a class of damped
nonlinearities fulfilling (5), particularly when

b(t) ~

1L—i—t, fOT > 1, a> 0,
as considered in [25]. Also, we can address more general damping terms, leading to equations of
the form

0+ Al + u+b(t) = k[ - |74« [uFu = 0.

i
(14 1)*
with a > 0 and where b(t) € C([0,00)) is a real-valued function (see [22]).

6. Conclusions

We broaden the outcomes achieved in [17-20] to the damped scenario. The assump-
tions formulated for the time-depending function ib(t) are more general than the ones
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found for the example in [21-23]. This is because we include an oscillatory part in the
perturbed propagator eB(OFtAL \which can not be treated if one uses the techniques devel-
oped in the aforementioned works. We underline that assumptions (2) and (3) related to
the operator V4 and the function A(x) are less restrictive than those imposed in [17,19,20].
This is because our well-posedness analysis relies solely on the energy estimate for (1).
We are not using any Strichartz estimates here, forcing the constraintd —2 < ¢ < d. The
obstacle here is that the multipliers utilized in the papers previously mentioned are not well
suited to handle a non-local nonlinearity because their application cannot guarantee the
non-negativity of the last term in (24). This aspect also determines the radial assumption
we made on the initial data. A second problem is the equivalence of the norm result of
Proposition 1, valid only in the L2 framework. We are confident that we will overcome all
these issues and shed light on the lower regularity frame d —4 < ¢ < d — 2 in a future
paper. We are also confident that our decay result can greatly simplify the scattering theory
associated with (1), as well as shed light on the case RB(t) < 0.

7. Open Problems and Further Developments

The theory established in this paper is general and allows us to obtain, in a straight-
forward manner, the decay in the energy spaces of the solutions to the damped magnetic
Schrodinger equation with non-local nonlinearity. We believe that it can be used for the
following open problems:

¢  The analysis of the scattering in the energy space for the solution to (1);
¢ The investigation of the decay properties (and eventually scattering) for the solutions
to the generalized Schrodinger-Hartree equation, that is

0 + A u+ ib(t)u+u —[| - |79 s JulP|u|Pu =0,
where the positive nonlinear parameter is either p = 2 or satisfies dﬂ# <p< % ;

¢  The exploration of the decaying and scattering properties of the solutions on other
nonlinear dispersive equations such as the nonlinear Beam Equation

Ot + (A2 u+ib(H)u+u—[| - |7 s [ulP)|ulP~2u = 0,

where (A2)? = A2(AZ) is the magnetic bi-Laplacian operator, or the nonlinear Klein—
Gordon equation

Oyt — Afu +ib(Hu+u+||- |7(d*7) * |u|p]|u|p*2u =0,

with the nonlinear parameter p defined as above, including the special case when
A(x) =0.
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