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Abstract: In a gas—water interaction problem, the nonlinear relationship between shock wave velocity
is introduced into a Hugoniot curve, and a Mie—-Griineisen Equation of state (EOS) is established
by setting the Hugoiot curve as the reference state. Unlike other simple EOS based on the thermo-
dynamics laws of gas (such as the Tait EOS), the Mie-Griineisen EOS uses reference states to cover
an adiabatic impact relationship and considers the thermodynamics law separately. However, the
expression of the EOS becomes complex, and it is not adaptive to many methods. A multicomponent
Mie-Griineisen mixture model is employed in this study to conquer the difficulty of the complex
form of an EOS. In this model, some coefficients in the Mie-Griineisen EOS are regarded as variables
and solved using newly constructed equations. The performance of the Mie—Griineisen mixture
model in the gas—water problem is tested by low-compression cases and high-compression cases.
According to these two tests, it is found that the numerical solutions of the shock wave under the
Mie-Griineisen EOS agrees with empirical data. When compared to other simple-form EOSs, it is
seen that the Mie-Griineisen EOS has slight advantages in the low-compression case, but it plays
an important role in the high-compression case. The comparison results show that the solution of
the simple-form EOS clearly disagrees with the empirical data. A further study shows that the gap
between the Mie-Griineisen EOS and other simple-form EOSs becomes larger as the initial pressure
and particle velocity increase. The impact effects on the pressure, density and particle velocity are
studied. Moreover, the gas—water interaction in a spherical coordinate plane and a two-dimensional
coordinate is a significant part of our work.

Keywords: gas—water flow; shock wave; Riemann problem; Mie-Griineisen mixture model; equation
of state (EOS)

MSC: 37M10

1. Introduction

The behavior of shock wave in gas—water flow is an interest of researchers of many
fields, such as underwater explosion [1], bubble motion [2], liquid jets, cavitation [3], etc.
As the shock wave occurs via an interaction of compressible flow [4], the process of this

Copyright: © 2024 by the authors.

Licensee MDPL, Basel, Switzerland,  iNt€raction is always studied using an Euler system. This gas—water problem becomes a

so-called “Riemann problem” [5] due to its discontinuous solution. In calculating Riemann
problems, the accuracy of the shock wave depends on the numerical method and the
equation of state (EOS) [6]. The EOS plays an irreplaceable role in determining the property
of materials in an Euler system.

For a gas—water Riemann problem, an ideal gas EOS, which is widely used in the
40/). modeling of various gaseous substances, is employed here. Otherwise, there are a number

This article is an open access article
distributed under the terms and

conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /

Mathematics 2024, 12, 3268. https:/ /doi.org/10.3390/math12203268 https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12203268
https://doi.org/10.3390/math12203268
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-3030-4211
https://orcid.org/0000-0002-9525-5553
https://doi.org/10.3390/math12203268
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12203268?type=check_update&version=1

Mathematics 2024, 12, 3268

2 of 26

of different forms of EOSs for water. In the early stage, the EOS of water is expressed in a
simple form. Tait EOS [7] is such a typical EOS with brief expression. It has a similar form
as an ideal gas EOS and brings convenience to numerical calculation. Another popular
EOS for water is stiffened gas EOS [8], which is also written in a simple function. This
EOS can be easily coupled with many numerical methods in gas—water interaction, even in
recent works [9-13]. The simple forms of an EOS are preferred by researchers because it is
much easier to establish Riemann solvers with such an EOS. Nevertheless, some material
properties are always ignored by these simple-form EOSs. A modified EOS, named the
NASG (Noble Abel Stiffened Gas) EOS [14], is derived from a traditional stiffened gas EOS.
The NASG EOS takes temperature into account and is used to describe the thermodynamic
properties of water in a specific temperature range. The shock wave problem is based on
a set of conservative laws about shock wave parameters [6], wherein the temperature is
not a necessary parameter. These conservative laws in terms of shock wave parameters
are called the “Hugoniot relationship” [15]. But this relationship is not taken seriously
by many EOSs, such as stiffened gas EOS. In addition, the Hugoniot relationship needs
to couple with another relationship between shock wave velocity and post-shock particle
velocity, whereby the relationship between the two velocities is obtained with experiments.
Several decades ago, the LASL (Los Alamos Scientific Laboratory) [16] accumulated a
large amount of experimental data under impact and provided particular curves showing
the the relationship between shock wave velocity and post-shock particle velocity. This
relationship of shock wave and particle velocities is taken as a linear relationship by
Miller [17] and introduced into the Mie-Griineisen EOS. The Mie-Griineisen EOS can set
different reference states to adapt to different material properties [18], and is regarded as a
type of general-form EOS, especially for solid and liquid materials. For the Mie-Griineisen
EQOS based on the Hugoniot curves, Kerley [19] discussed the validity of the linearity. In
this discussion, it is concluded that the expression of the Mie-Griineisen EOS can be used
in a wide variety of materials but it is not absolutely correct.

Water is a common medium, and many researchers study its behavior under impact.
Nakayama [20] carried out a shock wave experiment with the help of a gas gun. In this
experiment, a series of shock waves parameters are recorded, and the shock wave velocity
is defined as a linear function of post-shock particle velocity. However, the ultimate
pressure in this experiment is only a little more than 1 Gpa, the effectivity of this linear
function under higher pressure is still unknown. LLNL (Lawrence Livermore National
Laboratory) [21] provides another representative relationship between shock waves and
post-shock particle velocities. This relationship is based on a detonation experiment in
water, and a new EOS of water is deduced with the help of this relationship. The LLNL
relationship of shock waves and post-shock particle velocities is written in a nonlinear
form. However, when it is introduced into the Mie—Griineisen EOS, the EOS becomes so
complex that it is replaced by the stiffened gas EOS [22], even in the latest literature [23].
On the other hand, the EOS for gas also needs to be seriously considered in terms of its
applications [24].

In the numerical calculation of the gas—water Riemann problem, it is very compli-
cated to establish a non-oscillation solver for the Mie-Griineisen EOS due to its complex
expression of reference states. As the interface is located between the gas and water, its
discontinuity property makes it difficult for researchers to provide an analytic solution
for the gas and water [25]. Under this situation, the Mie-Griineisen mixture model [18]
is adaptive. It is considered a whole mixture, and the relative parameters for each phase
are considered as a particular parameter of mixture. In the fluid mixture, the interface
is identified by a color function, and other parameters are converted to a weighted sum
of each fluid component [26]. Comparing with the popular five-equation model by Al-
laire [27], it is not necessary to consider both the mass fraction and volume fraction in
the calculation. Unlike Saurel and Abgrall’s multiphase model [28], the conservative laws
for each phase do not need to be considered separately. Moreover, it can be well coupled
with numerical techniques such as interface tracking [29], grid mapping [30] or some other
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limiters [31]. In the previous works, the Mie-Griineisen mixture model is rarely applied in
the study of shock waves. Many research works about shock waves are carried out with the
help of commercial software. In this case, a supplement of numerical study becomes very
significant. Moreover, the Mie-Griineisen mixture model can help us to further investigate
the performance of different EOSs.

This study seeks an efficient and effective way to simulate the gas-water shock wave
problem. When water suffers from outside impact, the dynamic property can be expressed
by a nonlinear relationship between the shock wave and particle velocities. Based on the
nonlinear relationship, a complex but significant Mie—Griineisen EOS is derived and used in
the numerical calculation of the shock wave problem. The Mie-Griineisen mixture model is
employed here to adapt to such a gas-water two-phase problem. The numerical results are
compared with other simple-form EOSs and the effect of the Mie-Griineisen EOS is given
special attention. Afterwards, the performance differences between the Mie-Griineisen
EOS and other EOSs are investigated further. Moreover, the Mie-Griineisen physical model
and numerical model are extended to spherical coordinates, as well as to the 2D problem.
During this procedure, the accuracy of calculation is also seriously considered.

2. Basic Theory
2.1. Reference State in Shock Wave Problems

For shock wave problems, it is found in impact experiments that many materials share an
approximate relationship between particle velocity u,, and shock wave velocity D [6,8,17,19]:

D = cg + suy (1)

where g is the speed of sound and s is a coefficient related to the isentropic bulk modules.
For a wide range of materials, the linear relation (1) is enough, and the high-order items
can be neglected [32]. Certainly, the linear D — u,, relationship is also available for water.
However, the linear relationship is not absolutely right, and sometimes, it needs more
consideration [19]. To adapt to a strong shock problem (shock pressure more than 10° Pa),
the relationship of water is described by a nonlinear D — u,, curve given by the Lawrence
Livermore National Laboratory (LLNL) [21]:

I R C) g

where 51,5, and s3 are constant coefficients, which are deduced from experimental data.
co is the sound speed of static water. The values of s1, 53,53 and ¢ are given in Table 1.
And the Rankine-Hugoniot jump conditions for the conservation of mass, momentum and
energy are [17]

p=poD/ (D —un)

p:p0+pODum (3)

e=cot (p+po) (o — o)

O PRy T

where p and e are the pressure and internal energy, respectively. And pg and ¢ stand for
parameters of initial states. Sometimes, py and ¢y are neglected in strong shock problems.
By combining (2) and (3), the Hugoniot state for pressure and energy can be obtained
as follows:

p— pocop (1 + 1) -
= z 3 = Pre
1—(s1—1)u— Szﬁ — 53(}4:‘_71)2}2
2 9 4)
o /2
€= 2 T Cref

1—(s1—1)p— 52% - 53W]
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where = p/po —1; pres and e,y are the pressure and energy of the reference state,
and the compression states are defined as points along the Hugoniot curve (as shown in
Figure 1 [17]). However, for expansion states, it is hard to describe the reference state by
Hugoniot curves due to the negative u,, in the following deduction:

0 D U

# 00 D — uy, D—um<0

since the shock wave travels faster than the interface, so D — u,, > 0. As u,, is also a
positive value, a conclusion y > 0 is deduced for the expansion state and this is not real.
Therefore, the reference state as (4) is not valid in the expansion phase.

14

L

Hugoniot
(V +Dref+ eref)

( I‘(‘}v pn- en)

v

-
-
-
-

Mumaghan
Figure 1. Hugoniot curves. Here, it is taken as the reference state for water.

For the expansion state y < 0, a Murnaghan isentropic EOS is used here. The compres-
sion and expansion states coexist in the same material but exhibit different physical behaviors:

2 4s—1 2
_ % P __Poc
pref(p0+4s—1)<p0> 451

1%
Cref = €0 +/ PrepdV
Vo

©)

where V denotes volume, and V = 1/p [5]. The p,.f in (5) is always simplified in a first
order of accuracy:

2 2
_ Lo 45-1 _ P0Cp

2 2
_ P0Ch _ _ Pocy (6)
~(po+ £ ) (1 (a5 = Do) - 22

=poci

Except for cavitation flow, the expansion effect is very weak for liquid water and the
variation in volume V can be neglected in the expansion phase, so it is approximately
V =V} and the item f Pre de in (5) can be ignored. Thus, there are

14
€ref = €0 + /V prefdv =€o @)
0
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Table 1. Parameters of the EOS for water.
Co S Sz S3 Yo 3 Po
1480 m/s 2.56 —1.986 0.227 0.5 0 1000 kg/m3

2.2. Equation of State

In the shock wave problem, the fluids are taken as compressible, and the conservative
Euler equation is used to be the basic governing equation:

ou oF
=0 8
or | ox ®)
where U is a vector of conservative variables, and F represents the fluxes. They can be
written as

P pu
U= | pu |,F= pou?+p
PE (PE +p)u

where E is the total energy and can be deduced by internal energy e and the kinetic energy:
E=e+ -u
To complete the equation system, an EOS is needed here. For the shock wave problem, the

EOS for water and gas must be seriously considered.
As the reference state is known, the EOS can be expressed in a general form:

P = Pref(V) = T(V)(pe = peres (V) ©)
where V = 1/p. Equation (9) is the Mie-Griineisen EOS, and I’ is the Griineisen parameter,
which can be simply written as

=T, (ﬁ)“ (10)
Po

where Iy and « depend on the property of the material. The reference state plays an
important role in many physical problems. With the help of e,.f, the internal energy of a
solid can be considered in two parts: one is a thermal vibrational energy, and another is a
potential energy of cold contribution [33]:

e(V,T)=er(V,T) + eref(v) (11)

the former part of internal energy e(V,T) is in terms of temperature, which has little
relationship with the Hugoniot curve. The latter part is defined as the reference state.
By setting p,.r and ¢,,f, the proportional relationship between thermal pressure pr and
thermal internal energy et can be expressed more intuitively. In this case, the pressure can
be expressed as

P(V, T) = pref(v) + pT(Vr T)

(12)
pr(v, 1) = "Werv, 1)

Equations (11) and (12) are based on the thermodynamic behavior of crystals. Unlike the
Mie—-Griineisen EOS, some other EOSs are derived from the thermodynamics law of gas
and do not cover the cold contribution. The reference states provide a convenient way to
take care of physical behavior that is not affected by thermodynamics.
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Sometimes, the reference states are replaced by other conditions. For example, as an
isentropic condition is considered, the internal energy can be written as [34]

e(V,S) = eref(V) +es(S) (13)

where S is the specific entropy, and Equation (13) can also be used in a water-like substance.
In this situation, the pressure p and temperature T satisfy

de de(V,S)

p(V,8) = 52, 7(5) = *L2

(14)

and the derivates of S can be neglected under the constant entropy assumption. Therefore,
p can be expressed in a function of p:

p:B[(Q)Wfl} (15)

in which the coefficients for water are as follows: v = 7, B = 3268 atm, and p is a constant
whose value is 9.233 x 10~* atm per ft/sec. Equation (15) is the Tait EOS. It can be also
regarded as a Mie-Griineisen EOS form with a constant reference state.

Inserting the reference expressions (4), (11) and (12) into (9), the EOS for water can be
written in a piecewise function of p and pe:

Pwﬂﬂ+(1—%m—%mﬂﬁﬂ
12 IS 2+('YO+‘ZV)P€ pu=0
[1 - (Sl - 1)]1 - Szm - SSW]

p = pocku+ (o +ap)pe p <0

P (16)

The EOS for gas is usually derived from the characteristics of ideal gas, which can be
written as

p=(y—1)pe (17)

where the parameter < is 1.4 for common gas. For special explosive gaseous products with
high pressure and temperature, the y is 3.0 more or less [35].

Moreover, there is another form of EOS, named “stiffened gas EOS”. It is derived from
a similar behavior of ideal gas [36]:

p=(v—1)pe —vpeo (18)

in which the parameter p is calculated by the sound velocity cp:

2

Poco
oo — - 19
14 y P (19)

For water, 7 = 4.4, po = 6 x 10%. The density p of (18) yields the following ratio:

po  (Y+1)(po+pe) + (v —1)(p + peo)

Although written in a simple form, the determinations of 7y and p., are also based on Hugoniot
curves. But the relationship D — u,, of the stiffened gas EOS is in a different form (1):

1 2 1
D = \/C% + (%um) + %um (21)

o _ (r+DP+pe) + (r =D (po+ peo) (20)
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2.3. Mie—Griineisen Mixture Model

For such a gas—water problem with the Mie—-Griineisen EOS, a quasi-conservative
model, which was proposed by Shyue [18], is employed here. This model is established
with respect to the structure of the solution, which includes three characteristics: left wave,
right wave and interface.

At the interface position, the structure of the solution shows that density, energy and
other material-dependent coefficients are discontinuous across the interface. However, the
pressure and particle velocity of each component remain continuous at the interface [8,37],
as shown in Figure 2. Otherwise, entropy would be created as soon as the pressures or
velocities are different for gas and water [38]. Here, we consider the energy conservative
law of (8):

0pE  9(pEu + pu)
ot * ox
Then, the EOS (9) can be introduced into (22):

=0 (22)

%(p_rpmf+ ”f>+”7<p rpref+per€f):0

and we have

51 (0) s (Dp+ [5 (7)) + g (7)) = [ (o) 15 (o) =0 ®

Equation (23) is reconstructed using 9/dp:

5 sl (p) + 3+ () -

Equation (24) is satisfied under two conditions:

2] pe) =0 e

ot =0 o p(g) () (o) =0

The latter equation above is difficult to satisfy for general problems. It is thus clear that

dp , dp
5 T3, =0 (25)

Here, Equation (25) means that the discontinuous sections move with constant speed u at
the interface. According to (25), Equation (23) can be split into three parts:

0 d
&(%) “ﬁ(%) =0
%("?f)w%(@)ﬂ @)

3¢ (peer) + 55 (penr) =0

Note that the deduction of (25) above is available only at the interface, and the relationship
with the left or right wave still needs to be considered.
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imtgrface. | SEsEssEs p
(Cartesian coordinate)

u,p,pel

X

Figure 2. Discontinuous property in Cartesian coordinates. The pressure and velocity maintain

equilibrium at the interface, while density and density-dependent parameters are discontinuous.

Meanwhile, at the left/right wave, the pressure and velocity are discontinuous, which
means that there is no (25). Note that the left/right wave is separated from the interface and
the wave is composed of a single form of fluid, as shown in Figure 3 (a total of five kinds
of solutions). In Figure 3, the rarefaction wave corresponds to a weak discontinuity [39].

Thus, the following deduction can be made for 1/T:
d ] dp 0 dp 9
&(%)“‘ﬁ(%) afap( )+ aiap( )

-5 (0 3 (5)

~(7) (F+v52)
() a2
'dp D ) )
~(7) (252 -o5) = (1) 5
Thus 3 /1 3 /1 du /1y’
E(r)“L p) (f)+ ax(r) =0
as in (27)

(1) e () + (7o =0

g1 (o) 5 (o) + (penr) 5 =0

(27)

(28)

Compared with Equation (26), Equations (27) and (28) are satisfied at the interface due to

the constant u.
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1nterf ace
Numerical Solution p Shock wave
(T_he left/right wave may be either shock
. Rarefactlon wave
wave of rarefaction wave) R

e interface
i PR
P

Rarefactlon wave | Rarefaction wave | | Rarefaction wave |
Rarefactlon wave
interfate
Pr R

[v v1tat10

interfacd PR P

Figure 3. Discontinuous property of solutions.

To summarize (26)-(28), the equations for I', p;,r and e, can be written as

2 .1 0,1 0,1, 0u
a(f)-l—ua(*)‘i‘f)[%(f)]a:

re ] Pre re
i (FD) +uge CEh el (5 =0 @
3 e 9 J
ot (Peres) + g (perey) + 0[50 (peres) I 5 =0

for some problems, the analytic forms of I, p;,r and e, are always in a complex form, the
calculation of (29) can compute parameters I', p,.r and e,,s in an effective way and simplify
the computation process.

For a single-component Mie-Griineisen Riemann problem, the combination of the
Euler Equation (8) and auxiliary Equation (29) is enough, while for the multi-phase problem,
a transport equation is needed here. As y, and y;, are used here to represent the mass
fraction of gas and water, the transport equation in terms of y¢(or y,) can be expressed as:

Y w + IpYwit

ot ax 0 (30)

Coupling (29) and (30) with the Euler formulation (8), a mixture model for the gas—water
interaction problem can be obtained:

LT
o Ao ep)

e i

gt(llq)+uaa(1)+ 4)8 =0 31)
%(P’ref)w%(p;fprgo%:o

a(PerefH” (peref)+p¢ax 0

e o
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where the symbols ¢, ¢ and ¢ denote the derivative functions of the split items o(1/T") /dp,
9(pref/T)/0p and d(pey.r) /dp, and they are functions in terms of p. The derivatives ¢, ¢

and 1 are calculated as: . .
/ /
?= Zs(f)g +20(g).,
o=x () e (), &
!
=z (pere f )
The pressure p is calculated by
SIONCC SR

2.4. MUSCL Scheme with Roe Solver

The basic discrete equation in terms of time and space is

/

+ Zy (pen, f) N

8

urtt —ur  F _ T
1 1 + l+1/2 1—1/2 — 0 (33)

At Ax

where At and Ax are the time step and grid size in x direction. Uf“ and U} are vectors of
conservative variables at the (n + 1)th and nth time step, F; 1, is the flux between the i
and (i + 1)th cell along the x direction. For the time step At, it is defined as

min(Ax)

ANt =CFL——MFMFM~—
max(|ul; + ¢;)

(34)

where c; and u; represent the particle velocity and sound velocity, respectively. In (34), the
convergence conditions are satisfied when CFL < 1. The sound velocity is defined as

d op _E+p/p—(P/2)+pp—9+y
2_9P  POP _ p/p p 9
‘ _8p+p8pe 1/T (35

In the discrete Equation (33), the variable vector U; is the conservative variable which are
listed as: 1 .
p .
U = [PilpiuirPiEir T %ﬁrpierefirpi]/wi}
1 1
the fluxes are obtained here by an MUSCL (Monotone Upwind Scheme of Conservation
Law)-TVD (Total Variation Diminishing) scheme; and for flux F; 1/, there is

1
Fit1/2 =§[F(ULi+1/z) + F(URi+1/2) 6)

Lit1/2(URiz1/2 — ULit1/2)]

- Ri+1/2‘Ai+l/2

in which Uy ;11,7 and Ug;;1/, denote the vector of conservative variables of left and right
states. The vectors Fy ;1o and Fr;,1,, can be obtained by

1 Prefr; T
Frivi0= [PLi/PLiuLi/PL,’ELi/F/ T /PLjerefLi/PLiwaiuLi}
Li Li
1
=U;+ ERi—l—l/ZCDLHl/Z

37
1 Prefr; T 37

FRit1/2 = [PRi/PRi”Ri/PRiERi/ T’ FiR/PRierefRi/PRi]/wRiuRi}

1 1

= Ui — ERi—&-l/Zq)RiJrl/z
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where R; 15 is the right eigenvector matrix of 0F /dU, which can be expressed as

i 1 1 1 T
U —¢; Uu; U; + ¢;
H; — ujc; u%/z H; + ujc; pi -1 1
Riy1/2= bi i 1 (38)
Qi Qi 1
i i 1
L Ywi Ywi L

And the items ®; and Py in (37) are

At
Prit1/2 = (1= £ Ait1/2)Si1/2
x
At (39)
D10 = I+ KxAiJrl/Z)SiJrl/z
where A is the diagonal matrix of the eigenvalue matrix and can be written as
Ui — ¢ T
Ui
u; + ¢4
Aiy172 = uj (40)
Ui
U;
L Uj
and S; 15 is defined as
Siy1/2 = minmod [L;y1/2DUj 12, Liy3/2DUi /0]
where L; 15 is the left eigenvector of 0F /0U, and DU, 1/, = Ujy1 — U,
The matrix L;; 1/, is
[ uicili+u? /2 —u;— o 1
—u? +28;c? 2u; -2
T, —u;c;i¢; + Miz/z —u; + ¢ 1
Liv10 = 22" —¢iu? 2¢iu; —2¢;
i —@iu; 2¢iu; —2¢;
*l/’i“izz 2tpju; —2¢;
L —Ywith 2Ywilti  —2Yw; ] (41)
—Pi 1 -1
2p; -2 2
—Pi 1 -1
2¢ipi + 2¢2¢; —2¢; 2¢;
2¢ip; —2¢; + 2c2; 2¢;
2¢ip; —2¢; 2¢; +2¢7¢;
2Yw;pi —2Yw; 2Yw; ch'zgi_

where ¢ = 1/T.

In (36), the matrixes /A\iH /2, ﬁiﬂ /2 and fl-ﬂ /2 are defined as the matrixes of the
average value of the left and right states. Roe average [5] is a widely used style of average,
which can be expressed as
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VPLuL + \/PRUR - VvPeLHL + /prHR

e veR VAL + VPR
£ VPLSL + +/PRER (/ﬁ:\/FTL‘PL‘i‘\/FTR‘PR
VPL+ PR VPL + /PR
(?:\/FTLGDLJF\/FTRGDR = V/PL¥L+ VPRYR
VPL+ VPR VPL+ /PR
5 1/PLpréL + /PRPRER
¢ VPL + /PR
Ez\/é[ﬁ—mz/zww—fpw}

where the corner mark ; and r represent the variables of left or right states, H = E + p/p.
While for derivatives ¢, ¢ and ¢, they have no partial differential items, so the values of ¢,
@ and ¢ are defined by the original data of the ith grid point:

¢ =i 9 =i %=1
A similar style is used to define the Roe average of mass fraction y,:

\/[TL]/WL + \/KTRwa (42)
VPL + /PR

However, there is one that detail needs to be emphasized: the parameters of shock
wave is affected by the path-conservative effects provided by Dal Maso [40]. There is a
slight change, however, if the scheme is different. This property also exists in two-layer
shallow water flows [41,42]. The path-conservative problem is analysized in Appendix A.
The form of transport equation is also discussed in Appendix A.

PYw =

3. Numerical Examples
3.1. Weak Shock Problem of Gas—Water Interaction

A simple 1D gas—-water interaction problem, which is previously studied by Liu [43],
is first considered. The initial states are constituted by gas in the left side, and water in the
right side. Their physical parameters are:

(0 pot) = (1270 kg/m®,8000 atm,0.0) x < 0.0
PP =1 (1000 kg/m’, 10 atm, 00) x> 0.0

When the time instant ¢ = 0, the gas and water are both in a static state, and the water
suffers from a weak impact of gas. Here, the water is described by the Tait EOS, which can
provide an analytic solution for this gas—water problem.

In Liu’s work, Tait EOS is employed to model the water and is reconstructed by a
new form similar to (18): p = (v — 1)pe — yB. The coefficients of the Tait EOS are listed in
Table 2. Our concern is the accuracy of solution when the Tait EOS of water is replaced by
the Mie-Griineisen EOS. On the other hand, the Mie-Griineisen EOS is founded according
to the nonlinear D — u,, relationship as in (2).

Table 2. Initial states of gas and water in a weak shock problem. Both gas and water are initially static.

p P EOS

Gas 8000 atm 1.27 x 10% kg/m3 Ideal Gas EOS
Water 1 atm 1.0 x 103 kg/m? Tait EOS
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Figure 4 exhibits the curves of density and pressure, as well as the shock velocity
position records. From the comparison, it is noticed that the difference between the two
kinds of EOSs is minimal. In the pressure curves shown in Figure 4b, the shock wave
pressure of the Tait EOS is slightly higher than the Mie—-Griineisen EOS. It seems that the
Tait EOS can also achieve excellent solutions even though it is in a simple form. Figure 4c
provides the trace of shock sections, which corresponds to the discontinuous sections at the
right side of Figure 4a,b. However, the analytic solutions can be easily obtained using the
Tait EOS in calculation. Still, it is hard to deduce analytic solutions for the Mie—Griineisen
EOS. Therefore, some other referential data are needed here to check the solution of the
Mie-Griineisen EOS.

Here, the accuracy of shock wave parameters is examined by an empirical formula,
which can be expressed as [6]

Pmx = meDumx

- D (- e )]

Umx = \/(me - PO)(me - VO)/
Vinx = 1/me

Umx

Introducing the relationship (2) into the equation system above, one can obtain the values
of P, Pm, um and D by a simple iteration. This approach is used to deduce an approximate
solution for D, p; and u,,, as shown in Table 3. As a reference, the D — u,, relationships
cover the experimental data of Nakayama (linear) and LLNL (nonlinear).

Table 3. The contrasts of the density, pressure and shock velocity with approximate solution.

D (m/s) pm (Mpa) pm (kg/m3)
Nakayama Linear D — u;, * 1959 494 1146
LLNL Nonlinear D — uy, * 1976 491 1146
Tait EOS 2080 534 1144
Mie-Griineisen EOS 2084 517 1137

* Approximate iteration solution.

The results of the Mie-Griineisen mixture model are also presented in Table 3. Ac-
cording to the contrast, it is found that our results are closer to the approximate iteration
solutions. It is hard to obtain precise values for shock velocity because the shock section in
the numerical results is not in a discontinuous shape, and so the position of the shock is
challenging to locate due to the dispersion effects. In our work, the position of the shock is
defined by the 200 Mpa pressure level. It is noticed that the density of the shock is only
about 1140 kg/m?3, so the compression is not very high in this problem. In this problem,
the variation in entropy is nearly unaffected by the compression [34]. A simple-form Tait
equation is adequate here based on an isentropic condition.
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Figure 4. The curves of the density, pressure and shock position in the weak shock problem. The shock
wave parameters py, and u,, are analytic solutions of the Tait EOS. The contrast data of Tait are Liu’s
numerical solutions. The curves include the following: (a) Density. (b) Pressure. (c) Shock velocity.

3.2. Strong Shock Problem of Gas—Water Interaction

Then, a detonation shock tube problem is used here to test the adaptability of the EOS
in a strong shock problem. At t = 0, the gaseous detonation product with a C-J (Chapman-
Jouguet) state is distributed on the left side. The physical parameters of C-] states are
defined as follows [35]:

+1 y+1
0, UC] = 7D/ CJ =
’Y P ] y Pc

oy =" poD?

¥+1

where pg = 1630 kg/ m3, v =2.727 and D = 6950 m/s [35]. According to the parameters of
C-J states, it can be noticed that the pressure exceeds 10 Gpa (Nakayama’s linear data are
limited below 1 Gpa) and the gaseous product has an astonishing initial velocity. The EOS
group in this example includes the Mie-Griineisen EOS, Tait EOS, and another stiffened
gas EOS of Abgrall. On the other hand, the EOS of gas is also an ideal gas EOS but with a
renewed 7.

As three different forms of EOS simulate the gas—water interaction, the empirical
values in the first example are used again here. The results of three EOSs are shown
in Figure 5. The discontinuous shape of shock waves can be clearly seen in the figure.
Nevertheless, significant difference can be found from a comparison of the empirical
data. The shock wave parameter calculated by the Tait EOS does not agree well with the
empirical data, especially the density p. The results indicate that the high-compression
problem is complicated to model with the Tait EOS. The Tait EOS is constructed by the
property of constant entropy. This property adapts to gas behavior, but it is hard to cover
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the Hugoniot relationship under impact. Comparing with the Tait EOS, the adapbility of
the stiffened gas EOS is much better in a high-compression problem because the Hugoniot
curve is embedded into the foundation of the stiffened gas EOS. However, limited by the
simple form of the EOS, the Hugoniot curve is not taken as a reference state; thus, the
expressions (18) and (19) only provide a reference state based on initial condition. As
there is no condition to set separation as in (11) and (12), the parameters of the shock
waves are still not so reliable for the stiffened gas EOS. Both Tait EOS and stiffened gas
EOS are affected by the expression form, in which the coefficients cannot contain the
compression functions. Thanks to the coefficients p,.r and e, the Mie-Griineisen EOS
can set a particular p function according to detonation experimental curves. In this case,
the results of the Mie-Griineisen EOS are reasonable and close to the empirical data. Due
to the complex form of the Mie—Griineisen EOS, there are slight oscillations at the starting
point of the rarefaction waves.

———— Mie-Grlineisen ——— Mie-Griineisen
---------- Stiffened gas ---------- Stiffened gas
2500 - ——me— Tait 25,000 - —memeems Tait

1500 15,000

T £
2 z
z = '
Mie-Griineisen EO 13,410Mpa|
Mie-Griineisen EOS 1715kg/n? Stiffened Gas EOS 14,480Mpa
Stiffened Gas EOS 1529kg/m3 Tait EOS 16,610Mpa
500~ [Tait EOS 1319kg/m® 5000 iri 0
Empirical Formula Value 1712kg/n? vl
H
1 J 1 vy ]
1 0 1 1 0 1
.4 X
(a) Density (b) Pressure
———— Mie-Griineisen
---------- Stiffened gas
3000 ————e Tait
2000
=z
£
5

Mie-Griineisen EOS
Stiffened gas EOS 2240m/s
Tait EOS 2006m/s
Empirical Formula Value

1000 -

(c) Particle velocity

Figure 5. The performances of different EOSs in a strong shock problem. The empirical data are
evaluated by the coupling D-u,, curve with C-J parameters. The curves of relative shock parameters
are as follows: (a) Density. (b) Pressure. (c) Particle velocity.

3.3. An Investigation of EOS Affection in Gas—Water Interaction

As Tait EOS and stiffened gas EOS are both simple-form equations in which the
reference states of Hugoniot curves are not considered, a further study of their performance
is carried out here. Here the initial conditions are set to be different to test the adaptability
of the Tait EOS and stiffened gas EOS. The difference between the Tait EOS and Mie-
Griineisen EOS and between the stiffened gas EOS and Mie—Griineisen EOS are presented
here. As an extension of the first example, we considered the parameters exhibited in
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Figure 5, which include shock density p,;, shock pressure p;;, and the particle velocity of
post shock ;.

Initially, our attention is paid to the pressure in the initial condition. Two initial
densities, 1200 kg/m3 and 1500 kg/m?, typical low-compression and high-compression
cases, are considered here. The influence of pressure has an effect on the shock parameters,
and the variations in p;;, pm and u,, are shown in Figure 6. It can be found that the
difference in py, is the lowest parameter, no matter what EOS is used. The reason is that
the EOS expression is always written as a function of pressure. Thus, the pressure is a
benchmark parameter and the fitting curves of p are always taken seriously. Conversely,
the compression state is represented by the density p, but it is not regarded as an essential
parameter. There is evidence that the expression of the Tait EOS and stiffened gas EOS
only take pe as a variable and ignore the density p. Although the form of EOS is simplified,
the density becomes an irrelevant parameter in the expression of EOS. This mistake is
very weak when the density variation is small. However, it is amplified when the density
becomes large and leads to a depression of impact effects. The results show that the
difference among all three parameters maintains an upward trend as the pressure rises. The
depression of impact effects cause this phenomenon. As the impact effects are strengthened
by the increase in pressure, the compression state is not well described by the Tait EOS and
stiffened gas EOS. Comparing with the Tait EOS, the stiffened gas EOS results in less of a
difference because it is based on the Hugoniot curve, but the expression form is simplified.
Thus, the differences in p,; and u,, are both controlled.

—a&—Tait EOS ——a—Tait EOS

01 — = Stiffened Gas EOS 021 —_uStiffened Gas EOS

02F m 02

o
o
T
e
o
T

Difference
Difference

- - ) - I PRI I S | PR |
8000 12,000 16,000 8000 12,000 16,000
P(Mpa) P(Mpa)

(a) (b)

Figure 6. The influence of initial pressure. The difference between the Mie—Griineisen EOS and Tait
EOS and the difference between the Mie-Griineisen EOS and stiffened gas EOS are distinctly plotted.
The initial density of gas is set as follows: (a) p = 1200 kg/m?3. (b) p = 1500 kg/m?3.

Next, our attention is transferred to the mechanism of difference when initial velocity
ranges from 0 to 1000 m/s. The difference curves are plotted in Figure 7. It is found that
the trends of p;;, pm and uy, curves are similar to those in Figure 6. Among the three
parameters, the difference in p,, is the biggest, while u,, is a little better than p;;, p has
the smallest difference. As u,, increases, the impact effects become larger, and thus the
compression of water is enhanced and produces a similar mechanism to that mentioned
above. Compared to Figure 6, a gentle slope can be seen in Figure 7. This is because the
impact effects that resulting from the variation of 1 are not strong enough for compression.
In Figure 6, the addition of pressure is up to 8000 Mpa. While in Figure 7, by considering
that p = po + poDum, the momentum amplification caused by 1o = 1000 m/s is much lesser
than 8000 Mpa (the value of u,, is slightly less than ).
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Figure 7. The influence of initial density. The difference between the Mie-Griineisen EOS and Tait
EOS and the difference between the Mie-Griineisen EOS and stiffened gas EOS are distinctly plotted.

Then, the difference caused by the variation in pg is considered. Figure 8 presents the
difference of p;, p and u,,. Unlike pg and uy, the variation in pg has little relationship
with the impact effects when 1y = 0 m/s. In this case, the changes in parameters p;;, pm
and u,, are very small, whereby even py is up to 1600 kg/m? high in value. In addition,
the differences in p;; nearly remain constant as the compression increases due to the weak
impact. The values of p;; and u,, decline slightly. Moreover, the former order of difference
(om > um > pm) is also adapted here.
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Figure 8. The influence of initial particle velocity. The difference between the Mie-Griineisen EOS and
Tait EOS and the difference between the Mie-Griineisen EOS and stiffened gas EOS are distinctly plotted.

The results (0, > u; > pm) in Figures 6-8 are closely related to the structure of real
solution. Here, we consider a simple gas—water problem with exact solutions, as in Figure 3.
At the interface, the values of p,, and u,;, satisfy a characteristic system as follows:

Pm — PL
T PL 4 (y —up) =0
WL(pm, L, pL) ( L)
Pm — PR
— T — (up —ug) =0
WR(pPm, PR, PR) (tn =)

where the function W}, and Wy denote for the left and right waves, respectively. These two
functions are determined by the EOS and wave characteristics (shock wave or rarefaction
wave), and they have analytic forms when the EOS is either ideal gas EOS or stiffened gas
EOS. Such an equation system implies that the p;; can be obtained by an iteration. Then, the
value of u,, can be obtained using either equation above. While density is discontinuous
at the interface, thus p;, can be calculated by a mass conservative law. The relationship
among Py, U, and py, indicates that o, is affected by D and u,, but py, itself causes no
effects to either p;, or u,,. Furthermore, the u,, is affected by p;,, but p;;, does not affect u,,.
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Therefore, the difference in p,, raises the difference in u,, then the difference in u,, raises
the difference in py,.

3.4. Gas—Water Shock Wave in Spherical System

In this case, a bubble experiment by the LLNL is concerned here [21]. The bubble is
generated by the detonation product of 2.1 kg NM (nitromethane) spherical charge, with an
initial density of 1.128 g/cm?. As the charge explodes, a bubble of gaseous product diffuses
quickly in water. The computational domain ranges from 0 to 20 RO, with 2000 uniform
grids in it. RO is the initial radius of the charge.

The numerical calculation is carried out under a spherical coordinate system. The
governing equation for the spherical system is reconstructed as [44]

ol oF(U) _ ~
o T o =s(U)

2rp
(43)

o O O o O

where r denotes the radius. In the new equation system (43), the center point is a singular
point because there is no space to construct a discrete equation as (33) and the parameter at
the singular point is difficult to evaluate. For the sake of convenience, the parameters at the
singularity are defined as the same as the grid point nearby except for the particle velocity.
In the center, it is defined as # = 0 and other parameters are not affected by any waves.

The movement of the main shock, which is represented by 45, is recorded by camera
in this experiment. The shape of the bubble is also investigated in this experiment, and
the experimental data contain a record of the radius change dR. The time evolution curves
for 6S and JR are shown in Figure 9. Compared with the experimental results of /S and
OR, it is found that the calculated values become higher as time increases. The reason for
the overvalued ¢S and JR lies in the nonequilibrium of 1 and p at the interface. As the
spherical system is a diffusion system, there is a negative slope rate for real values of p and
u at the interface. The sketch of the p and u solution is shown in Figure 10. As a result, the
overall decline in u and p ultimately affects the accuracy and increases the strength of the
shock wave. Eventually, the values of §S and R become higher than real, the overvaluation
of u and p and becomes larger and larger as distance increases.

calculated data L] experimental data
_ - 200 ¢ calculated approximate data
800 L] experimental data 00 I (corrected)
-
600 d u 150+
L [ o ®
u L
B . et o
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A o z [ .
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(a) Shock wave trace

(b) Interface trace

Figure 9. The motion of shock and interface in spherical gas—water interaction problem. (a) The trace

of a shock wave and (b) the trace of the interface.
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In addition, the disagreement of /R in Figure 9 is slightly larger than §S. This is
because the interface of the Mie-Griineisen mixture model is taken as a diffused interface
with thickness, so the exact position of the interface is hard to be defined by such an
interface model. The errors of the interface location amplifies as time increases.

interface
(spherical coordinate) - -----=---- p
'

wp,pe

Figure 10. The discontinuous property in spherical coordinates.

In Figure 11, the curves of water density and pressure at instants ¢+ = 200 and 500 pus
are posted. The profiles show the states when the main shock wave travels a long distant.
In the beginning, the main shock wave spreads outside. On the other hand, a rarefaction
wave moves backwards to the center. The cumulated rarefaction wave then becomes the
second shock wave. Afterwards, yielding to the same mechanism, the third shock wave is
generated. However, the shock wave generated at the second stage is much lower than
the main shock wave, as shown in Figure 11. Regardless, compared with discontinuous
parameters such as p, pe, I', the velocity and pressure are not constant but are still kept
continuous. So, the Mie-Griineisen mixture model still make sense here.

200 200
12001 - 400¢ ps

300 second shock wave, generated by
reflected rarefaction wave

0 b 1 1 ]
1 3 3 7 3
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(a) Density (b) Pressure
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. =
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2 4 6 8 10 12 14
r/RO r/RO
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Figure 11. The profiles of density and pressure, respectively: (a,b) 0.2 ms; (¢,d) 0.5 ms.
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3.5. An Extension to the 2D Problem with Three Phases

As the Mie-Griineisen EOS can adapt to a wide range of materials by setting the
expressions of p,.r and e, it is applied to a 2D problem with three phases. In this example,
an underwater explosion phenomenon occurs on the sand bed [45]. So, the shock wave
from the explosion not only spreads in water but also penetrates into the sand bed. The
explosion charge is in a square shape with a size of 0.15 m. The sand bed is 0.5 m thick, with
Mie-Griineisen coefficients as: pg = 1950 kg/ m3, ¥ = 1.28, 5=1.86 and cg = 2450 m /s [46].
The bottom of the sand bed is set as a rigid wall. Under the impact, the sand could also be
modeled by the Mie-Griineisen EOS. Here, a linear D — u;, relationship (2) is applied on
the sand with coefficients.

Although the gas—water interaction and gas—sand interaction are coupled with each
other and the whole interaction becomes complex, it is effective to take the three-phase field
as a fluid mixture and use the Mie-Griineisen mixture model to simulate the interaction
process. The pressure contours of this three-phase interaction are given in Figure 12. In
contrast, the work of Yao is used here to be a reference [45]. It can be observed that our
results are approximate to Yao's results. The discontinuous sections of shock waves in
water and in sand are both clearly seen in the contours. The drawback of our results lie in
the interface, which is not as distinct as Yao’s. This is because the interface is automatically
captured and not modified by another procedure.

(a) t=0.2 ms

shock wave-_

X

(a) 0.2 ms

(b) t=0.4 ms p/MPa

shock wave

X

(b) 0.4 ms

Figure 12. The comparison of pressure contours in a 2D problem. The contrast contours are copied
from Yao’s SPH simulation: (a) 0.2 ms; (b) 0.4 ms.
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Figure 13 shows the density distribution contours. It can be seen that the upper parts
of the shock wave above the bed spreads freely in the water. On the other hand, another
part of the shock wave moves downward and forms reflected shock waves in the sand. The
shock wave in the sand is reflected immediately by the rigid wall below the sand. In the
center, there is still some gaseous medium left.

shock wave in water

approxima

(a) 0.2 ms

shopk wave in water
approximate\interface /

(b) 0.4 ms

Figure 13. The density distribution of shock waves in sand: (a) 0.2 ms; (b) 0.4 ms.

4. Conclusions

According to the calculation of the gas—water shock wave above, some conclusions
are summarized as follows:

1.  The Mie-Griineisen mixture model can be applied well in a gas—water interaction and
some other multi-phase Riemann problems. The Mie-Griineisen EOS can rationally
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describe the impact effects with the help of the Hugoniot reference state, and achieve
precise results that agree well with empirical data.

2. For gas-water problems with low compression, the Mie-Griineisen EOS does not have
any advantage than other simple-form EOSs such as Tait EOS, because the problem
can be approximately taken as under an isentropic condition, and a simple-form Tait
EOS with a constant reference state is adequate.

3. For gas—water problems with high compression, the results of the Mie-Griineisen
EOS is much better than other simple-form EOSs. With the help of setting reference
states as a Hugoniot curve, reliable parameters of shock waves are obtained by the
Mie-Griineisen EOS. The lack of reasonable reference states causes the Tait EOS and
stiffened gas EOS to be out of range.

4.  The difference between the Mie-Griineisen EOS and other simple-form EOSs is en-
larged by the impact effects of initial conditions. As the initial value of pressure or
particle velocity increases, the EOS which is based on a simple isentropic condition
(such as Tait EOS) encounters difficulty in describing the impact effects. Other EOSs
based on the Hugoniot curve but expressed in a simple form (such as stiffened gas
EOS) have some advantages but are still far from the empirical data.

5. Affected by the fundamental theory of an EOS, the deviations of shock wave param-
eters are different. The order is p; > uy; > piu from high to low. The reason lies in
the calculation process of the three parameters: p,, depends on the medium itself, as
well as the initial density and pressure; u,;, is affected by p;; according to a couple of
characteristic formulas; and lastly, there is py,.

6.  The Mie-Griineisen mixture model can be efficiently applied in a 2D problem, as well
as a simple 3D spherical system.

The Mie-Griineisen mixture model is used to model fluid interaction. It can be
extended to fluid-structure interaction by coupling with the finite element method. The
calculation of external load can be provided by the Mie—Griineisen mixture model. On
the other hand, this model can be applied to the detonation or combustion phenomena by
using the Mie-Griineisen mixture EOS to model unreacted and reacted substances.
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Appendix A

Here, we add an appendix to provide an additional numerical test for the Mie—
Griineisen mixture model.

Initially, a mixture shock tube problem with different complex EOSs is considered
here. Gaseous explosive and solid copper are placed at the left and right of the shock
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tube, respectively. The explosive is modeled by the JWL EOS, which can be written in the
Mie-Griineisen form as

I=T
Pref = Rfll(l)oexp( - R;PO) + szoexp< — R‘20PO>
Cref = Alexp( - Rlppo) + Azexp< — R;po)

0o = 1840kg/m?, Ty = 0.25, A; = 845.5Gpa, A, = 20.5Gpa, Ry = 4.6, Ry = 1.35
The copper is modeled by the C-C EOS:

=T,

b= ()" ()"

e P()(lBigl) [(F;)O)El_l ~1] + po(lBim [(F;O)EH ]

Po = 8900 kg/m3, I'p =2.00,B; = 145.67 Gpa, By = 147.75Gpa, g1 = 2.99,¢e7 = 1.99
The initial state of the two materials are

explosive : p = 2485.37kg/m®, p = 37 Gpa,u = 0,e = 8149.158 kJ/kg
copper : p = 8900kg/m>, p = latm,u = 0,e = 117.900k] /kg

Then, the problem is calculated by the Mie-Griineisen mixture model.

Here, we use different transport equations. One is (30), another is in terms of vol-
ume fraction:

R
ot T Mox T

Taking the different transport equations into account, solutions obtained by conserva-
tive and non-conservative transport equations are presented here, as shown in Figure Al.
It can be seen that the two results are all very close to the exact solution. No matter whether
the transport equations are conservative or not, both of the two results satisfy our needs.
In this case, the Mie—Griineisen mixture model can prevent numerical oscillations and
produce accuracy solutions and the interface can be clearly identified by both mass fraction
and volume fraction. In Figure A1, the impact of copper generates a leftward rarefaction
wave and a rightward shock wave.

In order to explain the path-conservative effects, we take the shock problem of G.M.
Ward as an example [31]. The Riemann problem is a single-component impact prob-
lem. Initially, the left side of computational zone is the aluminum with compressed state:
pr = 4000 kg/m?, u; = 2000 m/s, p; = 7.98 Gpa. The right side is the aluminum with
reference state: pg = 2785 kg/m3, ug =0 m/s, pr = 0. The aluminum is modeled by a tradi-
tional Mie-Griineisen EOS with linear relationship (1), in which py = 2785, ¢y = 5328 m/s,
s = 1.338, y9 = 2.8, po and e are all set as 0. As the Mie—-Griineisen is used here, the trans-
port equation in terms of y; can be neglected. We show the influence of the discretization
method on the solution, namely using Roe’s and Rusanov’ schemes. According to the
results, it can be found that the two results are absolutely not the same. So, it is known
that the parameters can be slightly affected by the schemes. The explanation is that the
entropy creation mechanism depends on the schemes. Considering that the approximation
effect has a close relation with the path, two different paths are used here. In this case, the
numerical solution has a path-conservative property, and different paths would generate
different outcomes. The fact is that the schemes converge to different solutions because a
discontinuity exists.
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