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Abstract: An influence network of events is a view of the universe based on events that may be
related to one another via influence. The network of events forms a partially ordered set which, when
quantified consistently via a technique called chain projection, results in the emergence of spacetime
and the Minkowski metric as well as the Lorentz transformation through changing an observer from
one frame to another. Interestingly, using this approach, the motion of a free electron as well as the
Dirac equation can be described. Indeed, the same approach can be employed to show how a discrete
version of some of the features of Euclidean geometry including directions, dimensions, subspaces,
Pythagorean theorem, and geometric shapes can emerge. In this paper, after reviewing the essentials
of the influence network formalism, we build on some of our previous works to further develop
aspects of Euclidean geometry. Specifically, we present the emergence of geometric shapes, a discrete
version of the parallel postulate, the dot product, and the outer (wedge product) in 2 + 1 dimensions.
Finally, we show that the scalar quantification of two concatenated orthogonal intervals exhibits
features that are similar to those of the well-known concept of a geometric product in geometric
Clifford algebras.

Keywords: Euclidean geometry; lattice; partially-ordered set; causal set; geometric algebra
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1. Introduction

Euclid’s book “the Elements”, which has been the foundation of Euclidean geome-
try, presents a list of definitions and postulates based on logic, common sense, and the
perceptions of the surrounding space as the basis for proving the rest of the theorems
in flat space [1]. Hence, the definitions are considered to be fundamental. For example,
Euclid defines angles, triangles, and areas and then gives a proof for the Pythagorean theo-
rem by rearranging areas of identical triangles. Therefore, angles, triangles, and areas are
treated as fundamental and the Pythagorean theorem is proven based on these fundamental
definitions, which implies that the Pythagorean theorem is not fundamental itself.

As the study of the surrounding objects is not independent of studying the surrounding
space, studying geometry has been tied to studying space since its early days. The ideas
about the nature of space viewed it to be infinite and fundamental [2]. Later, with Newton's
laws, space was believed to be independent of what happens in it until Einstein showed
that space is shaped by what goes on in it [3]. This questioned the absoluteness of space
but only to the extent that scientists started looking for the shape of the universe based on
the amount of matter and energy it contained; the absoluteness of space was still intact.
Einstein’s relativity theory gave rise to a new geometry to explain the properties of a curved
space. However, like Euclidean geometry, in this new geometry the fundamental notions
such as angles, geometrical shapes, and areas were still considered to be fundamental and
serve as the basis for the derivation of other properties.
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Here, the universe is viewed as a partially ordered set (poset) of events where events
are defined as interactions between particles. Thus, a causal relation is formed as introduced
and discussed in [4-10], which results from probabilistic inferences [11]. Partially ordered
sets are the same as directed acyclic graphs (DAG). Causal influence in partially ordered
sets of events called causal sets or causets were introduced by Bombelli and collaborators
and studied extensively by Sorkin, where the causal sets are usually embedded in a
Minkowski geometry that exhibits Lorentz invariance [12-15]. This approach, where a
causal model is embedded in spacetime in an information-theoretic setting, has been used
to find connections between geometric and informational causality [16]. Causal models
have also been used to find new interpretations of quantum theory [17]. The concept of
information flow plays a key role in causal influences that are studied as an information-
theoretic setting [18,19]. Interestingly, in Ref. [20], the geometry of spacetime was shown to
emerge from abstract-order lattices [21,22] expressed in a quantitative way by means of the
geometric Clifford algebra language [23-26].

Geometric algebra, Clifford’s generalization of complex numbers and quaternion
algebra to vectors in arbitrary dimensions, is a formalism in which elements of any grade
such as scalars, vectors, bivectors, and higher-order multivectors can be added or multiplied
together. This result is shown in the geometric product of two vectors @ and b as the sum of
an inner product and an outer product

ib=ab+dAb.

In three-dimensional space, @ and b are three-dimensional vectors and this relation
gives the usual results from the dot and cross products [24]. This algebra has been used to
describe physical laws in different fields of physics.

In our picture, instead of assuming events taking place in any space or time or assum-
ing any properties for them, we take the poset to be fundamental and seek a consistent
quantification such that it preserves the order by mapping events to real numbers. The
quantification of lattices that are a special case of posets has been studied by Knuth where
instead of assuming sum and product rules, he demonstrated how quantifications con-
strained by lattice symmetries result in constraint equations representing the sum and
product rules [27-29].

We quantify this causal set of events using embedded observers represented by chains
that are totally ordered sets of events. In our previous work, we showed how consistently
quantifying the poset using a pair of embedded observers resulted in a discrete version
of the Minkowski metric and the Lorentz transformations [4-6,10]. Kinematics also arises
in this picture as a result of changing relationship between observer and object [30]. The
focus of this paper is the further investigation of the geometrical results from our previous
work such as directionality, subspaces, and the Pythagorean theorem and the study of
quantification with more than a pair of embedded observers. We show how quantifying
with more than two observers is related to dimensions higher than 1 + 1. In addition, we
show how constraints from quantifying with a number of embedded observers results
in some fundamental features of Euclidean geometry such as the parallel postulate, a
discrete version of the dot product, and a discrete version of the outer (wedge) product in
2 + 1 dimensions.

In this paper, we will review our previous work on the quantification technique of a
poset using an embedded observer in Section 2. In Section 3, we will review the coordination
condition which constraints the quantification using a pair of embedded observers, the
conditions for directionality, subspaces and the Pythagorean theorem. We will then show
in Section 4 how quantifying with more than a pair of observers results in simplices
and subspaces up to N + 1 dimensions where N € 1,2,3,...,,. In Sections 5 and 6 we
discuss quantification of the poset using a number of coordinated and collinear embedded
observers, called a fence, and present a derivation of a discrete version of the parallel
postulate and the dot product. Finally, in Section 7 we will extend the quantification from a
set of collinear and coordinated observers (a fence) to multiple sets of fences, called a grid
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and show how quantification for an orthogonal grid which is a special case of a grid leads
to a discrete version of the outer (wedge) product in 2 + 1 dimensions. In Section 8, we
present a summary of the results along with our final remarks.

2. Influence Network and Its Quantification

We start by reviewing the definition of a partially ordered set of events and its quan-
tification using an embedded chain which we call an observer.

Partially Ordered Set of Events and Chains

A partially ordered set P is a set of elements with a binary ordering relation <, called
inclusion, such that for elements a, b, c € P inclusion is transitive (if x < y and y < z, then
x < z), reflexive (Vx € P, x < x) and antisymmetric (if x < y and y < x then x = y) [31]. If
elements of the poset are not related through inclusion, they are incomparable, denoted as
a < b; hence, the name partially ordered set of elements.

If for two elements of the poset a,b € P we have thata < b and a # b, and there is not
an element x such that a < x < b, then b covers a, which is denoted as a < b. In [4-7], we
defined an event as the boundary of an interaction where one event represents the act of
influencing and another event represents the act of being influenced. A partially ordered set
of events, or a poset of events, is defined as a set of events IT and a binary relation < defined
by influence such that this relation is transitive (if x < y and y < z, then x < z), reflexive
(Vx € I1, x < x) and antisymmetric (if x < y and y < x, then x = y) [4-7].

A chain is defined to be a set of events such that for any given x and y in the chain,
either x < y or y < x [32]. Therefore, a chain is totally ordered. Given a poset I with event
x € ITand chain P € I1 such that 3p; € P where x < p; then the forward projection of x onto
P, is given by the map (functional) P : x € IT — p, € P such that p, = min{p; € P|x < p;}
and if Ip; € P where x > p; then the backward projection of x onto P, is given by the map
(functional) P : x € I — P, € P such that p, = max{p; € P|x > p;} [4,5].

Quantification of a partially ordered set of events is carried out through chain projec-
tion, as shown in Figure 1. Elements of a chain P are quantified by defining a functional
called monotonic valuation that takes each element p of the chain to a real number vp(p)
such that if x <y then vp(x) < vp(y), where vp(x) and vp(y) are valuations assigned to
x and y with respect to chain P, respectively. Other events of the poset that are forward
and backward projected onto the elements of the distinct chain will be quantified by the
corresponding valuations of the two events onto which they are projected. Note that the
quantification of an element by chain projection is chain-dependent. Furthermore, there
are some subsets of events that cannot be quantified by any given chain. However, these
subsets are different for different chains.

An interval comprises a pair of events that are quantified by the same chain or the same
pair of chains. There are different classes of intervals: chain-like intervals, antichain-like
intervals, and projection-like intervals.

An interval is called chain-like if and only if both elements of its quantifying pair are
of like sign, with (0,0) as a degenerate case. In this case, degeneracy occurs when both
elements lie on a chain where the two endpoints forward project onto the same element
on the quantifying chain and backward project onto the same element on the quantifying
chain. The interval is called purely chain-like if both elements of its quantification pair are
positive and equal.

An interval is called antichain-like if and only if the elements of its quantifying pair
are of opposite sign, with (0,0) as a degenerate case where the endpoint elements are
incomparable but forward project onto the same element on the quantifying chain and
backward project onto the same element on the quantifying chain. If both elements of the
quantifying pair have the same value and opposite signs, then the interval is called purely
antichain-like.
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Figure 1. Quantification of a poset with respect to two different embedded observers (chains).
Embedded observers are totally ordered sets of events that are quantified by isotonic valuations of
successive integers and the rest of the poset is quantified with respect to the observers using the
forward and backward projections. Quantification of the poset will be different according to each
embedded observer shown in the two figures.

An interval is called projection-like if and only if only one of the elements of its quanti-
fying pair is zero, with (0,0) as a degenerate case where the interval itself is degenerate
such that the endpoints of the interval are identical and lie on the quantifying chain.

We will use this quantification technique for two chains in a poset of events instead of
one and see how this constraint gives rise to some geometrical features such as dimension-
ality, directionality, and subspaces.

3. Basic Geometrical Structures

In this section, we will consider quantification with two embedded observers. First, we
need to study the relation between an event and a pair of observers via chain projection. We
will see how the order in projections gives rise to collinearity, directionality, and subspaces.

3.1. Collinearity and Subspaces

The order in chain projection induces structure in the partially ordered set. A pair
of distinct chains P, Q € IT and an event x € I1 can be forward collinear if and only if the
forward projections of event x onto Q can be found by first forward projecting x onto P
and then either forward or backward projecting onto Q or backward collinear if and only if
the backward projections of event x onto Q can be found by first forward projecting x onto
P and then either forward or backward projecting onto Q or collinear if and only if event x
is both forward and backward collinear with its projections onto the two chains [4,5].

One can show that the following five cases are the only possible cases in which an
event x and two distinct chains P and Q in a partially ordered set can be collinear as shown
in Figure 2 (a proof is given in Appendix A) .

Casel:
Px =PQx Qx = QPx
Px=PQx Qx = QPx
Case II: o
Px=PQx Qx = QPx
Px =PQx Qx = QPx
Case III:

Px=PQx Qx = QPx
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Px =PQx Qx = QPx

Case IV: B
Px=PQx Qx=QPx

Px=PQx Qx=QPx

Case V:
Px=PQx Qx = QPx

Px =PQx Qx = QPx.

The invariance of the Cases I, II and III with respect to interchanging forward and
backward projections leads us to a more specific definition of collinearity called proper
collinearity where an event x is said to be properly collinear with its projections onto
two distinct finite chains P and Q if and only if it is collinear with its projections onto
the two chains and those projections are invariant with respect to reversing the ordering
relation. The generalization of proper collinearity to three finite chains X, P, Q € ITis made
if and only if each event x € X is properly collinear with its projections onto P and Q, and
these projections constitute a surjective map from X onto the finite subchains defined by
the closed interval [Pxyax, PX,in| quantified by P, and interval [QXmax, Qi) quantified
by chain Q, denoted by [PXmax, PXin]p and [Qxmax, QX ping-

Case | Case II Case 111

/QxQPx PX‘PQX\
Px=PQx Qx=QPx Q

Q \ Bx=Pox Tx=Px / a
Qx=QPx Px=POx

p Q P Q p Q

Case IV Case V

Qx=QPx

Figure 2. All possible ways in which an event x is collinear with its projections onto two distinct
finite chains P and Q. Cases I-III illustrate the concept of proper collinearity, which enables us to
define directionality and betweenness.

Collinearity divides the partially ordered set into two equivalence classes: events
that are collinear with two distinct finite chains and events that are not collinear with two
distinct finite chains. This results in the definition of a subspace. Events that are properly
collinear with the two distinct finite chains P and Q reside in a discrete subspace defined by
the two chains, denoted by (PQ) shown in Figure 3a. Chains P and Q are defined to be
elements of the subspace [4,5].
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a b

Figure 3. Potential relationships between event x and a subspace (PQ) formed by two chains P and
Q. (a) Event x is in the subspace formed by P and Q, denoted x € (PQ). (b) Event x is not in the
subspace formed by P and Q, denoted as x ¢ (PQ).

The collinearity of an event x and two distinct observers can be investigated further
by looking at the order in the projections and see how this induces directionality.

3.2. Directionality

In addition to discrete subspaces, collinearity gives rise to the concept of directionality
and betweenness in a partially ordered set. Event x is said to be on the P side of two distinct
finite chains P and Q if the forward and backward projections of event x onto chain Q
are first found on chain P denoted as Qx = QPx and Qx = QPx for the forward and
backward projections, respectively, denoted as x|P|Q shown in Figure 2 (Case I). Similarly,
if projections of event x onto chain P is first found on chain Q denoted as Px = PQx and
Px = PQx for the forward and backward projections, respectively, then x is said to be on
the Q-side of the two finite chains, denoted as x|Q|P shown in Figure 2 (Case II) [4,5].

Event x is said to be between P and Q, denoted as P|x|Q, if event x is first backward
projected onto chain P and then forward projected onto chain Q, denoted as QPx, and
similarly it is forward projected onto chain P and then backward projected onto chain Q,
denoted as QPx as shown in Figure 2 (Case II).

These notions can be extended to three chains P, Q and X when all the events on chain
X are properly collinear with their projections on P and Q.

X|PIQ PX|Q X|QIP. (1)
This results in an ordering relation among chains such that

X<P<Q
X 2
P|Q:>{Q<P<X (2)

where < indicates that X < P but X # P. Thus, chains can be ordered, where the direction
of ordering is arbitrary.

The subspace (PQ) defined by two finite chains P, Q € IT is two-dimensional, with
one dimension resulting from the natural causal ordering among sequences of events along
chains and the other resulting from an induced order that is caused by collinearity [4].
To differentiate between the natural ordering and the induced ordering, we say that the
subspace (PQ) is 1 + 1 dimensional [4,5].

A pair of collinear chains that form a subspace can be used as a pair of quantifying
embedded observers. The results of this quantification lead to emergence of spacetime
and the Minkowski metric as discussed in detail in our previous work [4]. Here, we will
review the coordination condition and study different cases as we increase the number of
coordinated chains.
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3.3. Coordinated Observers

Two chains P and Q are said to be coordinated over the intervals given by [Pyin, Pmax)p,
[Pmins Pmax]p and [Gin, Gmax|Qs [Gmin, Gmax] @ if and only if [Py, Prmax]p forward projects onto
[@mins Gmax)Q and [Pyin, Pmax]p backward projects onto [Gin, Gmax]g such that the projections
have a one-to-one correspondence, and if the length of a closed interval on P is equal to the
length of its image on Q and vice versa. Moreover, we postulate that if two chains agree on
the quantification of each other’s intervals, then they must agree on the quantification of all
the intervals they both can quantify [4,5].

The set of coordinated chains P and Q form a 1 + 1 dimensional subspace denoted by
(PQ) which includes all elements collinear with these two chains as shown in Figure 3a.
Thus, the two coordinated chains can quantify all events that belong to this subspace [4,5].

It can be shown [4] that any generalized interval [x, y] that belongs to a 1 + 1 dimen-
sional subspace (PT) defined by a set of coordinated chains P, Q, and T can be quantified
consistently with one of the following pairs:

L. [x,ylp = (vr(Py) — vp(Px),vp(Py) — vp(Px))p
= (py — Px, P, — Px) = (Bp, AP),

when the interval is on one side of the chain P

II. [x,ylp = (ve(Py) — vp(Px),vp(Py) — vp(Px))p
= (Py _?x’ﬁy - px)'

when the interval is on both sides of the chain T and

1. [x,ylpg = (py — Px, 9y — 9x) = (Ap, A9)po,

when both events of an interval are situated between the two quantifying chains, P|x|Q
and P|y|Q.

Next, we will consider a special case of two pairs of coordinated chains and use that
special case to derive a discrete version of the Pythagorean theorem.

3.4. Orthogonal Subspaces

Here, we will discuss a special case of the two subspaces that will motivate a more
general concept of orthogonal subspaces.

Consider two pairs of coordinated chains PQ and RS and their corresponding sub-
spaces (PQ) and (RS), respectively. Consider events p € P and g € Q such that [p,q] isa
purely antichain-like interval as quantified by PQ so that the quantification pair for interval
[p, q] with respect to PQ is given by

[p,qleq = (vr(Pg) —ve(p), va(q) —va(Qp)) = (4, —A). 3)

Now, consider a special case where the two coordinated chains RS quantify events p
and g with the same valuations so that, Rp = Rg, Sp = Sq, Rp = Rgq, and Sp = Sg. This
results in the following antichain-like degenerate quantification pair for the interval [p, 4]
with respect to chains RS

[p,qlrs = (vp(Rq) — vp(Rp),vs(59) —vs(Sp)) = (0,0). (4)

Note that PQ also quantifies both [Rp, Sp] and [Rp, Sp] in an antichain-like degenerate
fashion,

[Rp,Spleg = (vp(Sp) — vr(Rp),vq(Sp) — va(Rp)) = (0,0), 5)
[Rp, Spleq = (vp(Sp) — vp(Rp),vq(Sp) — vo(Rp)) = (0,0), (6)
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where vp is the valuation assigned by chain P. In this situation, the two subspaces PQ and
RS are said to be orthogonal to one another as shown in Figure 4.

Note that this is not a definition of orthogonality. This represents a sufficient condition
but not a necessary one. A definition of orthogonality will be given in Section 7.

We will use two pairs of orthogonal coordinated chains that were introduced here to
derive the Pythagorean theorem.

Figure 4. A motivating example for the concept of orthogonality. The chains P and Q are coordinated
and the chains R and S are also coordinated. The pair (0,0) is the quantification pair for interval
[p,q] as quantified by the chains R and S. Thus, the two subspaces (PQ) and (RS) are said to
be orthogonal.

3.5. Pythagorean Theorem

We use a special configuration of chains to prove the Pythagorean theorem in the poset
picture. Consider two sets of coordinated chains P|O|Q and R|O|S such that they form
two orthogonal subspaces and three events p € P, 7 € R, and 0 € O as shown in Figure 5.
The corresponding antichain-like intervals [p, 0], [0, 7], and [p, r] will then be such that

[p,o]Wo,r] = [p,7], (7)

where W is the operation that maps the two intervals onto the single interval. For the
quantifying pairs, we write

(po—p,0—0p)po ® (0r — 0,7 —To)oR ~ (Pr — P, 7 — Tp) PR, (8)

where p, —p = —(0—0p), 00 —0 = —(r—15), pr —p = (r —1p), © is a function that
combines the orthogonal pairs and ~ is a relation that is the result of combining the
quantification pairs of the orthogonal intervals since combining the pairs (p, — p,0 — 0p)po
and (o, — 0,7 — 1,)or in this way is not equal to (p, — p,¥ —rp)pr. Let po —p = Aa,
or —0 = Ab, and p, — p = Ac. Then, Equation (8) can be rewritten as

(Aa, —Aa) & (Ab, —Ab) ~ (Ac, —Ac). )

Previously, we have shown that any quantifiable interval can be quantified by a pair as
well as a scalar [4]. We have shown that the scalar quantification of a generalized interval
that is quantified by the pair (Ap, Ap) with respect to a chain P given by ApAp, which is
the product of the two elements of the quantifying pair. Equivalently, for a generalized
interval quantified by the pair (Ap, Aq) with respect to coordinated chains P and Q, the
scalar quantification is given by ApAg. This also resulted in a relation among orthogonal
intervals such that for orthogonal intervals [p, o] and [o, r|. Using this result, we have

(Aa)? + (Ab)? = (Ac)? (10)



Mathematics 2024, 12, 3275

9 of 24

among their corresponding interval scalars, which is the familiar Pythagorean theorem
applied to antichain-like intervals. Increasing the number of embedded observers from two
to three in the special case where the embedded observers belong to orthogonal subspaces
results in the Pythagorean theorem. In the next section, we will study two other special
cases of adding more quantifying chains and discuss the results.

ged
It

: i s i e
reRk @& oe’(-) ®s5c<

®

peP

Figure 5. A geometric view of the two orthogonal subspaces (PQ) and (RS) where the dots show
the geometric view of the chains and the dotted lines show the antichain-like intervals with their
endpoints on the chains. The addition of the interval scalars for orthogonal subspaces gives the
Pythagorean theorem in the poset picture.

4. Simplices

We can now show how geometrical shapes, more specifically simplices, arise in a
partially ordered set of events when we have more than a pair of quantifying embedded
observers. We will consider the cases where we have three and then four observers and
discuss each result and the generalization to N observers.

4.1. Discrete Equilateral Triangle

We begin by considering a set of three coordinated chains in two different configura-
tions; when all are collinear and when they are collinear pairwise. Then, we discuss how
each configuration is related to a geometric shape.

Consider three coordinated chains P, Q, and R with events x; € P, y; € Q,and z; € R.
Two possible configurations for this set of three coordinated chains are as follows:

Case I: Coordinated chains P, Q, and R are collinear as shown in Figure 6a. Case II:
Coordinated chains P, Q, and R are collinear pairwise as shown in Figure 6b. According
to the configuration in Case I, the finite chain Q is between the finite chains P and R,
P|Q|R. Consider the situation where Vi, [x;,yilpg, [Vi,zi]or, and [x;, z;]pr are all pure
antichain-like intervals.

Case I: Quantifying intervals [x;, y;], [y;, zi], and [x;, z;] in Case I with respect to chains
PQ, QR, and PR, respectively, gives

[xi, vilpQ = (Py; — Px;r Gy; — Gx;)pQ = (A, —A). (11)

In general, the quantification pair of an interval can be decomposed using a relation
called the symmetric—antisymmetric decomposition, where an interval pair (Ap, Aq)pg can be
rewritten as a component-wise sum of a symmetric pair and an antisymmetric pair such
that [4,5]

Ap+Aqg Ap+Aq Ap—Aq Ag—Ap
(AP' AQ)PQ = ( 2 4 2 )PQ + ( 2 4 2 )PQ' (12)

Introduce the change of variables based on the length as measured along chains and
the distance as measured between coordinated chains is as follows:

_Ap+4q

At
2 7

(13)

_Ap—4q

A
X 2

(14)
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Rewriting Equation (12) in terms of the new variables gives
(Ap, Aq) = (At, At) + (Ax, —Ax). (15)

We now use this format and rewrite Equation (11) in terms of the symmetric-antisymmetric
pairs At and Ax

A—A A-A A+A —A—-A
[xi/yi}PQ:< 2 7 2 )+( ; ’ 2 ):(O'O)+(A/_A)' (16)

The coordination condition demands that event i on chain P projects onto event i 4- 1
on chain Q. This gives A = 1. Similarly, for interval [y;, z;] we have

i, zilor = (qz; — qy;, 12 — 1y)or = (1, 1), (17)

and, for interval [x;, z;] we have
[xi/ Zi]PR = (Pzi - pxirrZ,‘ - rxi)PR = (2/ _2) (18)

Geometric view of this case is shown in Figure 6¢, where the dots refer to the events x;,
yi, and z; and the dotted lines show the antichain-like intervals [x;, y;], [y;, z;], and [x}, z;].
Therefore, collinearity imposed on the three coordinated chains makes the intervals [x;, y;],
[vi, zi], and [x}, z;] aligned such that

1
[xi,yilea = [vi, zilor = F[xi, zilpr- (19)

It is important to mention here that although the quantifications are with respect to dif-
ferent pairs of chains, since the chains are all coordinated they can compare quantifications.

Case II: In this case, the coordinated chains are collinear pairwise. The quantification
pairs of the intervals [x;,y;], [vi,zi], and [x;,z;] with respect to chains PQ, QR, and PR
would be

[xi,yileq = (Py; — Pxis Gy, — 9x,)pQ = (1, —1), (20)
or in terms of At and Ax we have
A—AN A—A A+AN —A—A
i yileg = (—— ——) + (—5— — ) = (0,0) + (1,—1). (1)

For intervals [y;, z;| and [x;, z;|, we have
[}/z’/ Zi]QR - (q,zi - Qyi/rzi - ryi)QR = (17 _1) (22)

[xi,zileR = (Pz; — Py 12 — 1x )R = (1, —1). (23)

The geometric view of Case II is shown in Figure 6d, where each chain is equidistant
from every other chain. This gives the relation among the intervals as

[xi, yilpQ = Vi, zilor = [Xi, Zi]PR, (24)

which shows that the intervals [x;, y;], [y;, zi], and [x;, z;] form a discrete equilateral triangle.
This demonstrates that chain projection can be used to order chains in such a way that
they can result in the formation of geometric shapes.
We will increase the number of quantifying chains from three to four and discuss the
results next.
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Figure 6. Two cases of three coordinated chains P, Q, and R. In Case I, shown in (a), they are all
collinear, and in Case II, shown in (b), they are collinear pairwise. The intervals [x;,y;], [y;, z;], and
[x;,z;] are quantified with respect to pairs of chains PQ, QR, and PR, respectively, in both cases. This
shows that in Case II intervals form a discrete equilateral triangle shown in (d). The dots in (c,d)
show a geometric view of the chains and their corresponding events and the dotted lines show the
antichain-like intervals formed by the events.

4.2. Discrete Tetrahedron

Now, let us consider four coordinated chains in both cases discussed above where
Case I refers to the set of coordinated chains that are all collinear, and Case II refers to the
set of four coordinated chains that are collinear pairwise. Consider four events x; € P,
yi € Q,z; € R, and u; € S such that Vi they form antichain-like intervals [x;, y;], [vi, zi],
[zi, ui], [xi,zi], [vi, ui], and [x;, u;] as shown in Figure 7a,b.

We will quantify the purely antichain-like intervals [x;,y;lpq, [Vi,ZilQr, [¥i,Zi]PR,
[zi, ui]rs, [Vi,uilgs, and [x;, u;]ps with respect to the pair of coordinated chains shown
in their subscripts for each case.

Case I

[xi/ yih’Q = (Py,- - Px,-/ qy,- - qX,') = (A/ *A)/ (25)

where A = 1 due to the coordination condition. Similarly, for the interval [y;, z;] quantified
by the coordinated chains QR we have

[yi/ Zi]QR = (qu‘ - Qyi/rzi - r]/i) = (1/ _1)/ (26)

and for the interval z;, u;], the quantification pair with respect to the coordinated chains
RS we have

[Zi, ui]RS = (T’ui - rzl-zsui - Szl-) - (1/ _1) (27)
The quantification pair for interval [x;, z;] would be

[xil Zi]PR = (le‘ - Pxirrzi - rxi) = (2/ _2> (28)
Interval [y;, u;] with respect to the coordinated chains QS can be quantified as

[yi, uilas = (qu; — QyirSu; — Syi) =(2,-2). (29)
Next, consider interval [x;, u;] with respect to the coordinated chains PS. In Case I, the

quantification pair is given by
{xl'l ul]PS = (pui - pxl-/sui - Sxi) - (3/ _3) (30)

Since the chains are all coordinated, the quantifications can be compared. Comparing
the quantification results among the pairs of chains in Case I gives

1 1 1
[xi, yilpo = Vi, zilor = [zi, uilrs = 5 Vi, uilos = [xi, zi]prR = 3 [Xi, Uilps- (31)
2 2 3

Case 1I:
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(i, yileQ = (Py; — Pxisy; — 9x;) = (B, —A) = (1, -1)
i, zilor = (qz, — Gy, 12 — 1y;) = (1,—1)
( )

[Zi/ ul] S Ty, — er‘/Su,' - SZl‘ = (1/ -1

= )
R )
[xi, zilpr = (Pz; — Pxir¥z; — ry) = (1,-1
)
)

1

)
[yi, uilas = (qu; = qy;sSu; — sy;) = (1, —1)
)

[xi/ ui]PS = (Pui — PxjsSu; — Sx;) = (L -1 (32)
This gives the relation
[xi,yilpo = [Vi,zilor = [zi, uilrs = [Vi, uilgs = [xi, zilpr = [xi, uilps. (33)

between the quantified intervals. From this result it can be inferred that the events in
Case II where the chains are equidistant, are related to a discrete tetrahedron. The rise of
geometric simplices implies another important result regarding the dimensionality. The
number of discrete subspaces is 1 + 1 for a set of 3 and 4 chains when they are coordinated
and collinear. However, the number of discrete subspaces with 4 coordinated chains that
are collinear pairwise is 3 + 1 while the number of discrete subspaces is 2 + 1 when there are
3 coordinated chains that are collinear pairwise. In this case, adding a chain corresponds to
the addition of one spatial dimension. This can be used to generalize the results from four
coordinated chains to N such that having N equidistant coordinated chains corresponds to
an (N — 1) + 1 dimensional subspace. This means that the quantification technique used to
quantify the poset of events and the causal relation among the events do not constrain the
dimensionality of space.

Next, we will consider a set of three or more coordinated and collinear observer chains
where all belong to the same subspace, called a ferice. We will then show how a discrete
version of the parallel postulate can be proved as we consider different configurations of
two fences.

0 A
v
2

\\/7
DA

M)
17
Jal

N7
¥

Y

1)
i

>

X
‘V

S

o
2y
"=
o om
\»!
oW
th =

Figure 7. Four coordinated chains P, Q, R, and S in two cases; Case I: all four coordinated chains are
collinear. Case II: the four coordinated chains are collinear pairwise. Quantifying intervals [x;, y;],
i, zi), [zi wil, [xi,2i), i, wi], and [x;, u;] with respect to pairs of chains PQ, QR, RS, PR, QS, and
PS, respectively, results in purely antichain-like intervals that are aligned in Case I as shown in (c),
whereas in Case II they form a discrete tetrahedron shown in (d).

5. Fence

We define a fence as a set of three or more coordinated and collinear chains, denoted
by ||P1P,|| where chains P; and P, are the chains at the two ends of the fence as shown
in Figure 8. All chains in the fence |P1P,|| belong to the subspace (P;P,). The distance
between the first and the last chains in a fence is denoted by D(Py, P;,).
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P, P, P; P,

Figure 8. (a) Coordinated and collinear chains Pq, Py, P3, ..., P;; form a fence. (b) Geometric view of
fence ||P1Py||.

We will consider different configurations of fences and present a proof of a discrete
version of the parallel postulate.

The Parallel Postulate

Fences can have different configurations with respect to each other. Two or more
fences can share one chain, all chains, or no chain as shown in Figure 9. We will show that
if two fences share more than one chain, they share all chains. This is analogous to the parallel
postulate in the discrete form.

Proof. Consider two fences ||P1P3| and ||P’;P’3||. If the fences share two chains Py and Py,
P; and P’;, then we have

P, =P, P, =P, (34)

Next, consider an event x € P1,P’;. Event x has to be collinear with both fences since
it belongs to one of the chains in each fence, so we have

P3P2x , P3P2x (35)

for the forward and backward projections of x, respectively. Similarly, for the projections of
x onto the fence ||P’1P’3|| we have

P'3 P’zx , P’3P’2x. (36)
Since P, = P, the projections given in Equation (35) will become
P3 P’2x P3 P’zx. (37)

Equations (35) and (37) can both be true only if P3 € ||P’1P’3|| which is only possible
when P53 = P’3, since all of the chains in the two fences are coordinated. [

Note that the number of coordinated and collinear chains for each fence is arbitrary.
So, this can be generalized to a pair of fences with any number of chains. Moreover, the
number of chains in the two fences does not need to be equal.

This illustrates an analog of the parallel postulate where fences that share no chain are
called parallel. This result is not a postulate in this picture; rather, it is a special case derived
through coordination condition.

Quantification of an interval with respect to a fence is discussed next when the interval
does not belong to the subspace formed by the fence. We will show how this quantification
is the analog of a discrete version of the dot product.
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Figure 9. Geometric view of three cases of two fences |PQ|| and ||P’Q’|| where they share no chains in
(a), they share one chain (P, = P’;) in (b), and they share all chains (P; = P’y, Py = P, ..., P, = Py)
in (c).

6. The Dot Product

We can introduce a more general method that defines the projection of any interval
onto a subspace defined by a fence (a set of coordinated and collinear chains). We will show
how the result of such projection is the analog of the dot product in the discrete form in a
partially ordered set of events.

Consider a set of coordinated chains P, ..., Q such that they form a fence ||PQ]||. Also,
consider an event x ¢ ||PQ||. The quantification of x with respect to chain P would be given
by the pair (Px, Px). Consider an event p € P. The quantification pair for the interval [x, p]
with respect to chain P is given by (p — Px, Pp — Px). The distance between event x and
chain P—the antisymmeric component of the symmetric-antisymmetric decomposition of
the quantification pair, denoted as D(x, P)—is given as

(p— Px) — (Pp—Px)

D(x,P) = 5

(38)

Now, consider another event y such that x # y and y ¢ ||PQJ||. Event y is quantified by
the pair (Py, Py) with respect to chain P. The quantification of the interval [y, p] with respect
to chain P is given by (p — Py, Pp — Py). This gives the distance between event y and chain
P as the antisymmetric component of the symmetric-antisymmetric decomposition of this
quantification pair, denoted by D(y, P) and defined as

D(y,P) (p—Py) —z(ﬁp —Py) (39)

Similarly, we can obtain the distances between events x and y and chain Q as

(9 —Qx) — (Qq —Qx)

D(x,Q) = . (40)
The projection of the interval [x, y] onto the subspace (PQ) will then be given by
(D(y,P)? — D(x,P)?) — (D(y,Q)* -~ D(x,Q)?), (42)
or equivalently
(D(y,P)*> = D(y,Q)*) — (D(x,P)? = D(,Q)?). (43)
Normalizing this term by twice the distance between P and Q, 2D (P,Q) gives
2 _ 2y _ 2 _ 2
(D(y,P)? - D(y,Q)%) — (D(x,P) - D(x,Q)%) I

2D(P,Q)
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This is a method of subspace projection, and below, we will show that Equation (44)
is the analog of the dot product for the poset picture. Note that since this relation only
depends on the antisymmetric components, it is independent of the choice of coordinated
chains as long as they belong to the same 1 + 1 dimensional subspace shown in Figure 10.

X
' R y
A \\\ ”.\
p - .
’ PN <
) ”,’ \\\\ \
I//,f \\\\\
[ 2 [ [ ) R )
p P o 0

Figure 10. Geometric view of interval [, y] projected onto fence ||PQ||.

To prove that Equation (44) is the answer, we seek a function f that gives us the projec-
tion of [x,y] onto ||[PQ|| such that the function is independent of the choice of quantifying
chains in the ||PQ|| fence. To satisfy this requirement, the function must result in a scalar
and it must depend on the distances between events x and y and chains P and Q. So, we
can assume that the function should linearly depend on all possible scalars involved in
this projection

f(D(x,P)?,D(x,Q)% D(y,P)* D(y,Q)*) = aD(x,P)* + bD(x,Q)*> + cD(y,P)* + dD(y, Q)?, (45)

where the distance D(x, P) between event x and chain P has the scalar representation of
D(x,P)2 = —((px — x)/2)% Similarly, the scalars D(x,Q)?, D(y,P)?, and D(y, Q)? are
found from
D(x,Q) =T, py,p) = B, Dy, = W

Note that instead of P and Q, we can consider any other chain from the fence and
the result would be the same. The linear combination of the distances ensures that the
result of the projection remains a scalar of the same order. Since [x, y] has the same time
coordinate with respect to all chains in the fence, there is no length-dependence in the
projection function.

We now need to determine constants 4, b, ¢, and d. Consider the following special
cases:

Special Case I: If x = y, then [x,y] = 0. So, the projection of [x, y] onto ||PQ|| will be

aD(x,P)? + bD(x,Q)% + cD(y,P)> +dD(y,Q)* = 0, (46)

which gives
a=—-c b=—d (47)

Substituting these results back into Equation (46) gives
aD(x,P)? +bD(x,Q)* —aD(y,P)? — bD(y,Q)? = 0. (48)

Special Case II: Consider a special configuration where y € ||PQ|| buty ¢ P,Q and
x ¢ ||PQ||. Also, for their distances, we have D(x,P) = D(x,Q) and D(y,P) = D(y,Q)
and the time coordinates for both x and y are the same as those quantified by the chains
in the fence, as shown in Figure 11. We can write the Pythagorean theorem for this
configuration as

D(y,P)* - D(x,P)* = D(y,Q)* - D(x,Q)’ (49)
in which case the projection will also be zero. Using this condition in Equation (48) gives

a=—b. (50)
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Special Case III: The last special case that we consider is when x € Pand y € Q. The
projection of [x,y] onto ||PQ|| would be D(P, Q). So, we have

a(D(x,P)? — D(y,P)? — D(x,Q)? + D(y,Q)?) = D(P,Q). (51)
.
Py 0

Figure 11. Geometric view of interval [, y] perpendicular to fence ||PQ]|.

However, if x € Pand y € Q, then

Substituting these results back into Equation (51) gives
a(D(P,Q)* + D(P,Q)*) = D(P,Q), (52)
which results in getting a value for a as

1
a= 5D(P,Q) (53)

Thus, the projection of an interval [x, y] onto a set of coordinated and collinear chains
that form a fence ||PQ|| where both x and y are quantified with the same time coordinates
with respect to the chains in the fence ||PQ|| is given by

‘ D(y,P)’ = D(x,P)° = D(y,Q)* + D(x, QP _ 1y s 1y (54)

2D(P,Q)

Since all chains in the fence are coordinated, they can share quantifications of the same
event. Thus, the same proof holds for any other chain in the fence as it does for P and Q.
This allows us to write the discrete form of the dot product of an interval [x, y] and a fence

IPQ as

D(y,P)> — D(x,P)* — D(y,Q)* + D(x,Q)?
2

D(x,y).D(P,Q) = '

. (55)

Finally, we can extend quantification with a fence to quantification with a number of
fences. We will study a special configuration of fences called a grid and show how such
quantifications result in a discrete version of the geometric product.

7. Grid

Let us now study the case where we have more than one fence. In this section, we will
focus on a specific configuration of fences called a grid and we will look at the projection of
an interval onto the subspace formed by the grid.

A grid, denoted as ¢P11P;;;, is defined to be a set of two or more parallel fences,
IP11P1, ||, s || Pri1 Prin || where m, n € {1,2,3, ...}, such that ||P11 Py ||, [|P12P2l], --os || P17 Prmin]
also form parallel fences as shown in Figure 12. Thus, the subspace formed by a grid is 2 + 1.
The two indices in each chain indicate the fence and chain numbers, respectively. For example,
Py; is the third chain of the second fence in the grid.
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Figure 12. Geometric view of the grid oP11Py,,. Fences ||P11P1y]|, ..., ||Pyi1Pun|| are parallel and
fences ||P11Py1 ||, |P12Pm2ll, - ||P17Pmn|| are also parallel.

Quantification Inside a Grid

Consider events x,y such that x € |[P;yP;,|| and y € ||Pj1Pj, || where ||P; P, ||,
oP11 Py, are arbitrary fences in the grid shown in Figure 13.

Next, we use Equation (54) to write the projection of interval [x, y] € ©P11Py,;;, onto the
fence ||P11P1,||

PP || €

D(yr Pll)z — D(xr Pll)z — D(yr Pln) + D(X, Pll’l>2
2D(Pyq, Pyy)

= D(Py, Py). (56)

Note that the projection can be written using any chain in the fence. Moreover, since
fences are coordinated, one can pick any other fence and find the projection of the interval
[x, y] onto that fence using Equation (54). For instance, using ||P;1P;, ||, the projection would
be given by D (P, P;).

If the relation between the projections of any two consecutive fences, such as ||P;1 P, ||
and Hle P, ||, is such that one can write the Pythagorean theorem as

D(Py, P;;)* = D(Py, Py)> + D(P;;, Pyy)?, (57)

where D(Pj, Pj;) = D(x,y) is the distance between the two chains P, and Pj;, then the grid
is defined to be orthogonal. If the grid is orthogonal, Equation (56) can be used to rewrite
Equation (57) as

2
D(x,y)? = ( P Py1)? — D(x,P11)*> — D(y,P1n) + D(x,P1,)°
2D(Pyq,Pyy,)

+D(Pj;, Py)% (58)

Rearranging this gives

D(y,P1;)2 — D(x,Py)? — D(y,P1,) + D(x, Pln)2>2

D(x,y)*D (P11, P1,)* = ( >

+ D(Pj;, Py)*D(Pyy, P1,)%. (59)

The first term on the right-hand side is simply the dot product. So, Equation (59) can
be rewritten as

D(x,y)*D(P11,P1,)* = (D(x,y).D (P13, Py,))?
+ (D(y,Py;) — D(Py, Pyy))*D(P11, P1y)%,  (60)

where we substituted D(y, Py;) — D(P;;, Py;) for D(y, P;;). To study the second term on the
right-hand side, we can look at a few special cases:

Special Case I If x € Py and y € Py;, then D(y, P;;) = 0.
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Special Case II: If x € Py and y € Py, then (D(y, Py) — 0)D(Py, Pyy) = D(x,y)D(Py, Pil).
Special Case III: If x € Pj and y € Py, then (0 — D(x, P;))D(Py, P;;) = —D(x,y) D(Py, Py).

Since D(x,y) is the distance between two events x and y or equivalently, the distance
between their corresponding chains Pj and Pj;, and D(Py, P;;) is the distance between two
chains Pj; and Pj;, their product must be associated with an area, and the negative sign
in the third special case indicates that this must be a directed area. The three special cases
considered here indicate that this term can be regarded as the analog of the outer (wedge)
product in a discrete case. So, Equation (60) can be rewritten as

D(x,y)*D(Py, Py)* = (D(x,y).D(Py, Py))* + (D(x,y) AD(Py, Py))?, (61)

where D(Py, Py;) is substituted by D (P, P;;).
The same result can be found in the geometric product of two vectors 4, b which is
defined as the sum of their inner and their outer products

—

ib=ab+aAb. (62)
Since@Ab = —bA 4, we can write
ab= (ab+bd)/2, @Ab= (db—bd)/2. (63)
Squaring both equations and adding them gives
(@)% = (@.b)*> + (@ Ab)?, (64)

which is the same result found in Equation (61).

The wedge product found here is based on considering 2 + 1 dimensions. However,
the results can be generalized to higher dimensions #n where n € N. In the special case
where n = 3 we have 3 + 1 dimensions where the wedge product can be written as the
cross product which gives Equation (64) as (d@b)? = (@.h)% + (@ x b)? .

Pue .. er,,
' yep;

Pi@ - .] . @Py,
: xePy, : :
Ph® ... @ .. ®F .. [ J:3
.. 0 .. o - e
Pyq Py Py Prn

Figure 13. Events x,y are on Py € ||P;y, Pjy|| and Py € HleP]-,,

, respectively.

8. Conclusions

In this paper, we applied the quantification technique introduced in Ref. [4] for
quantifying partially ordered set of events to different configurations of chains in order to
find geometric features of a poset of events. This led to a discrete version of some features
of Euclidean geometry. We first reviewed our previous work on quantifying a partially
ordered set of events using chain projections. We showed how order in projections of an
event onto a pair of chains induce some of the fundamental concepts in geometry such as
collinearity, directionality, and subspaces. The coordination condition from our previous
work is reviewed and then extended from two to more chains.

Our results suggest that many features in Euclidean geometry are not fundamental,
but rather they are derived from order. Our main findings in this paper can be outlined
as follows:
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[1] We demonstrated that the Pythagorean theorem is derived from the fact that the
interval scalars of orthogonal subspaces are additive (see Equation (10)).

[2] We showed that geometric shapes are formed from the quantification of more than
two equidistant coordinated chains which gives rise to multiple spatial dimensions
(see Equations (24) and (33)).

[3] We introduced the concept of a fence as a set of three or more collinear and coordinated
chains. Then, we studied different configurations of two fences. Most importantly, we
proved (see Equations (35)—(37)) that fences that share more than one chain and share
all chains, which is the equivalent of the parallel postulate in the discrete case.

[4] We found that the projection of an interval onto a set of collinear and coordinated
chains results in the dot product (see Equation (54)). The features of the outer (wedge)
product in 2 + 1 dimensions appeared when quantification was extended from one
fence to a number of fences.

[5] Writing the Pythagorean theorem inside a grid, we found a relation whose terms were
similar to those of the geometric product squared (see Equation (61)).

Applications of lattice theory extend beyond Euclidean geometry. For instance, lattice
theory has a wide range of applications from computer science (e.g., [33,34]) to physics
(e.g., [35]). Applications of causal sets have also been investigated. In one study, the
dynamics of spacetime at quantum scales was studied using numerical simulations of a
two-dimensional causal set quantum gravity [36]. These results indicate that changes in
some parameters cause a change in the properties of the causal set, which is referred to
as a phase transition. Moreover, there have been studies on testing the dimensionality of
spacetime using a causal set model where it has been demonstrated that the dimensions of
spacetime, for conformally flat spacetime, can be determined by the causal set theory [37].
The approach is based on embedding the causal set in conformally flat spacetime which
can ultimately result in the correct continuum dimensions.

Deriving the geometry of spacetime has been the focus of many studies. For instance,
in order to study curved spacetime, a topology which unifies causal, differential, and
conformal structure was introduced [38]. In another example, the topology of spacetime
was shown to be determined by a class of timelike curves which are all possible causal
trajectories of particles with mass [39]. Another study models causal sets that correspond
to continuum spacetime and compares their discrete topology to that of the continuum
topology [40].

It is important to emphasize that the results found in our paper are based on no
assumptions about the structure or even the existence of space or time. Rather, they appear
merely as a result of order in a poset of events and their consistent quantification. The
results found so far in this picture indicate an interesting view of the foundations of physics
without any assumptions about space or time. In particular, this theoretical approach
leads to obtaining many features of the Fermion physics and the Dirac equation based
on a model of a free electron as a poset [6-8,10], relativistic Newton’s second law when
a particle in being influenced [30], and the derivation of all aspects of special relativity
including the Minkowski metric, the existence of an upper limit for velocity, and the
Lorentz transformations [4,5]. Finally, this methodology may be used to investigate further
physical laws and their connections based on a minimalist view. Based on our previous
work [4,5] the scalar quantification of symmetric and antisymmetric pairs associated with
quantifications along and across a pair of coordinated chains, respectively, are responsible
for the Lorentzian signature that appears in this picture. However, nothing in the causal
relation or the quantification scheme we have used prevents us from going to N spatial
dimensions. So, the fact that the laws of physics, expressed in terms of empirically defined
concepts such as mass, energy, momentum, and positions in space and time, emerge from a
more foundational and basic axiomatic/theoretical approach suggests that these concepts
may not be fundamental. Based on this picture, one could argue that what we observe in
spacetime physics is a macroscopic manifestation of a continuum of elementary events
which, when suitably ordered, can be expressed as time, compared in terms of distances,



Mathematics 2024, 12, 3275

20 of 24

and grouped in certain ways to form areas and/or volumes while there is no space or
time defined in this picture. Indeed, it happens to be the case that one can argue that
this macroscopic physical picture can be regarded, at a deeper level, as emerging from a
microscopic discrete theoretical framework where the concepts of a causal set equipped
with an ordering relation can give rise to a classical spacetime equipped with its Lorentzian
metric. This foundational viewpoint lays the foundations of the so-called causal set theory
approach to quantum gravity [14,41].

Although the relative view of space as being merely a relation among objects which
was envisioned by al-Ghazali [42] and later Leibnitz [43] was first ignored and then rejected
due to its contradiction with the Newtonian mechanics, it was not until the derivation of
Einstein’s theory of Special Relativity when the relative view of space and time was taken
seriously. The poset picture that was discussed in this research takes this a step further
by showing how all aspects of special relativity can be derived with no assumption about
space and time [4]. Even geometrical properties that were thought to be intrinsic properties
of space such as directionality and subspaces emerge in this picture with no reference to
space and time. As Poincaré and Mach also suggested, it is all about the connectivity.
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Appendix A

As mentioned in Section 3.1, there are five possible cases where an event x and two
distinct chains P and Q in a partially ordered set can be collinear. The proof is given here.

Theorem A1l. According to the definition of collinearity, the following cases exhaust all possible
ways in which x can be collinear with P and Q:

Case I:

Px =PQx Qx= QPx

Px=PQx Qx=QPx

Case II:

Px =PQx Qx= QPx

Px =PQx Qx = QPx
Case III:

Px =PQx Qx = QPx

Px =PQx Qx = QPx
Case IV:

Px =PQx Qx = QPx
Px=PQx Qx=QPx



Mathematics 2024, 12, 3275

21 of 24

Case V:
Px=PQx Qx = QPx

Px=PQx Qx = QPx.

Proof. Consider two distinct finite chains P € ITand Q € IT and an event x € IT such that
event x is forward and backward projected onto both chains. There are 42 = 16 algebraic
possibilities of the order of projections of x onto the two chains given by

Px =PQx Px=PQx Px=PQx Px=PQx
Px=PQx Px=PQx Px=PQx Px=PQx
QOx = QPx Qx =QPx Qx=QPx Qx=QPx
QOx =QPx Qx=QPx Qx=QPx Qx=QPx.

(A)

There are then (42)? = 256 pairwise combinations of these relations. First, note that
cases Px = PQx, Px = PQx, Qx = QPx, and Qx = QPx cannot occur. Consider, for
example, Px = PQx. On the right-hand side, we have both backward projections P and
Q of event x whereas in the left-hand side we have only forward projection P of the same
event on one of the chains. This is not possible since if x is backward projected onto chains
P and Q then Qx > Px which is only equal to Px if Px = Px which violates causality.
Similarly, the other three cases Px = PQx, Qx = QPx, and Qx = QPx are also ruled out.
This leaves us with twelve cases

0 1 2
Px = PQx Px=PQx Px=PQx
Px =PQx Px=PQx Px=PQx (A2)
Ox = QPx Qx = QPx Qx = QPx
QOx =QPx Qx=QPx Qx=QPx

where the columns are codes as 0, 1, and 2. We have to consider all the possible corribinations
of the forward and backward projections for both chains, which are P, Q, P, and Q for each
combination, which in terms of the codes given above, would be

0000
0001
0002

2222

which are 3* = 81 cases. We now have to consider each case to see which of them
are possible.
Consider the case 0000

Px = PQx Px=PQx Qx=QPx Qx = QPx. (A3)

These relations among the forward and backward projections of event x onto the
two distinct chains P and Q are also not possible. For example, if we have Px = PQx, it
means that the forward projection of event x onto chain P is first found on chain Q while
Qx = QPx indicates that the forward projection of event x onto chain Q is first found on
chain P. This is only possible when chains P and Q are interchanged, which then does not
refer to this one case. This also holds for the backward projections, that is, the two cases
Px = PQx and Qx = QPx cannot occur together. There are 17 combinations that include
these two conditions together which will be eliminated. Next, consider 0010

Px = PQx Px=PQx Qx=QPx Qx = QPx. (A4)
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Substituting Qx = QPx into Px = PQx gives
Px = PQPx (A5)

which is impossible since on the right-hand side the forward and backward projections of
x onto P overlap. Similarly, Px = PQx and Qx = QPx cannot be combined which together
eliminates 14 more cases that include these combinations. For the same reason we can see
that the two cases Px = PQx and Qx = QPx as well as Qx = QPx and Px = PQx also
cannot be combined which eliminates 13 more cases. Moreover, the two cases Px = PQx
and Px = PQx cannot be combined since they yield that both Px and Px are equal to PQx.
Therefore, eight more cases are ruled out. Now, consider Px = PQx and Qx = QPx. Upon
substitution of Qx from the second equation into the first we obtain Px = PQPx which is
an impossible order of projections since the forward projection of event x onto P overlaps
with its backward projection. Similarly, the combinations Px = PQx and Qx = QPx cannot
occur either which together, eliminates nine more cases. The two cases Qx = QPx and
Qx = QPx cannot be combined since they give the same relation for the forward and
backward projections. The same situation holds for Px = PQx and Px = PQx. These
two conditions rule out five more cases. It is also impossible to have Px = PQx and
Px = PQx together as well as Qx = QPx and Qx = QPx since both forward and backward
projections of x onto one of the two chains are first found as a backward projection of x onto
the other chain which contradicts collinearity. This eliminates three more cases. Consider
the combinations that have Px = PQx and Qx = QPx. If we substitute the value for Qx
from the second equation into the first one, we have Px = PQPx, which is impossible, and
eliminates two more cases. Px = PQx and Px = PQx cannot be combined either since both
the forward and backward projections of x onto P can be found on the forward projection
of x onto Q, which eliminates two more cases. The two cases Px = PQx and Qx = QPx
cannot be combined either since if we substitute Qx into the relation for Px we obtain
Px = PQPx which means that the forward and backward projections of x onto P are the
same point. This eliminates two more cases. Finally, the combination 0121 cannot occur
which refers to Px = PQx, Px = PQx, Qx = QPx, and Qx = QPx. If we have Px = PQx,
Px = PQx, and Qx = QPx, then we cannot have Qx = QPx. This leaves us with the
remaining five cases

Case I:

Px=PQx Qx = QPx
Px =PQx Qx = QPx
which corresponds to the code 2201.

Case II: o B
Px = PQx Qx = QPx

Px =PQx Qx = QPx
which corresponds to the code 1010.

Case III: o
Px = PQx Qx = QPx

Px =PQx Qx = QPx
which corresponds to the code 0122.

CaseIV: B
Px = PQx Qx = QPx

Px=PQx Qx=QPx
which corresponds to the code 0221.



Mathematics 2024, 12, 3275 23 of 24

Case V:
Px=PQx Qx=QPx

Px=PQx Qx = QPx.
which corresponds to the code 2102 Q.E.D. O
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