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Abstract: This paper investigates the potential of negative stiffness suspensions for enhanced vehicle
vibration isolation. By analyzing and improving traditional control algorithms, we propose and
experimentally validate novel skyhook, groundhook, and hybrid control strategies for suspensions
with negative stiffness characteristics. We establish pavement models, incorporate negative stiffness
into suspension modeling, and develop a performance evaluation index. Our research identifies
shortcomings of classical semi-active control algorithms and introduces a new band selector to
combine improved control methods. Simulation results demonstrate that the proposed semi-active
suspension control strategy based on negative stiffness effectively reduces body vibration and
enhances vehicle ride performance.
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1. Introduction
1.1. Background

Vehicle suspension systems are paramount in determining ride comfort, handling,
and overall vehicle stability [1]. They serve to isolate vibrations induced by road surface
irregularities, therefore enhancing passenger comfort and protecting vehicle components
from excessive wear [2,3]. As automotive technology advances, there is an increasing
demand for innovative suspension solutions that can effectively address the challenges
posed by diverse driving conditions [4,5]. The vibration isolation mechanism of a negative
stiffness suspension system represents an innovative approach in the realm of vehicle
dynamics, particularly for enhancing ride comfort and stability under varying road con-
ditions [6,7]. This nonlinear vibration isolation device has shown significant promise in
improving the effectiveness of vibration attenuation, especially in the low-frequency range,
which is critical for passenger comfort during typical driving scenarios [8].

Pioneering work by Eijk et al. [9] first integrated negative stiffness into the design
of vehicle suspensions, effectively reducing the overall stiffness of the system and, there-
fore, enhancing its vibration isolation capabilities. Building upon this foundation, the
works in [10] developed a semi-active suspension system incorporating negative stiffness
elements, validated through both theoretical derivation and experimental testing, which
demonstrated marked improvements in ride quality. Furthermore, the study of [11] investi-
gated the dynamic behavior of a nonlinear suspension system featuring negative stiffness,
deriving the governing equations and analyzing the frequency response under harmonic
excitation using advanced mathematical techniques. In a similar vein, the works by [12]
explored the application of a bending-mounted spring roller mechanism as a negative
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stiffness calibrator in conjunction with conventional linear springs, leading to the design
of a passive nonlinear isolator. Their analysis provided insights into the dynamic char-
acteristics and performance metrics of the isolator. The study in [13] proposed a novel
vibration absorber that utilizes both positive and negative stiffness elements in parallel,
leveraging the principle of counteraction to achieve an arbitrarily low effective stiffness.
This innovative design significantly enhances the system’s vibration isolation performance.

Negative stiffness in a vehicle suspension system refers to a characteristic where the
restoring force generated by the suspension system opposes the direction of displacement.
The authors of [14] further contributed to this field by examining a dual-stiffness vibration
isolation system, which combines positive and negative stiffness elements to achieve a
higher support stiffness while maintaining lower motion stiffness. Their findings indicated
that the natural frequency of the system could be effectively manipulated by adjusting the
forces acting on the negative stiffness mechanism, leading to substantial improvements in
vibration isolation efficacy. Despite the growing body of research surrounding negative
stiffness structures [15–25], there remains a notable gap in the literature regarding their
application in the design of suspension systems for construction machinery vehicles. This
highlights the urgent need for a focused investigation into the development of an accurate
seat suspension system that incorporates negative stiffness characteristics. Such a system
must be tailored to the specific spatial constraints of the cab seat while also optimizing its
dynamic performance [26,27]. This study aims to address these challenges by exploring the
design parameters and dynamic characteristics of a negative stiffness suspension system,
ultimately contributing to enhanced operator comfort and vehicle performance. Negative
stiffness suspensions offer a promising alternative to traditional suspension designs by
utilizing mechanisms that counteract the forces exerted during vehicle motion [28]. This
unique property allows for an enhanced dynamic response, potentially leading to improved
ride quality and handling characteristics [29]. The primary objective of this study is to
analyze and refine existing control algorithms to fully exploit the benefits of suspensions
with negative stiffness characteristics [30].

To achieve this, we propose a comprehensive framework that includes the develop-
ment of enhanced control strategies. Specifically, we introduce improved skyhook control,
ground control, and hybrid control algorithms that are specifically tailored for suspensions
exhibiting negative stiffness properties. These control algorithms aim to optimize the
suspension’s response to varying road conditions, therefore maximizing vibration isolation
and overall vehicle performance. To rigorously evaluate the proposed methods, this paper
establishes detailed models for various pavement types, which serve as the foundation
for our analysis. By incorporating negative stiffness characteristics into the traditional
suspension model, we create a more accurate representation of real-world driving scenarios.
Additionally, we propose a performance evaluation index that quantitatively assesses the
effectiveness of the suspension system, allowing for a systematic comparison of differ-
ent control strategies. A critical aspect of our research involves the analysis of classical
semi-active control algorithms. By identifying their limitations, we highlight the need
for more advanced approaches that can better accommodate the complexities of modern
driving environments. To address this gap, we introduce a novel band selector designed
to synergistically combine the improved control methods, therefore enhancing the overall
performance of the suspension system.

The simulation results presented in this paper provide compelling evidence that the
proposed semi-active suspension control method, based on the negative stiffness mechanism,
effectively reduces body vibrations and significantly improves vehicle driving performance.
This research not only contributes to the understanding of advanced suspension systems but
also paves the way for future innovations in automotive suspension technology. Ultimately, our
findings aim to enhance safety, comfort, and driving enjoyment for users across a variety of
road conditions. The main contributions of this paper are as follows:

• First, various system models necessary for the study are developed. Modeling real-
world road conditions, including speed bumps and other irregularities, random
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road excitation and bump models are established. Sweep frequency and sinusoidal
signals are also developed for analyzing the frequency response of the suspension
system. The definition and properties of stiffness are introduced and applied to a
conventional stiffness suspension model, enabling the development of a negative
stiffness suspension model.

• Subsequently, the improved skyhook and groundhook control algorithms for the
negative stiffness suspension system are designed. This involves analyzing the control
principles of traditional skyhook and groundhook control theory and modifying them
in light of the dynamic characteristics of the negative stiffness semi-active suspension.
Two improved skyhook and groundhook control methods are then designed. Simulink
models are developed and tested for both improved control methods. Comparative
analyses are performed using simulations including passive, skyhook and ground-
hook, and negative stiffness passive control approaches, evaluating their respective
performances under various metrics to assess the advantages and disadvantages of
each control strategy.

• Finally, a hybrid control algorithm for the negative stiffness suspension system is
designed. A comparative analysis of several established semi-active control algo-
rithms reveals their limitations. Due to the distinct dynamic characteristics of negative
stiffness suspensions compared to conventional designs, existing control algorithms
proved inadequate. Leveraging the previously developed improvs sky-ground control
method, a novel frequency selector is designed to combine the two control approaches.
Simulation experiments demonstrated that the proposed hybrid control method ef-
fectively enhances vehicle ride comfort. The proposed control method improves the
comfort and stability of the vehicle by effectively suppressing vehicle body vibration
compared with the works from [5,8] based on the proposed hybrid control methods.

1.2. Problem Formulation

The principle of skyhook control was first proposed by the study of Karnopp in the
20th century, using a dampener connected between the imaginary sky and the body to
suppress the vibration of the body. The principle is to design and install an ideal skyhook
damper between the body and the imaginary sky. The sky remains absolutely stationary,
and the ideal skyhook damper can suppress the vertical motion of the body, thus making the
body more stable and improving the comfort and smoothness of the vehicle during driving.
Figure 1 shows the quarter-vehicle suspension dynamics model with skyhook control.

Figure 1. Control quarter suspension model.

The kinetic equations are established as follows:{
ms ẍs + cs(ẋs − ẋu) + ks(xs − xu) + csky ẋs = 0
mu ẍu − cs(ẋs − ẋu)− ks(xs − xu) + kt(xu − xr) = 0

(1)
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where csky is the damping coefficient in skyhook control, ks is the suspension spring stiffness,
ms is the spring-loaded mass, mu is the unsprung mass, kt is the equivalent tire stiffness,
and cs is the inherent damping coefficient of the suspension.

After the principle of skyhook control was proposed, the theory of groundhook control
was also mentioned by authors in [31], and the skyhook control and groundhook control
appeared almost together in the discussion involving vehicle suspension control.

In general research, scholars mainly study the direction that can make the suspension
provide better ride comfort for the vehicle, and fewer studies utilize the characteristics of
the actuators in the suspension to improve road surface adhesion. In recent years, scholars
through vehicle chassis integrated control research found that the improvement of road
surface adhesion and even handling stability of the suspension system is also worthy of
in-depth research. The principle of groundhook control is similar to that of skyhook control,
which is an idealized suspension structure design scheme, and in practice, the vehicle
cannot realize the damping connection with the ground; the difference is that the main
idea of groundhook control theory is to connect the unsprung mass with the ground using
dampers. Of course, the nature of the ground is the same as the nature of the “ideal sky” in
skyhook control in order to be able to consume the energy generated by the vibration of the
parts connected to it. This method effectively reduces the vibration energy of the wheels,
resulting in a reduction in the vibration displacement of the wheels and an improvement in
the adhesion of the wheels to the road surface.

We model its quarter-vehicle suspension dynamics as in Figure 2.

Figure 2. Ideal floor shed suspension model.

Establish the dynamics equation of this suspension as:{
ms ẍs + cs(ẋs − ẋu) + ks(xs − xu) = 0
mu ẍu − cs(ẋs − ẋu)− ks(xs − xu) + kt(xu − xr) + Fd = 0

(2)

where Fd is the ideal damping force, Fd = cground ẋu.
There are also methods, such as switched groundhook control and linear groundhook

control in groundhook control. The switched ground-shed damping control is a control
law that implements switching based on the direction of the unsprung displacement ẋu
and the suspension deformation velocity (ẋs − ẋu) with the following expression:

cground =

{
cmin, ẋu(ẋs − ẋu) ≤ 0
cmax, ẋu(ẋs − ẋu) > 0

(3)

where cmin and cmax are the minimum and maximum damping coefficients that can be
provided by the controlled dampers, respectively. The control law is performed by a
switching controller, and the controlled damper coefficient is converted to the maximum
damping coefficient when the tire velocity ẋu and the suspension deformation velocity
ẋs − ẋu are in the same direction, and the opposite is converted to the minimum damping
coefficient. Under this control strategy, the damper has only two damping states, which is
also easier to implement in engineering.
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At this stage, the research for vehicle suspension systems is mainly divided into
two aspects: one is the research of suspension structure, and the other is the research
of suspension control algorithm. We further carry out the research of control strategy
according to the relevant results in [4,21].

2. The Design of Skyhook and Groundhook Semi-Active Controller Based on
Negative Stiffness

According to the mechanical properties of the damper, we know that the damping
force is always in the opposite direction of its relative motion speed and proportional to
its magnitude. The main function of the damper in the suspension is to absorb energy to
minimize the relative speed displacement change between the body and the wheels.

In evaluating the ride comfort and smoothness of a vehicle during driving, we pay
more attention to the amplitude of the vertical displacement, the magnitude of the vertical
velocity, and the change in the magnitude of the vertical acceleration of the spring-loaded
part of the vehicle. Skyhook is to design and install an ideal skyhook damper between the
vehicle body and the imaginary sky, which is essentially realized by suppressing the vertical
velocity of the vehicle body. The controller acts through the relationship between the body
sagging velocity and the suspension velocity relative to the body change velocity. Due to
the addition of a magnetic force generator in the suspension system to provide a negative
stiffness restoring force, it is possible that the dynamic travel of the suspension increases,
and it takes a certain amount of time for the suspension velocity to change relative to the
body change velocity, which makes the damping action behavior lag behind in time, and
thus does not improve ride comfort. Improvement of ride comfort.

2.1. The Design of Negative Stiffness Model

We propose an improved skyhook control algorithm for the aforementioned nega-
tive stiffness suspension model with the main purpose of improving ride comfort. The
improvement idea is to improve the relationship between the measured body droop speed
and suspension speed relative to the body speed change into the relationship between the
measured body droop speed and suspension droop speed on the original skyhook control
strategy to achieve the purpose of suppressing vehicle vibration and improving vehicle
ride comfort.

We model the quarter-vehicle negative stiffness suspension system shown in Figure 3
and formulate its dynamics equations:{

ms ẍs + g(xs − xu) + c0(ẋs − ẋu) + Fd = 0
mu ẍu − g(xs − xu)− c0(ẋs − ẋu) + kt(xu − xr)− Fd = 0

(4)

The improved skyhook is similar to the skyhook. The main purpose is to suppress the
vibration of the body. According to the previous article, we have established the suspension
negative stiffness model in parallel with a set of magnetic generators in the suspension
to provide a negative stiffness recovery force near the vibration equilibrium point. The
negative stiffness recovery force can be designed at the model level itself. We design here
the negative stiffness recovery force formula as follows:

g(Z) = k0 + k1Z + k2Z2 + k3Z3 + k4Z4 + k5Z5 (5)

where the one-dimensional coefficients of each subterm are: k0 = 4.57× 104, k1 = −4.337 × 104,
k2 = −2.318 × 105, k3 = 1.121 × 107, k4 = −4.741 × 106, k5 = −1.195 × 108.
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Figure 3. Improved sky and groundhook negative stiffness semi-active suspension.

Where the one-dimensional independent variable Z is the amount of deformation of
the suspension, we first analyze this negative stiffness characteristic restoring force, for
which the derivative is obtained as follows:

g′(Z) = k1 + 2k2Z + 3k3Z2 + 4k4Z3 + 5k5Z4 (6)

Taking in the individual coefficients and making g′(Z) = 0 yield: Z1 = −0.2576,
Z2 = 0.2104, Z3 = 0.0451, Z4 = −0.0297. According to the suspension travel design situa-
tion need to discard two absolute values of the larger value. In order to analyze the negative
stiffness characteristics of the recovery force trend characteristics, we continue the deriva-
tive g′(Z) and find the zero point can be obtained as follows: Z1 = −0.1832, Z3 = 0.1524.
Combined with the image analysis, it can be obtained that when Z ∈ (−0.1832,−0.0297],
the stiffness of this suspension system decreases with the deformation because the de-
formation is negative at this time, and the absolute value of X becomes smaller, then the
deformation of the suspension is also becoming smaller, for the process of shrinking after
the suspension stretching, the process of the stiffness becomes smaller to enable the spring
to better absorb the rebound energy. The suspension system exhibits negative stiffness
characteristics when Z ∈ (−0.0297, 0.0451). The overall suspension stiffness variation
curve is shown in Figure 4.

The relationship between body droop speed and wheel droop speed is first analyzed
in relation to Figure 5.

Figure 4. Stiffness variation curve.
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Figure 5. Body and wheel vertical velocity relationship.

According to Figure 5, we choose the suspension vibration equilibrium point as the
origin, the direction on the orientation is positive, according to the body speed and wheel
speed direction will be divided into four cases and corresponding to different quadrants.
We can find that in the I and III quadrants of Figure 5, the body vertical velocity ẋs and
wheel vertical velocity ẋu direction is the same As shown in Figure 6a,c, the body and
wheels show the tendency of moving in the same direction at this time, which can be
understood as the vehicle passing through the bumpy road or potholes, because there is
already a negative stiffness characteristic restoring force to prompt the suspension to act
during the vibration process, considering that the restoring force will increase the dynamic
travel of the suspension, the speed change difference between the suspension and the
body is reduced by increasing the coefficient of the damper. This can reduce the vibration
transmitted by the suspension to the body, which can directly reduce the speed change in
the body and the travel of the body.

a b c d
Figure 6. Schematic diagram of body and wheel vertical velocity. It illustrates four distinct types of
relative relationships (a–d).

In quadrant II and III of Figure 5, the body droop velocity ẋs and wheel droop velocity
ẋu are in opposite directions, as shown in Figure 6b,d, at this time the body and wheels
show a tendency to move in the opposite direction, which we can understand as the
backhaul situation when encountering a bumpy road or a potholed road, at which time
the negative stiffness characteristic The restoring force is used to induce the suspension to
act in the process of vibration contraction or extension, and because the force has travel-
related characteristics, the speed change difference between the suspension and the body
is reduced by decreasing the coefficient of the damper in the process of restoring to the
initial equilibrium position, which can reduce the vibration brought to the body when the
suspension returns to the original state, which can also directly reduce the speed change in
the body. Considering that the algorithm is relatively simple, we will attribute the case of
the presence of 0 to the first case.

Based on the above conclusions, we can design the control law for Equation (4).
Fd = cd ẋs in Equation (4), where the control law for cd is:

cd =

{
cmin, ẋu ẋs < 0
cmax, ẋu ẋs ≥ 0

(7)



Mathematics 2024, 12, 3346 8 of 28

Since it is difficult to obtain the analytical solution of this system of dynamics equations
because the system contains higher-order terms about the dynamic travel of the suspension,
we choose to perform numerical analysis in simulation to determine the performance of
this suspension system.

2.2. Sky-Negative Controller Performance Simulation Analysis

We simulate and analyze this suspension system using random road signal, bump
road signal and swept signal as input signals, respectively. Meanwhile, in order to an-
alyze the performance of the suspension in a better and more intuitive way, we added
passive suspension, negative stiffness suspension, and skyhook suspension for comparison.
This paper focuses on vehicle body vibrations caused by road surface irregularities, with
frequencies typically ranging from 0.1 Hz to 20 Hz at a speed of 72 km/h.

2.2.1. Sky-Negative Controller Performance Random Road Signal Simulation

Since the class skyhook control mainly targets the vibration suppression of the body,
we only analyze some simulation data of the spring load part here. We can visually see
from Figures 7–9 that the improved damping control strategy combined with the negative
stiffness suspension can effectively attenuate the body vibration amplitude under the same
random road input, while the velocity and acceleration of the body vibration are also
effectively suppressed.

Figure 7. Spring load displacement comparison chart.

Figure 8. Comparison of spring load speed.
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Figure 9. Comparison of spring load acceleration.

To enable quantitative analysis, we calculate the root mean square values of the body
vibration amplitude response, body velocity response, and body acceleration response
indicators and the degree of optimization calculated as shown in Table 1.

Table 1. Results of each index.

Methods
Displacement Speed Acceleration

RMS Optimization RMS Optimization RMS Optimization

Passive 0.0154 —— 0.0851 —— 0.7157 ——
Skyhook 0.0137 11.04% 0.0538 36.78% 0.4194 41.40%
Negative 0.0158 −2.60% 0.0303 64.39% 0.1534 78.57%

Sky-negative 0.011 28.57% 0.0157 81.55% 0.0942 86.84%

According to the data in Table 1, we can analyze and know that different suspension
control methods and different characteristics of the suspension in the body vibration ampli-
tude, body speed, and body acceleration suppression effect have their own characteristics.

In terms of body vibration amplitude suppression, compared to the passive suspension,
the skyhook semi-active control suspension has an 11.04% improvement, the negative
stiffness suspension has a slight deterioration of 2.60%, and the new improved damping
control negative stiffness suspension has an improvement of 28.57%. In terms of body
speed suppression, compared to the passive suspension, the skyhook semi-active control
suspension has a 36.78% improvement, the negative stiffness suspension has a 64.39%
improvement, and the new improved damping control negative stiffness suspension has
an 81.55% improvement.

In terms of body acceleration suppression, compared to the passive suspension, the
skyhook semi-active control suspension has a 41.40% improvement, the negative stiffness
suspension has a 78.57% improvement, and the new improved damping-controlled negative
stiffness suspension has an 86.84% improvement. It can be seen that under random road
excitation, our proposed new improved damping-controlled negative stiffness suspension
system has some or greater improvement compared to other suspension systems.

Since a set of magnetic generators is added to the suspension to provide negative stiff-
ness characteristics, its suspension dynamic travel at the vibration balance point is bound to
increase. In order to be able to quantitatively analyze the effect of the class skyhook control
method on the suspension dynamic travel, we set up a comparison at the same suspension
condition. We compared the effect of the control method on the normal suspension and the
effect of the control method on the negative stiffness suspension, respectively.



Mathematics 2024, 12, 3346 10 of 28

From Figures 10 and 11, we can see that the skyhook control and class improved
skyhook control have a great improvement compared to the passive suspension in the
ordinary suspension dynamic travel comparison. In Table 2, we give the data of the root
mean square value of the dynamic travel for comparison. The effect of skyhook control in
the normal suspension is 35.44% higher than that of the passive suspension, and the effect
of improved skyhook control is 29.11% higher than that of the passive suspension, and its
control effect decreases compared to skyhook control but is within a certain control range.
In the comparison of the dynamic travel of negative stiffness suspension, the dynamic travel
of negative stiffness suspension is increased compared with that of passive suspension due
to the special characteristics of its structure, but when the improved skyhook control is
added, the dynamic travel of the suspension is optimized by 11.24% compared with that of
the negative stiffness suspension.

Table 2. Various types of suspension dynamic travel indicators.

Methods
General

Methods
Negative Stiffness

RMS/10−4 Optimization RMS/10−4 Optimization

Passive 79 ——
negative 89 ——

Skyhook 51 35.44%

Groundhook 56 29.11% new-negative 79 11.24%

Figure 10. Comparison of spring load speed.

Figure 11. Comparison of spring load acceleration.

2.2.2. Sky-Negative Bump Pavement Signal Simulation

We changed the random input signal to a bumped road signal to simulate the perfor-
mance of the suspension when going over a bumped road, such as a speed bump: Similarly,
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we can visualize in Figures 12–14 that the vibration amplitude of the skyhook-like nega-
tive stiffness suspension is smaller than any other suspension system when passing over
a bumpy road surface, and the vibration transmission amplitude is reduced by 13.6%,
which has a non-negligible effect on the energy reduction transferred to the reeded mass
portion by the road excitation; in the acceleration comparison performance of the skyhook-
like negative stiffness suspension peak acceleration is smaller than any other method
or suspension.

Figure 12. Comparison of spring load displacement.

Figure 13. Comparison of spring load speed.

Figure 14. Comparison of spring load acceleration.
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2.2.3. Sky-Negative Sweep Input Signal Simulation

Finally, we use the swept signal with the frequency range of 0∼18 Hz as the input
signal to test the performance of the suspension, and the specific results are shown in
Figure 15.

Figure 15. Comparison of frequency response of body vibration amplitude.

From Figure 15, we can see that in the set frequency range, the new, improved damping
control negative stiffness suspension has a better effect on vibration suppression than all
other suspension systems; among them, the passive control method and the skyhook
control method have a similar effect in the low-frequency stage, the negative stiffness
characteristic suspension has a better effect on vibration suppression than the first two, and
the new, improved damping control negative stiffness suspension has the best control effect;
however, in the middle-frequency range, the gain of the negative stiffness characteristic
suspension and the new, improved damping control negative stiffness suspension has
increased compared with the other two control methods. In the middle-frequency band,
the gain of negative stiffness characteristic suspension and new, improved damping control
negative stiffness suspension increases compared with the other two control methods, and
the gain of negative stiffness characteristic suspension crosses and exceeds the passive
control method and skyhook control method; in the high-frequency band, the gain of
negative stiffness characteristic suspension is almost the same as that of passive suspension,
and it is the highest among the four methods, while the gain of new, improved damping
control negative stiffness suspension is still smaller than the other This shows that the
control effect of the new, improved damping control negative stiffness suspension proposed
in this paper is better than the other three suspensions in all frequency bands, and has
better suppression performance for road excitation vibration.

2.3. Ground-Negative Controller Performance Simulation

Next, we simulate and verify the proposed new, improved groundhook control for
negative stiffness suspension. Since the previously mentioned skyhook control method is a
vibration suppression method for the spring load-displacement part, the new, improved
groundhook control method on the negative stiffness suspension here is a vibration control
method for the non-spring load-displacement part of the vehicle, and we focus on the
analysis of the unsprung load-displacement part in the simulation.

2.3.1. Ground-Negative Controller Random Road Signal Performance Simulation

Figure 16 shows the unsprung load displacement of the newly improved groundhook-
controlled negative stiffness suspension compared with several other methods.
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Figure 16. Comparison of unsprung load displacement of different control methods.

According to the enlarged picture, we can see that the control effect of the three
methods is better when the road direction is smooth on a smaller time scale, but when
encountering a sudden turn or continuous turn of the road, both the passive suspension
and the groundhook control see their control error become larger. The vibration amplitude
and frequency of these two methods, in turn, will also increase in the actual situation. The
new, improved groundhook control negative stiffness suspension has the best tracking
effect. It can track the road excitation signal well when encountering sudden or continuous
turns, and it can maintain good smoothness and basically does not produce high-frequency
vibration, which can effectively protect the structural performance of the suspension.

From Figure 17, it can be seen that the dynamic wheel deformation of the passive con-
trol suspension, the shed damping control suspension, and the new, improved groundhook
control negative stiffness suspension can all be maintained within a certain range. Since the
graph cannot accurately judge the effect of various methods, we calculate the root mean
square values of the dynamic wheel deformation of the three methods as shown in Table 3.

Figure 17. Comparison of wheel dynamic deformation by different control methods.

Table 3. Table of root mean square values of wheel dynamic deformation.

Methods Passive Groundhook Gro-Negative

RMS/10−4 7.90 7.70 7.61
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From Table 3, it can be seen that the RMS value of wheel dynamic deformation
for the passive control method is the largest, 7.8997; the RMS value of wheel dynamic
deformation for the shed damping control is 7.6977, which is 2.56% less than the RMS
value of wheel dynamic deformation for the passive control method; the RMS value of
wheel dynamic deformation for the new, improved groundhook control negative stiffness
suspension is 7.6139, which is 3.62% less than the RMS value of wheel dynamic deformation
for the passive control method. The RMS value of wheel dynamic deformation for the
new, improved groundhook control negative stiffness suspension is 7.6139, which is 3.62%
less than that of the passive control method. It can be seen that the new improved shed-
controlled negative stiffness suspension can also reduce the wheel dynamic deformation, so
that the wheels can better fit the ground and enhance the grip performance of the wheels.

2.3.2. Ground-Negative Controller Bump Pavement Signal Simulation

The results are shown in Figures 18–20. Under the excitation of the bumped road, the
peak vibration amplitude of the new, improved groundhook-controlled negative stiffness
suspension is smaller than that of the other three suspension systems, and its tendency of
rebound motion during the recovery process is smaller compared with that of the negative
stiffness suspension so that the vibration amplitude and the number of vibrations during
the recovery process are correspondingly smaller. The vibration amplitude and the number
of vibrations will be correspondingly smaller, which can indirectly improve the vehicle
ride comfort.

Figure 18. Comparison of spring load displacement.

Figure 19. Comparison of spring load speed.
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Figure 20. Comparison of spring load acceleration.

2.3.3. Ground-Negative Sweep Input Signal Simulation

We tested the frequency response of the suspension body part to the road sweep
excitation signal in the frequency range of 0-18Hz, and the results are shown in Figure 21.
From Figure 21, we can see that in the set frequency range, the effect of the new improved
groundhook control negative stiffness suspension on vibration suppression is also better
than all other suspension systems; among them, the passive control method and the
groundhook control method have similar effects in the low-frequency stage, and the
negative stiffness characteristic suspension has a better effect on vibration suppression than
the first two, and the new improved groundhook control negative stiffness suspension
has the best control effect; However, in the middle-frequency band, the gain of negative
stiffness characteristic suspension and new improved groundhook control negative stiffness
suspension has increased compared with the other two control methods, and the gain of
negative stiffness characteristic suspension crosses and exceeds the passive control method
and skyhook control method; in the high-frequency band, the gain of negative stiffness
characteristic suspension is almost the same as that of passive suspension, which is the
highest among the four methods, while the gain of new improved groundhook control
negative stiffness suspension is still smaller than that of the other three suspensions. This
shows that the control effect of the new, improved groundhook control negative stiffness
suspension proposed in this paper is better than the other three suspensions in all frequency
bands, and it also has better suppression performance for road excitation vibration.

Figure 21. Comparison of frequency response of body vibration amplitude.
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3. Design of Hybrid Control Algorithm for Negative Stiffness Semi-Active Suspension

In the previous section, an improved shed-like control method was designed and
simulated by analyzing and verifying the sky and groundhook control methods and
combining the dynamics of the controlled object. In this chapter, the advantages of the
two control methods in the previous paper are combined to design and simulate a hybrid
controller for negative stiffness semi-active suspension.

3.1. Semi-Active Suspension Hybrid Control Algorithm

There is a class of hybrid control algorithms derived from the sky skyhook, of which
the more representative one is the hybrid skyhook-acceleration damping-driven semi-active
control algorithm (SH-ADD). Numerous analyses have shown that the skyhook control
strategy provides the best control effect in the low-frequency band, while the acceleration-
driven damping control provides a better control effect in the middle and high-frequency
bands, and these two control strategies complement each other in the full-frequency band.
The control idea of the hybrid skyhook-acceleration damping-driven semi-active control
algorithm is to use a very simple and effective frequency band selector to identify the
current motion characteristics of the suspension and to select the skyhook control strategy
in the low-frequency phase and switch to acceleration damping-driven semi-active control
in the mid–high-frequency phase. The hybrid control law proposed by this method is
as follows:

cin =


cmax,

[
(ẍ2

s − α2 ẋ2
s ) ≤ 0 and ẋs(ẋs − ẋu) > 0

]
or
[
(ẍ2

s − α2 ẋ2
s ) > 0 and ẋs(ẋs − ẋu) > 0

]
cmin, others

(8)

where: cmax and cmin are the maximum and minimum values of the damping coefficient,
respectively, and {cmax, cmin} ∈ R+ and α ∈ R+. The method actually establishes a static
observation strategy to achieve the control of the damping coefficient, and it uses only three
parameters, ẍs, ẋs and ẋu, in the control process. The velocity of the vehicle can be obtained
by integrating the measured acceleration values, and the velocity of the unsprung part can
also be measured and calculated by installing an accelerometer on the wheel structure.

During the control process, Equation (8) will select a different control strategy depend-
ing on the current value of ẍ2

s − α2 ẋ2
s . If ẍ2

s − α2 ẋ2
s > 0, the acceleration-driven damping

control strategy is selected, and at other moments, the skyhook control strategy is selected.
The value of ẍ2

s − α2 ẋ2
s can be considered to be a simple “band selector” according

to the above, where the parameter α represents the switching frequency referred to when
the “selector” selects a different frequency band. It is the only adjustable parameter in this
selection reference strategy. The parameter can be determined by calculating the crossover
frequency between the skyhook control algorithm and the acceleration-driven damping
control algorithm, and a typical standard motorcycle suspension α value is set to about 19
rad/s, so the switching frequency is set at about 3 Hz. However, the specific switching
parameter α must be determined according to the specific situation and parameters of
the suspension.

3.2. Design of Hybrid Controller for Negative Stiffness Semi-Active Suspension

In the suspension system that does not have negative stiffness during operation,
there are many control algorithms to optimize the performance for different aspects of
various types of suspensions, but for the new type of suspension system introduced in
this paper that has stroke-related negative stiffness characteristics, the existing control
algorithms cannot achieve a better control effect on this suspension. In the previous chapter,
we designed skyhook-like and groundhook-like control algorithms, respectively, and
simulated and analyzed these two methods. It can be seen that, for the front suspension
system, the skyhook-like control algorithm is better than the groundhook-like control
algorithm in suppressing the body vibration; however, its performance in the control of
wheel dynamic deformation is not as good as the groundhook-like control algorithm, so we
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combine the advantages of the two control strategies with each other and design the new
semi-active negative stiffness hybrid control algorithm for this suspension. We combine
the advantages of the two control strategies to design a new semi-active negative stiffness
hybrid suspension control algorithm. In the skyhook-like control algorithm, we select the
damping in the suspension semi-active control method according to the product of the
vibration velocity of the spring-loaded mass and the vibration velocity of the unsprung
mass. When the product of the velocity of the spring-loaded mass and the velocity of
the unsprung mass part is less than zero, a smaller damping coefficient is selected in the
strategy, and vice versa, a larger damping coefficient is selected. In the groundhook-like
control algorithm, we are based on the relationship between the product of the unsprung
mass vibration velocity and the wheel vibration velocity to choose to damp in the semi-
active control method of the suspension when the product of the sprung mass velocity
and the wheel vibration velocity is less than zero, the strategy selects smaller damping
coefficients, and vice versa, selects larger damping coefficients. Then, to combine the
advantages of both, it is necessary to select the damping in the suspension semi-active
control algorithm according to the three parameters: the speed of the vibration of the
spring-loaded mass, the speed of the vibration of the unsprung mass, and the speed of the
vibration of the wheel. Based on this analysis, when the product of the spring-loaded mass
velocity and the unsprung mass velocity is negative and the product of the spring-loaded
mass velocity and the wheel vibration velocity is also negative, the system state aligns with
the skyhook criteria. In this scenario, selecting a lower damping coefficient for the skyhook
control method will result in better control. In other cases, where the product of these two
parameters is positive, it is recommended to choose a higher damping value to ensure
optimal system control.

The designed control strategy is as follows:

cd =

{
cmin, ẋr ẋu < 0 and ẋs ẋu < 0
cmax, others

(9)

where cd is the damping factor of the system input, cmax is the maximum damping value that
the system can provide, and cmin is the minimum damping value designed by considering
the damping characteristics of the system.

3.3. Simulation Analysis of Controller Performance

We simulate this suspension system using random road signal, bump road signal
and swept signal as the input signals, respectively. Meanwhile, in order to better and
more intuitively analyze the performance of the suspension, we added passive suspension,
negative stiffness suspension, skyhook suspension, and the class sky and floor skyhook
negative stiffness semi-active suspension designed in the previous paper for comparative
analysis. Due to the large number of comparison methods, we divided into two groups
for comparison. The first group is passive control, skyhook control, and groundhook
control, and the other group is negative stiffness suspension, improved skyhook control,
and improved groundhook control.

3.3.1. Random Road Signal Simulation

First, we use the random road signal as the input signal for simulation analysis. From
the simulation results in Figure 22, we can see that the vibration suppression effect of
the hybrid control algorithm control on the spring load part is significantly better than
that of the passive suspension and the traditional sky and groundhook control algorithm;
and compared with the suspension control algorithm that adds the concept of negative
stiffness, its vibration suppression effect on the spring load part is also better than that of
the negative stiffness suspension and the negative stiffness control algorithm of the class
sky and groundhook.
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(a) (b)

Figure 22. Comparison of spring load displacement of different control methods. (a) Represents the
original method, while (b) represents the negative stiffness method.

For the unsprung part, we intercepted the more representative parts of the simulation
result image for enlargement, and in the enlarged part of the comparison Figure 23, we
can clearly see that the tracking of the input road signal in the suspension part under the
hybrid control method is more compact, especially at the moment when the road turns
more, the tracking of the road by the suspension under the traditional passive suspension,
skyhook and groundhook control algorithm will have certain error, in the negative stiffness
suspension, the tracking effect of the hybrid control method on the road surface input signal
is also to have some advantage over the tracking effect of the class sky and groundhook
control method and the negative stiffness suspension. Although the difference in the figure
is not very obvious, we have made the simulation data more accurate for comparison, and
the specific numerical performance is shown in Table 4.

(a) (b)

(c) (d)

Figure 23. Cont.
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(e) (f)

(g) (h)

Figure 23. Enlarge part. Figures (b–d) are magnified views of specific regions within (a). Figures (f–h) are
magnified views of specific regions within (e).

In terms of vibration suppression of the spring load section, the traditional skyhook
control and groundhook control are effective, but the improvement is only 10% and 8%,
respectively. However, the vibration suppression effect is significantly improved by adding
the Sky and Groundhook control algorithm and the Hybrid control algorithm, which are
28.57%, 35.06% and 38.96%, respectively, which can also indirectly improve the smoothness
of the vehicle. In the unsprung part, the effect of the hybrid control algorithm is similar
to that of the shed and shed-like negative stiffness. Although the numerical change is
small, when combined with the images, it can be found that the unsprung displacement
performance of the hybrid negative stiffness control is the best among all methods.

Table 4. Comparison of spring-loaded and unsprung displacement values.

Methods
Spring Load Displacement Unsprung Displacement

RMS Optimization RMS Optimization

Passive 0.02 —— 0.01 ——
Skyhook 0.01 10.39% 0.01 0.0000%

Groundhook 0.01 7.79% 0.01 0.74%
Negative 0.02 −2.60% 0.01 0.00%

S-Negative 0.01 28.57% 0.01 0.74%
G-Negative 0.01 35.06% 0.01 0.00%

Hybrid 0.01 38.96% 0.01 0.74%

We also performed the image and numerical analysis for the spring-loaded and
unsprung speeds, as shown in Figure 24, in terms of the control effect of the passive
suspension as a comparison for the spring-loaded part of the speed, the skyhook control
and the groundhook control improved by 35.25% and 31.49%, respectively, and when the
negative stiffness feature was added, its control effect improved by 64.27% without any
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control algorithm, and when the class sky and floor shed were added again and hybrid
control algorithms, the control effect is improved by 81.2%, 82.49% and 83.78%, respectively.
As shown in Figure 25, in terms of unsprung speed, in order to track the road input signal
well and accurately in time, faster speed is needed to reduce the tracking error, and the
performance under hybrid control can also be kept within a smaller disadvantage with
other methods.

(a) (b)

Figure 24. Comparison of spring load speed of different control methods. (a) Represents the original
method, while (b) represents the negative stiffness method.

(a) (b)

Figure 25. Comparison of different control methods for unsprung load speed. (a) Represents the
original method, while (b) represents the negative stiffness method.

In terms of acceleration, the acceleration of the spring-loaded mass part can most affect
the ride experience of the driver and passenger. When the vehicle passes over a bumpy
road, the vibration caused by the road is transmitted to the body through the suspension
and then transferred from the body to the human body, so the acceleration of the body part
is required to be as small as possible, so that the vibration felt by the human body will
be reduced. In Figure 26 and Table 5, we can see that the control effect of hybrid control
negative stiffness is the best regardless of the range of change or the peak of change, and it
is comparable to the control effect of class skyhook negative stiffness. In the control effect
compared with the passive suspension control, the skyhook control and floor skyhook
control improve 41% and 35%, respectively, and the control effect of negative stiffness
suspension improves 78.39%, and the effect improves 86.83% and 85.19% after adding the
class skyhook and floor skyhook control, while the hybrid control effect improves 86.83%,
which is comparable to the class skyhook control effect.
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(a) (b)

Figure 26. Comparison of spring load acceleration of different control methods. (a) Represents the
original method, while (b) represents the negative stiffness method.

Table 5. Comparison of spring-loaded and unsprung speed values.

Methods
Spring Load Speed Unsprung Speed

RMS Optimization RMS Optimization

Passive 0.09 —— 0.06 ——
Skyhook 0.05 35.25% 0.06 4.22%

Groundhook 0.05 31.49% 0.06 11.07%
Negative 0.03 64.28% 0.05 1.93%

S-Negative 0.016 81.19% 0.06 5.27%
G-Negative 0.01 82.49% 0.05 1.58%

Hybrid 0.01 83.78% 0.05 0.17%

In Figure 27, in the acceleration control performance of the unsprung mass part, as
the performance of the hybrid control method in the displacement part of the unsprung
mass is already the best among several control methods, then at this time to consider the
impact of the acceleration size on the suspension, the smaller the acceleration is, the smaller
the force on the suspension, which can not only maintain a better fit with the ground
when passing over bumpy roads but also reduce the Acceleration to reduce the mechanical
vibration consumption of the suspension, then Table 6 can clearly compare the hybrid
control algorithm at this time in several control methods in the value of the performance is
also in the forefront.

(a) (b)

Figure 27. Comparison of unsprung acceleration of different control methods. (a) Represents the
original method, while (b) represents the negative stiffness method.
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Table 6. Comparison of spring load acceleration and unsprung load acceleration values.

Methods
Spring Load Acceleration Unsprung Acceleration

RMS Optimization RMS Optimization

Passive 0.72 —— 3.02 ——
Skyhook 0.42 41.00% 2.97 −1.83%

Groundhook 0.46 35.33% 6.30 108.53%
Negative 0.15 78.39% 3.14 4.02%

S-Negative 0.09 86.83% 3.66 21.01%
G-Negative 0.11 85.19% 3.24 7.17%

Hybrid 0.09 86.83% 3.06 1.10%

In Figure 28, the performance in terms of suspension dynamic travel, due to the
negative stiffness characteristic of the negative stiffness suspension, which exerts a force
in the same direction as the wheel motion at the suspension equilibrium point, which can
lead to an increase in suspension dynamic travel, after adding the class sky, floor shed and
hybrid control, the three control methods are optimized by 11.83%, 13.93% and 12.90%. In
Figure 29 and Table 7, in the performance of wheel dynamic deformation, with the wheel
dynamic deformation of the passively controlled suspension as a reference, the skyhook
control and the groundhook control are optimized by 40.13% and 0.8560%, respectively,
and when the negative stiffness feature is added, the value of wheel dynamic deformation
is greatly reduced and optimized by 69.87%, 65.29% and 66.01% under the class sky and
groundhook control and hybrid control, respectively. With a greater reduction in wheel
deformation, the degree of wheel-ground fit is increased to a greater extent, which increases
the wheel grip capability and thus can increase the handling and safety of vehicle driving.

(a) (b)

Figure 28. Comparison of suspension dynamic travel by different control methods. (a) Represents
the original method, while (b) represents the negative stiffness method.

Table 7. Comparison of the control effects of various control methods of suspension dynamic travel
and wheel dynamic deformation.

Methods
Suspension Dynamic Travel Wheel Movement Deformation

RMS/10−4 Optimization RMS/10−4 Optimization

Passive 82 —— 8.34 ——
Skyhook 54 34.15% 4.99 40.13%

Groundhook 61 25.61% 8.27 0.86%
Negative 93 −13.41% 2.54 69.59%

S-Negative 82 0.00% 2.51 69.87%
G-Negative 80 2.44% 2.89 65.29%

Hybrid 81 1.22% 2.83 66.01%
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Figure 29. Comparison of wheel dynamic deformation by different control methods.

3.3.2. Bump Pavement Signal Simulation

We also needed to test the performance of the vehicle suspension system over potholes
or bumps under the hybrid control method, and the results are shown below.

In Figure 30, when the vehicle passes over a bumpy road, less vibration amplitude is
required to ensure the smoothness of the body during the driving process, and the test results
show that the hybrid control has better suppression of the body vibration amplitude than other
control methods in both the first and second group comparisons. The recovery process after the
bumped road surface is short and gentle, and no continuous vibration occurs.

(a) (b)

Figure 30. Comparison of spring load displacement of different control methods. (a) Represents the
original method, while (b) represents the negative stiffness method.

In Figures 31–35, the performance of the unsprung displacement shows that the
groundhook control, skyhook-like control, and floor shed-like control all produce vibrations
during passing over the bumpy road surface, which will accelerate the tire wear, while
the suspension under the hybrid control is able to maintain a smoother tracking effect
throughout passing over the bumpy road surface.



Mathematics 2024, 12, 3346 24 of 28

Figure 31. Comparison of unsprung load displacement of different control methods I.

(a) (b)

Figure 32. Comparison of spring load displacement of different control methods about local dynamic
plot (a,b).

Figure 33. Comparison of unsprung load displacement of different control methods II.

The most intuitive feeling of the vehicle passing over the bumpy road is that the
body is pushed upward, and as mentioned in the previous article, in order to ensure the
smoothness of the body during driving, the smaller the vibration amplitude of the body
is, the better. There is no continuous vibration. In Table 8, compared with the passive
suspension control, the root mean square value of the acceleration of the hybrid control
is reduced by 31.77%, which is the best among all control methods in this paper, and it
can greatly improve the ride comfort of the vehicle when passing over bumpy roads such
as speed bumps. In terms of wheel acceleration, the hybrid control algorithm has been
introduced in the previous paper, the displacement tracking effect is relatively smooth
and soft, and its tracking error can be compared and analyzed according to the dynamic
wheel deformation.
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(a) (b)

Figure 34. Comparison of spring load displacement of different control methods about local dynamic
plot (a,b).

Figure 35. Comparison of frequency response of body vibration amplitude.

Table 8. Spring-loaded and unsprung acceleration indicators for various methods.

Methods
Spring Load Acceleration Unsprung Acceleration

RMS Degree of Change RMS Degree of Change

Passive 0.13 —— 0.09 ——
Skyhook 0.24 −84.62% 3.46 −3487.90%

Groundhook 0.45 −246.23% 14.45 −14,839.50%
Negative 0.20 −52.76% 0.09 −0.10%

S-Negative 0.12 11.00% 1.55 −1500.73%
G-Negative 0.10 19.84% 0.89 −824.61%

Hybrid 0.90 31.77% 0.09 1.45%

3.3.3. Sweep Input Signal Simulation

Finally, we conducted a frequency domain analysis of the system and simulated it by
sweeping the signal with the input frequency range from 0 to 18 Hz. The negative stiffness-
based hybrid control algorithm has the best suppression effect on the body regardless of the
low-frequency or high-frequency part. The single-sensor algorithm, among other methods,
can be better suppressed at low and medium frequencies, and the acceleration damping
drive method is not as good as the negative stiffness hybrid control method. The frequency
domain characteristics of the skyhook-like and floor-like control algorithms have been
analyzed in the previous paper, so we will not repeat them here.
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4. Discussion

The suspension system is critical for vehicle stability and ride comfort, as it supports
the vehicle’s weight while mitigating vibrations caused by uneven road surfaces. Semi-
active suspension, offering a balance between cost-effectiveness and performance, has
become the dominant technology in the market. Recent research introduced negative
stiffness suspension, incorporating permanent magnets to enhance vibration suppression.
Building on this innovation, our study investigated semi-active negative stiffness suspen-
sion systems. We analyzed the system dynamics, defining key concepts and performance
metrics. We then refined traditional skyhook and groundhook control methods to better suit
negative stiffness applications, demonstrating improved performance through simulations.
Finally, we designed and simulated a hybrid controller combining the strengths of the
improved skyhook control strategies, further enhancing ride comfort. This research aims
to contribute to the development of more comfortable and efficient vehicles by advancing
the understanding and application of negative stiffness suspension systems. Details of the
discussion are as follows:

(1) This study investigated the effectiveness of a new class of skyhook negative stiffness
semi-active suspension controller in mitigating vehicle body vibrations. Our analysis
reveals significant improvements in ride comfort compared to both passive and
traditional semi-active suspension systems. Compared to passive suspension, the
new skyhook negative stiffness controller demonstrated a notable reduction in body
vibration, achieving a 28.57% decrease in vibration amplitude and an 86.84% reduction
in vibration acceleration. Furthermore, the controller optimized suspension dynamic
travel by 11.24% compared to a passive negative stiffness suspension. When traversing
bumpy roads, the new controller effectively reduced vibration peaks by 13.6%. The
new skyhook negative stiffness controller consistently outperformed passive, skyhook,
and negative stiffness-controlled suspensions in suppressing body vibrations across
the full-frequency spectrum.

(2) Simulation results demonstrate the effectiveness of the proposed hybrid controller.
Compared to the new class of skyhook negative stiffness semi-active controller, the
hybrid controller achieved a significant improvement in ride comfort. Notably, it
exhibited an 82.83% reduction in body acceleration on random roads and over 20%
suppression 624 of vibration peaks on bumpy roads. Furthermore, the hybrid con-
troller demonstrated smoother performance with reduced chatter and acceleration,
leading to less wheel loss. These positive results extend across the full-frequency
range, surpassing the performance of other control algorithms presented in this pa-
per across all frequency bands. The innovation of this research work is to design a
skyhook-like control method, a groundhook-like control method, and a hybrid control
method for the negative stiffness suspension system, which can provide significant
control effects for the negative stiffness suspension system and are applicable to
different practical needs.

(3) Beyond body vibration suppression, the new controller also exhibited advantages in
wheel deformation and grip performance. Compared to passive and traditional sky-
hook control, the new controller demonstrated a reduction in dynamic wheel deforma-
tion, enhancing grip and stability. While the new skyhook negative stiffness controller
shows significant promise, further research is needed to explore the potential of hybrid
control strategies that combine this approach with other advanced control techniques.
This could lead to even more significant improvements in ride comfort and overall
vehicle performance. In particular, we focus on the following: investigating the effect
of different negative stiffness configurations on vehicle performance, developing
robust control algorithms for real-world applications, including road disturbances,
vehicle dynamics, and sensor noise, and examining the cost-effectiveness of negative
stiffness suspension systems compared to conventional approaches.
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In summary, this work has made a useful exploration of the vibration suppression
of negative stiffness suspension systems and laid a good foundation for further in-depth
research on negative stiffness suspension vibration isolation systems.

5. Conclusions

In conclusion, this research delves into the optimization of semi-active negative stiff-
ness suspension systems, highlighting their potential to enhance vehicle ride comfort and
handling. The study begins by analyzing the concept of negative stiffness and establishing
performance evaluation indexes for the suspension system. Building upon traditional
skyhook and groundhook control strategies, the research proposes novel control algorithms
specifically tailored for negative stiffness suspension systems. Simulation results demon-
strate the optimized performance of these new control methods compared to existing
approaches. Furthermore, a hybrid controller combining the advantages of the new sky-
hook and groundhook control is designed and simulated. The findings of this research offer
valuable insights into the design and control of semi-active negative stiffness suspension
systems, paving the way for future advancements in vehicle ride comfort and handling.
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