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Proof for Proposition 1
Proof for Statement 1

In order to prove Eq (3), we first prove the following convergence relation:

V& > 0 lim Pr (||Fy, — Fllgs < 8) = 1 (A1)

Forany & >0 and any positive integer n, define a set F, s = {N © My: ||Ey — Fllxs =
&}. Obviously, Eq (A1) holds if for anys, with n — oo we have Pr (Uyep, s{N = N,}) - 0,
where {N = N,;} denotes the set of all random states such that the optimal market share
N, in period n is equal to the given consumer base N at these states. It is easy to see

that for a given §, there exists a ratio 0 < ps < 1, such that |N| < ps|M,| holds for all n.

For each Ne F,5,{N=N,} =N m{l€&N,}, ie, the event "N equals the customer

lex
base N, under some optimal interest rate" is equivalent to the event "Every consumer not
in N is not in the optimal customer base N,". Forany [ & N, that [ ¢ N,, if and only if for

all ny,<m<n, R(y,w) <, always holds. Based on Eq (1), R(y;, w;) <1y holds iff
(1+ Ry, w) (1 - p(y,w’m,l)) —p(y, @'m;) <0 holds, where w'y,; is the inferred value
of the true risk state w, for consumer [ in period m. According to assumptions 2 and 3,

plus § >0, Pr ((1 + Ry, wp)) (1 — p(y,w’m,l)) oy, @'my) < O) € [ T 5,?5], where the

upper and lower bounds 75 > 0,75 < 1, we have Pr(l € N,)) € [ T g‘"l“,fg‘”l“], and the

independence of intertemporal and cross-sectional observation errors Pr(N = N,) €

n_"l“,l‘[l _n_"l“]. > (1 —ps)IM,| and assumption 1 indicate that
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Pr(N = N,) is a higher order infinitesimal thanr(1 Ps)” Mnl*=(1=ps)|Mn]

s , Wheret} € [ T 5,?5].

On this basis, for a positive integer k < p|My|, Fnsi ={N € F,s: IN| =k}, then
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|Frnsi| = CUMy, prl My 1) oG 18 an infinite amount of the same order as or

k

L and @ and t are non-zero positive constants with
n

lower than 7-%Mnl where p, =

a < 1.Thus, |F,s| is an infinity of no higher order than ps|M,|t~%M=!, which implies that

— 2 2_(1— v !
PI'( U {N — Nn}) S CT§1 PJ) |Mn| (1 p5)|M7l| a |M7l| T IOglMTll

NE€Fyn s
1/4



where C, a' and t’ are all nonzero positive constants. The inequality above proves Eq (A1).

Given Eq (A1), The convergence relation (3) is equivalent to lim,,_Pr (UNEF’n,S{N =

N,}) = 0 holds for any 6 >0, where F', s = {N cM,;: M < 6}. From the above proof for

™ Myl

Eq. (A1), it follows that for § > 0, this condition holds only if the following condition holds.
Condition (*): There exist T < 1 and p > 0, such that for a sufficient large n and for

any NeF', s all € % that satisfy the conditions Pr(l € N,,) <7, n,<m<mn,and n; =

n

min{m < n:l € M,,,} are in the set MT in a proportion not less than p.

According to Eq (A1), given § > 0, we can always choose certain §;, ¢; and ny, such
that for any n > n,, all random states can be divided into 2 sets A, = {||Fy, — Fllxs < 6:}
and Ay, = {||Fy, — Fllxs = 6,}. Eq (A1) implies Pr(4,,) — 0, leaving only the former. Since
IFx, — Fllks < 6, holds on A, ,,, Thus for all consumers [ who satisfy (1 + R(y;, w;))(1 -
p(yl,wl)) — p(y;, w;), the conditional probability that they are not part of the institutional

clienteleon A, ,, Pr(l ¢ Nm|A1_n), must be consistently smaller than some positive constant

7 < 1.Meanwhile, ||Fuy — Fllgs < 8; holds obviously since ||Fy, — F|lxs < 6;, therefore the
Nn

n

proportion of consumers I of (14 Ry, w))(1—pO, ) —pl,w) in 1:]1— is not less

than p = fnl((l +R,)(1-pG,0)) - p(, w) > o) dF — 8, > 0. Then Condition (*)
holds on A, ,,.

Proof for Statement 2
We first prove the following convergence relation holds for any &, >0 and any

consumer ! € U,so M,y,:

lim Pr ({ry, =75, + €} | n}{in”ﬁ,\,nk —Fllgs=6)=0 (A2)
n—oo g

Note that Eq (A2) implies that for any consumer [ € U,-¢ M, the following holds

—_—k 1 . =
Pr (U ﬂ {r,;l >7 4+ E} | minly,, = Flles = )

m>0 n>n;

= Pr ﬂ {1& Nyp, ¢ mkin||17"Nn’k —Fllgks=6)=0

n>n;

Thus
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lim Pr(N,=M, |m|n”FN wk ~ Fllks = 6)

n—-oo

- 1-Pr U ﬂ{l(,i_Nn_k1 | minly,, = Flles = 8) = 0

lEUs>o Ms n>ny

On the other hand, N, = M,, implies Iimn_)wmink”ﬁ,vnk — F||gs = 0, thus we have

0= |imPr (N, —Mn,m|n||FNnk Fllgs = 9)

n—oo

limPr (N,, = M,,, m|n||FNnk F|lgs = 8)Pr (mkin||FNn’k —Fllgs = 6)

n—oo

= limPr (min||Fy o — Fllks = 6)
n-oo k n,

ie.e, Eq(4) holds, which leaves us the task of proving Eq (A2).

From the definitions of 7, and 7;, we know that for any & > 0 and any consumer 1,

there exists infinite number of n such that r;, , < Ty + % Denote the set consisting of all

such n's as N!. Without loss of generality, we assume that for all n € N', we have

ming||Fy,,, — Fllks = 8.

Note thatbased on assumptions 2 and 3, we have

Pr (s = T + /2 | minlF, , = Fllgs = 8) <75, < 1.

From the independence of observation errors, it follows that for any given positive

integer m, we have

Pr (g = oy + € | minliFy,,, = Flixs = 6)

< k21+£/2|mln||FNnk Fllgs =96
nENln<m
- L2 T+ €/2 1 minllFy, , = Flls = 6)
nENl nsm
S T5,€
neNlnsm

As N! is an infinite set, the above expression converges to 0. Eq (A2) is proven.

Proof for Statement 3
Next, we prove Egs (5) and (6). Since Eq (6) is a special case of (5) under 7;, =1, we

only need to prove Eq (5), which can be divided into 2 parts:

lim Pr (lrn <ry—¢l ”FNnk — Fllgs > 0) =0,Ve>0, (A3)

n—-oo
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lim Pr (lr,f > max(7iy,7°) + €| ”FNn.kKn — Fllgs > 0) =0, Ve>0. (A4)

n—-oo

And note that using the same method as in the proof of Eq (A2) it follows that Eq (A4)
clearly holds if 77, > r*, and Eq (A4) clearly holds if 7/, < r*. With respect to Eq (A3), ,,
by definition, denotes the lowest interest rate quoted by the online lender, and a lower
interest rate quote will result in a negative marginal expected return with probability 1, so

equation (A3) holds. o

4/ 4



	Online Supplementary S1

