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Online Supplementary S1 

Proof for Proposition 1 

Proof for Statement 1 

In order to prove Eq (3), we first prove the following convergence relation： 

∀𝛿𝛿 > 0  lim
𝑛𝑛→∞

Pr (‖𝐹𝐹�𝑁𝑁𝑛𝑛 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 < 𝛿𝛿) = 1                  (A1) 

For any 𝛿𝛿 > 0 and any positive integer 𝑛𝑛, define a set 𝐹𝐹𝑛𝑛,𝛿𝛿 = {𝑁𝑁 ⊂ 𝑀𝑀𝑛𝑛:  ‖𝐹𝐹�𝑁𝑁 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥

𝛿𝛿}. Obviously, Eq (A1) holds if for any𝛿𝛿, with 𝑛𝑛 → ∞ we have Pr (⋃ {𝑁𝑁∈𝐹𝐹𝑛𝑛,𝛿𝛿 𝑁𝑁 = 𝑁𝑁𝑛𝑛}) → 0, 

where {𝑁𝑁 = 𝑁𝑁𝑛𝑛} denotes the set of all random states such that the optimal market share 

𝑁𝑁𝑛𝑛 in period 𝑛𝑛 is equal to the given consumer base 𝑁𝑁 at these states. It is easy to see 

that for a given 𝛿𝛿, there exists a ratio 0 < 𝑝𝑝𝛿𝛿 < 1, such that |𝑁𝑁| ≤ 𝑝𝑝𝛿𝛿|𝑀𝑀𝑛𝑛| holds for all 𝑛𝑛. 

For each 𝑁𝑁 ∈ 𝐹𝐹𝑛𝑛,𝛿𝛿 , {𝑁𝑁 = 𝑁𝑁𝑛𝑛} = ⋂ {
𝑙𝑙∈

𝑀𝑀
𝑛𝑛
𝑁𝑁

𝑙𝑙 ∉ 𝑁𝑁𝑛𝑛}, i.e., the event "𝑁𝑁 equals the customer 

base 𝑁𝑁𝑛𝑛 under some optimal interest rate" is equivalent to the event "Every consumer not 

in 𝑁𝑁 is not in the optimal customer base 𝑁𝑁𝑛𝑛". For any 𝑙𝑙 ∉ 𝑁𝑁, that 𝑙𝑙 ∉ 𝑁𝑁𝑛𝑛 if and only if for 

all 𝑛𝑛𝑙𝑙 ≤ 𝑚𝑚 ≤ 𝑛𝑛 , 𝑅𝑅(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙) ≤ 𝑟𝑟𝑚𝑚∗  always holds. Based on Eq (1), 𝑅𝑅(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙) ≤ 𝑟𝑟𝑚𝑚∗  holds iff 

�1 + 𝑅𝑅(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙)� �1 − 𝑝𝑝�𝑦𝑦,𝜔𝜔′𝑚𝑚,𝑙𝑙�� − 𝑝𝑝�𝑦𝑦𝑙𝑙 ,𝜔𝜔′𝑚𝑚,𝑙𝑙� < 0 holds, where 𝜔𝜔′𝑚𝑚,𝑙𝑙 is the inferred value 

of the true risk state 𝜔𝜔𝑙𝑙 for consumer 𝑙𝑙 in period 𝑚𝑚. According to assumptions 2 and 3, 

plus 𝛿𝛿 > 0 , Pr ��1 + 𝑅𝑅(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙)� �1 − 𝑝𝑝�𝑦𝑦,𝜔𝜔′𝑚𝑚,𝑙𝑙�� − 𝑝𝑝�𝑦𝑦𝑙𝑙 ,𝜔𝜔′𝑚𝑚,𝑙𝑙� < 0� ∈ � 𝜏𝜏 𝛿𝛿 , 𝜏𝜏𝛿𝛿� , where the 

upper and lower bounds 𝜏𝜏𝛿𝛿 > 0, 𝜏𝜏𝛿𝛿 < 1, we have Pr(𝑙𝑙 ∉ 𝑁𝑁𝑛𝑛) ∈ � 𝜏𝜏 𝛿𝛿
𝑛𝑛−𝑛𝑛𝑙𝑙+1, 𝜏𝜏𝛿𝛿

𝑛𝑛−𝑛𝑛𝑙𝑙+1�, and the 

independence of intertemporal and cross-sectional observation errors Pr(𝑁𝑁 = 𝑁𝑁𝑛𝑛) ∈

�∏ 𝜏𝜏 𝛿𝛿
𝑛𝑛−𝑛𝑛𝑙𝑙+1

𝑙𝑙∈𝑀𝑀𝑛𝑛
𝑁𝑁

,∏ 𝜏𝜏𝛿𝛿
𝑛𝑛−𝑛𝑛𝑙𝑙+1

𝑙𝑙∈𝑀𝑀𝑛𝑛
𝑁𝑁

� . �𝑀𝑀𝑛𝑛
𝑁𝑁
� > (1 − 𝑝𝑝𝛿𝛿)|𝑀𝑀𝑛𝑛|  and assumption 1 indicate that 

Pr(𝑁𝑁 = 𝑁𝑁𝑛𝑛) is a higher order infinitesimal than𝜏𝜏𝛿𝛿
�1−𝑝𝑝𝛿𝛿)2�𝑀𝑀𝑛𝑛|2−(1−𝑝𝑝𝛿𝛿)�𝑀𝑀𝑛𝑛�, where𝜏𝜏𝛿𝛿2 ∈ � 𝜏𝜏 𝛿𝛿 , 𝜏𝜏𝛿𝛿�. 

On this basis, for a positive integer 𝑘𝑘 ≤ 𝑝𝑝|𝑀𝑀𝑛𝑛| , 𝐹𝐹𝑛𝑛,𝛿𝛿,𝑘𝑘 = �𝑁𝑁 ∈ 𝐹𝐹𝑛𝑛,𝛿𝛿:  |𝑁𝑁| = 𝑘𝑘� , then 

�𝐹𝐹𝑛𝑛,𝛿𝛿,𝑘𝑘� = 𝐶𝐶(|𝑀𝑀𝑛𝑛|,𝑝𝑝𝑘𝑘|𝑀𝑀𝑛𝑛|) = |𝑀𝑀𝑛𝑛|!
�(1−𝑝𝑝𝑘𝑘)|𝑀𝑀𝑛𝑛|�!(𝑝𝑝𝑘𝑘|𝑀𝑀𝑛𝑛|)!

 is an infinite amount of the same order as or 

lower than 𝜏𝜏−𝛼𝛼|𝑀𝑀𝑛𝑛| , where 𝑝𝑝𝑘𝑘 = 𝑘𝑘
|𝑀𝑀𝑛𝑛|

, and 𝛼𝛼 and 𝜏𝜏 are non-zero positive constants with 

𝛼𝛼 < 1. Thus, �𝐹𝐹𝑛𝑛,𝛿𝛿� is an infinity of no higher order than 𝑝𝑝𝛿𝛿|𝑀𝑀𝑛𝑛|𝜏𝜏−𝛼𝛼|𝑀𝑀𝑛𝑛|, which implies that 

Pr ( � {
𝑁𝑁∈𝐹𝐹𝑛𝑛,𝛿𝛿

𝑁𝑁 = 𝑁𝑁𝑛𝑛}) ≤ 𝐶𝐶𝜏𝜏𝛿𝛿
�1−𝑝𝑝𝛿𝛿)2�𝑀𝑀𝑛𝑛|2−(1−𝑝𝑝𝛿𝛿)�𝑀𝑀𝑛𝑛�−𝛼𝛼′�𝑀𝑀𝑛𝑛�−𝜏𝜏′log�𝑀𝑀𝑛𝑛� 
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where 𝐶𝐶, 𝛼𝛼′ and 𝜏𝜏′ are all nonzero positive constants. The inequality above proves Eq (A1). 

Given Eq (A1), The convergence relation (3) is equivalent to lim𝑛𝑛→∞Pr (⋃ {𝑁𝑁∈𝐹𝐹′𝑛𝑛,𝛿𝛿 𝑁𝑁 =

𝑁𝑁𝑛𝑛}) = 0 holds for any 𝛿𝛿 > 0, where 𝐹𝐹′𝑛𝑛,𝛿𝛿 = �𝑁𝑁 ⊂ 𝑀𝑀𝑛𝑛:   |𝑁𝑁|
|𝑀𝑀𝑛𝑛|

≤ 𝛿𝛿�. From the above proof for 

Eq. (A1), it follows that for 𝛿𝛿 > 0, this condition holds only if the following condition holds. 

Condition (*): There exist 𝜏𝜏 < 1 and 𝑝𝑝 > 0, such that for a sufficient large 𝑛𝑛 and for 

any 𝑁𝑁 ∈ 𝐹𝐹′𝑛𝑛,𝛿𝛿 , all 𝑙𝑙 ∈ 𝑀𝑀𝑛𝑛
𝑁𝑁

 that satisfy the conditions Pr(𝑙𝑙 ∉ 𝑁𝑁𝑚𝑚) < 𝜏𝜏, 𝑛𝑛𝑙𝑙 ≤ 𝑚𝑚 ≤ 𝑛𝑛, and 𝑛𝑛𝑙𝑙 =

min{𝑚𝑚 ≤ 𝑛𝑛: 𝑙𝑙 ∈ 𝑀𝑀𝑚𝑚} are in the set 𝑀𝑀𝑛𝑛
𝑁𝑁

 in a proportion not less than 𝑝𝑝. 

According to Eq (A1), given 𝛿𝛿 > 0, we can always choose certain 𝛿𝛿1, 𝜖𝜖1 and 𝑛𝑛1, such 

that for any 𝑛𝑛 > 𝑛𝑛1, all random states can be divided into 2 sets 𝐴𝐴1,𝑛𝑛 = {‖𝐹𝐹�𝑁𝑁𝑛𝑛 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 < 𝛿𝛿1} 

and 𝐴𝐴2,𝑛𝑛 = {‖𝐹𝐹�𝑁𝑁𝑛𝑛 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿1}. Eq (A1) implies Pr�𝐴𝐴2,𝑛𝑛� → 0, leaving only the former. Since 

‖𝐹𝐹�𝑁𝑁𝑛𝑛 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 < 𝛿𝛿1 holds on 𝐴𝐴1,𝑛𝑛, Thus for all consumers 𝑙𝑙 who satisfy �1 + 𝑅𝑅(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙)��1 −

𝑝𝑝(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙)� − 𝑝𝑝(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙), the conditional probability that they are not part of the institutional 

clientele on 𝐴𝐴1,𝑛𝑛, Pr�𝑙𝑙 ∉ 𝑁𝑁𝑚𝑚�𝐴𝐴1,𝑛𝑛�, must be consistently smaller than some positive constant 

𝜏𝜏 < 1.Meanwhile, ‖𝐹𝐹�𝑀𝑀𝑛𝑛
𝑁𝑁𝑛𝑛

− 𝐹𝐹‖𝐾𝐾𝐾𝐾 < 𝛿𝛿1 holds obviously since ‖𝐹𝐹�𝑁𝑁𝑛𝑛 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 < 𝛿𝛿1, therefore the 

proportion of consumers 𝐼𝐼 of �1 + 𝑅𝑅(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙)��1 − 𝑝𝑝(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙)� − 𝑝𝑝(𝑦𝑦𝑙𝑙 ,𝜔𝜔𝑙𝑙) in 𝑀𝑀𝑛𝑛
𝑁𝑁𝑛𝑛

 is not less 

than 𝑝𝑝 = ∫ 𝐼𝐼𝛺𝛺 ��1 + 𝑅𝑅(𝑦𝑦,𝜔𝜔)��1 − 𝑝𝑝(𝑦𝑦,𝜔𝜔𝑙𝑙)� − 𝑝𝑝(𝑦𝑦,𝜔𝜔) > 0� 𝑑𝑑𝑑𝑑 − 𝛿𝛿1 > 0 . Then Condition (*) 

holds on 𝐴𝐴1,𝑛𝑛. 

Proof for Statement 2 

We first prove the following convergence relation holds for any 𝛿𝛿, 𝜖𝜖 > 0  and any 

consumer 𝑙𝑙 ∈ ⋃ 𝑀𝑀𝑛𝑛𝑛𝑛>0 : 

lim
𝑛𝑛→∞

Pr ({𝑟𝑟𝑛𝑛,𝑙𝑙
∗ ≥ 𝑟𝑟2,𝑙𝑙

∗ + 𝜖𝜖} ∣ min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿) = 0         (A2) 

Note that Eq (A2) implies that for any consumer 𝑙𝑙 ∈ ⋃ 𝑀𝑀𝑛𝑛𝑛𝑛>0 , the following holds 

Pr (� �
𝑛𝑛>𝑛𝑛𝑙𝑙𝑚𝑚>0

�𝑟𝑟𝑛𝑛,𝑙𝑙
∗ ≥ 𝑟𝑟2

∗ +
1
𝑚𝑚
� ∣ min

𝑘𝑘
�𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿�

= Pr�� {
𝑛𝑛>𝑛𝑛𝑙𝑙

𝑙𝑙 ∉ 𝑁𝑁𝑛𝑛,𝑘𝑘1� ∣ min
𝑘𝑘
�𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿� = 0

 

Thus 



 3 / 4 
 

lim
𝑛𝑛→∞

Pr (𝑁𝑁𝑛𝑛 = 𝑀𝑀𝑛𝑛 ∣ min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿)

= 1 − Pr� � � {
𝑛𝑛>𝑛𝑛𝑙𝑙𝑙𝑙∈⋃ 𝑀𝑀𝑠𝑠𝑠𝑠>0

𝑙𝑙 ∉ 𝑁𝑁𝑛𝑛,𝑘𝑘1� ∣ min
𝑘𝑘
�𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿� = 0

 

On the other hand, 𝑁𝑁𝑛𝑛 = 𝑀𝑀𝑛𝑛 implies lim𝑛𝑛→∞min𝑘𝑘‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 = 0, thus we have 

0 = lim
𝑛𝑛→∞

Pr (𝑁𝑁𝑛𝑛 = 𝑀𝑀𝑛𝑛, min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿)

= lim
𝑛𝑛→∞

Pr (𝑁𝑁𝑛𝑛 = 𝑀𝑀𝑛𝑛, min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿)Pr (min

𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿)

= lim
𝑛𝑛→∞

Pr (min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿)

 

ie.e, Eq(4) holds, which leaves us the task of proving Eq (A2). 

From the definitions of 𝑟𝑟2
∗  and 𝑟𝑟𝑛𝑛∗, we know that for any 𝜀𝜀 > 0 and any consumer 𝑙𝑙, 

there exists infinite number of 𝑛𝑛 such that 𝑟𝑟𝑛𝑛,𝑘𝑘2,𝑙𝑙
∗ < 𝑟𝑟2,𝑙𝑙

∗ + 𝜀𝜀
2
, Denote the set consisting of all 

such 𝑛𝑛 's as 𝑁𝑁𝑙𝑙 . Without loss of generality, we assume that for all 𝑛𝑛 ∈ 𝑁𝑁𝑙𝑙 , we have 

min𝑘𝑘‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿. 

Note thatbased on assumptions 2 and 3, we have 

𝑃𝑃𝑃𝑃 �𝑟𝑟𝑛𝑛,𝑙𝑙
∗ ≥ 𝑟𝑟𝑛𝑛,𝑘𝑘2,𝑙𝑙

∗ + 𝜀𝜀/2 ∣ min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿� ≤ 𝜏𝜏𝛿𝛿,𝜀𝜀 < 1. 

From the independence of observation errors, it follows that for any given positive 

integer 𝑚𝑚, we have 

𝑃𝑃𝑃𝑃 �𝑟𝑟𝑚𝑚,𝑙𝑙
∗ ≥ 𝑟𝑟2,𝑙𝑙

∗ + 𝜀𝜀 ∣ min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿�

≤ 𝑃𝑃𝑃𝑃 � � 𝑟𝑟𝑛𝑛,𝑙𝑙
∗

𝑛𝑛∈𝑁𝑁𝑙𝑙,𝑛𝑛≤𝑚𝑚

≥ 𝑟𝑟𝑛𝑛,𝑘𝑘2,𝑙𝑙
∗ + 𝜀𝜀/2 ∣ min

𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿�

= � 𝑃𝑃
𝑛𝑛∈𝑁𝑁𝑙𝑙,𝑛𝑛≤𝑚𝑚

𝑟𝑟 �𝑟𝑟𝑛𝑛,𝑙𝑙
∗ ≥ 𝑟𝑟𝑛𝑛,𝑘𝑘2,𝑙𝑙

∗ + 𝜀𝜀/2 ∣ min
𝑘𝑘
‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘 − 𝐹𝐹‖𝐾𝐾𝐾𝐾 ≥ 𝛿𝛿�

≤ � 𝜏𝜏𝛿𝛿,𝜀𝜀
𝑛𝑛∈𝑁𝑁𝑙𝑙,𝑛𝑛≤𝑚𝑚

 

As 𝑁𝑁𝑙𝑙 is an infinite set, the above expression converges to 0. Eq (A2) is proven. 

Proof for Statement 3 

Next, we prove Eqs (5) and (6). Since Eq (6) is a special case of (5) under 𝑟𝑟𝑖𝑖+
∗ = 𝑟𝑟0, we 

only need to prove Eq (5), which can be divided into 2 parts: 

lim
𝑛𝑛→∞

𝑃𝑃𝑃𝑃 �𝑙𝑙𝑟𝑟𝑛𝑛∗ < 𝑟𝑟0 − 𝜀𝜀 ∣ ‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘𝐾𝐾,𝑛𝑛
− 𝐹𝐹‖𝐾𝐾𝐾𝐾 > 0� = 0,  ∀𝜀𝜀 > 0,        (A3) 
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lim
𝑛𝑛→∞

𝑃𝑃𝑃𝑃 �𝑙𝑙𝑟𝑟𝑛𝑛∗ > max�𝑟𝑟𝑖𝑖+
∗ , 𝑟𝑟∗� + 𝜀𝜀 ∣ ‖𝐹𝐹�𝑁𝑁𝑛𝑛,𝑘𝑘𝐾𝐾,𝑛𝑛

− 𝐹𝐹‖𝐾𝐾𝐾𝐾 > 0� = 0,  ∀𝜀𝜀 > 0.      (A4) 

And note that using the same method as in the proof of Eq (A2) it follows that Eq (A4) 

clearly holds if 𝑟𝑟𝑖𝑖+
∗ ≥ 𝑟𝑟∗, and Eq (A4) clearly holds if 𝑟𝑟𝑖𝑖+

∗ ≤ 𝑟𝑟∗. With respect to Eq (A3), 𝑟𝑟0, 

by definition, denotes the lowest interest rate quoted by the online lender, and a lower 

interest rate quote will result in a negative marginal expected return with probability 1, so 

equation (A3) holds. □ 
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