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Abstract: In this paper, we establish sufficient conditions for the pre-compactness of sets in the global

Morrey-type spaces GM%A). Our main result is the compactness of the commutators of the Riesz

potential [b, ;] in global Morrey-type spaces from GMZ)Il(,(]') to GM;‘;ZG(Z'). We also present new sufficient
conditions for the commutator [b, I;] to be bounded from GM;le(l') to GM;‘;ZO(). In the proof of the
theorem regarding the compactness of the commutator for the Riesz potential, we primarily utilize
the boundedness condition for the commutator for the Riesz potential [b, ;] in global Morrey-type

spaces GMZ]('), and the sufficient conditions derived from the theorem on pre-compactness of sets in

global Morrey-type spaces GMZJQ(').

Keywords: commutator; Riesz potential;, compactness; global Morrey space; VMO

MSC: 42B20; 42B25

1. Introduction

Morrey spaces M;,\ (R™) were introduced by C. Morrey [1] in 1938 during his studies of
quasilinear elliptic differential equations. In this paper, we consider the global Morrey-type
spaces GM;)Q(') (R™). Morrey spaces and generalized Morrey spaces are special cases of
these spaces. We obtain sufficient conditions for the pre-compactness of sets in global
Morrey-type spaces. These results are analogous to the well-known Fréchet-Kolmogorov
theorems on the pre-compactness of sets in a Lebesgue space. The Fréchet-Kolmogorov
theorem for the pre-compactness of sets in a Lebesgue space, in terms of average functions,
contains three conditions that are necessary and sufficient. To prove a similar result for
global Morrey-type spaces, we derive four conditions for pre-compactness of sets in terms
of averaging functions. We also consider an example of a set of functions for which not all
specified conditions are necessary. Consequently, the question of finding necessary and
sufficient conditions in global Morrey spaces remains open. The conditions for the pre-
compactness of sets in global Morrey-type spaces , in terms of the difference of functions,
are similar to the corresponding conditions in the Fréchet-Kolmogorov theorem. This result
is further utilized to prove the compactness of the commutator for the Riesz potential in
the global Morrey-type spaces under consideration. Moreover, we preliminarily prove a
theorem on the boundedness for the commutator of the Riesz potential in global Morrey-
type spaces.

The first significant result regarding the commutator for the Riesz transforms was
presented by Coifman et al. [2], which characterizes the boundedness of commutators for
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the Riesz transforms on the Lebesgue space L,(R"), with p € (1, c0), via the well-known
space BMO(R"). The commutators of various operators play key roles in harmonic analysis
(see, for instance, [3]), partial differential equations (see, for instance, [4]), and quasiregular
mappings (see, for instance, [5]).

The compactness of the commutator for the Riesz potential on the Morrey spaces
M;,\ was considered in [6], while, in generalized Morrey spaces M;)('), it was addressed
in [7]. The compactness of the multi-commutators on the Morrey spaces with non-doubling
measures was studied in [8]. Compactness characterizations of commutators on ball Banach
function spaces was discussed in [9]. Additionally, the pre-compactness of sets on the
Morrey spaces and on variable exponent Morrey spaces was examined in [10-12].

The boundedness of the Riesz potential on the Morrey spaces was investigated
by S. Spanne, J. Peetre [13], and D. Adams [14]. T. Mizuhara [15], E. Nakai [16], and
V.S. Guliyev [17] generalized the results of D. Adams and obtained sufficient conditions
for the boundedness of I, on the generalized Morrey spaces. The boundedness of the Riesz
potential in local and global Morrey-type spaces was considered in [18,19].

Boundedness of the commutator for the Riesz potential on the Morrey spaces and on
the generalized Morrey spaces was examined in [20,21], respectively.

The main goal of this paper is to find conditions for the pre-compactness of sets in the
global Morrey-type spaces and to determine sufficient conditions for the compactness of
the commutator for the Riesz potential [b, I, ] in the global Morrey-type spaces. Specifically,
we aim to find conditions on the parameters p, g, « and the functions wq and wy that ensure

the compactness of the operators [b, I;] from GM;Ulle(l') to GMZ;ZG(Z').

This paper is organized as follows. In Section 2, we present definitions and prelim-
inaries. To do this, we will establish some auxiliary lemmas. In Section 3, we present
results on the pre-compactness of sets in terms of averaging function on global Morrey-type
spaces. In Section 4, we present results on the pre-compactness of sets in terms of uniform
equi-continuity on global Morrey-type spaces. In Section 5, we give sufficient conditions for
the compactness of the commutator for the Riesz potential [b, I;] on the global Morrey-type
space GM:’Q('). Finally, we present conclusions in Section 6.

We make some conventions on notation. Throughout this paper, we always use C to
denote a positive constant that is independent of the main parameters involved but whose
value may differ from line to line. Constants with subscripts, such as C;,, are dependent
on the subscript p. We denote f < gif f < Cgand B = D if there exists Cy, Cp, such that
C1B < D < C3B. By C(R) we denote the set of all continuous bounded functions on R
with the uniform norm, by x , we denote the characteristic function of a set A C R", and

by A we denote the complement of A.

2. Definitions and Preliminaries

In this section, we recall some definitions of various function spaces, along with their
properties, and establish some auxiliary lemmas.

For a Lebesgue measurable set E C R" and 0 < p < oo, LP(E ) denotes the standard
Lebesgue spaces of all functions f, Lebesgue measurable on E, for which

1
Z
bd <oo, if 1<p<oo
||f||Lp(E): (,:[V(y” y) 0o, 1 p<>
esssup |f(y)] < oo, if p=oco.

Throughout the paper, I := (a,b) C (0, 00). By 9M(I) we denote the set of all measur-
able functions on I. The symbol 9" (I) stands for the collection of all f € 9(I) that are
non-negative on I, while M (I;]) and 9™ (I; 1) denote the subsets of those functions that
are non-increasing and non-decreasing on I, respectively. When I = (0,0), we simply
write 9 | and 9 1 instead of MT (I;]) and M*(I;1), respectively. The family of all
weight functions (also called just weights) on I, that is, globally integrable non-negative
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functions on (0,0), is given by W(I). For p € (0,00] and w € 9" (I), we define the
functional || - ||, () on M(I) by

HfHLp,w(I) = {(fI |f(X)|7’w(x)dx) , if p < oo,

1
€ss Sup g,00) | f (X)[w(x), if p = oco.
For0 < A < %, 0 < p < oo, the Morrey spaces M? = M?(R”) are defined as the set of
all functions f € L;,"C(]R”), for which

==

Il = sup r| [ If@)dy | <o,
r xeR", r>0 B(xr)

where B(x, ) is the open ball in R" centered at the point x € R" of radius r > 0.

Recently, boundedness and compactness of various operators in Morrey-type spaces
have been actively studied ([7,10]).

Note that

I agay = 1y ey 1, 5 ) = W e

If A <0, A > 3, the space M;}(]R”) is trivial, i.e., consists only of functions equivalent
to zero on R".

Definition 1. Let 0 < p,0 < oo, and let w be a non-negative measurable function on (0, c0).
We denote by GM;UG(') = GMZ’B(') (R™) the global Morrey-type space, the space of all functions
fe L;"C(R”) with finite quasi-norm

||f||GM;,,9(.) = sup W fIlL, Bxr) ’Le(o,oo).

If 6 = oo, the space GM;,UO(O') = MZ}(') is called the generalized Morrey space. The space
M;U(') coincides with the Morrey space M{; ifw(r) =r*, where0 < A < b

Definition 2. Let 0 < p,0 < oo. We denote by Qg the set of all functions, w, which are
non-negative, measurable on (0, 00), not equivalent to 0 and such, that for some t > 0 (hence, for
all t>0),

[w(r) Ly t00) < 000 Nw(r)rP |1, 00, < oo )

If condition ||w(r)| |1, (t.00) < 00 s replaced by ||w(r)||1,(0,c0) < 00, we say that w € ﬁpg.

The space GM;UG(') is non-trivial, that is consists not only of functions, equivalent to 0
on R", if and only if w € Qg [22].

Definition 3. Let € € (0,00), F be a subset of a quasi-normed space X, and G C F. Then G is
called an e-net of F if, for any f € F, there exists a § € G, such that || f — g||x < e. Moreover, if
G is an e-net of F and the cardinality of G is finite, then G is called a finite e-net of F. Furthermore,
F is said to be totally bounded if, for any € € (0, 00), there exists a finite e-net. In addition, F is
said to be relatively compact (pre-compact) if the closure in X of F is compact.

From the Hausdorff theorem (see, for instance, [23] p. 13), it follows that a subset F
of a Banach space X, is relatively compact if and only if F is totally bounded due to the
completeness of X.
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We recall the well-known Fréchet-Kolmogorov theorem on the pre-compactness of set
S C Ly(R") in terms of uniform equi-continuity.

Theorem 1 ([23]). Aset S C L,(R"), where1 < p < o, is pre-compact if and only if

sup||fllL,mn) < oo 2
fes

lim sup sup [£(-+ 1) = £ ()] ) = O )
=0 fes |n|<s

and
Jim 'ﬁ};IIf Iz, ¢Bo,R) = O (4)

where °B(0, R) is the complement of the ball B(0, R).

We denote by A;f the Steklov averaging function: for any 6 > 0 and f € LY¢(R")

(A)() = gy / £y

Remark 1. Condition (3) can be replaced by the following condition
li Asf — ny = 0.
Jim, ?gl\ of = flle, )

That is, the following Fréchet-Kolmogorov theorem on the pre-compactness of sets in
L,(R") in terms of averaging functions is true.

Theorem 2 ([23]). Aset S C L,(R"), where1 < p < oo, is pre-compact if and only if

sup|| fll ., gny < o, ()

fes
li A - ny — 0, 6
Jim, 7‘2}3” of = fllL, @) (©)

and
1%1_{20 ?QISDHJCHLP(CB((),R)) =0. )
Itis clear that

(AsHE) = [ $sfx=y)dy = (s f)(x), x € R, ®

B(0,0)

X 5 (X)
where 95(x) = |l;3(%(‘;,)5)\ ’

Let f € LI°°(R"). The Riesz potential I,(f) is defined by

(Lf)(x /|x—y|”"‘ y, xeR", O0<a<n.

The Riesz potential I, plays an important role in the harmonic analysis and in the
theory of operators.
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For a function b € Llloc(R”), let M}, denote the multiplication operator M, f = bf,
where f is a Lebesgue measurable function. Then the commutator of I, and Mj, is defined by

(10 1IN = (Ml ~ M) = [ LW,

g =yt

A function b € Lj,.(R") is said to be in BMO(R"), if

xeRn,

1
b, = su 7/17 — (Ab)(y)|dy < oo,
1] P B J 1MW)~ (A0
B(x,r)
By VMO(R") we denote the BMO- closure of the space C§°(R"), where C§°(R") is the
set of all C*°(R") functions with compact support.

Remark 2. In what follows we shall essentially use the following statement, proved in [24]: let
1 <p <0< oo then foranyw € Oy, 6 > 0and f € GM;UQ(')

A oy < () - 9
I 5fHGMp9<) ||f|\GMp9<) €)
Lemma 1. Let 1 < p < co. Then forany R >0, 6 > 0,and f € L,(B(0,R+6))

1Asf1IL, BoRr)) < IfIlL,B(0,R+s))- (10)

Lemma 2. Let 1 < p < co. Then forany 0 < § < Ry < Ry < coand f € Ly(B(0,Ry +9) \
B(0, Ry — 5))
1A fIIL, (BOR)\BOR:)) < IIfIIL,(B(0.Ry+6)\B(OR~6))- (11)

Lemmas 1 and 2 are particular cases of the following variant of Young's inequality [24]
for convolutions

/ k(y)f(x —y)dy

G

< [kl ) 11l (- my
Ly(H)

(see Formula (8)), with k = ¢5, G = B(0,6), and H = B(0,R) in Lemma 1, and G = B(0, ),
H = B(0,R3) \ B(0,R;y) in Lemma 2.

Lemma3. Let 1 < p < 00,0 <0 < oo, w € Qg and ||w||, (g 0y > 0 for some R > 0. Then for
any 6 > 0and f € GM;UQ(')

[Asf L, Bo,R)) < C1||fXB(0/R+,,~)||GM;u6<->/
-1
where C, = ||w||L9(R,OO).
Proof. According to Lemma 2

0]l Ly (R +5,00) I1f I, (B0, +6))

14fllr, Bor)) = I1fllL, BoR+e)) = 1]y (R-+6,00)
0 ,00

B Hw(”)”f||Lp(B(O,R+5))HLQ(R+5,OO) Hw(r)HfX(B(U'R”)) ‘Lp(B(O,V)) Lo(R+6,00)

||w||L9(R+<5,oo) a ||w||L9(R+<5,oo)



Mathematics 2024, 12, 3533 6 of 20

1

= @l (r,e)

B(0,R+6)

Gl T “ap,

Ly (BON | Ly (0,00 oMy

O

Lemma4. Let1 < p,0 < oo, w € Oyg. Then for any 0 < Ry < Ry < 00,6 > 0 and for any
functions f, ¢ € GMw()

If = (PHGM%» < HfXB(o,Rl)||GM;ve<«> + ||(PXB(O,R1)||GM:79(-)
HIASS = F)X g0 0500 ||GMw HI(Asf = As@)X 00 508, HGM“’G(') (12)

Proof. By adding and subtracting the corresponding summands and applying the
Minkowski inequality, we obtain that

1 = Bllgyer = I = @Xs0m) + U = 9y g0y + U~ PDeRa gy
p

= |IfXB(0,R)) = PXB(O.Ry) T fXcB(Ry00) = PXcB(Ry00) — (Asf — f)X B(0,Ry)\B(O.R;)

+(As9 — 9)x B(0,Ry)\B(0Ry) +(Aof - A§¢)XB<°'R2)\B(O’R1) ||GM;;)9(-)

< HfXB(o,R1 v 5T H(PXB (O,Ry) i )t HfXCB (Ra, oo)H

G G oMy
Hloxeneam |y + 1468 = D%, 0 0my o
P
+H(A(Sq)_q))XB(OrRz)\B(O’Rl) ’GM +H Asf = As®) X150, ‘Gng(-)'
P

O

Lemma5. Let 0 < p <o00,0< 0 <oo,we€ ﬁpg. Then for any 0 < Ry < Ry < oo and for any
function f € GM;UG(')

[FZ - \GM%.) < 10y 00 1L, 80,2 BO.R)): (13)
Proof. Since
HfXBm,Rz)\B(o,Rl) ‘GM%-> - f;? v r)HfXBw,Rz)\Bw,Rﬁ Ly(B(x,r)) Lg(O,oo)’
and
HfXB(O,RZ)\B(O,Rl) L) 1AL, (B (BO.RNBORY) = IFIlL, (B0,R)\BOR)))
we have

() < ||w“L9(0,oo)Hf”LP(B(O,RQ)\B(O,Rl))‘

HfXB(U/Rz)\B(O/Rl) GMpo
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3. Pre-Compactness of Sets in the Global Morrey-Type Spaces in Terms of
Averaging Function

In this section, we provide sufficient conditions for the pre-compactness of sets in the
global Morrey-type spaces GM?’G(') in terms of averaging function.
Theorem 3. Let 1 < p < 0 < oo,w € ﬁpg, [|w[|y(te) > O for any t > 0, and a set

SC GM%') (R™) satisfy the following conditions:

() < 0, i
?161}53|!f||GMP(§>(R") * .
1. 0 15
AL N LY R :

forany 0 < Ry < Ry < o0
S, SjEEHA&f = fllL,(B0,Ra)\B(O,R)) = O "

and

lim su -0 )
b L )

Then the set S C GMZ’G(') (R™) is pre-compact in GM;UG(') .

Proof of Theorem 3. Let S C GM;](‘) and suppose that conditions (14)—(17) are satisfied.
Step 1. Forany 0 < § < Ry < Ry < oo, theset S5 = {Asf : f € S} is pre-compact in
Ly(B(0,R2) \ B(0O,Ry)).
Note that

gy 2 @y 5000 | gy Z 00 a1 020 80000

hence,

£, (BoR)\B(OR ) < Hw(r)||£91(Rz,oo)||f||Gng(')' (18)
P!

Therefore, according to inequalities (18), (9) and condition (14) for g € S5, we have

Sup”g”Lp(B(O,Rz)\B(O,Rl)) = Sup||A5f”LP(B(O,RZ)\B(O,Rl))
8€Ss fes

< w7 sup||A oy < |w(r -1 su w(n) < 00, 19
< ()t S48 ) < 100y 3901l 19)
By inequality (11) and by condition (16) we obtain

Jim, gsélgHArg =8l (Bo.Ro)\BORY) = 1M f}élgllArA(sf = Asf L, (B(0,.R)\BORY))

T—0

= hm+ §EI§||A5(ATf *f)||Lp(B(0,R2)\B(o,R1)) < Th'jgh ?‘éI;HATf *f||L,,(B(0,R2+5)\B(0,R1—5)) =0.

Hence, by Theorem 2, it follows that the set S is pre-compactin L, (B(0,Rz) \ B(0,R1))
or, equivalently, totally bounded in L, (B(0, Rz) \ B(0,Ry)).

Step 2. The set S is totally bounded in GMZ’G(').
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Let us show that the set S is a pre-compact set in GM:G('). By inequalities (12) and (13)
forany f, ¢ € S, we have

||f—s0||GM <2sup||ng0R1)HGMw +2sup||(A5g 8)X o g 5000 |Gt
P

+2 Z‘élg ||8XEB(O,R2)||GM:;(<) + HwHLg(le) [Asf = As@llL, B0,R)\B(O,R)))

=E +Ey+ E3+ Es4.

Let e > 0. Using condition (15), we can choose a radius R; = Ry (¢) of the ball B(0, Ry),
such that

Ey = 2sup |[gx5 0R1)||GMw 2
g€s
By condition (17), we can choose Ry = Rj(¢), such that
E3 = 2sup [[gxcp 0R2)||GM () < Z
g€s
By Lemma 5 and by condition (16), we can choose § = d(¢), such that

Ey =2 A |
2 (Sglélsa [[(Asg — g) 0.R7)\B(0.R7) ||GMZJ"()

_ &
< 20wl g o) Z‘éf;ﬂfl&g = 8llr, Bo.Ra)\BORY) < 7

Then, forany f,¢ € S

3e
IIf= fPHGM%» < 7 Tl 14 = AsollL, 5 0,ro)\B(ORY): (20)
Hence, for any ¢1, ¢2,...,¢m € S
. ‘ < 3 Asf— A 21
min f = oillgymo < T+ 10y, min v N Asf = Asoill L so r\B0RY) @D

Indeed, let jy be such that

[[Asf = As®iollL, (B(0.R)\B(O,R))) = 311 [ As = AsjllL, (B(0,R2)\B(O,Ry))

then
]gunm 1f = ¢illL, (Bo,Ra\BORY) < HF = oL, (B0,R2)\B(O,R1))
and (20) with ¢ = ¢;; implies (21).

Finally, by the pre-compactness of the set Ss(¢) in L, (B(0, R2(¢)) \ B(0, R1(¢))), for any
f € Sthereexistm(e) € Nand fig, ..., fyu(e)e € S, such that

HAJs)f As(e f]

. B
12, (BO,R2(e)\B(O.R1(£))) Z(Hw”LMw>)

Therefore, setting ¢ =fiej=1,.. .,m(e), by inequality (21), for any f € S, we obtain

min ) <&
_ymin 1= Sl gy <
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Thus, we have that P; = fj,£/ j=1,...,m(e) is a finite e¢-net in S with respect to the
norm of GM;UG(').

We conclude from this that the set S is totally bounded in GM;]('), or equivalently, the
set S is pre-compact in GMZJQ(‘).
O

4. Pre-Compactness of Sets in the Global Morrey-Type Spaces in Terms of Uniform
Equi-Continuity

In this section, we provide sufficient conditions for the pre-compactness of sets in the
global Morrey-type spaces GM;UG('> in terms of uniform equi-continuity.
The pre-compactness of sets in Morrey spaces M;‘(R") in terms of uniform equi-

continuity was investigated in [6,11] and for generalized Morrey spaces M;J(') (R™) it was
investigated in [7,25].

Theorem 4. Suppose that 1 < p < 0 < oo and w € Q9. Suppose that a subset S of GM;UG(')
satisfies the following conditions:

sup|[ fl g e < oo, (22)
fes CMpp

ngr(l)?égllf(-Jru)—f(-)HGM%» =0, (23)

lim SulngXfB(o,r) =0. (24)

r—00 f€ GM;:)Q()
Then S is a pre-compact set in GM;"G(') (R).

To prove this theorem, we need the following statements.

Lemma6. Let1 < p <6 < oo, w € Qypg. Then forall f € GMZJG(') and 6 > 0 we have

Asf — o) < osu -+u)—f(- w(-) (25)
1455 ~ gy <5 1A+ = SOl

Proof. Letz € R" and p > 0. Then by Holder’s inequality

AN
146f = Fioeon = | | |y | @iy dx
B(z,0) ’ B(x,6)
p v
| [ g [ V- f| dx
Z,0) B(x,6)
1 " ’
<\ [/ | saa | @ - ferdy |ax
Z,0) B(x,0)
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N\ swa [ | [ verw s |

B(0,6) \B(zp)

Therefore,
||A5f—f||GM;vg<-> = SeuﬂgHW(P)||A5f—f||L,,(B(z,p))HL9(ooo)
zeR" ’
1
4
1
< L .
< zseulgn w(p) B(0,5)] / f(-+u)— ()”LP B(zP
B(0,6) Lp(0,00)
g(U,00
1
P
1
= suIRlio B(0,0 / P)PIIf(-4u) = f(: )”p zp))du
zeR"
0 L9(0,00)

Since % > 1, by applying Minkowski‘s inequality for integrals, we obtain the following:

<[

4
0

Asf — oy < + d d
Asf fHGMng SUP | T3¢ O5)(/71) UFC+u) f()||L B(zp)) P) u

0

1
p

/||f 1) = FOIE

p9
< sup ||f('+u)—f(-)|| (-
ueB(0,0) GMyp
O

Lemma?7. Let1 <p,0 <co,w€ ng. Then there exists ro > 0 such that for every 0 < r < r
there exists C¢ > 0, depending only on r,n,p,0,w, such that (below C(R") is the space of all
bounded continuous functions on R")

(1) for every f € GMZ'Q(')

[Arfllcmny < C6||f||GMw€<-)f (26)
P
(2) for every f € GM;UQ(‘)
sup [ A f(-+u) = Arf()llewny < C6 sup [If(-+u) = fC)ll - (27)
ueB(0,r) u€B(0,r) o

Proof. 1. Since a function w € ng is not equivalent 0, there exists ryp > 0, such that
w > 0. Let 0 < r < rp, x € R". Then by Holder’s inequalit
Lg(r0,%0) y q y

[Arf()] < 7)1||f||Lp (7))

Hence,
1
Hw( ) 7f( )||L9 (r,00) S 1

(vnr™)?

w(p)HfHLp(B(x,r))

’Le (r,00)



Mathematics 2024, 12, 3533

11 of 20
< ——|e@Iiflle,meepn|,
(vpr™)? PRI L (r,00)
where v,, is the volume of the unit ball in R”, and
1
A f(x)|]|w < w ,
AN iy < o [y
That is why
sup |A < Cg sup ||w(p =C () 28
sup | Arf ()| < Co 51p |w(P) 1l o000 |, g,y = ol g (28)

—1
1
where Cy = (||w||Le(,/00)(vnr”) P)

2. Next, for every x1,x2 € B(0,7)

[(Arf)(x1) = (Arf)(x2)]

/fdy—/f -

Xli' er

= (or")7! /f(z+x1)dz— / fz+ x2)dz| <

(0,r) B(0,r)
< @) [ 1fetm) — etz =
B(0,r)
= @) [ If(s = x2) = flo)lds <
B(xz,1)

< (our") £+ 31— x2) — £() L, (Bxar)):
Therefore, similarly to the first step of the proof

sup [(Arf)(x1) — (Af)(x2)| < Cs sup [If(- 431 —x2) = ()| gypo0r =

xl,xzeR” xl,xzeR” po
X1 —x| <r |21 x| <r
=Co sup [|f(-+u) = f()l ;w0
ueB(0,r) GMF9

Hence, we have (27). O

Lemma8. Let1 < p,0 < oo, w € Q. Then, there exists C; > 0, depending only onn, p,0,w,
such that for every, v,R > 0, and forall f, g € GMP9( ),

||Arf—Arg||cM <C7(1—|—RP)||Arf Argllezory) + S;;lzopR)”f('JF”)_f(')HGng‘)
uco(, i

+ su tu)— ! w-+H w+H .
ueB((I)D,R)Hg( )=l )HGM,,J) foB(O/R) oMy 8 epom) Gy
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Proof. Indeed,

_ < _ = .
140 = Argllgpper < [(Arf = Arg)y v J+[[Arf - A)x o) =+ E
Next,

I = su A A
1= sup [w(@1Arf = Arglt a(s im0
<
< sup [w() [ Arf = Argll aisprmony [, 0
+ sup w(E)|Arf — ArgllL, (B(xp)nB(0,R)) H Ly(100)
< |lArf = Argllemory)
1 1
-(Hw<p><vnp">v +[wto)onrn )
Lg(0,1) Lg(1,00)
<G (1+RY) A f = Al caom,
where

s = ok (Jutoe?

o P i) <o

since w € (g.
By Lemma 6

B < A = fll gy + ([ = ey
« ,

A
GMw + H r8 — g“

< sup [If(-+u) = fO)ll gm0+ sup (18G4 u) = 8C)Il 5y m0
ueB(0,r) GM ueB(0,r) GMP9

+fo

CB(0,R) GMw HngB 0,R)

GMyy)
O

Lemma9. Let1 < p,0 < oo, w € ng. Then, for every r, R > 0 and for every f,g € GM;’G('),

IF = 8llgpger < G (1R )1Arf — Argllc

(B(O,R))
+2 sup [[f(-+u) = fO)ll ;o0 2 sup [I8(-+u) =0, w0 (29)
ueB(0,r) GMP(’ ueB(0,r) CMpg
+HfXCB(O,R GM + HgXCB GM ()

where C; > 0 is the same as in Lemma 8.

Proof. It suffices to notice that

and apply Lemmas 6 and 8. O

Proof of Theorem 4. Let S C GM%') satisfy conditions (22)—(24).

Step 1. First, we show that the set S, = {A,f : f € S} is a pre-compact set in
C(B(0,R)).
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Let 0 < r < rp, where rp is defined in Lemma 7, and let R > 0 be fixed. By using
inequality (22) and inequality (26), we have

sup||Arf||c (B(O,R)) <
fes

Using (27) and condition (23), we obtain

lim sup|| A, f (- +u) = A f () | c 3 Ry) = O-

u—0 fe

Therefore, by the Ascoli-Arzela theorem, the set S, is pre-compact in C(B(0,R)), s
the set S, is totally bounded in C(B (0 R)). Hence, for any &€ > 0, there exists fi, ..., fu € S
(depending on ¢, 7, and R), such that {A,f1, Arfo, ..., Arfm} is a finite e-net in S, with
respect to the norm of C(B(0,R)). Therefore, for any f € S, there exists 1 < j < m, such
that

j:nf,.i?m”Arf ~ Arfilleor) <
Step 2. Let us show that the set S is a pre-compact set in GM%').

Let {¢1,..., ¢} be an arbitrary finite subset of S. By inequality (29) for any f € S
andanyj=1,...,m, we have

1f = @illgagerr < GO+ R Af = Argille grom)

+2 sup [[f(-+u) = fO)ll om0 +2 sup [l@i(-+u) — ()| ., 00
ueB(0,r) 9 ueB(0,r) po

+HfXCB(O,R M“’ + H(P]XCB 0,R)

w(-)
G GMy

< G+ RN||AS — A9l 5o

+4 sup supllg(-+u) — ()|l ., ) +25Up|[&XcBOR)|| - .
u€B(0,r) €S CMpp Q€S H ) HGM;:S( )

Hence,

i1 iy < G0 RE) min 14~ vy

4 sup supllg(-+ ) =80 gy +2supHg;cc30R)H (30)

ueB(0,r) g€S GM;;B(.)'
Let e > 0. First, by using condition (24), we choose R(e) > 0, such that

€

‘GM 6

Z‘;EHgXCB (0,R(e))

Next, by using condition (23), we choose r(¢), such that

sup  sup|lg(- +u) — ()| < =
. — . w(-) ot
ueB(0,r(c)) €S GM " 12

Since the set S, ;) is pre-compactin C(B(0, R(¢))), there exist m(e) € Nand fie, ..., fu(e)e €
S, such that for any f € S

. €
min
j=1,....m(e)

<.
BOR(E))  3C;(1+R(e)?)

Aref =A@ fie| ¢
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Therefore, setting ¢; = fie,j = 1,...,m(e), by inequality (30), for any f € S, we obtain

. 3 € € -
in I = ficllog <3 +3+5=¢

Then, we have that ¢; = f]«,g, j=1,...,m(e) is a finite e-net in S with respect to the norm of
w(-)
GM o
So, the set S is pre-compact in GMZJQ('). O

5. Compactness of Commutators for the Riesz Potential
The main purpose of this section is to find sufficient conditions for the compactness of

commutators for the Riesz Potential [b, I;| on the global Morrey-type space GM;UG(') (R™).
The next theorem contains sufficient conditions on wy, w; ensuring the boundedness

of I, from GM;?G(I') to GM;’;Q(Z') for some values of the parameters «, p1, p2, 01, 62.

Theorem 5 (see [19]). Let 1 < p; < p2 < oo, pl—z = %—%,0 <6 <6 < oo, w €
Qp.6,, w2 € Qyp,e,, then the condition
ro\7
‘ o) () < 1 (1)l 0y &y
LQZ(OVOO)

forall t > 0 is sufficient for the boundedness of I, from GMz’lle(l‘) (R™) to GM?’;G(Z') (R™).

The following lemma gives the L,-estimates for the commutators for the Riesz poten-
tial over balls.

n 1 _ 1 i
Lemma 10 ([26]). Let1 < p; < 00,0 < & < B = P b € BMO(R").
Then the inequality

o [ b\, -1
1011l ey S 1607 [ (100 B U gt (3D
holds for any ball B(xo, r) and for all f € Lé,oc (R™).

To formulate the following theorem on the boundedness of the Hardy operator in
weighted Lebesgue spaces, we need the necessary notation.

Let u, w, and v be weight functions, that is locally integrable non-negative functions
on (0, c0).

Denote by
t

Hg(t) ::/O g(s)ds, geMmT,

and

H*g(t) ::/t g(s)ds, gemt,

the Hardy operator and Copson operator, respectively.
Define

Hu(9)() = Hig (1) = [ g(o)u(s)ds, g € m,

H(Q)() = H'(g-u)()) = [ g(s) u(s)ds, gem™.
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Also, define

() = /Otu(s)ds, UL (f) = /toou(s)ds,V(t) — /Otv(s)ds, Vi(t) i= /toov(s)ds,

W(t) = /;w(s)ds, W, (t) = /toow(s)ds.

The following theorem gives a complete characterization of the weighted Hardy
inequality on the cone of non-increasing functions.

Theorem 6 ([27]). Let 1 < 67 < 6, < co. Let u, w, v be weight functions defined on (0, co). Then
inequality
1 (9) gy 000) < Cllgly, 00018 € M1

with the best constant Cg holds if and only if the following conditions hold:

1

00 o 1

Al = sup< / UQZ(T)w(T)dT) v, (1) < oo,
>0 \/t

s [7() o) <

and in this case Cg =~ Aj + A].

The following theorem provides sufficient conditions on wy, w; ensuring the bounded-
w1 (+)

o, tO GM;};éZ') for some values of the parameters

ness for the commutator [b, I] from GM
®, p1, 2,61, 02.

n 1 _ 1 o
Theorem7.Let1<p1<pz<00,l<a<ﬂ,a—ﬂfﬁ,0<91§92<00,

b € BMO(R"), wy € Qpg,, w2 € Qpp,, and w1, wo satisfy the conditions

1

. o [e ] S, _1n_1q 6 [ [e ] 0 01
Ay = StliIO) (/t l(/r (1+ln;)s P2 ds) wz(r)] dr) : [/t w, (s)ds} < o0, (33)

1
/
o] 91

9/

1 _n_q 1

t n o 100 1+ 1Ins 2

A3 = sup(/ wy(s) - sh2 ds) 2. / Ji ( ‘:o ”er)s . wfl(r)dr < co. (34)
>0 \/0 t [ wit(s)ds

Then, the commutator [b, 1] is bounded from GMZ?B({)(RW) to GM;”;;Z‘)(R"). Moreover,
there exists Cg > 0, depending only on the numerical parameters and wy, wo, such that for all

wy(+)
fe GMplG1

1B, L] fll o gontr < C9||bII*IIfHGMw19<->-
r1%

P26z

Proof. By inequality (32) from Lemma 10, we have

b1I wy( = sup ||[wa(7)]|]b, I
1101171 s = 598 210 1l [, e
n [ t _n_q
S sup [0l a0y [ (1102 )BT, (o
xeR" r r ! Ly, (0,00)
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| (b, 1) e 0.

oo n e8] t n_q1 92 %
< |Ib / { E/ <1+z )tvz dt} ar | .
Sl ||*XSSH5 ; wy(r)r ) n- 1AL, Bt r

Then, by Theorem 6, setting w(r) = w,(r)r1, g(t) = £, 8o, u(t) = (1+In; )tiﬁ*l,

o(r) = w?l (r), under conditions (33) and (34), we have

1
© [
16 Tl 1l o <Cﬂwusup(g [ )Ny oei ] m) = Collbll LAl gy

r’zez xeR" 161
O

Now, we present a theorem about the compactness of the operators [b, I;] on global
Morrey-type spaces from GMw]( )(R”) to GM;‘;Z;Z') (R™).

Theorem 8. Let 1 < p; < pp < 00,0 < 0] < 6 < oo, pl—z = plT — % wy € g, w2 € Nppy,

and the functions w1, wy satisfy conditions (33) and (34). Moreover, let b € VMO(R™). Then, the

commutator [b, 1] is a compact operator from GMwl( ) to GM;U;Q(2>

To prove this theorem, we need the following auxiliary assertions.
Lemma 11 ([7]). Let n € N,1 < p; < pp < oo, pl—z = % — & Then, there exists C19 > 0,
depending only on n, p1, pa, such that for any p > 0, v > 2B, t € R", r > 0, and for any
fe L;,"C(R") satisfying the condition suppf C B(0, B)

n 1
H(L"f)XCB(Oﬁ)HLM(BW)) < Gy " (min{y,r}) P2 p pl)HfHL,,l(B(O,ﬁ))' (35)

Lemma 12 ([7]). Let n € N,1 < p; < pp < 00, pZ = pi] — &, Then, there exists C11 > 0,

depending only on n, p1, pp, such that for any p > 0, v > 2/3 t € R", r > 0, and for any
fe Ll"C(R”) forany b € Loo(R™) satisfying the condition supp b C B(0, B)

K= nop(1--L
< Cuy® " (min{y, 1})72 BV e 11, (mc0 ) (36)

Ly, (B(t,1))

Proof Theorem 8. Let F be an arbitrary bounded subset of GMw]( ) To prove Theorem 8, it
suffices to show that conditions (22)-(24) of Theorem 4 hold for the setS={[bL]:f€F},
where b € VMO.

Since C§°(R") is dense in VMO(R"), we only need to prove that the set G = {[b, I,|f :
f € F}, where b € C’, is pre-compact in GM;&(Z’).

Suppose that D > 0 and

<
Ifllgpmc) < Difor f € F

P11

By Theorem 7, we have

SUp [[1b, Lelfll gy ooty < Co - [1Blle sUp £l ;s < Co - DBl < co.
feF P292 feF P11

This implies that condition (22) of Theorem 4 holds.
Now, let us prove that condition (24) of Theorem 4 holds for [b, I,]. Suppose that
suppb C {x: |x| < B}. By Lemma 12
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|5, Ll ),

wa(r)| (10, L] )i

2(> = Sup B(0,7)

wo (-
GMp292 xeR"?

Ly, (B(x,r)) ng (0,00)

a—n ph(1—% , .
< Cyy g™ ”1)||b\|Lm(Rn)||f|\Lp1(B(o,5))HWZ(V)(mm{%V})”2 Ly (000)
(0,

For r < 7, we have (min{, r})ﬁ =, Using the condition w, € Q,, 9,, we have
lwa(r)rr2 ”L@Z(O,t) < .
For v < r, we have (min{’y,r})ﬁ = 'yﬁ. Using the condition w, € Q,, 9,, we have

[w2(r) Y72 |1y (1,00) = V72 [[02(7) [ 15 (1,00) < 00

Therefore, for ¢ > 1
|wa(r) (min{,r}) 72

ng (0,00)

L1 n
< 9£62 - (sz(r)rf’z

n/p n/p
o+ 7 ) € G

where Cy3 is independent of f € F and 7.

wi ()
Note that for any f € GMP1 o,

gy = 532 w1l e

161 ‘Lgl (0,00)

> [|r AL 300 [, gy = 11 iy o)1l 10

Lgl

By condition (33) [|w1(r) |1, (g0) > O- Therefore for any f € F
(B,

—1 -1
HfHLpl(B(O,ﬁ)) < ||w1(7’)HL91(5,oo)Hf||GM;allg(l-> < ||w1(r)“L91(ﬁ,oo)D

So,forany f € Fand y > 1

n 1
b, I.) f)xe <cuy¥"mp=cC ‘”<17>D,
H([ a]f)XB(O,y) GMz;Zze(z.) > Gy 2 147 1
where C14 > 0isindependent of f € Fand y > 1.
Hence,
I H b, L] f)xe -
15, Sup ([0 L] F)xs oz

This is the required condition (24).

Now we prove that condition (23) of Theorem 4 holds for the set [b, I;](f), where

f € F. That is, we show that, for any 0 < e < 1 and if |z| is sufficiently small depending
only on ¢, for every f € F.

10, 1) +2)] = (b LI F Ol gy entr < CasDe

P26z

where Ci5 > 0is independent of f and .
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Let € be an arbitrary number, such that 0 < &€ < % For |z| € R", we have that

[ I)f (e +2) = [b Tl flx) = / [b(X| ;}Z)Z: by(%)]{ W) gy — | / [b(xl_ by(%)}i‘ W) 4y
R

:/[b(HZ)—b(y)]f(y)dy_/ [b(x)+b(X+Z)—b(HZ)—b(y)]f(y)dy:
|x+z—y|"* A |x —y["®

L EUOOMN / —b(x 2| (y)
R

|x+z—yl” ¢ Ix—yl” ¢

x+Z fly)
+/ y‘n o dy =

Rﬂ

_/ x+z]< fy) f) - ,x>dy+/ (x+2) = bW ) ,, _

s =y Jxrz- |x —y|"= B

Rﬂ

_ / [b(x +2) — b(x)]f(y)dy
|x — |«

&)

lx—y|>%

1 1
+ / <|xy|n—a o |x+zy|n—f¥) ) [b(y> _b(x+z)]f(y)dy

[b(y) = b(x)]f(y) [b(y) —b(x+2)|f(y)
i / |x —y[*—® - / |x +z —y|n—a dy

l2| J2|
[x—y|<% lx—y|< 7

=h+h+—Js (37)
Since b € C§°(R"), we have

b(x) = b(x +2)[ <[Vf(x)]-[z] <Clz],

where C = maxycgrn [(Vf)(x)].
Therefore,

1] < Ciglz|Ta (I f1) (x).
By Theorem 5,

llgyes) < Cuolzl I ) gy < Caolel £ gy oDl @9
P2v2 2

Pll

where Cj4 > 0is independent of f.
For J,, we have that

b(x+2) =b(y) <2 b [le< Cr7,

Therefore,

pl<coll [ Uy < cond.
Lzl

lx—y|>%

Again, by Theorem 5, we obtain

Izl gpgints < Corellal £l gyonr < Corel 1

y <Ciy-D-e
GM:1
2> Pl

GM™1
1 ?’191
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where Ci7 > 0is independent of f and e.
Regarding J3. Since b € Cf°, we have |b(x) — b(y)| < C|x —y|.

s <C / ||f(y)|dy§csl|z| / Mdy

x —y[r-e-t |x —y|n==
e—y|<l e—y|<l

< C-eMzlLa(If1) (0).
Thus, we have
15 1l €Ml N Ia(F) Il i < €67l | FIly nr < €71l -D. (39)
215} P2t p161

Similarly, using the estimate
b(x+2) = b(y)| < Clx+z—yl,

we have

Jal <C / [+ z =y T f()ldy < CleHzl + 2 (1 f]) (x + 2).

e—y|<t
Therefore,

I Ja llgpgee, < C- (e Mzl +120) || f Iy < C- (e |zl +2]) - D. (40)
P2t p161

Here, C does not depend on z and ¢. Finally, from (37)—(40) by taking a |z| to be
sufficiently small, we have

110, (£ + 2] = [ Ty

P262

< ll gy 200 1201 Gy oatr + 131 ) + Wall 2 ponir < C-D -

GMﬁzzf’z GMPzzf’z GMPzzf’z GMPzzf’z
This shows that the set [b, I](f), f € F satisfies condition (23) of Theorem 4. Therefore, by
Theorem 4, the set [b, I|(f), f € F is pre-compact in GM™ ) which completes the proof

p202 7
of Theorem 8. [

6. Conclusions

In this paper, we have established sufficient conditions for the compactness of sets
in global Morrey-type spaces. Moreover, we have provided sufficient conditions for the
compactness for the commutator [b, I;] for the Riesz potential operator on global Morrey-

type spaces GMZ’Q(‘) (R™). More specifically, we have proved that, if b € VMO(R"), then
[b, I;] is a compact operator from GM;U:QQ to GMZJZZQ(Z').
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