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Abstract: In this paper, we establish sufficient conditions for the pre-compactness of sets in the global
Morrey-type spaces GMw(·)

pθ . Our main result is the compactness of the commutators of the Riesz

potential [b, Iα] in global Morrey-type spaces from GMw1(·)
p1θ1

to GMw2(·)
p2θ2

. We also present new sufficient

conditions for the commutator [b, Iα] to be bounded from GMw1(·)
p1θ1

to GMw2(·)
p2θ2

. In the proof of the
theorem regarding the compactness of the commutator for the Riesz potential, we primarily utilize
the boundedness condition for the commutator for the Riesz potential [b, Iα] in global Morrey-type
spaces GMw(·)

pθ , and the sufficient conditions derived from the theorem on pre-compactness of sets in

global Morrey-type spaces GMw(·)
pθ .

Keywords: commutator; Riesz potential; compactness; global Morrey space; VMO

MSC: 42B20; 42B25

1. Introduction

Morrey spaces Mλ
p (Rn) were introduced by C. Morrey [1] in 1938 during his studies of

quasilinear elliptic differential equations. In this paper, we consider the global Morrey-type
spaces GMw(·)

pθ (Rn). Morrey spaces and generalized Morrey spaces are special cases of
these spaces. We obtain sufficient conditions for the pre-compactness of sets in global
Morrey-type spaces. These results are analogous to the well-known Fréchet–Kolmogorov
theorems on the pre-compactness of sets in a Lebesgue space. The Fréchet–Kolmogorov
theorem for the pre-compactness of sets in a Lebesgue space, in terms of average functions,
contains three conditions that are necessary and sufficient. To prove a similar result for
global Morrey-type spaces, we derive four conditions for pre-compactness of sets in terms
of averaging functions. We also consider an example of a set of functions for which not all
specified conditions are necessary. Consequently, the question of finding necessary and
sufficient conditions in global Morrey spaces remains open. The conditions for the pre-
compactness of sets in global Morrey-type spaces , in terms of the difference of functions,
are similar to the corresponding conditions in the Fréchet–Kolmogorov theorem. This result
is further utilized to prove the compactness of the commutator for the Riesz potential in
the global Morrey-type spaces under consideration. Moreover, we preliminarily prove a
theorem on the boundedness for the commutator of the Riesz potential in global Morrey-
type spaces.

The first significant result regarding the commutator for the Riesz transforms was
presented by Coifman et al. [2], which characterizes the boundedness of commutators for
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the Riesz transforms on the Lebesgue space Lp(Rn), with p ∈ (1, ∞), via the well-known
space BMO(Rn). The commutators of various operators play key roles in harmonic analysis
(see, for instance, [3]), partial differential equations (see, for instance, [4]), and quasiregular
mappings (see, for instance, [5]).

The compactness of the commutator for the Riesz potential on the Morrey spaces
Mλ

p was considered in [6], while, in generalized Morrey spaces Mw(·)
p , it was addressed

in [7]. The compactness of the multi-commutators on the Morrey spaces with non-doubling
measures was studied in [8]. Compactness characterizations of commutators on ball Banach
function spaces was discussed in [9]. Additionally, the pre-compactness of sets on the
Morrey spaces and on variable exponent Morrey spaces was examined in [10–12].

The boundedness of the Riesz potential on the Morrey spaces was investigated
by S. Spanne, J. Peetre [13], and D. Adams [14]. T. Mizuhara [15], E. Nakai [16], and
V.S. Guliyev [17] generalized the results of D. Adams and obtained sufficient conditions
for the boundedness of Iα on the generalized Morrey spaces. The boundedness of the Riesz
potential in local and global Morrey-type spaces was considered in [18,19].

Boundedness of the commutator for the Riesz potential on the Morrey spaces and on
the generalized Morrey spaces was examined in [20,21], respectively.

The main goal of this paper is to find conditions for the pre-compactness of sets in the
global Morrey-type spaces and to determine sufficient conditions for the compactness of
the commutator for the Riesz potential [b, Iα] in the global Morrey-type spaces. Specifically,
we aim to find conditions on the parameters p, q, α and the functions w1 and w2 that ensure
the compactness of the operators [b, Iα] from GMw1(·)

p1θ1
to GMw2(·)

p2θ2
.

This paper is organized as follows. In Section 2, we present definitions and prelim-
inaries. To do this, we will establish some auxiliary lemmas. In Section 3, we present
results on the pre-compactness of sets in terms of averaging function on global Morrey-type
spaces. In Section 4, we present results on the pre-compactness of sets in terms of uniform
equi-continuity on global Morrey-type spaces. In Section 5, we give sufficient conditions for
the compactness of the commutator for the Riesz potential [b, Iα] on the global Morrey-type
space GMw(·)

pθ . Finally, we present conclusions in Section 6.
We make some conventions on notation. Throughout this paper, we always use C to

denote a positive constant that is independent of the main parameters involved but whose
value may differ from line to line. Constants with subscripts, such as Cp, are dependent
on the subscript p. We denote f ≲ g if f ≤ Cg and B ≈ D if there exists C1, C2, such that
C1B ≤ D ≤ C2B. By C(R) we denote the set of all continuous bounded functions on R
with the uniform norm, by χA we denote the characteristic function of a set A ⊂ Rn, and
by c A we denote the complement of A.

2. Definitions and Preliminaries

In this section, we recall some definitions of various function spaces, along with their
properties, and establish some auxiliary lemmas.

For a Lebesgue measurable set E ⊂ Rn and 0 < p ≤ ∞, Lp(E) denotes the standard
Lebesgue spaces of all functions f , Lebesgue measurable on E, for which

∥ f ∥Lp(E) =


(∫

E
| f (y)|pdy

) 1
p

< ∞, if 1 ≤ p < ∞,

ess sup | f (y)| < ∞, if p = ∞.

Throughout the paper, I := (a, b) ⊆ (0, ∞). By M(I) we denote the set of all measur-
able functions on I. The symbol M+(I) stands for the collection of all f ∈ M(I) that are
non-negative on I, while M+(I; ↓) and M+(I; ↑) denote the subsets of those functions that
are non-increasing and non-decreasing on I, respectively. When I = (0, ∞), we simply
write M ↓ and M ↑ instead of M+(I; ↓) and M+(I; ↑), respectively. The family of all
weight functions (also called just weights) on I, that is, globally integrable non-negative
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functions on (0, ∞), is given by W(I). For p ∈ (0, ∞] and w ∈ M+(I), we define the
functional ∥ · ∥Lp,w(I) on M(I) by

∥ f ∥Lp,w(I) =

{(∫
I | f (x)|pw(x)dx

) 1
p , if p < ∞,

ess sup(0;∞) | f (x)|w(x), if p = ∞.

For 0 ≤ λ ≤ n
p , 0 < p ≤ ∞, the Morrey spaces Mλ

p ≡ Mλ
p (Rn) are defined as the set of

all functions f ∈ Lloc
p (Rn), for which

∥ f ∥Mλ
p (Rn) = sup

x∈Rn , r>0
r−λ

 ∫
B(x,r)

| f (y)|pdy


1
p

< ∞,

where B(x, r) is the open ball in Rn centered at the point x ∈ Rn of radius r > 0.
Recently, boundedness and compactness of various operators in Morrey-type spaces

have been actively studied ([7,10]).
Note that

∥ f ∥M0
p(Rn) ≡ ∥ f ∥Lp(Rn), ∥ f ∥

M
n
p
p (Rn)

≡ ∥ f ∥L∞(Rn).

If λ < 0, λ > n
p , the space Mλ

p (Rn) is trivial, i.e., consists only of functions equivalent
to zero on Rn.

Definition 1. Let 0 < p, θ ≤ ∞, and let w be a non-negative measurable function on (0, ∞).
We denote by GMw(·)

pθ ≡ GMw(·)
pθ (Rn) the global Morrey-type space, the space of all functions

f ∈ Lloc
p (Rn) with finite quasi-norm

∥ f ∥
GMw(·)

pθ

= sup
x∈Rn

∥∥∥w(r)∥ f ∥Lp(B(x,r))

∥∥∥
Lθ(0,∞)

.

If θ = ∞, the space GMw(·)
p∞ ≡ Mw(·)

p is called the generalized Morrey space. The space

Mw(·)
p coincides with the Morrey space Mλ

p if w(r) = r−λ, where 0 ≤ λ ≤ n
p .

Definition 2. Let 0 < p, θ ≤ ∞. We denote by Ωpθ the set of all functions, w, which are
non-negative, measurable on (0, ∞), not equivalent to 0 and such, that for some t > 0 (hence, for
all t>0),

∥w(r)∥Lθ(t,∞) < ∞, ∥w(r)r
n
p ∥Lθ(0,t) < ∞. (1)

If condition ||w(r)||Lθ(t,∞) < ∞ is replaced by ||w(r)||Lθ(0,∞) < ∞, we say that w ∈ Ω̃pθ .

The space GMw(·)
pθ is non-trivial, that is consists not only of functions, equivalent to 0

on Rn, if and only if w ∈ Ωpθ [22].

Definition 3. Let ϵ ∈ (0, ∞), F be a subset of a quasi-normed space X, and G ⊂ F . Then G is
called an ϵ-net of F if, for any f ∈ F , there exists a g ∈ G, such that ∥ f − g∥X < ϵ. Moreover, if
G is an ϵ-net of F and the cardinality of G is finite, then G is called a finite ϵ-net of F . Furthermore,
F is said to be totally bounded if, for any ϵ ∈ (0, ∞), there exists a finite ϵ-net. In addition, F is
said to be relatively compact (pre-compact) if the closure in X of F is compact.

From the Hausdorff theorem (see, for instance, [23] p. 13), it follows that a subset F
of a Banach space X, is relatively compact if and only if F is totally bounded due to the
completeness of X.
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We recall the well-known Fréchet–Kolmogorov theorem on the pre-compactness of set
S ⊂ Lp(Rn) in terms of uniform equi-continuity.

Theorem 1 ([23]). A set S ⊂ Lp(Rn), where 1 ≤ p < ∞ , is pre-compact if and only if

sup
f∈S

∥ f ∥Lp(Rn) < ∞, (2)

lim
δ→0+

sup
f∈S

sup
|h|≤δ

∥ f (·+ h)− f (·)∥Lp(Rn) = 0 (3)

and
lim

R→∞
sup
f∈S

∥ f ∥Lp(
c B(0,R)) = 0, (4)

where cB(0, R) is the complement of the ball B(0, R).

We denote by Aδ f the Steklov averaging function: for any δ > 0 and f ∈ Lloc
1 (Rn)

(Aδ f )(x) =
1

|B(x, δ)|

∫
B(x,δ)

f (y)dy.

Remark 1. Condition (3) can be replaced by the following condition

lim
δ→0+

sup
f∈S

∥Aδ f − f ∥Lp(Rn) = 0.

That is, the following Fréchet–Kolmogorov theorem on the pre-compactness of sets in
Lp(Rn) in terms of averaging functions is true.

Theorem 2 ([23]). A set S ⊂ Lp(Rn), where 1 ≤ p < ∞ , is pre-compact if and only if

sup
f∈S

∥ f ∥Lp(Rn) < ∞, (5)

lim
δ→0+

sup
f∈S

∥Aδ f − f ∥Lp(Rn) = 0, (6)

and
lim

R→∞
sup
f∈S

∥ f ∥Lp(
c B(0,R)) = 0. (7)

It is clear that

(Aδ f )(x) =
∫

B(0,δ)

ψδ(y) f (x − y)dy = (ψδ ∗ f )(x), x ∈ Rn, (8)

where ψδ(x) =
χ

B(0,δ)
(x)

|B(0,δ)| .

Let f ∈ Lloc
1 (Rn). The Riesz potential Iα( f ) is defined by

(Iα f )(x) =
∫
Rn

f (y)
|x − y|n−α

dy, x ∈ Rn, 0 < α < n.

The Riesz potential Iα plays an important role in the harmonic analysis and in the
theory of operators.
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For a function b ∈ Lloc
1 (Rn), let Mb denote the multiplication operator Mb f = b f ,

where f is a Lebesgue measurable function. Then the commutator of Iα and Mb is defined by

([b, Iα] f )(x) = ((Mb Iα − Iα Mb) f )(x) =
∫
Rn

[b(x)− b(y)] f (y)
|x − y|n−α dy.

A function b ∈ Lloc(Rn) is said to be in BMO(Rn), if

∥b∥∗ = sup
x∈Rn , r>0

1
|B(x, r)|

∫
B(x,r)

|b(y)− (Arb)(y)|dy < ∞.

By VMO(Rn) we denote the BMO- closure of the space C∞
0 (Rn), where C∞

0 (Rn) is the
set of all C∞(Rn) functions with compact support.

Remark 2. In what follows we shall essentially use the following statement, proved in [24]: let
1 ≤ p ≤ θ ≤ ∞, then for any w ∈ Ωpθ , δ > 0 and f ∈ GMw(·)

pθ

∥Aδ f ∥
GMw(·)

pθ

≤ ∥ f ∥
GMw(·)

pθ

. (9)

Lemma 1. Let 1 ≤ p ≤ ∞. Then for any R > 0, δ > 0, and f ∈ Lp(B(0, R + δ))

||Aδ f ||Lp(B(0,R)) ≤ || f ||Lp(B(0,R+δ)). (10)

Lemma 2. Let 1 ≤ p ≤ ∞. Then for any 0 < δ < R1 < R2 < ∞ and f ∈ Lp(B(0, R2 + δ) \
B(0, R1 − δ))

||Aδ f ||Lp(B(0,R2)\B(0,R1))
≤ || f ||Lp(B(0,R2+δ)\B(0,R1−δ)). (11)

Lemmas 1 and 2 are particular cases of the following variant of Young’s inequality [24]
for convolutions ∥∥∥∥∥∥

∫
G

k(y) f (x − y)dy

∥∥∥∥∥∥
Lp(H)

≤ ∥k∥L1(G)∥ f ∥Lp(G−H),

(see Formula (8)), with k = ψδ, G = B(0, δ), and H = B(0, R) in Lemma 1, and G = B(0, δ),
H = B(0, R2) \ B(0, R1) in Lemma 2.

Lemma 3. Let 1 ≤ p ≤ ∞, 0 < θ ≤ ∞, w ∈ Ωpθ and ||w||Lθ(R,∞) > 0 for some R > 0. Then for

any δ > 0 and f ∈ GMw(·)
pθ

||Aδ f ||Lp(B(0,R)) ≤ C1|| f χB(0,R+δ)
||

GMw(·)
pθ

,

where C1 = ∥w∥−1
Lθ(R,∞).

Proof. According to Lemma 2

∥Aδ f ∥Lp(B(0,R)) ≤ ∥ f ∥Lp(B(0,R+δ)) =
∥w∥Lθ(R+δ,∞)∥ f ∥Lp(B(0,R+δ))

∥w∥Lθ(R+δ,∞)

=

∥∥∥w(r)∥ f ∥Lp(B(0,R+δ))

∥∥∥
Lθ(R+δ,∞)

∥w∥Lθ(R+δ,∞)

=

∥∥∥∥w(r)
∥∥∥ f χ

(B(0,R+δ))

∥∥∥
Lp(B(0,r))

∥∥∥∥
Lθ(R+δ,∞)

∥w∥Lθ(R+δ,∞)
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≤ 1
∥w∥Lθ(R,∞)

∥∥∥∥w(r)
∥∥∥ f χ

B(0,R+δ)

∥∥∥
Lp(B(0,r))

∥∥∥∥
Lθ(0,∞)

= C1

∥∥∥ f χ
B(0,R+δ)

∥∥∥
GMw(·)

pθ

.

Lemma 4. Let 1 ≤ p, θ ≤ ∞, w ∈ Ωpθ . Then for any 0 < R1 < R2 < ∞, δ > 0 and for any

functions f , φ ∈ GMw(·)
pθ

|| f − φ||
GMw(·)

pθ

≤ || f χB(0,R1)
||

GMw(·)
pθ

+ ||φχB(0,R1)
||

GMw(·)
pθ

+||(Aδ f − f )χ
B(0,R2)\B(0,R1)

||
GMw(·)

pθ

+ ||(Aδ f − Aδ φ)χ
B(0,R2)\B(0,R1)

||
GMw(·)

pθ

(12)

+||(Aδ φ − φ)χ
B(0,R2)\B(0,R1)

||
GMw(·)

pθ

+ || f χcB(0,R2)
||

GMw(·)
pθ

+ ||φχcB(0,R2)
||

GMw(·)
pθ

.

Proof. By adding and subtracting the corresponding summands and applying the
Minkowski inequality, we obtain that

|| f − φ||
GMw(·)

pθ

= ||( f − φ)χB(0,R1)
+ ( f − φ)χ

B(0,R2)\B(0,R1)
+ ( f − φ)χcB(R2,∞)||GMw(·)

pθ

= || f χB(0,R1)
− φχB(0,R1)

+ f χcB(R2,∞) − φχcB(R2,∞) − (Aδ f − f )χ
B(0,R2)\B(0,R1)

+(Aδ φ − φ)χ
B(0,R2)\B(0,R1)

+ (Aδ f − Aδ φ)χ
B(0,R2)\B(0,R1)

||
GMw(·)

pθ

≤
∥∥∥ f χB(0,R1)

∥∥∥
GMw(·)

pθ

+
∥∥∥φχB(0,R1)

∥∥∥
GMw(·)

pθ

+
∥∥∥ f χcB(R2,∞)

∥∥∥
GMw(·)

pθ

+
∥∥∥φχcB(R2,∞)

∥∥∥
GMw(·)

pθ

+
∥∥∥(Aδ f − f )χ

B(0,R2)\B(0,R1)

∥∥∥
GMw(·)

pθ

+
∥∥∥(Aδ φ − φ)χ

B(0,R2)\B(0,R1)

∥∥∥
GMw(·)

pθ

+
∥∥∥(Aδ f − Aδ φ)χ

B(0,R2)\B(0,R1)

∥∥∥
GMw(·)

pθ

.

Lemma 5. Let 0 < p ≤ ∞, 0 < θ ≤ ∞, w ∈ Ω̃pθ . Then for any 0 < R1 < R2 < ∞ and for any

function f ∈ GMw(·)
pθ∥∥∥ f χ

B(0,R2)\B(0,R1)

∥∥∥
GMw(·)

pθ

≤ ∥w∥Lθ(0,∞)∥ f ∥Lp(B(0,R2)\B(0,R1))
. (13)

Proof. Since∥∥∥ f χ
B(0,R2)\B(0,R1)

∥∥∥
GMw(·)

pθ

= sup
x∈Rn

∥∥∥∥w(r)
∥∥∥ f χ

B(0,R2)\B(0,R1)

∥∥∥
Lp(B(x,r))

∥∥∥∥
Lθ(0,∞)

,

and ∥∥∥ f χ
B(0,R2)\B(0,R1)

∥∥∥
Lp(B(x,r))

= ∥ f ∥Lp(B(x,r)∩(B(0,R2)\B(0,R1)))
≤ ∥ f ∥Lp(B(0,R2)\B(0,R1))

,

we have ∥∥∥ f χ
B(0,R2)\B(0,R1)

∥∥∥
GMw(·)

pθ

≤ ∥w∥Lθ(0,∞)∥ f ∥Lp(B(0,R2)\B(0,R1))
.



Mathematics 2024, 12, 3533 7 of 20

3. Pre-Compactness of Sets in the Global Morrey-Type Spaces in Terms of
Averaging Function

In this section, we provide sufficient conditions for the pre-compactness of sets in the
global Morrey-type spaces GMw(·)

pθ in terms of averaging function.

Theorem 3. Let 1 ≤ p ≤ θ ≤ ∞, w ∈ Ω̃pθ , ||w||Lθ(t,∞) > 0 for any t > 0, and a set

S ⊂ GMw(·)
pθ (Rn) satisfy the following conditions:

sup
f∈S

∥ f ∥
GMw(·)

pθ (Rn)
< ∞, (14)

lim
R1→0+

sup
f∈S

∥∥∥ f χ
B(0,R1)

∥∥∥
GMw(·)

pθ (Rn)
= 0, (15)

for any 0 < R1 < R2 < ∞

lim
δ→0+

sup
f∈S

∥Aδ f − f ∥Lp(B(0,R2)\B(0,R1))
= 0, (16)

and

lim
R2→∞

sup
f∈S

∥∥∥∥ f χc B(0,R2 )

∥∥∥∥
GMw(·)

pθ (Rn)
= 0. (17)

Then the set S ⊂ GMw(·)
pθ (Rn) is pre-compact in GMw(·)

pθ .

Proof of Theorem 3. Let S ⊂ GMw(·)
pθ and suppose that conditions (14)–(17) are satisfied.

Step 1. For any 0 < δ < R1 < R2 < ∞, the set Sδ = {Aδ f : f ∈ S} is pre-compact in
Lp(B(0, R2) \ B(0, R1)).

Note that

|| f ||
GMw(·)

pθ

≥
∥∥∥w(r)|| f ||Lp(B(0,r))

∥∥∥
Lθ(R2,∞)

≥ ∥w(r)∥Lθ(R2,∞)∥ f ∥Lp(B(0,R2)\B(0,R1))
,

hence,

∥ f ∥Lp(B(0,R2)\B(0,R1))
≤ ∥w(r)∥−1

Lθ(R2,∞)|| f ||
GMw(·)

pθ

. (18)

Therefore, according to inequalities (18), (9) and condition (14) for g ∈ Sδ, we have

sup
g∈Sδ

∥g∥Lp(B(0,R2)\B(0,R1))
= sup

f∈S
∥Aδ f ∥Lp(B(0,R2)\B(0,R1))

≤ ∥w(r)∥−1
Lθ(R2,∞) sup

f∈S
∥Aδ f ∥

GMw(·)
pθ

≤ ∥w(r)∥−1
Lθ(R2,∞) sup

f∈S
∥ f ∥

GMw(·)
pθ

< ∞. (19)

By inequality (11) and by condition (16) we obtain

lim
τ→0+

sup
g∈Sδ

∥Aτ g − g∥Lp(B(0,R2)\B(0,R1))
= lim

τ→0+
sup
f∈S

∥Aτ Aδ f − Aδ f ∥Lp(B(0,R2)\B(0,R1))

= lim
τ→0+

sup
f∈S

∥Aδ(Aτ f − f )∥Lp(B(0,R2)\B(0,R1))
≤ lim

τ→0+
sup
f∈S

∥Aτ f − f∥Lp(B(0,R2+δ)\B(0,R1−δ)) = 0.

Hence, by Theorem 2, it follows that the set Sδ is pre-compact in Lp(B(0, R2) \ B(0, R1))
or, equivalently, totally bounded in Lp(B(0, R2) \ B(0, R1)).

Step 2. The set S is totally bounded in GMw(·)
pθ .
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Let us show that the set S is a pre-compact set in GMw(·)
pθ . By inequalities (12) and (13)

for any f , φ ∈ S, we have

|| f − φ||
GMw(·)

pθ

≤ 2 sup
g∈S

||gχB(0,R1)
||

GMw(·)
pθ

+ 2 sup
g∈S

||(Aδg − g)χ
B(0,R2)\B(0,R1)

||
GMw(·)

pθ

+2 sup
g∈S

||gχcB(0,R2)
||

GMw(·)
pθ

+ ∥w∥Lθ(R1,∞)
∥Aδ f − Aδ φ∥Lp(B(0,R2)\B(0,R1))

= E1 + E2 + E3 + E4.

Let ε > 0. Using condition (15), we can choose a radius R1 = R1(ε) of the ball B(0, R1),
such that

E1 = 2 sup
g∈S

||gχB(0,R1)
||

GMw(·)
pθ

<
ε

4
.

By condition (17), we can choose R2 = R2(ε), such that

E3 = 2 sup
g∈S

||gχcB(0,R2)
||

GMw(·)
pθ

<
ε

4
.

By Lemma 5 and by condition (16), we can choose δ = δ(ε), such that

E2 = 2 sup
g∈S

||(Aδg − g)χ
B(0,R2)\B(0,R1)

||
GMw(·)

pθ

≤ 2||w||−1
Lθ(R1,∞)

sup
g∈S

∥Aδg − g∥Lp(B(0,R2)\B(0,R1))
<

ε

4
.

Then, for any f , φ ∈ S

|| f − φ||
GMw(·)

pθ

≤ 3ε

4
+ ∥w∥Lθ(0,∞)

∥Aδ f − Aδ φ∥Lp(B(0,R2)\B(0,R1))
. (20)

Hence, for any φ1, φ2, . . . , φm ∈ S

min
j=1,2,...,m

|| f − φj||GMw(·)
pθ

≤ 3ε

4
+ ∥w∥Lθ(0,∞)

min
j=1,2,...,m

∥∥Aδ f − Aδ φj
∥∥

Lp(B(0,R2)\B(0,R1))
. (21)

Indeed, let j0 be such that

||Aδ f − Aδϕj0 ||Lp(B(0,R2)\B(0,R1))
= min

j=1,...m
||Aδ − Aδϕj||Lp(B(0,R2)\B(0,R1))

,

then
min

j=1,...m
|| f − ϕj||Lp(B(0,R2)\B(0,R1))

≤ || f − ϕj0 ||Lp(B(0,R2)\B(0,R1))

and (20) with ϕ = ϕj0 implies (21).
Finally, by the pre-compactness of the set Sδ(ε) in Lp(B(0, R2(ε)) \ B(0, R1(ε))), for any

f ∈ S there exist m(ε) ∈ N and f1,ε, . . . , fm(ε),ε ∈ S, such that

min
j=1,2,...,m(ε)

∥∥∥Aδ(ε) f − Aδ(ε) f j,ε

∥∥∥
Lp(B(0,R2(ε))\B(0,R1(ε)))

≤ ε

4

(
∥w∥Lθ(0,∞)

)−1
.

Therefore, setting φj = f j,ε, j = 1, . . . , m(ε), by inequality (21), for any f ∈ S, we obtain

min
j=1,2,...,m(ε)

|| f − f j(ε)||GMw(·)
pθ

≤ ε.
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Thus, we have that φj = f j,ε, j = 1, . . . , m(ε) is a finite ε-net in S with respect to the

norm of GMw(·)
pθ .

We conclude from this that the set S is totally bounded in GMw(·)
pθ , or equivalently, the

set S is pre-compact in GMw(·)
pθ .

4. Pre-Compactness of Sets in the Global Morrey-Type Spaces in Terms of Uniform
Equi-Continuity

In this section, we provide sufficient conditions for the pre-compactness of sets in the
global Morrey-type spaces GMw(·)

pθ in terms of uniform equi-continuity.

The pre-compactness of sets in Morrey spaces Mλ
p (Rn) in terms of uniform equi-

continuity was investigated in [6,11] and for generalized Morrey spaces Mw(·)
p (Rn) it was

investigated in [7,25].

Theorem 4. Suppose that 1 ≤ p ≤ θ ≤ ∞ and w ∈ Ωpθ . Suppose that a subset S of GMw(·)
pθ

satisfies the following conditions:

sup
f∈S

∥ f ∥
GMw(·)

pθ

< ∞, (22)

lim
u→0

sup
f∈S

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

= 0, (23)

lim
r→∞

sup
f∈S

∥∥∥ f χc B(0,r)

∥∥∥
GMw(·)

pθ

= 0. (24)

Then S is a pre-compact set in GMw(·)
pθ (R).

To prove this theorem, we need the following statements.

Lemma 6. Let 1 ≤ p ≤ θ ≤ ∞, w ∈ Ωpθ . Then for all f ∈ GMw(·)
pθ and δ > 0 we have

∥Aδ f − f ∥
GMw(·)

pθ

≤ sup
u∈B(0,δ)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

. (25)

Proof. Let z ∈ Rn and ρ > 0. Then by Hölder‘s inequality

∥Aδ f − f ∥Lp(B(z,ρ)) =

 ∫
B(z,ρ)

∣∣∣∣∣∣∣
1

|B(x, δ)|

∫
B(x,δ)

f (y)dy − f (x)

∣∣∣∣∣∣∣
p

dx


1
p

=

 ∫
B(z,ρ)

∣∣∣∣∣∣∣
1

|B(x, δ)|

∫
B(x,δ)

( f (y)− f (x))dy

∣∣∣∣∣∣∣
p

dx


1
p

≤

 ∫
B(z,ρ)

 1
|B(x, δ)|

∫
B(x,δ)

| f (y)− f (x)|pdy

dx


1
p

=

 ∫
B(z,ρ)

 1
|B(0, δ)|

∫
B(0,δ)

| f (x + u)− f (x)|pdu

dx


1
p
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=

 1
|B(0, δ)|

∫
B(0,δ)

 ∫
B(z,ρ)

| f (x + u)− f (x)|pdx

du


1
p

.

Therefore,
∥Aδ f − f ∥

GMw(·)
pθ

= sup
z∈Rn

∥∥∥w(ρ)∥Aδ f − f ∥Lp(B(z,ρ))

∥∥∥
Lθ(0,∞)

≤ sup
z∈Rn

∥∥∥∥∥∥∥∥w(ρ)

 1
|B(0, δ)|

∫
B(0,δ)

∥ f (·+ u)− f (·)∥p
Lp(B(z,ρ))du


1
p
∥∥∥∥∥∥∥∥

Lθ(0,∞)

= sup
z∈Rn

∥∥∥∥∥∥∥
1

|B(0, δ)|

∫
B(0,δ)

w(ρ)p∥ f (·+ u)− f (·)∥p
Lp(B(z,ρ))du

∥∥∥∥∥∥∥
1
p

Lθ(0,∞)

.

Since θ
p ≥ 1, by applying Minkowski‘s inequality for integrals, we obtain the following:

∥Aδ f − f ∥
GMw(·)

pθ

≤ sup
z∈Rn

 1
|B(0, δ)|

∫
B(0,δ)

 ∞∫
0

w(ρ)θ∥ f (·+ u)− f (·)∥θ
Lp(B(z,ρ))dρ


p
θ

du


1
p

≤

 1
|B(0, δ)|

∫
B(0,δ)

∥ f (·+ u)− f (·)∥p

GMw(·)
pθ

du


1
p

≤ sup
u∈B(0,δ)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

.

Lemma 7. Let 1 ≤ p, θ ≤ ∞ , w ∈ Ωpθ . Then there exists r0 > 0 such that for every 0 < r ≤ r0
there exists C6 > 0, depending only on r, n, p, θ, w, such that (below C(Rn) is the space of all
bounded continuous functions on Rn)

(1) for every f ∈ GMw(·)
pθ

∥Ar f ∥C(Rn) ≤ C6∥ f ∥
GMw(·)

pθ

, (26)

(2) for every f ∈ GMw(·)
pθ

sup
u∈B(0,r)

∥Ar f (·+ u)− Ar f (·)∥C(Rn) ≤ C6 sup
u∈B(0,r)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

. (27)

Proof. 1. Since a function w ∈ Ωpθ is not equivalent 0, there exists r0 > 0, such that
∥w∥Lθ(r0,∞) > 0. Let 0 < r ≤ r0, x ∈ Rn. Then by Hölder‘s inequality

|Ar f (x)| ≤ 1

|B(x, r)|
1
p
∥ f ∥Lp(B(x,r)).

Hence,

∥w(ρ)Ar f (x)∥Lθ(r,∞) ≤
1

(vnrn)
1
p

∥∥∥w(ρ)∥ f ∥Lp(B(x,r))

∥∥∥
Lθ(r,∞)
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≤ 1

(vnrn)
1
p

∥∥∥w(ρ)∥ f ∥Lp(B(x,ρ))

∥∥∥
Lθ(r,∞)

,

where vn is the volume of the unit ball in Rn, and

|Ar f (x)|∥w(ρ)∥Lθ(r,∞) ≤
1

(vnrn)
1
p

∥∥∥w(ρ)∥ f ∥Lp(B(x,ρ))

∥∥∥
Lθ(0,∞)

,

That is why

sup
x∈Rn

|Ar f (x)| ≤ C6 sup
x∈Rn

∥∥∥w(ρ)∥ f ∥Lp(B(x,ρ))

∥∥∥
Lθ(0,∞)

= C6∥ f ∥
GMw(·)

pθ

, (28)

where C6 =

(
∥w∥Lθ(r,∞)(vnrn)

1
p

)−1
.

2. Next, for every x1, x2 ∈ B(0, r)

|(Ar f )(x1)− (Ar f )(x2)| =
1

vnrn

∣∣∣∣∣∣∣
∫

B(x1,r)

f (y)dy −
∫

B(x2,r)

f (y)dy

∣∣∣∣∣∣∣ =

= (vnrn)−1

∣∣∣∣∣∣∣
∫

B(0,r)

f (z + x1)dz −
∫

B(0,r)

f (z + x2)dz

∣∣∣∣∣∣∣ ≤
≤ (vnrn)−1

∫
B(0,r)

| f (z + x1)− f (z + x2)|dz =

= (vnrn)−1
∫

B(x2,r)

| f (s + x1 − x2)− f (s)|ds ≤

≤ (vnrn)
− 1

p ∥ f (·+ x1 − x2)− f (·)∥Lp(B(x2,r)).

Therefore, similarly to the first step of the proof

sup
x1,x2∈Rn

|x1−x2|≤r

|(Ar f )(x1)− (Ar f )(x2)| ≤ C6 sup
x1,x2∈Rn

|x1−x2|≤r

∥ f (·+ x1 − x2)− f (·)∥
GMw(·)

pθ

=

= C6 sup
u∈B(0,r)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

.

Hence, we have (27).

Lemma 8. Let 1 ≤ p, θ ≤ ∞ , w ∈ Ωpθ . Then, there exists C7 > 0, depending only on n, p, θ, w,

such that for every, r, R > 0, and for all f , g ∈ GMw(·)
pθ ,

∥Ar f − Arg∥
GMw(·)

pθ

≤ C7

(
1 + R

n
p
)
∥Ar f − Arg∥C(B(0,R)) + sup

u∈B(0,R)
∥ f (·+ u)− f (·)∥

GMw(·)
pθ

+ sup
u∈B(0,R)

∥g(·+ u)− g(·)∥
GMw(·)

pθ

+
∥∥∥ f χc B(0,R)

∥∥∥
GMw(·)

pθ

+

∥∥∥∥gχ
c B(0,R)

∥∥∥∥
GMw(·)

pθ

.
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Proof. Indeed,

∥Ar f − Arg∥
GMw(·)

pθ

≤
∥∥∥(Ar f − Arg)χ

B(0,R)

∥∥∥
GMw(·)

pθ

+
∥∥∥(Ar f − Arg)χc B(0,R)

∥∥∥
GMw(·)

pθ

= I1 + I2.

Next,
I1 = sup

x∈Rn

∥∥∥w(ρ)∥Ar f − Arg∥Lp(B(x,ρ)∩B(0,R))

∥∥∥
Lθ(0,∞)

≤ sup
x∈Rn

∥∥∥w(ρ)∥Ar f − Arg∥Lp(B(x,ρ)∩B(0,R))

∥∥∥
Lθ(0,1)

+ sup
x∈Rn

∥∥∥w(ρ)∥Ar f − Arg∥Lp(B(x,ρ)∩B(0,R))

∥∥∥
Lθ(1,∞)

≤ ∥Ar f − Arg∥C(B(0,R))·

·
(∥∥∥∥w(ρ)(vnρn)

1
p

∥∥∥∥
Lθ(0,1)

+

∥∥∥∥w(ρ)(vnRn)
1
p

∥∥∥∥
Lθ(1,∞)

)

≤ C7

(
1 + R

n
p
)
∥Ar f − Arg∥C(B(0,R)),

where

C7 = v
1
p
n

(∥∥∥w(ρ)ρ
n
p
∥∥∥

Lθ(0,1)
+ ∥w(ρ)∥Lθ(1,∞)

)
< ∞,

since w ∈ Ωpθ .
By Lemma 6

I2 ≤ ∥Ar f − f ∥
GMw(·)

pθ

+
∥∥∥( f − g)χc B(0,R)

∥∥∥
GMw(·)

pθ

+ ∥Arg − g∥
GMw(·)

pθ

≤ sup
u∈B(0,r)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

+ sup
u∈B(0,r)

∥g(·+ u)− g(·)∥
GMw(·)

pθ

+
∥∥∥ f χc B(0,R)

∥∥∥
GMw(·)

pθ

+
∥∥∥gχc B(0,R)

∥∥∥
GMw(·)

pθ

.

Lemma 9. Let 1 ≤ p, θ ≤ ∞ , w ∈ Ωpθ . Then, for every r, R > 0 and for every f , g ∈ GMw(·)
pθ ,

∥ f − g∥
GMw(·)

pθ

≤ C7

(
1 + R

n
p
)
∥Ar f − Arg∥C(B(0,R))

+2 sup
u∈B(0,r)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

+ 2 sup
u∈B(0,r)

∥g(·+ u)− g(·)∥
GMw(·)

pθ

(29)

+
∥∥∥ f χc B(0,R)

∥∥∥
GMw(·)

pθ

+
∥∥∥gχc B(0,R)

∥∥∥
GMw(·)

pθ

,

where C7 > 0 is the same as in Lemma 8.

Proof. It suffices to notice that

∥ f − g∥
GMw(·)

pθ

≤ ∥Ar f − f ∥
GMw(·)

pθ

+ ∥Ar f − Arg∥
GMw(·)

pθ

+ ∥Arg − g∥
GMw(·)

pθ

and apply Lemmas 6 and 8.

Proof of Theorem 4. Let S ⊂ GMw(·)
pθ satisfy conditions (22)–(24).

Step 1. First, we show that the set Sr = {Ar f : f ∈ S} is a pre-compact set in
C(B(0, R)).
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Let 0 < r < r0, where r0 is defined in Lemma 7, and let R > 0 be fixed. By using
inequality (22) and inequality (26), we have

sup
f∈S

∥Ar f ∥C(B(0,R)) < ∞.

Using (27) and condition (23), we obtain

lim
u→0

sup
f∈S

∥Ar f (·+ u)− Ar f (·)∥C(B(0,R)) = 0.

Therefore, by the Ascoli–Arzela theorem, the set Sr is pre-compact in C(B(0, R)), so
the set Sr is totally bounded in C(B(0, R)). Hence, for any ε > 0, there exists f1, . . . , fm ∈ S
(depending on ε, r, and R), such that {Ar f1, Ar f2, . . . , Ar fm} is a finite ε-net in Sr with
respect to the norm of C(B(0, R)). Therefore, for any f ∈ S, there exists 1 ≤ j ≤ m, such
that

min
j=1,...,m

∥∥Ar f − Ar f j
∥∥

C(B(0,R)) < ε.

Step 2. Let us show that the set S is a pre-compact set in GMw(·)
pθ .

Let {φ1, . . . , φm} be an arbitrary finite subset of S. By inequality (29) for any f ∈ S
and any j = 1, . . . , m, we have∥∥ f − φj

∥∥
GMw(·)

pθ

≤ C7(1 + R
n
p )
∥∥Ar f − Ar φj

∥∥
C(B(0,R))

+2 sup
u∈B(0,r)

∥ f (·+ u)− f (·)∥
GMw(·)

pθ

+ 2 sup
u∈B(0,r)

∥∥φj(·+ u)− φj(·)
∥∥

GMw(·)
pθ

+
∥∥∥ f χc B(0,R)

∥∥∥
GMw(·)

pθ

+
∥∥∥φjχc B(0,R)

∥∥∥
GMw(·)

pθ

≤ C7(1 + R
n
p )
∥∥Ar f − Ar φj

∥∥
C(B(0,R))

+4 sup
u∈B(0,r)

sup
g∈S

∥g(·+ u)− g(·)∥
GMw(·)

pθ

+ 2 sup
g∈S

∥∥∥gχcB(0,R)

∥∥∥
GMw(·)

pθ

.

Hence,
min

j=1,...,m

∥∥ f − φj
∥∥

GMw(·)
pθ

≤ C7(1 + R
n
p ) min

j=1,...,m

∥∥Ar f − Ar φj
∥∥

C(B(0,R))

+4 sup
u∈B(0,r)

sup
g∈S

∥g(·+ u)− g(·)∥
GMw(·)

pθ

+ 2 sup
g∈S

∥∥∥gχcB(0,R)

∥∥∥
GMw(·)

pθ

. (30)

Let ε > 0. First , by using condition (24), we choose R(ε) > 0, such that

sup
g∈S

∥∥∥gχcB(0,R(ε))

∥∥∥
GMw(·)

pθ

<
ε

6
.

Next, by using condition (23), we choose r(ε), such that

sup
u∈B(0,r(ε))

sup
g∈S

∥g(·+ u)− g(·)∥
GMw(·)

pθ

<
ε

12
.

Since the set Sr(ε) is pre-compact in C(B(0, R(ε))), there exist m(ε) ∈ N and f1,ε, . . . , fm(ε),ε ∈
S, such that for any f ∈ S

min
j=1,...,m(ε)

∥∥∥Ar(ε) f − Ar(ε) f j,ε

∥∥∥
C(B(0,R(ε)))

<
ε

3C7(1 + R(ε)
n
p )

.
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Therefore, setting φj = f j,ε, j = 1, . . . , m(ε), by inequality (30), for any f ∈ S, we obtain

min
j=1,...,m(ε)

∥∥ f − f j,ε
∥∥

GMw(·)
pθ

<
ε

3
+

ε

3
+

ε

3
= ε.

Then, we have that φj = f j,ε, j = 1, . . . , m(ε) is a finite ε-net in S with respect to the norm of

GMw(·)
pθ .

So, the set S is pre-compact in GMw(·)
pθ .

5. Compactness of Commutators for the Riesz Potential

The main purpose of this section is to find sufficient conditions for the compactness of
commutators for the Riesz Potential [b, Iα] on the global Morrey-type space GMw(·)

pθ (Rn).
The next theorem contains sufficient conditions on w1, w2 ensuring the boundedness

of Iα from GMw1(·)
p1θ1

to GMw2(·)
p2θ2

for some values of the parameters α, p1, p2, θ1, θ2.

Theorem 5 (see [19]). Let 1 < p1 < p2 < ∞, 1
p2

= 1
p1

− α
n , 0 < θ1 ≤ θ2 < ∞, w1 ∈

Ωp1θ1 , w2 ∈ Ωp2θ2 , then the condition∥∥∥∥∥w2(r)
(

r
t + r

) n
p2

∥∥∥∥∥
Lθ2

(0,∞)

≲ ∥w1(r)∥Lθ1
(t,∞), (31)

for all t > 0 is sufficient for the boundedness of Iα from GMw1(·)
p1θ1

(Rn) to GMw2(·)
p2θ2

(Rn).

The following lemma gives the Lp-estimates for the commutators for the Riesz poten-
tial over balls.

Lemma 10 ([26]). Let 1 < p1 < ∞, 0 < α < n
p1

, 1
p2

= 1
p1

− α
n , b ∈ BMO(Rn).

Then the inequality

∥[b, Iα] f ∥Lp2 (B(x0,r)) ≲ ∥b∥∗r
n
p2

∫ ∞

2r

(
1 + ln

t
r

)
t−

n
p2
−1∥ f ∥Lp1 (B(x0,t))dt (32)

holds for any ball B(x0, r) and for all f ∈ Lloc
p (Rn).

To formulate the following theorem on the boundedness of the Hardy operator in
weighted Lebesgue spaces, we need the necessary notation.

Let u, w, and v be weight functions, that is locally integrable non-negative functions
on (0, ∞).

Denote by

Hg(t) :=
∫ t

0
g(s)ds, g ∈ M+,

and
H∗g(t) :=

∫ ∞

t
g(s)ds, g ∈ M+,

the Hardy operator and Copson operator, respectively.
Define

Hu(g)(t) := H(g · u)(t) =
∫ t

0
g(s)u(s)ds, g ∈ M+,

H∗
u(g)(t) = H∗(g · u)(t) =

∫ ∞

t
g(s) · u(s)ds, g ∈ M+.
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Also, define

U(t) :=
∫ t

0
u(s)ds, U∗(t) :=

∫ ∞

t
u(s)ds, V(t) :=

∫ t

0
v(s)ds, V∗(t) :=

∫ ∞

t
v(s)ds,

W(t) :=
∫ t

0
w(s)ds, W∗(t) :=

∫ ∞

t
w(s)ds.

The following theorem gives a complete characterization of the weighted Hardy
inequality on the cone of non-increasing functions.

Theorem 6 ([27]). Let 1 < θ1 ≤ θ2 < ∞. Let u, w, v be weight functions defined on (0, ∞). Then
inequality

∥H∗
u(g)∥Lθ2,w(0;∞) ≤ C8∥g∥Lθ1,v(0;∞), g ∈ M↑

with the best constant C8 holds if and only if the following conditions hold:

A∗
0 := sup

t>0

(∫ ∞

t
Uθ2∗ (τ)w(τ)dτ

) 1
θ2

V
− 1

θ1∗ (t) < ∞,

A∗
1 := sup

t>0
W

1
θ2 (t)

(∫ ∞

t

(
U∗(τ)

V∗(τ)

)θ′1
v(τ)dτ

) 1
θ′1

< ∞,

and in this case C8 ≈ A∗
0 + A∗

1 .

The following theorem provides sufficient conditions on w1, w2 ensuring the bounded-
ness for the commutator [b, Iα] from GMw1(·)

p1θ1
to GMw2(·)

p2θ2
for some values of the parameters

α, p1, p2, θ1, θ2.

Theorem 7. Let 1 < p1 < p2 < ∞, 1 < α < n
p1

, 1
p2

= 1
p1

− α
n , 0 < θ1 ≤ θ2 < ∞,

b ∈ BMO(Rn), w1 ∈ Ωp1θ1 , w2 ∈ Ωp2θ2 , and w1, w2 satisfy the conditions

A∗
2 = sup

t>0

(∫ ∞

t

[(∫ ∞

r
(1 + ln

s
r
)s−

n
p2
−1ds

)θ2

w2(r)

]
dr

) 1
θ2

·
[∫ ∞

t
wθ1

1 (s)ds
]− 1

θ1
< ∞, (33)

A∗
3 = sup

t>0

(∫ t

0
w2(s) · s

n
p2 ds

) 1
θ2 ·

∫ ∞

t

∫ ∞
r (1 + ln s

r )s
− n

p2
−1ds∫ ∞

r wθ1
1 (s)ds

θ′1

wθ1
1 (r)dr


1

θ′1

< ∞. (34)

Then, the commutator [b, Iα] is bounded from GMw1(·)
p1θ1

(Rn) to GMw2(·)
p2θ2

(Rn). Moreover,
there exists C9 > 0, depending only on the numerical parameters and w1, w2, such that for all
f ∈ GMw1(·)

p1θ1

∥[b, Iα] f ∥
GMw2(·)

p2θ2

≤ C9∥b∥∗∥ f ∥
GM

w1(·)
p1θ1

.

Proof. By inequality (32) from Lemma 10, we have

∥[b, Iα] f ∥
GMw2(·)

p2θ2

= sup
x∈Rn

∥∥∥w2(r)∥[b, Iα] f ∥Lp2 (B(x,r))

∥∥∥
Lθ2

(0,∞)

≲ sup
x∈Rn

∥b∥∗
∥∥∥∥w2(r)r

n
p2

∫ ∞

r

(
1 + ln

t
r

)
t−

n
p2
−1∥ f ∥Lp1 (B(x,t))dt

∥∥∥∥
Lθ2

(0,∞)
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≲ ∥b∥∗ sup
x∈Rn

(∫ ∞

0

[
w2(r)r

n
p2

∫ ∞

r

(
1 + ln

t
r

)
t−

n
p2
−1∥ f ∥Lp1 (B(x,t))dt

]θ2

dr

) 1
θ2

.

Then, by Theorem 6, setting w(r) = w2(r)r
n
q , g(t) = ∥ f ∥Lp(B(0,t)), u(t) =

(
1 + ln t

r
)
t−

n
p2
−1,

v(r) = wθ1
1 (r), under conditions (33) and (34), we have

∥[b, Iα] f ∥
GMw2(·)

p2θ2

≤ C9∥b∥∗ sup
x∈Rn

(∫ ∞

0

[
w1(r)∥ f ∥Lp1 (B(x,t))dt

]θ1
dr
) 1

θ1
= C9∥b∥∗∥ f ∥

GM
w1(·)
p1θ1

.

Now, we present a theorem about the compactness of the operators [b, Iα] on global
Morrey-type spaces from GMw1(·)

p1θ1
(Rn) to GMw2(·)

p2θ2
(Rn).

Theorem 8. Let 1 < p1 < p2 < ∞, 0 < θ1 ≤ θ2 < ∞, 1
p2

= 1
p1

− α
n , w1 ∈ Ωp1θ1 , w2 ∈ Ωp2θ2 ,

and the functions w1, w2 satisfy conditions (33) and (34). Moreover, let b ∈ VMO(Rn). Then, the
commutator [b, Iα] is a compact operator from GMw1(·)

p1θ1
to GMw2(·)

p2θ2
.

To prove this theorem, we need the following auxiliary assertions.

Lemma 11 ([7]). Let n ∈ N, 1 < p1 < p2 < ∞, 1
p2

= 1
p1

− α
n . Then, there exists C10 > 0,

depending only on n, p1, p2, such that for any β > 0, γ ≥ 2β, t ∈ Rn, r > 0, and for any
f ∈ Lloc

p (Rn) satisfying the condition supp f ⊂ B(0, β)

∥∥∥(Iα f )χcB(0,γ)

∥∥∥
Lp2 (B(t,r))

≤ C10γα−n(min{γ, r})
n
p2 β

n(1− 1
p1
)∥ f ∥Lp1 (B(0,β)). (35)

Lemma 12 ([7]). Let n ∈ N, 1 < p1 < p2 < ∞, 1
p2

= 1
p1

− α
n . Then, there exists C11 > 0,

depending only on n, p1, p2, such that for any β > 0, γ ≥ 2β, t ∈ Rn, r > 0, and for any
f ∈ Lloc

p (Rn), for any b ∈ L∞(Rn) satisfying the condition supp b ⊂ B(0, β)∥∥∥([b, Iα] f )χcB(0,γ)

∥∥∥
Lp2 (B(t,r))

≤ C11γα−n(min{γ, r})
n
p2 β

n(1− 1
p1
)∥b∥L∞(Rn)∥ f ∥Lp1 (B(0,β)). (36)

Proof Theorem 8. Let F be an arbitrary bounded subset of GMw1(·)
p1θ1

. To prove Theorem 8, it
suffices to show that conditions (22)–(24) of Theorem 4 hold for the set S = {[b, Iα] : f ∈ F},
where b ∈ VMO.

Since C∞
0 (Rn) is dense in VMO(Rn), we only need to prove that the set G = {[b, Iα] f :

f ∈ F}, where b ∈ C∞
0 , is pre-compact in GMw2(·)

p2θ2
.

Suppose that D > 0 and

∥ f ∥
GM

w1(·)
p1θ1

≤ D, for f ∈ F.

By Theorem 7, we have

sup
f∈F

∥[b, Iα] f ∥
GMw2(·)

p2θ2

≤ C9 · ∥b∥∗ sup
f∈F

∥ f ∥
GM

w1(·)
p1θ1

≤ C9 · D∥b∥∗ < ∞.

This implies that condition (22) of Theorem 4 holds.
Now, let us prove that condition (24) of Theorem 4 holds for [b, Iα]. Suppose that

supp b ⊂ {x : |x| ≤ β}. By Lemma 12
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∥∥∥([b, Iα] f )χc
B(0,γ)

∥∥∥
GMw2(·)

p2θ2

= sup
x∈Rn

∥∥∥∥w2(r)
∥∥∥([b, Iα] f )χc

B(0,γ)

∥∥∥
Lp2 (B(x,r))

∥∥∥∥
Lθ2

(0,∞)

≤ C11γα−nβ
n(1− 1

p1
)∥b∥L∞(Rn)∥ f ∥Lp1 (B(0,β))

∥∥∥w2(r)(min{γ, r})
n
p2

∥∥∥
Lθ2

(0,∞)
.

For r < γ, we have (min{γ, r})
n
p2 = r

n
p2 . Using the condition w2 ∈ Ωp2,θ2 , we have

∥w2(r)r
n
p2 ∥Lθ2

(0,t) < ∞.

For γ < r, we have (min{γ, r})
n
p2 = γ

n
p2 . Using the condition w2 ∈ Ωp2,θ2 , we have

∥w2(r)γ
n
p2 ∥Lθ2

(t,∞) = γ
n
p2 ∥w2(r)∥Lθ(t,∞) < ∞.

Therefore, for γ ≥ 1 ∥∥∥w2(r)(min{γ, r})
n
p2

∥∥∥
Lθ2

(0,∞)

≤ θ
( 1

θ2
−1)+

2

(∥∥∥w2(r)r
n
p2

∥∥∥
Lθ2

(0,t)
+ γn/p2∥w2(r)∥Lθ2

(t,∞)

)
≤ C13γn/p2 < ∞,

where C13 is independent of f ∈ F and γ.
Note that for any f ∈ GMw1(·)

p1θ1

∥ f ∥
GM

w1(·)
p1θ1

= sup
x∈Rn

∥∥∥w1(r)∥ f ∥Lp1 (B(x,r))

∥∥∥
Lθ1

(0,∞)

≥
∥∥∥w1(r)∥ f ∥Lp1 (B(0,r))

∥∥∥
Lθ1

(β,∞)
≥ ∥w1(r)∥Lθ1

(β,∞)∥ f ∥Lp1 (B(0,β))

By condition (33) ∥w1(r)∥Lθ1
(β,∞) > 0. Therefore for any f ∈ F

∥ f ∥Lp1 (B(0,β)) ≤ ∥w1(r)∥−1
Lθ1

(β,∞)∥ f ∥
GM

w1(·)
p1θ1

≤ ∥w1(r)∥−1
Lθ1

(β,∞)D

So, for any f ∈ F and γ ≥ 1∥∥∥([b, Iα] f )χc
B(0,γ)

∥∥∥
GMw2(·)

p2θ2

≤ C14γ
α−n+ n

p2 D = C14γ
−n
(

1− 1
p1

)
D,

where C14 > 0 is independent of f ∈ F and γ ≥ 1.
Hence,

lim
γ→∞,

sup
f∈F

∥∥∥([b, Iα] f )χc
B(0,γ)

∥∥∥
GMw2(·)

p2θ2

= 0.

This is the required condition (24).
Now we prove that condition (23) of Theorem 4 holds for the set [b, Iα]( f ), where

f ∈ F. That is, we show that, for any 0 < ε < 1
2 and if |z| is sufficiently small depending

only on ε, for every f ∈ F.

∥[(b, Iα f )(·+ z)]− [b, Iα] f (·)∥
GMw2(·)

p2θ2

≤ C15Dε,

where C15 > 0 is independent of f and ε.
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Let ε be an arbitrary number, such that 0 < ε < 1
2 . For |z| ∈ Rn, we have that

[ f , Iα] f (x + z)− [b, Iα] f (x) =
∫
Rn

[b(x + z)− b(y)] f (y)
|x + z − y|n−α

dy −
∫
Rn

[b(x)− b(y)] f (y)
|x − y|n−α

dy =

=
∫
Rn

[b(x + z)− b(y)] f (y)
|x + z − y|n−α

dy −
∫
Rn

[b(x) + b(x + z)− b(x + z)− b(y)] f (y)
|x − y|n−α

dy =

=
∫
Rn

[b(x + z)− b(y)] f (y)
|x + z − y|n−α

dy +
∫
Rn

[b(y)− b(x + z)] f (y)
|x − y|n−α

dy+

+
∫
Rn

[b(x + z)− b(x)] f (y)
|x − y|n−α

dy =

=
∫
Rn

[b(y)− b(x + z)]
(

f (y)
|x − y|n−α

− f (y)
|x + z − y|n−α

)
dy +

∫
Rn

[b(x + z)− b(x)] f (y)
|x − y|n−α

dy =

=
∫

|x−y|> |z|
ε

[b(x + z)− b(x)] f (y)
|x − y|n−α

dy

+
∫

|x−y|> |z|
ε

(
1

|x − y|n−α
− 1

|x + z − y|n−α

)
· [b(y)− b(x + z)] f (y)dy

+
∫

|x−y|≤ |z|
ε

[b(y)− b(x)] f (y)
|x − y|n−α

dy −
∫

|x−y|≤ |z|
ε

[b(y)− b(x + z)] f (y)
|x + z − y|n−α

dy

= J1 + J2 + J3 − J4. (37)

Since b ∈ C∞
0 (Rn), we have

|b(x)− b(x + z)| ≤ |∇ f (x)| · |z| ≤ C|z|,

where C = maxx∈Rn |(∇ f )(x)|.
Therefore,

|J1| ≤ C16|z|Iα(| f |)(x).

By Theorem 5,

||J1||GMw2(·)
p2θ2

≤ C16|z| ∥ Iα( f ) ∥
GMw2(·)

p2θ2

≤ C16|z| ∥ f ∥
GM

w1(·)
p1θ1

≤ C16D|z|. (38)

where C16 > 0 is independent of f .
For J2, we have that

b(x + z)− b(y) ≤ 2 ∥ b ∥∞≤ C17.

Therefore,

|J2| ≤ C17|z|
∫

|x−y|> |z|
ε

| f (y)|
|x − y|n dy ≤ C17 Iα(| f |)(x).

Again, by Theorem 5, we obtain

∥J2∥GMw2(·)
p2θ2

≤ C17ε∥Iα(| f |)∥
GM

w1(·)
p1θ1

≤ C17ε∥ f ∥
GM

w1(·)
p1θ1

≤ C17 · D · ε.
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where C17 > 0 is independent of f and ε.
Regarding J3. Since b ∈ C∞

0 , we have |b(x)− b(y)| ≤ C|x − y|.

|J3| ≤ C
∫

|x−y|≤ |z|
ε

| f (y)|
|x − y|n−α−1 dy ≤ Cε−1|z|

∫
|x−y|≤ |z|

ε

| f (y)|
|x − y|n−α

dy

≤ C · ε−1|z|Iα(| f |)(x).

Thus, we have

∥ J3 ∥
GMw2(·)

p2θ2

≤ C · ε−1|z| ∥ Iα( f ) ∥
GMw2(·)

p2θ2

≤ C · ε−1|z| ∥ f ∥
GM

w1(·)
p1θ1

≤ ε−1 · |z| · D. (39)

Similarly, using the estimate

|b(x + z)− b(y)| ≤ C|x + z − y|,

we have

|J4| ≤ C
∫

|x−y|≤ |z|
ε

|x + z − y|−n+1+α| f (y)|dy ≤ C(ε−1|z|+ |z|)Iα(| f |)(x + z).

Therefore,

∥ J4 ∥GMw2
p2θ2

≤ C · (ε−1|z|+ |z|) ∥ f ∥GM
w1
p1θ1

≤ C · (ε−1|z|+ |z|) · D. (40)

Here, C does not depend on z and ε. Finally, from (37)–(40) by taking a |z| to be
sufficiently small, we have

∥[b, Iα( f )(·+ z)]− [b, Iα] f (·)∥
GMw2(·)

p2θ2

≤ ∥J1∥GMw2(·)
p2θ2

+ ∥J2∥GMw2(·)
p2θ2

+ ∥J3∥GMw2(·)
p2θ2

+ ∥J4∥GMw2(·)
p2θ2

≤ C · D · ε.

This shows that the set [b, Iα]( f ), f ∈ F satisfies condition (23) of Theorem 4. Therefore, by
Theorem 4, the set [b, Iα]( f ), f ∈ F is pre-compact in GMw2(·)

p2θ2
, which completes the proof

of Theorem 8.

6. Conclusions

In this paper, we have established sufficient conditions for the compactness of sets
in global Morrey-type spaces. Moreover, we have provided sufficient conditions for the
compactness for the commutator [b, Iα] for the Riesz potential operator on global Morrey-
type spaces GMw(·)

pθ (Rn). More specifically, we have proved that, if b ∈ VMO(Rn), then

[b, Iα] is a compact operator from GMw1(·)
p1θ1

to GMw2(·)
p2θ2

.
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