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Abstract: The author has just published a theory on first-order differential equations that accounts
for the phase-lag and amplification-factor calculations using explicit, implicit, and backward dif-
ferentiation multistep methods. Eliminating the phase-lag and amplification-factor derivatives, his
presentation delves into how the techniques’ effectiveness changes. The theory for determining
the phase lag and amplification factor, initially established for explicit multistep techniques, will be
extended to the Open Newton–Cotes Differential Formulae in this work. The effect of the derivatives
of these variables on the efficiency of these calculations will be studied. The novel discovered ap-
proach’s symplectic form will be considered next. The discussion of numerical experiment findings
and some conclusions on the existing methodologies will conclude in this section.

Keywords: numerical solution; initial value problems (IVPs); open Newton–Cotes; phase-fitting;
amplification-fitting; derivative of the phase lag; derivative of the amplification factor;
multistep methods
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1. Introduction

The following kind of equation or set of equations:

Y′(t) = Q(t, Y), Y(t0) = Y0. (1)

can be found in several scientific disciplines, including nanotechnology, chemistry, elec-
tronics, materials science, astrophysics, and physics. To learn more about the category of
equations that have periodic and/or oscillatory solutions, look to the references [1,2].

Many attempts have been undertaken in the last twenty years to find the numerical
solution to the given problem or set of equations (for examples, see [3–7], and the related
works). If you want to know more about the methods used to solve Equation (1) with
solutions that show oscillating behavior, like Quinlan and Tremaine’s [5], have a look
at [3,4] and the other works referenced. The numerical techniques that have been published
to solve (1) have certain characteristics, the most notable of which is that they usually are
multistep or hybrid algorithms. Also, most of these methods were created to solve second-
order differential equations numerically. The following research theoretical frameworks
are covered, along with the references for each:

Mathematics 2024, 12, 3652. https://doi.org/10.3390/math12233652 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math12233652
https://doi.org/10.3390/math12233652
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9220-6924
https://doi.org/10.3390/math12233652
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12233652?type=check_update&version=1


Mathematics 2024, 12, 3652 2 of 55

• Runge–Kutta and Runge–Kutta–Nyström methods with minimal phase lag, as well
as exponentially fitted, trigonometrically fitted, phase-fitted, and amplification-fitted
variations in these methods (see [8–14]).

• Amplification-fitted multistep methods, multistep methods with minimal phase lag,
phase-fitted methods and methods that are trigonometrically or exponentially fitted
(see [15–24]).

The theory for constructing first-order IVPs utilizing multistep processes with minimal
phase lag or phase-fitted approaches was recently established by Simos and published
in [25,26].

To be more precise, he created a theory to compute the phase lag and amplification
factor of explicit multistep methods for first-order IVPs [25], as well as of backward dif-
ferentiation formulae [26]. Saadat et al. [27] have also proposed a theory on the subject of
backward differentiation formulae (BDF) for second-order IVPs with oscillating solutions.
Specifically, BDF methods are notoriously implicit and designed for stiff problems. Both
the phase-fitted and amplification-fitted methods may be used for integration intervals

that are very lengthy.
[
0, 10 π

]
was the largest integration area for any of the cases in

the research [27]. In the range
[
0, 50000 π

]
,
[
0, 100000 π

]
, or

[
0, 1000000 π

]
, it would be

interesting to see how the given techniques behave. Also, in [28] Saadat et al. developed
sixth-order closed Newton–Cotes amplification-fitted methods. The developed methods
are closed, i.e., implicit but the intervals of integration used in their examples by the authors

are between
[
0, 150

]
and

[
0, 650

]
. It will be interesting to see the behavior of these methods

for intervals
[
0, 100000

]
or bigger. Also, they are only amplification-fitted with eliminated

first and second-order derivatives of the amplification factor. It will be interesting to see
the behavior of this method for phase-fitted cases or phase-fitted and amplification-fitted
cases with eliminated derivatives of the phase lag and amplification factor.

We will explore Open Newton–Cotes Differential Formulae (ONCDF) and develop efficient
algorithms for this kind of explicit multistep techniques by using the theory that has been
developed for first-order IVPs [25]. We will also test how ONCDF performs with first-order
IVPs when taking into account vanished phase lag and amplification-factor derivatives.

Here is how the paper is structured:

• Section 2 laid the groundwork for the theory that determines the phase lag and
amplification factor of Open Newton–Cotes Differential Formulae (ONCDF). Since
these approaches are part of a particular class of explicit multistep procedures, the
theory given in [25] will be used as a basis for developing the general theory. The
direct equations for the phase-lag and amplification-factor computations will be
generated here.

• Section 3 presents the strategies to reduce or vanish the phase lag and the amplification
factor and the derivatives of the phase lag and the amplification factor.

• Section 4 introduces the Open Newton–Cotes differential method that will be used
to examine.

• Section 5 investigates the amplification-fitted Open Newton–Cotes differential method
of sixth algebraic order with a phase lag of order six.

• Section 6 investigates the phase-fitted and amplification-fitted Open Newton–Cotes
differential method of algebraic order Six.

• Section 7 investigates the phase-fitted and amplification-fitted Open Newton–Cotes
differential method of algebraic order six with vanished the first derivative of the
amplification factor.

• Section 8 investigates the phase-fitted and amplification-fitted Open Newton–Cotes
differential method of algebraic order six with the eliminated first derivative of the
phase lag.
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• Section 9 investigates the phase-fitted and amplification-fitted Open Newton–Cotes
differential method of algebraic order six with the eliminated first derivative of the
phase lag and the first derivative of the amplification factor.

• Section 10 investigates the phase-fitted and amplification-fitted Open Newton–Cotes
differential method of algebraic order five with the eliminated first and second deriva-
tives of the amplification factor.

• Section 11 investigates the phase-fitted and amplification-fitted Open Newton–Cotes
differential method of algebraic order four with the eliminated first and second deriva-
tives of the phase lag.

• Section 12 investigates the Open Newton–Cotes differential methods as
symplectic integrators.

• Section 13 presents the numerical results.
• Our conclusions are detailed in Section 14.

2. The Theory
2.1. Open Newton–Cotes Differential Techniques: Direct Formulae for Computing the Phase Lag
and Amplification Factor

The theory presented in the papers [25,26] laid the groundwork for the direct for-
mulae used to calculate the phase lag and amplification factor of the Newton–Cotes
differential methods.

We examine the general version of the Open Newton–Cotes Differential Formulae :

Yn+i − Yn+j = h
i−1

∑
k=j+1

An+k Fn+k =
i−1

∑
k=j+1

An+k Y′
n+k. (2)

Based on the problems described in reference (1), we may use the scalar test equation
that follows to examine the phase lag and amplification factor of the explicit multistep
methods (2).

Y′(t) = I ω Y(t). (3)

where h is the step size of the integration, and I =
√
−1.

To obtain the solution to the above problem, you may apply the following formula:

Y(t) = exp(I ω t). (4)

Applying Formula (2) to Equation (3) we obtain:

Yn+i − Yn+j = I h ω
i−1

∑
k=j+1

An+k Yn+k. (5)

Considering:
V = ω h, (6)

(5) gives:

Yn+i − Yn+j − I V
i−1

∑
k=j+1

An+k Yn+k = 0. (7)

The characteristic equation which is associated with the difference equation found
in (7) is given by:

λi − I V
i−1

∑
k=j+1

An+k λk − λj = 0. (8)
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Definition 1. Considering that the theoretical solution of the scalar test Equation (3) for t = h is
exp(I ω h), which can also be written as exp(I V) (refer to (6)), and that the numerical solution of
the scalar test Equation (3) for t = h is exp(I θ(V)), we can define the phase lag as follows:

Φ = V − θ(V). (9)

If Φ = O
(
Vq+1) and θ(V) is an approximation value of V derived by the numerical solution, and

V −→ 0, then the phase lag order is q.

Considering the following:

λm = expm I θ(V) = cos[m θ(V)] + I sin[m θ(V)]m = 1, 2, . . . , (10)

we obtain:

cos[i θ(V)] + I sin[i θ(V)]− I V
i−1

∑
k=j+1

An+k

{
cos[k θ(V)]

+I sin[k θ(V)]
}
− cos[j θ(V)]− I sin[j θ(V)] = 0. (11)

To understand the relationship given in the Formula (11), you must use the
following lemmas.

Lemma 1. These relations are true:

cos[θ(V)] = cos(V) + c Vq+2 + O
(

Vq+4
)

. (12)

sin[θ(V)] = sin(V)− c Vq+1 + O
(

Vq+3
)

. (13)

For the proof, see [25].

Lemma 2. This relation holds:

cos[p θ(V)] = cos(p V) + c p2 Vq+2 + O
(

Vq+4
)

. (14)

sin[p θ(V)] = sin(p V)− c p Vq+1 + O
(

Vq+3
)

. (15)

For the proof, see [25].
Taking into account the relations (14) and (15), the relation (11) changes to:

cos(i V) + c i2 Vq+2 + I
[
sin(i V)− c i Vq+1

]
−I V

i−1

∑
k=j+1

An+k

{
cos(k V) + c k2 Vq+2 + I

[
sin(k V)− c k Vq+1

]}
(16)

− cos(j V)− c j2 Vq+2 − I
[
sin(i V)− c j Vq+1

]
= 0.

The possibility of dividing the link (16) into two halves is clearly plausible. Real
and Imaginary.

2.1.1. The Real Part

The real part gives:

cos(i V) + c i2 Vq+2 + V
i−1

∑
k=j+1

An+k

[
sin(k V)

−c k Vq+1
]
− cos(j V)− c j2 Vq+2 = 0. (17)
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The above Formula (17) gives:

cos(i V)− cos(j V) + V
i−1

∑
k=j+1

An+k sin(k V)

= −c Vq+2
[
i2 − j2 −

i−1

∑
k=j+1

An+k k
]
=⇒

−c Vq+2 =
cos(i V)− cos(j V) + V ∑i−1

k=j+1 An+k sin(k V)

i2 − j2 − ∑i−1
k=j+1 An+k k

.□ (18)

The phase lag of the Open Newton–Cotes Differential Formulae may be directly
calculated using this formula. In the following sections, we will explain how to obtain the
phase lag of the procedure (2).

2.1.2. The Imaginary Part

The imaginary part gives:

sin(i V)− c i Vq+1 − V
i−1

∑
k=j+1

An+k

[
cos(k V)

+c k2 Vq+2
]
− sin(j V) + c j Vq+1 = 0. (19)

The relation (19) gives:

sin(i V)− sin(j V)− V
i−1

∑
k=j+1

An+k cos(k V)

= −c Vq+1
[

j − i − V2
i−1

∑
k=j+1

An+k k2
]
=⇒

−c Vq+1 =
sin(i V)− sin(j V)− V ∑i−1

k=j+1 An+k cos(k V)

j − i − V2 ∑i−1
k=j+1 An+k k2

.□ (20)

The amplification factor of the Open Newton–Cotes differential methods may be di-
rectly calculated using the above direct formula. The process of calculating the amplification
factor of the technique (2) will be detailed in the parts that follow.

Definition 2. The method that has vanished phase lag is called the phase-fitted algorithm.

Definition 3. The method where the amplification factor is eliminated is called the amplification-fitted.

2.2. The Derivatives of the Phase Lag and Amplification Factor and Their Role on the Effectiveness
of Open Newton–Cotes Differential Methods

To eliminate the phase-lag and amplification-factor derivatives, we use the
following procedure:

• Utilizing the Formulae (18) and (20), correspondingly, we ascertain the phase lag and
amplification factor of the algorithm.

• Differentiation on V is performed on the formulas that were derived in the previous step.
• We ask that the derivatives of the phase lag and the amplification factor, which were

calculated in the previous steps, be adjusted to zero.

The derivatives of the phase lag and the amplification factor may be calculated using
the formulae provided in Appendix A. To create these procedures, the Formulae (18) and (20)
were differentiated on the set V.
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3. Strategies to Reduce or Vanish the Phase Lag and the Amplification Factor and the
Derivatives of the Phase Lag and the Amplification Factor

This paper will provide strategies for reducing or vanishing the phase lag, the
amplification factor, as well as the derivatives of the phase lag and the amplification
factor for the Open Newton–Cotes differential methods.

More specifically, we will be outlining strategies for

• Minimization of the phase lag;
• Vanishing the phase lag;
• Vanishing the amplification factor;
• Vanishing the derivative of the phase lag;
• Vanishing the derivative of the amplification factor;
• Vanishing the derivatives of the phase lag and the amplification factor.

We note here that all the above strategies contain an amplification-fitted Open Newton–
Cotes differential method.

4. Open Newton–Cotes Differential Methods

We will provide an Open Newton–Cotes differential approach as a basis for the
strategies to vanish phase lag, amplification factor, phase-lag derivatives, and amplification-
factor derivatives.

We will examine the following version of the Open Newton–Cotes differential method:

Yn+7 − Yn = h
6

∑
k=1

σk Y′
n+k. (21)

When the following conditions occur:

σ1 =
4277
1440

, σ2 = −1057
480

, σ3 =
1967
720

σ4 =
1967
720

, σ5 = −1057
480

, σ6 =
4277
1440

, (22)

we have the known Open Newton–Cotes differential approach of sixth algebraic order,
which will be referred to as the Classical Case from here on.

The Classical Case has a local truncation error (LTE) given by:

LTE = −5257
8640

h7 Y{(7)}(t) + O
(

h8
)

. (23)

where Y{(j)} is the j-th derivative of Y.
Applying the Formulae (18) and (20) to the above method, we obtain:

PhErr =
751

8640
V8 − 53863

259200
V10 + . . . (24)

AF =
5257

51840
V7 − 29178037

37324800
V10 + . . . (25)

5. Amplification-Fitted Open Newton–Cotes Differential Method of Sixth Algebraic
Order with Phase Lag of Order Six

Taking into account the procedure (21) with:

σ6 =
4277
1440

, σ2 = − 1057
480

σ1 =
4277
1440

. (26)
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5.1. A Strategy for Minimizing the Phase Lag

This is the process that reduces the phase lag:

• Vanishing the amplification factor.
• Execute the phase-lag computation using the coefficient derived from the

preceding stage.
• The previously found phase lag is extended by using the Taylor series.
• Find the set of equations that minimizes the phase lag.
• Define the coefficients solving the system of equations of the previous step.

The following is the result of using the aforementioned strategy:

5.2. Vanishing the Amplification Factor

By using the approach (21) with coefficients provided by (26), we are able to obtain
the following result from the direct formula for computing the amplification factor (20):

AF =
Par3

12,960 V2a3 + 23,040 V2a4 + 36,000 V2a5 − 8407 V2 + 8640
, (27)

where the amplification factor is represented by AmplF and
Par3 = 1440 V σ3 cos(3 V) + 1440 V σ4 cos(4 V)

+ 1440 V σ5 cos(5 V) + 4277 V cos(V)

− 3171 V cos(2 V) + 4277 V cos(6 V)− 1440 sin(7 V) (28)

Seeking to have the amplification factor vanish or to have AmplF = 0 yields:

σ5 =
Par4

1440 V cos(5 V)
, (29)

where
Par4 = −1440 V σ3 cos(3 V)− 1440 V σ4 cos(4 V)− 4277 V cos(V)

+ 3171 V cos(2 V)− 4277 V cos(6 V) + 1440 sin(7 V) (30)

The following is achieved by combining the coefficients σ from (26) with the direct
formula for computing the phase lag from (18), as well as the coefficient σ5 from (30):

PhErr =
Par3

Par4
, (31)

where:

Par3 = 1440 sin(2 V)V2 σ3 + 1440 sin(V)V2 σ4 − 3171 sin(3 V)V2

+ 4277 sin(4 V)V2 − 4277 sin(V)V2 − 1440 V cos(2 V)

+ 1440 V cos(5 V) (32)

Par4 = −7200 V σ3 cos(3 V)− 7200 V σ4 cos(4 V)

+ 4320 σ3 V cos(5 V) + 5760 σ4 V cos(5 V)− 21,385 cos(V)V

+ 15,855 V cos(2 V)− 46,963 V cos(5 V)

− 21,385 V cos(6 V) + 7200 sin(7 V), (33)

and PhErr represents the phase lag.
The following might be obtained by applying the Taylor series to the expansion of the

Formula (31):

PhErr =

(
2880 σ3 + 1440 σ4 − 11,802

)
−2880 σ3 − 1440 σ4 − 23,478

V2

+
1

−2880 σ3 − 1440 σ4 − 23,478
Par5 V4

+
1

−2880 σ3 − 1440 σ4 − 23,478
Par6 V6

+
1

−2880 σ3 − 1440 σ4 − 23,478
Par7 V8 + . . . . (34)
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where Pari, i = 5(1)7 are given in Appendix B.
Reducing the phase lag to its minimum value yields the following set of equations:

2880 σ3 + 1440 σ4 − 11,802
−2880 σ3 − 1440 σ4 − 23,478

= 0. (35)

1
6

Par8

(480 σ3 + 240 σ4 + 3913)2 = 0. (36)

where

Par8 = 11,289,600 σ3
2 + 12,672,000 σ3σ4 + 3,513,600 σ4

2

− 296,694,720 σ3 − 158,245,920 σ4 + 1,037,810,837. (37)

The solution of the above systems of Equations (35) and (36) is given by:

σ3 =
1967
720

, σ4 =
1967
720

. (38)

The features of this cutting-edge algorithm are as follows:

σ6 =
4277
1440

,

σ5 =
Par4

1440 V cos(5 V)
,

σ4 =
1967
720

,

σ3 =
1967
720

,

σ2 = −1057
480

,

σ1 =
4277
1440

,

LTE = −5257
8640

h7
(

Y{(7)}(t) + ω6 Y′(t)
)
+ O

(
h8
)

,

PhErr = − 751
20,160

v8 − 8291
18,900

v10 + . . . ,

AF = 0. (39)

We mention that σ5 may be expressed as a Taylor series expansion:

σ5 = −1057
480

− 5257 V6

8640
− 1,900,703 V8

518,400
− 801,165,281 V10

22,809,600
+ . . . . (40)

Remark 1. If we choose the procedure (21) with σ6 = 4277
1440 , then the outcome is the following:
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σ6 =
4277
1440

,

σ5 =
Par9

5760 V cos(5 V)
,

σ4 = −28,931
2880

,

σ3 =
4963
320

,

σ2 = −2457
320

,

σ1 =
497
128

,

LTE = −5257
2880

h3
(

Y{(3)}(t) + ω2 Y′(t)
)
+ O

(
h4
)

,

PhErr =
513 V10

44,800
+

15,663,173 V12

110,387,200
+ . . . ,

AF = 0. (41)

where

Par9 = −22,365 V cos(V) + 44,226 V cos(2 V)− 89,334 cos(3 V)V

+ 57,862 cos(4 V)V − 17,108 V cos(6 V) + 5760 sin(7 V) (42)

The above method is a second algebraic order Open Newton–Cotes differential method which
was not efficient results in the problems where we have applied it.

6. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of
Algebraic Order Six

We take into account the procedure (21) with:

σ6 =
4277
1440

, σ3 = −1967
720

σ2 = −1057
480

, σ1 =
4277
1440

. (43)

The following outcome is obtained by using the direct formulae for the computation
of the phase lag and amplification factor (18) and (20), respectively:

PhErr =
Par10

−35,161 + 5760 σ4 + 7200 σ5
, (44)

AmplF =
Par11

23,040 V2σ4 + 36,000 V2 σ5 + 26,999 V2 + 8640
, (45)

where

Par10 = −1440 V σ4 sin(4 V)− 1440 V σ5 sin(5 V)− 4277 V sin(V)

+ 3171 V sin(2 V)− 3934 V sin(3 V)− 4277 V sin(6 V)

− 1440 cos(7 V) + 1440, (46)

Par11 = 1440 V σ4 cos(4 V) + 1440 V σ5 cos(5 V) + 4277 V cos(V)

− 3171 V cos(2 V) + 3934 V cos(3 V)

+ 4277 V cos(6 V)− 1440 sin(7 V). (47)

and AmplF stands for the amplification factor, while PhErr is the phase lag.
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By demanding that the phase lag and amplification factor vanish, or PhErr = 0 and
AmplF = 0, we manage to obtain the following:

σ4 = − Par12

720 V sin(V)
, (48)

σ5 = − Par13

(1440 cos(V) + 1440)V
. (49)

where:

Par12 = 17,108 sin(V) (cos(V))3 V + 11,520 (cos(V))5 − 6342 sin(V) (cos(V))2 V

− 4620 sin(V) cos(V)V − 14,400 (cos(V))3 − 553 V sin(V)

− 1440 (cos(V))2 + 3600 cos(V) + 720, (50)

Par13 = 11,520 sin(V) (cos(V))3 − 17,108 (cos(V))3 V + 5760 sin(V) (cos(V))2

− 2212 V (cos(V))2 − 5760 sin(V) cos(V) + 15,239 V cos(V)

− 1440 sin(V) + 343 V. (51)

When these formulae are subjected to the Taylor series, the outcome is as follows:

σ4 =
1967
720

− 5257
5760

V6 +
14,651
28,800

V8 − 873,061
7,603,200

V10 + . . . , (52)

σ5 = −1057
480

+
5257

17,280
V6 − 4417

64,800
V8 +

162,043
22,809,600

V10 + . . . . (53)

The features of this cutting-edge algorithm are as follows:

σ6 =
4277
1440

,

σ5 = − Par13

(1440 cos(V) + 1440)V
,

σ4 = − Par12

720 V sin(V)
,

σ3 =
1967
720

,

σ2 = −1057
480

,

σ1 =
4277
1440

,

LTE = −5257
8640

h7
(

Y{(7)}(t) + ω6 Y′(t)
)
+ O

(
h8
)

,

PhErr = 0,

AF = 0. (54)

7. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of
Algebraic Order Six with Vanished the First Derivative of the Amplification Factor

We take into account the procedure (21) with:

σ6 =
4277
1440

, σ2 = −1057
480

σ1 =
4277
1440

. (55)

Strategy for the Eliminating the First Derivative of the Amplification Factor

• The particular approach (55) is subjected to the Formula (20). The amplification factor
formula, AmplF, is thus obtained.
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• The given formula’s first derivative, ∂AmplF
∂V , is computed.

• We are requesting that the formula from the preceding step be zero, namely ∂AmplF
∂V = 0.

The following formulae are obtained by applying the direct formulae of the phase lag
and amplification factor mentioned earlier (see Formulae (18) and (20)):

PhErr =
Par14

−46,963 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (56)

AmplF =
Par15

12,960 V2 σ3 + 23,040 V2 σ4 + 36,000 V2 σ5 − 8407 V2 + 8640
, (57)

where

Par14 = −1440 V σ3 sin(3 V)− 1440 V σ4 sin(4 V)− 1440 V σ5 sin(5 V)

− 4277 V sin(V) + 3171 V sin(2 V)− 4277 V sin(6 V)

− 1440 cos(7 V) + 1440 (58)

Par15 = 1440 V σ3 cos(3 V) + 1440 V σ4 cos(4 V) + 1440 V σ5 cos(5 V)

+ 4277 V cos(V)− 3171 V cos(2 V) + 4277 V cos(6 V)− 1440 sin(7 V) (59)

and AmplF stands for the amplification factor, while PhErr is the phase lag.
The following outcome is produced by taking the derivative of the amplification factor:

∂AmplF
∂V

=
Par16

Par17
, (60)

where ∂AmplF
∂V stands for the derivative of the amplification factor, and Park, k = 16, 17 are

given in the Appendix C.
By demanding that the phase lag, amplification factor and the derivative of the ampli-

fication factor vanish, or PhErr = 0, AmplF = 0, and ∂AmplF
∂V = 0, we manage to obtain the

following:

σ3 =
Par18

1440 V2 sin(5 V)− 1440 V2 sin(3 V)
(61)

σ4 =
Par19

1440 V2 sin(5 V)− 1440 V2 sin(3 V)
(62)

σ5 =
Par20

1440 V2 sin(5 V)− 1440 V2 sin(3 V)
(63)

where the formulae Parq, q = 18(1)20 are in Appendix D.
When these formulae are subjected to the Taylor series, the outcome is as follows:

σ3 =
1967
720

+
5257
2880

V4 +
1,373,267
518,400

V6

+
1,270,166,177

68,428,800
V8 +

63,471,846,203
533,744,640

V10 + . . . , (64)

σ4 =
1967
720

− 5257
1440

V4 − 568,351
129,600

V6

− 1,167,329,597
34,214,400

V8 − 586,064,025,563
2,668,723,200

V10 + . . . , (65)

σ5 = −1057
480

+
5257
2880

V4 +
1,530,977
518,400

V6

+
50,620,073

2737152
V8 +

158,689,095,023
1,334,361,600

V10 + . . . (66)

The features of this cutting-edge algorithm are as follows:
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σ6 =
4277
1440

,

σ5 =
Par20

1440 V2 sin(5 V)− 1440 V2 sin(3 V)
,

σ4 =
Par19

1440 V2 sin(5 V)− 1440 V2 sin(3 V)
,

σ3 =
Par18

1440 V2 sin(5 V)− 1440 V2 sin(3 V)
,

σ2 = −1057
480

,

σ1 =
4277
1440

,

LTE = −5257
8640

h7
(

Y{(7)}(t)− 3 ω4 Y{(3)}(t)− 2 ω6 Y′(t)
)
+ O

(
h8
)

,

PhErr = 0,

AmplF = 0,
∂AmplF

∂V
= 0. (67)

where PhErr is the phase lag, AmplF is the amplification factor, and ∂AmplF
∂V is the first

derivative of the amplification factor.

8. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of
Algebraic Order Six with the Eliminated First Derivative of the Phase Lag

We take into account the procedure (21) with coefficients give by (55)

Strategy for the Eliminating the First Derivative of the Phase Lag

• The particular approach (55) is subjected to the Formula (18). The phase lag formula,
PhErr, is thus obtained.

• The phase lag formula’s first derivative, ∂PhErr
∂V , is computed.

• We are requesting that the formula from the preceding step be zero, namely ∂PhErr
∂V = 0.

By applying the direct formulae of the phase lag and amplification factor mentioned
earlier (see Formulae (18) and (20)) to the method (55), we obtain Formulae (56) and (57).

The following outcome is produced by taking the derivative of the phase lag:

∂PhErr
∂V

=
Par21

−46,963 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (68)

where

Par21 = −1440 σ3 sin(3 V)− 4320 V σ3 cos(3 V)− 1440 σ4 sin(4 V)

− 5760 V σ4 cos(4 V)− 1440 σ5 sin(5 V)− 7200 V σ5 cos(5 V)

− 4277 sin(V)− 4277 V cos(V) + 3171 sin(2 V)

+ 6342 V cos(2 V)− 4277 sin(6 V)− 25,662 V cos(6 V)

+ 10,080 sin(7 V) (69)

where PhErr is the phase lag, AmplF is the amplification factor, and ∂PhErr
∂V is the first

derivative of the phase lag.
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By demanding that the phase lag, amplification factor and the derivative of the phase
lag vanish, or PhErr = 0, AmplF = 0, and ∂PhErr

∂V = 0, we manage to obtain the following:

σ3 = − Par22

1440 sin(V)
(

2 (cos(V))3 + 2 (cos(V))2 − cos(V)− 1
)

cos(V)V2
, (70)

σ4 = − Par23

720 sin(V)
(

2 (cos(V))3 + 2 (cos(V))2 − cos(V)− 1
)

V2
, (71)

σ5 =
Par24

720 sin(V)
(

2 (cos(V))3 + 2 (cos(V))2 − cos(V)− 1
)

cos(V)V2
, (72)

where the formulae Parp, p = 22(1)24 are in Appendix E.
When these formulae are subjected to the Taylor series, the outcome is as follows:

σ3 =
1967
720

+
36799
23040

V4 +
146923
518400

V6

+
303199183
273715200

V8 +
8648743663
5337446400

V10 + . . . , (73)

σ4 =
1967
720

− 36799
11520

V4 +
122003

1036800
V6

− 26625683
17107200

V8 − 12100371857
5337446400

V10 + . . . , (74)

σ5 = −1057
480

+
36799
23040

V4 +
304633
518400

V6

+
11381671
10948608

V8 +
347466469
213497856

V10 + . . . (75)

The features of this cutting-edge algorithm are as follows:

σ6 =
4277
1440

,

σ5 =
Par24

720 sin(V)
(

2 (cos(V))3 + 2 (cos(V))2 − cos(V)− 1
)

cos(V)V2
,

σ4 = − Par23

720 sin(V)
(

2 (cos(V))3 + 2 (cos(V))2 − cos(V)− 1
)

V2
,

σ3 = − Par22

1440 sin(V)
(

2 (cos(V))3 + 2 (cos(V))2 − cos(V)− 1
)

cos(V)V2
, (76)

σ2 = −1057
480

,

σ1 =
4277
1440

,

LTE = − 5257
69120

h7
(

8 Y{(7)}(t)− 21 ω4 Y{(3)}(t)− 13 ω6 Y′(t)
)
+ O

(
h8
)

,

PhErr = 0,

AmplF = 0,
∂PhErr

∂V
= 0.

where PhErr is the phase lag, AmplF is the amplification factor, and ∂PhErr
∂V is the first

derivative of the phase lag.
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9. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of
Algebraic Order Six with the Eliminated First Derivative of the Phase Lag and the First
Derivative of the Amplification Factor

We take into account the procedure (21) with:

σ6 =
4277
1440

,

σ1 =
4277
1440

. (77)

Strategy for the Elimination of the First Derivative of the Phase Lag and the First
Derivative of the Amplification Factor

• We use the particular procedure (77) in conjunction with the Formula (18). So, we
obtain the phase lag formula, which we will call PhErr.

• We determine ∂PhErr
∂V , which is the first derivative of the formula given above.

• We use the particular procedure (77) in conjunction with the Formula (20). So, we
obtain the amplification factor formula, which we will call AmplF.

• We determine ∂AmplF
∂V , which is the first derivative of the formula given above.

• For the preceding stages, we are requesting that the equations be zero, meaning that
∂PhErr

∂V = 0 and ∂AmplF
∂V = 0.

Based on the above strategy, we obtain the following:

PhErr =
Par25

−40621 + 2880 σ2 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (78)

AmplF =
Par26

5760 V2σ2 + 12960 V2σ3 + 23040 V2σ4 + 36000 V2σ5 + 4277 V2 + 8640
, (79)

∂PhErr
∂V

=
Par27

−40621 + 2880 σ2 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (80)

∂AmplF
∂V

=
Par28

Par29
, (81)

where the formulae Parν, ν = 25(1)29 are in Appendix F, and PhErr is the phase lag,
AmplF is the amplification factor, ∂PhErr

∂V is the first derivative of the phase lag, and ∂AmplF
∂V

is the first derivative of the amplification factor.
By demanding that the phase lag, amplification factor, the derivative of the phase

lag vanish, the derivative of the amplification factor vanishes or PhErr = 0, AmplF = 0,
∂PhErr

∂V = 0, and ∂AmplF
∂V = 0, we manage to obtain the following:

σ2 =
Par30

1440 V2 sin(3 V)− 4320 V2 sin(V)
, (82)

σ3 =
Par31

1440 V2 sin(3 V)− 4320 V2 sin(V)
, (83)

σ4 =
Par32

1440 V2 sin(3 V)− 4320 V2 sin(V)
, (84)

σ5 =
Par33

1440 V2 sin(3 V)− 4320 V2 sin(V)
, (85)

where the formulae Parµ, µ = 30(1)33 are given in Appendix G.
When these formulae are subjected to the Taylor series, the outcome is as follows:
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σ2 = −1057
480

+
5257 V4

5760
− 62489 V6

518400

+
133861 V8

17107200
− 692779 V10

2668723200
+ . . . , (86)

σ3 =
1967
720

− 5257 V4

5760
+

377909 V6

518400

− 932407 V8

6842880
+

822491 V10

60652800
+ . . . , (87)

σ4 =
1967
720

− 5257 V4

5760
+

377909 V6

518400

− 932407 V8

6842880
+

822491 V10

60652800
+ . . . , (88)

σ5 = −1057
480

+
5257 V4

5760
− 62489 V6

518400

+
133861 V8

17107200
− 692779 V10

2668723200
+ . . . (89)

The features of this cutting-edge algorithm are as follows:

σ6 =
4277
1440

,

σ5 =
Par33

1440 V2 sin(3 V)− 4320 V2 sin(V)
,

σ4 =
Par32

1440 V2 sin(3 V)− 4320 V2 sin(V)
,

σ3 =
Par31

1440 V2 sin(3 V)− 4320 V2 sin(V)
,

σ2 =
Par30

1440 V2 sin(3 V)− 4320 V2 sin(V)
, (90)

σ1 =
4277
1440

,

LTE = −5257
8640

h7
(

Y{(7)}(t)− 3 ω4 Y{(3)}(t)− 2 ω6 Y′(t)
)
+ O

(
h8
)

,

PhErr = 0,

AmplF = 0,
∂PhErr

∂V
= 0,

∂AmplF
∂V

= 0.

where PhErr is the phase lag, AmplF is the amplification factor, ∂PhErr
∂V is the first derivative

of the phase lag, and ∂AmplF
∂V is the first derivative of the amplification factor.

10. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of
Algebraic Order Five with the Eliminated First and Second Derivatives of the
Amplification Factor

We take into account the procedure (21) with coefficients given by (77).

Strategy for the Elimination of the First and Second Derivatives of the Amplification
Factor

• We use the particular procedure (77) in conjunction with the Formula (20). So, we
obtain the amplification factor formula, which we will call AmplF.
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• We determine ∂AmplF
∂V and ∂2 AmplF

∂V2 , which is the first and second derivatives of the
formula given above.

• For the preceding stages, we are requesting that the equations be zero, meaning that
∂AmplF

∂V = 0, and ∂2 AmplF
∂V2 = 0.

Based on the above strategy, we obtain the following:

PhErr =
Par34

−40621 + 2880 σ2 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (91)

AmplF =
Par35

Par36
, (92)

∂PhErr
∂V

=
Par37

Par38
, (93)

∂2 AmplF
∂V2 =

Par39

Par40
, (94)

where the formulae Parυ, υ = 34(1)40 are in Appendix H, and PhErr is the phase lag,
AmplF is the amplification factor, ∂AmplF

∂V is the first derivative of the amplification factor,

and ∂2 AmplF
∂V2 is the second derivative of the amplification factor.

By demanding that the phase lag, amplification factor, and the first and second deriva-
tives of the amplification factor vanish or PhErr = 0, AmplF = 0, ∂AmplF

∂V = 0, and
∂2 AmplF

∂V2 = 0, we manage to obtain the following:

σ2 =
Par41

Par45
, (95)

σ3 =
Par42

Par45
, (96)

σ4 =
Par43

Par45
, (97)

σ5 =
Par44

Par45
, (98)

where the formulae Parτ , τ = 41(1)45 are given in Appendix I.
When these formulae are subjected to the Taylor series, the outcome is as follows:

σ2 = −1057
480

+
751
1440

V2 − 384427
86400

V4 +
155677331
17107200

V6

+
1387552716497
62270208000

V8 +
1564111045141
74724249600

V10 + . . . , (99)

σ3 =
1967
720

− 751 V2

480
+

44383 V4

3200
− 34743631 V6

1425600

− 994109883077 V8

20756736000
− 384905631541 V10

8302694400
+ . . . , (100)

σ4 =
1967
720

+
751 V2

480
− 44383 V4

3200
+

1219297 V6

76032

+
2885688519191 V8

62270208000
+

22486117224443 V10

373621248000
+ . . . , (101)

σ5 = −1057
480

− 751 V2

1440
+

384427 V4

86400
− 5876111 V6

4276800

− 801313157137 V8

62270208000
− 9714344857663 V10

373621248000
+ . . . (102)

The features of this cutting-edge algorithm are as follows:
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σ6 =
4277
1440

,

σ5 =
Par44

Par45
,

σ4 =
Par43

Par45
,

σ3 =
Par42

Par45
,

σ2 =
Par41

Par45
,

σ1 =
4277
1440

,

LTE = − 751
1440

h6
(

ω2 Y{(4)}(t) + ω4 Y{(2)}(t)
)
+ O

(
h7
)

,

PhErr = 0,

AmplF = 0,
∂AmplF

∂V
= 0,

∂2 AmplF
∂V2 = 0. (103)

where PhErr is the phase lag, AmplF is the amplification factor, ∂AmplF
∂V is the first derivative

of the amplification factor, and ∂2 AmplF
∂V2 is the second derivative of the

amplification factor.

11. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of
Algebraic Order Four with the Eliminated First and Second Derivatives of the Phase Lag

We take into account the procedure (21) with coefficients given by (77).

Strategy for the Elimination of the First and Second Derivatives of the Phase Lag

• We use the particular procedure (77) in conjunction with the Formula (18). So, we
obtain the phase lag formula, which we will call PhErr.

• We determine ∂PhErr
∂V and ∂2PhErr

∂V2 , which is the first and second derivatives of the
formula given above.

• For the preceding stages, we are requesting that the equations be zero, meaning that
∂PhErr

∂V = 0, and ∂2PhErr
∂V2 = 0.

Based on the above strategy, we obtain the following:

PhErr =
Par46

−40621 + 2880 σ2 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (104)

AmplF =
Par47

Par48
, (105)

∂PhErr
∂V

=
Par49

−40621 + 2880 σ2 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (106)

∂2 AmplF
∂V2 =

Par50

−40621 + 2880 σ2 + 4320 σ3 + 5760 σ4 + 7200 σ5
, (107)

where the formulae Parφ, φ = 46(1)50 are in Appendix K, and PhErr is the phase lag,

AmplF is the amplification factor, ∂PhErr
∂V is the first derivative of the phase lag, and ∂2PhErr

∂V2

is the second derivative of the phase lag.
By demanding that the phase lag, amplification factor, and the first and second deriva-

tives of the phase lag vanish or PhErr = 0, AmplF = 0, ∂PhErr
∂V = 0, and ∂2PhErr

∂V2 = 0, we
manage to obtain the following:
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σ2 =
Par51

Par52
, (108)

σ3 =
Par53

Par54
, (109)

σ4 =
Par55

Par56
, (110)

σ5 =
Par57

Par58
, (111)

where the formulae Parψ, ψ = 51(1)58 are given in Appendix L.
When these formulae are subjected to the Taylor series, the outcome is as follows:

σ2 = − 1057
480

+
5257
2880

V2 − 640759
172800

V4 +
527743
267300

V6

+
2536287653
4447872000

V8 +
891118449913
1494484992000

V10 + . . . , (112)

σ3 =
1967
720

− 57827
11520

V2 +
8310029
691200

V4 − 49917769
6220800

V6

+
41131007059
35582976000

V8 − 580519467667
543449088000

V10 + . . . , (113)

σ4 =
1967
720

+
5257
1152

V2 − 147077
13824

V4 +
150122177
34214400

V6

+
362985767
593049600

V8 +
1053196418543
996323328000

V10 + . . . , (114)

σ5 = − 1057
480

− 5257
3840

V2 +
640759
230400

V4 +
2025367
22809600

V6

− 2142846373
35582976000

V8 − 1577409209401
5977939968000

V10 + . . . (115)

The features of this cutting-edge algorithm are as follows:

σ6 =
4277
1440

,

σ5 =
Par57

Par58
,

σ4 =
Par55

Par56
,

σ3 =
Par53

Par54
,

σ2 =
Par51

Par52
, (116)

σ1 =
4277
1440

,

LTE = − 5257
11520

h5
(

ω2 Y{(3)}(t) + ω4 Y′(t)
)
+ O

(
h7
)

,

PhErr = 0,

AmplF = 0,
∂PhErr

∂V
= 0,

∂2PhErr
∂V2 = 0.

where PhErr is the phase lag, AmplF is the amplification factor, ∂PhErr
∂V is the first derivative

of the phase lag, and ∂2PhErr
∂V2 is the second derivative of the phase lag.

Remark 2. Based on Table 1, it is easy to see that for ω = 0 all the produced methods are equivalent
to the classical Open Newton–Cotes formula of sixth algebraic order.
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Table 1. Methods developed and presented in Sections 4–11.

Method LTE PhErr AF DPL DAF D2PL D2AF

Classical—Section 4 − 5257
8640 h7 Y{(7)}(t) 751

8640 V8 5257
51840 V7 - - - -

Section 5 − 5257
8640 h7

(
Y{(7)}(t) + ω6 Y′(t)

)
− 751

20160 v8 − 8291
18900 v10 + . . . 0 - - - -

Section 6 − 5257
8640 h7

(
Y{(7)}(t) + ω6 Y′(t)

)
0 0 - - - -

Section 7 − 5257
8640 h7

(
Y{(7)}(t)− 3 ω4 Y{(3)}(t)− 2 ω6 Y′(t)

)
0 0 - 0 - -

Section 8 − 5257
69120 h7

(
8 Y{(7)}(t)− 21 ω4 Y{(3)}(t)− 13 ω6 Y′(t)

)
0 0 0 - - -

Section 9 − 5257
8640 h7

(
Y{(7)}(t)− 3 ω4 Y{(3)}(t)− 2 ω6 Y′(t)

)
0 0 0 0 - -

Section 10 − 751
1440 h6

(
ω2 Y{(4)}(t) + ω4 Y{(2)}(t)

)
+ PAR1 0 0 - 0 - 0

Section 11 − 5257
11520 h5

(
ω2 Y{(3)}(t) + ω4 Y′(t)

)
+ PAR2 0 0 0 - 0 -
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Where:

PAR1 =
5257
8640

h7
(

Y{(7)}(t) + 3 ω2 Y{(5)}(t) + 3 ω4 Y{(3)}(t) + ω6 Y′(t)
)

PAR2 =
5257
8640

h7
(

Y{(7)}(t) +
71
16

ω2 Y{(5)}(t) +
361897
60080

ω4 Y{(3)}(t) +
38843
15020

ω6 Y′(t)
)

and PhErr is the phase lag, AF is the amplification factor, DPL = ∂PhErr
∂V , DAF = ∂AF

∂V ,

D2PL = ∂2PhErr
∂V2 , and D2AF = ∂2 AF

∂V2 .

12. Open Newton–Cotes Differential Methods as Symplectic Integrators

Let us consider the Hamilton’s equations of motion which are linear in position q and
momentum p

q̇ = µ p

(117)

ṗ = −µ q

where µ is a constant scalar or matrix.
Let us consider the following discrete scheme:(

qn+1
pn+1

)
= Sn+1

(
qn
pn

)
, Sn+1 =

(
ηn+1 θn+1
ϕn+1 χn+1

)
(118)

where Sn+1 is the discretization’s transformation matrix, and uj, vj, rj, and sj are permu-
tations of a finite difference method’s coefficients for j = 1, 2, 3, . . . which is applied to an
integration interval [x0, xend]. The following is the form of the (n + 1)-step approximation
to the solution if the finite difference approach is constantly used to the integration interval
[x0, xend], which is split into N equal intervals of size h (the integration step):(

qn+1
pn+1

)
=

(
ηn+1 θn+1
ϕn+1 χn+1

)(
ηn θn
ϕn χn

)
· · ·

(
η1 θ1
ϕ1 χ1

)(
q0
p0

)

= Sn+1 Sn · · · S1

(
q0
p0

)
(119)

The matrix

Λ = Sn+1 Sn · · · S1 =

(
En Θn
Zn Xn

)
is the transformation matrix of the discretization. Based on the above, the discrete transfor-
mation can be written as: (

qn+1
pn+1

)
= Λ

(
q0
p0

)
Definition 4. A discrete scheme is a symplectic scheme if the transformation matrix Λ is symplectic.

Definition 5. A matrix K is symplectic if KT JK = J where

J =
(

0 1
−1 0

)
(120)

Remark 3. The product of symplectic matrices is also symplectic.

Based on the above remark, we have:
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Remark 4. The transformation matrix Λ is symplectic if every matrix Si, i = 1, 2, . . . , n + 1
is symplectic.

Thus, if every matrix Si, i = 1, 2, . . . , n+ 1 is symplectic, then the discrete scheme (121)
is symplectic.

Let us consider the Open Newton–Cotes differential scheme (21) which we study in
this paper. We can rewrite this scheme as follows:

Yn+4 − Yn−3 = h
(

σ6 Y′
n+3 + σ5 Y′

n+2 + σ4 Y′
n+1 + σ3 Y′

n + σ2 Y′
n−1 + σ1 Y′

n−2

)
(121)

Application of the above method to the Hamilton’s equations of motion (117) leads to
the following formulae:

qn+4 − qn−3 = α
(

σ6 pn+3 + σ5 pn+2 + σ4 pn+1 + σ3 pn + σ2 pn−1 + σ1 pn−2

)
(122)

pn+4 − pn−3 = −α
(

σ6 qn+3 + σ5 qn+2 + σ4 qn+1 + σ3 qn + σ2 qn−1 + σ1 qn−2

)
(123)

where α = µ h.

Step 1

Considering the relations mentioned in [29]:

qn+i − qn−i = 2 i α pn (124)

pn+i − pn−i = −2 i α qn, (125)

We carry out the following:

• We apply the above relations for i = 4.
• We solve the resulting system of equations for qn and pn.
• We substitute the solution into (122) and (123).

The above algorithm leads us to:

qn+4 − qn−3 − α σ4 pn+1 − α σ2 pn−1 − α
[
σ1 pn−2

−1
8

σ3 (qn−4 − qn+4)

α
+ σ5 pn+2 + σ6 pn+3

]
= 0 (126)

pn+4 − pn−3 + α σ4 qn+1 + α σ2 qn−1 + α
[
σ1 qn−2

+
1
8

σ3 (pn−4 − pn+4)

α
+ σ5 qn+2 + σ6 qn+3

]
= 0 (127)

Step 2

From (124) and (125), we obtain:

qn+i + qn−i =
(

2 − i2 α2
)

qn (128)

pn+i + pn−i =
(

2 − i2 α2
)

pn (129)

We carry out the following:

• We apply the above relations (128) and (129) for i = 1.
• We substitute the quantities qn and pn given by (124) and (125).
• We solve the resulting system of equations qn−1 and pn−1.
• We substitute the solution of the above system of equations into (126) and (127)

The above algorithm leads us to:
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qn+4 − qn−3 − α σ4 pn+1 −
1
8

σ2

(
α2 qn−4 − α2 qn+4 − 8 α pn+1 − 2 qn−4 + 2 qn+4

)
−α

(
σ1 pn−2 −

1
8

σ3(qn−4 − qn+4)

α
+ σ5 pn+2 + σ6 pn+3

)
= 0 (130)

pn+4 − pn−3 + α σ4 qn+1 −
1
8

σ2

(
α2 pn−4 − α2 pn+4 + 8 α qn+1 − 2 pn−4 + 2 pn+4

)
+α

(
σ1 qn−2 +

1
8

σ3(pn−4 − pn+4)

α
+ σ5 qn+2 + σ6 qn+3

)
= 0 (131)

Step 3

• We apply the above relations (128) and (129) for i = 2.
• We substitute the quantities qn and pn given by (124) and (125).
• We solve the resulting system of equations qn+2 and pn+2.
• We substitute the solution of the above system of equations into (130) and (131)

The above algorithm leads us to:

qn+4 − qn−3 − α σ4 pn+1 −
1
8

σ2
(

α2 qn−4 − α2 qn+4 − 8 α pn+1 − 2 qn−4 + 2 qn+4

)
−α

(
σ1 pn−2 −

1
8

σ3 (qn−4 − qn+4)

α

+
1
4

σ5
(
2 α2 qn−4 − 2 α2 qn+4 − 4 α pn−2 − qn−4 + qn+4

)
α

+ σ6 pn+3

)
= 0 (132)

pn+4 − pn−3 + α σ4 qn+1 −
1
8

σ2
(

α2 pn−4 − α2 pn+4 + 8 α qn+1 − 2 pn−4 + 2 pn+4

)
+α

(
σ1 qn−2 +

1
8

σ3 (pn−4 − pn+4)

α

− 1
4

σ5
(
2 α2 pn−4 − 2 α2 pn+4 + 4 α qn−2 − pn−4 + pn+4

)
α

+ σ6 qn+3

)
= 0 (133)

Step 4

• We apply the above relations (128) and (129) for i = 3.
• We substitute the quantities qn and pn given by (124) and (125).
• We solve the resulting system of equations qn+3 and pn+3.
• We substitute the solution of the above system of equations into (132) and (133)

The above algorithm leads us to:

qn+4 − qn−3 − α σ4 pn+1 −
1
8

σ2

(
α2 qn−4 − α2 qn+4 − 8 α pn+1 − 2 qn−4 + 2 qn+4

)
−α

[
σ1 pn−2 −

1
8

σ3 (qn−4 − qn+4)

α
(134)

+
1
4

σ5

(
2 α2 qn−4 − 2 α2 qn+4 − 4 α pn−2 − qn−4 + qn+4

)
α

+
1
8

σ6

(
9 α2 qn−4 − 9 α2 qn+4 − 8 α pn−3 − 2 qn−4 + 2 qn+4

)
α

]
= 0

pn+4 − pn−3 + α σ4 qn+1 −
1
8

σ2

(
α2 pn−4 − α2 pn+4 + 8 α qn+1 − 2 pn−4 + 2 pn+4

)
+α

[
σ1 qn−2 +

1
8

σ3 (pn−4 − pn+4)

α
(135)

− 1
4

σ5

(
2 α2 pn−4 − 2 α2 pn+4 + 4 α qn−2 − pn−4 + pn+4

)
α

− 1
8

σ6

(
9 α2 pn−4 − 9 α2 pn+4 + 8 α qn−3 − 2 pn−4 + 2 pn+4

)
α

]
= 0

Step 5

Now, we carry out the following:

• We add (124) with (128) and (125) with (129) for i = 1;
• We substitute qn and pn from the Step 1 above;
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• We solve the resulting system to obtain qn+1 and pn+1;
• We substitute the above solution to (134) and (135);
• We add (124) with (128) and (125) with (129) for i = 2;
• We substitute qn and pn from the Step 1 above;
• We solve the resulting system to obtain qn−2 and pn−2;
• We substitute the above solution to (134) and (135);
• We add (124) with (128) and (125) with (129) for i = 3;
• We substitute qn and pn from the Step 1 above;
• We solve the resulting system to obtain qn−3 and pn−3;
• We substitute the above solution to (134) and (135).

The above algorithm leads us to:

qn+4 +
1

16
9 α2 pn−4 − 9 α2 pn+4 + 6 α qn−4 − 6 α qn+4 − 2 pn−4 + 2 pn+4

α

− 1
16

σ4

(
α2 qn−4 − α2 qn+4 + 2 α pn−4 − 2 α pn+4 − 2 qn−4 + 2 qn+4

)
−1

8
σ2

(1
2

α2 qn−4 −
1
2

α2 qn+4 − α pn−4 + α pn+4 − qn−4 + qn+4

)
−α

[1
8

σ1
(
2 α2 qn−4 − 2 α2 qn+4 − 2 α pn−4 + 2 α pn+4 − qn−4 + qn+4

)
α

−1
8

σ3 (qn−4 − qn+4)

α

+
1
4

σ5

(
α2 qn−4 − α2 qn+4 + α pn−4 − α pn+4 − 1

2 qn−4 +
1
2 qn+4

)
α

+
1
8

σ6
( 9

2 α2 qn−4 − 9
2 α2 qn+4 + 3 α pn−4 − 3 α pn+4 − qn−4 + qn+4

)
α

]
= 0 (136)

pn+4 −
1
16

9 α2 qn−4 − 9 α2 qn+4 − 6 α pn−4 + 6 α pn+4 − 2 qn−4 + 2 qn+4

α

− 1
16

σ4

(
α2 pn−4 − α2 pn+4 − 2 α qn−4 + 2 α qn+4 − 2 pn−4 + 2 pn+4

)
−1

8
σ2

(1
2

α2 pn−4 −
1
2

α2 pn+4 + α qn−4 − α qn+4 − pn−4 + pn+4

)
+α

[
−1

8
σ1

(
2 α2 pn−4 − 2 α2 pn+4 + 2 α qn−4 − 2 α qn+4 − pn−4 + pn+4

)
α

+
1
8

σ3 (pn−4 − pn+4)

α

−1
4

σ5

(
α2 pn−4 − α2 pn+4 − α qn−4 + α qn+4 − 1

2 pn−4 +
1
2 pn+4

)
α

−1
8

σ6
( 9

2 α2 pn−4 − 9
2 α2 pn+4 − 3 α qn−4 + 3 α qn+4 − pn−4 + pn+4

)
α

]
= 0 (137)

The above equations can be written as:

Ψ1 qn+4 + Ψ2 pn+4 − Ψ3 qn−4 − Ψ4 pn−4 = 0 (138)

Φ1 qn+4 + Φ2 pn+4 − Φ3 qn−4 − Φ4 pn−4 = 0 (139)

The above formulae give the following:(
Ψ1 Ψ2
Φ1 Φ2

)(
qn+4
pn+4

)
=

(
Ψ3 Ψ4
Φ3 Φ4

)(
qn−4
pn−4

)
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The above relation gives:

Λ =

(
Ψ1 Ψ2
Φ1 Φ2

)−1( Ψ3 Ψ4
Φ3 Φ4

)
where

Ψ1 =
5
8
+

1
16

α2 σ4 −
1
8

σ4 +
1
16

α2 σ2

− 1
8

σ2 +
1
4

α2 σ1 +
1
4

α2 σ5

+
9 α2 σ6

16
− 1

8
σ1 −

1
8

σ3 −
1
8

σ5 −
1
8

σ6 (140)

Ψ2 = − 1
16

4 α2 σ1 + 2 α2 σ2 − 2 α2 σ4 − 4 α2 σ5 − 6 α2 σ6 + 9 α2 − 2
α

(141)

Ψ3 = −3
8
+

1
16

α2 σ4 −
1
8

σ4 +
1

16
α2 σ2 −

1
8

σ2 +
1
4

α2 σ1

+
1
4

α2 σ5 +
9 α2 σ6

16
− 1

8
σ1 −

1
8

σ3 −
1
8

σ5 −
1
8

σ6 (142)

Ψ4 = − 1
16

4 α2 σ1 + 2 α2 σ2 − 2 α2 σ4 − 4 α2 σ5 − 6 α2 σ6 + 9 α2 − 2
α

(143)

Φ1 =
1

16
4 α2 σ1 + 2 α2 σ2 − 2 α2 σ4 − 4 α2 σ5 − 6 α2 σ6 + 9 α2 − 2

α
(144)

Φ2 =
5
8
+

1
16

α2 σ4 −
1
8

σ4 +
1
16

α2 σ2 −
1
8

σ2 +
1
4

α2 σ1

+
1
4

α2 σ5 +
9 α2 σ6

16
− 1

8
σ1 −

1
8

σ3 −
1
8

σ5 −
1
8

σ6 (145)

Φ3 =
1

16
4 α2 σ1 + 2 α2 σ2 − 2 α2 σ4 − 4 α2 σ5 − 6 α2 σ6 + 9 α2 − 2

α
(146)

Φ4 = −3
8
+

1
16

α2 σ4 −
1
8

σ4 +
1

16
α2 σ2 −

1
8

σ2 +
1
4

α2 σ1

+
1
4

α2 σ5 +
9 α2 σ6

16
− 1

8
σ1 −

1
8

σ3 −
1
8

σ5 −
1
8

σ6 (147)

For the matrix Λ given above we have:

ΛT J Λ = φ J (148)

where J is given by (120), and

φ =
Par59

Par60
(149)

where Park, k = 59, 60 are given in the Appendix L.
Based on Definition 5, in order the above matrix Λ to be symplectic, φ must be equal 1.
We will examine how the Open Newton–Cotes differential schemes which have been

produced in this paper fit on the above theory.

12.1. Classical Open Newton–Cotes Formula (21) with Coefficients Given by (22)

Application of the classical method to the above theory and taking the Taylor series
expansion for φ leads to:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
+

16633382 α10

27
+ . . . (150)
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12.2. Amplification-Fitted Open Newton–Cotes Differential Method of Sixth Algebraic Order with
Phase Lag of Order Six

Applying the method from Equation (39) to the previously stated theory and obtaining
φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
− 5257 v6α2

540
+

16633382 α10

27
+ . . . (151)

12.3. Amplification-Fitted Open Newton–Cotes Differential Method of Sixth Algebraic Order with
Phase Lag of Order Six

Applying the method from Equation (54) to the previously stated theory and obtaining
φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
− 5257 v6α2

540

+
16633382 α10

27
+

667639 v6α4

2160
+

114191 v8α2

16200
+ . . . (152)

12.4. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of Algebraic
Order Six with Vanished the First Derivative of the Amplification Factor

Applying the method from Equation (67) to the previously stated theory and obtaining
φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
− 5257 α4v4

180

+
5257 α2v6

270
+

16633382 α10

27
+

68341 α6v4

90

− 5054903 α4v6

8100
− 44387 α2v8

10800
+ . . . (153)

12.5. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of Algebraic
Order Six with the Eliminated First Derivative of the Phase Lag

Applying the method from Equation (76) to the previously stated theory and obtaining
φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
− 36799 α4v4

1440

+
68341 α2v6

4320
+

16633382 α10

27
+

478387 α6v4

720

− 88037887 α4v6

129600
+

490091 α2v8

51840
+ . . . (154)

12.6. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of Algebraic
Order Six with the Eliminated First Derivative of the Phase Lag and the First Derivative of the
Amplification Factor

Applying the method from Equation (90) to the previously stated theory and obtaining
φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
− 5257 α4v4

180

+
5257 α2v6

270
+

16633382 α10

27
+

68341 α6v4

90

− 5054903 α4v6

8100
− 44387 α2v8

10800
+ . . . (155)
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12.7. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of Algebraic
Order Five with the Eliminated First and Second Derivatives of the Amplification Factor

Applying the method from Equation (103) to the previously stated theory and obtain-
ing φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 550912 α8

9
+

16633382 α10

27

− 5257 α2v6

540
+

3755 α4v4

36
+

452879 α2v8

3600

− 23281 α6v4

27
− 11473297 α4v6

16200
+ . . . (156)

12.8. Phase-Fitted and Amplification-Fitted Open Newton–Cotes Differential Method of Algebraic
Order Four with the Eliminated First and Second Derivatives of the Phase Lag

Applying the method from Equation (116) to the previously stated theory and obtain-
ing φ by the Taylor series expansion results in:

φ = 1 + 96 α2 − 1304 α4

3
+

19792 α6

3
− 5257 α4v2

720
+

5257 α2v4

720

− 550912 α8

9
+

68341 α6v2

360
+

4268089 α4v4

43200
− 271901 α2v6

10800

+
16633382 α10

27
− 6345199 α8v2

2160
+

692447 α6v4

2400
+

442135037 α4v6

4276800

+
623520061 α2v8

17107200
+ . . . (157)

Based on the above Formulae (150)–(157), it is easy for one to see that the variable φ is
near to 1 for all the developed methods. How near to 1 can be, is dependent from the value
of α, i.e., from the problem, and from the step length of the integration. So, under the above
conditions, all the developed methods are almost symplectic integrators.

13. Numerical Results
13.1. Problem of Stiefel and Bettis

The following nearly periodic orbit problem was studied by Stiefel and Bettis [30] and
is taken into account here:

Y′′
1 (t) = −Y1(t) + 0.001 cos(t), Y1(0) = 1, Y′

1(0) = 0,

Y′′
2 (t) = −Y2(t) + 0.001 sin(t), Y2(0) = 0, Y′

2(0) = 0.9995. (158)

The exact solution is

Y1(t) = cos(t) + 0.0005 t sin(t),

Y2(t) = sin(t)− 0.0005 t cos(t). (159)

For this problem, we use ω = 1.
The problem (158) has numerical solutions for 0 ≤ t ≤ 100000 that have been deter-

mined by using the corresponding methods:

• The Open Newton–Cotes scheme presented in Section 4 (Classical Case), which is
mentioned as Comput. Meth. I;

• The Runge–Kutta Dormand and Prince fourth order method [14], which is mentioned
as Comput. Meth. II;

• The Runge–Kutta Dormand and Prince fifth order method [14], which is mentioned as
Comput. Meth. III;

• The Runge–Kutta Fehlberg fourth order method [31], which is mentioned as Comput.
Meth. IV;
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• The Runge–Kutta Fehlberg fifth order method [31], which is mentioned as Comput.
Meth. V;

• The Runge–Kutta Cash and Karp fifth order method [32], which is mentioned as
Comput. Meth. VI;

• The Amplification-Fitted Open Newton–Cotes scheme with phase lag of order 6,
which is developed in Section 5, and which is mentioned as Comput. Meth. VII;

• The Phase-Fitted and Amplification-Fitted Open Newton–Cotes scheme with vanished
the first derivative of the amplification factor which is developed in Section 7, and
which is mentioned as Comput. Meth. VIII;

• The Phase-Fitted and Amplification-Fitted Open Newton–Cotes scheme with vanished
the first derivative of the phase lag which is developed in Section 8, and which is
mentioned as Comput. Meth. IX;

• The Phase-Fitted and Amplification-Fitted Open Newton–Cotes scheme which is
developed in Section 6, and which is mentioned as Comput. Meth. X;

• The Phase-Fitted and Amplification-Fitted Open Newton–Cotes scheme with van-
ished the first and second derivatives of the amplification factor which is developed
in Section 10, and which is mentioned as Comput. Meth. XI;

• The Phase-Fitted and Amplification-Fitted Open Newton–Cotes scheme with vanished
the first and second derivatives of the phase lag which is developed in Section 11, and
which is mentioned as Comput. Meth. XII;

• The Phase-Fitted and Amplification-Fitted Open Newton–Cotes scheme with vanished
the first derivative of the phase lag and the first derivative of the amplification factor
which is developed in Section 9, and which is mentioned as Comput. Meth. XIII.

Figure 1 displays the maximum absolute error of the solutions derived from the Stiefel
and Bettis [30] problem using each of the numerical techniques previously described.

Figure 1 provides the data that enable us to see the following:

• Comput. Meth. VI is more efficient than Comput. Meth. III.
• Comput. Meth. IV is more efficient than Comput. Meth. VI.
• Comput. Meth. IV has the same, generally, behavior with Comput. Meth. V.
• Comput. Meth. II is more efficient than Comput. Meth. IV.
• Comput. Meth. XII is more efficient than Comput. Meth. II.
• Comput. Meth. I is more efficient than Comput. Meth. XII for big step sizes and has

generally the same behavior with Comput. Meth. XII for small stepsizes.
• Comput. Meth. VII is more efficient than Comput. Meth. I.
• Comput. Meth. XI has the same, generally, behavior with Comput. Meth. VII.
• Comput. Meth. X is more efficient than Comput. Meth. VII.
• Comput. Meth. IX is more efficient than Comput. Meth. X.
• Comput. Meth. VIII is more efficient than Comput. Meth. IX.
• Finally, Comput. Meth. XIII is the most efficient one.
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Figure 1. Numerical results for the problem of Stiefel and Bettis [30].

13.2. Problem of Franco and Palacios [33]

The following problem was examined by Franco and Palacios [33] and is taken into
account here:

Y′′
1 (t) = −Y1(t) + ε cos(ϑ t), Y1(0) = 1, Y′

1(0) = 0,

Y′′
2 (t) = −Y2(t) + ε sin(ϑ t), Y2(0) = 0, Y′

2(0) = 1. (160)

The exact solution is

Y1(t) =
1 − ε − ϑ2

1 − ϑ2 cos(t) +
ε

1 − ϑ2 cos(ϑ t),

Y2(t) =
1 − ε ϑ − ϑ2

1 − ϑ2 sin(t) +
ε

1 − ϑ2 sin(ϑ t), (161)

where ε = 0.9 and ϑ = 0.9. For this problem, we use ω = max
(

1, |ϑ|
)

.
We have discovered the numerical solution to the system of Equation (160) for 0 ≤ t ≤

1,000,000 by using the procedures described in Section 12.1.
Figure 2 provides the data that enable us to see the following:
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• Comput. Meth. XI and Comput. Meth. XII are not convergent for the CPU time used
in this example.

• Comput. Meth. II has the same, generally, behavior with Comput. Meth. IV.
• Comput. Meth. I is more efficient than Comput. Meth. II.
• Comput. Meth. VI is more efficient than Comput. Meth. I for big step sizes while for

small step sized has the same, generally, behavior.
• Comput. Meth. V is more efficient than Comput. Meth. VI.
• Comput. Meth. III is more efficient than Comput. Meth. V.
• Comput. Meth. VII has a mixed behavior. For big stepsizes is less efficient than

Comput. Meth. VI. For medium stepsizes is less efficient than Comput. Meth. III. For
small step sizes is more efficient than Comput. Meth. III.

• Comput. Meth. VIII is more efficient than Comput. Meth. III and Comput. Meth. VII.
• Comput. Meth. X is more efficient than Comput. Meth. VIII for big step sizes. For

small step sizes Comput. Meth. VIII is more efficient than Comput. Meth. X.
• Comput. Meth. XIII is more efficient than Comput. Meth. X and for small step sizes

has the same, generally, behavior with Comput. Meth. VIII.
• Comput. Meth. IX has a mixed behavior. For big stepsizes is less efficient than Comput.

Meth. X. For medium stepsizes is less efficient than Comput. Meth. XIII and more
efficient than Comput. Meth. X. For small step sizes is the most efficient one.

Figure 2. Numerical results for the problem of Franco and Palacios [33].
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13.3. Nonlinear Problem of Petzold [34]

The following nonlinear problem was examined by Petzold [34] and is taken into
account here:

Y′
1(t) = λ Y2(t), Y1(0) = 1,

Y′
2(t) = −λ Y1(t) +

α

λ
sin(λ x), Y2(0) = − α

2 λ2 . (162)

The exact solution is

Y1(t) =
(

1 − α

2 λ
t
)

cos(λ t),

Y2(t) = −
(

1 − α

2 λ
t
)

sin(λ t)− α

2 λ2 cos(λ x), (163)

where λ = 1000, α = 100. For this problem, we use ω = 1000.
We have discovered the numerical solution to the system of Equation (162) for 0 ≤

t ≤ 1000 by using the procedures described in Section 13.1.
Figure 3 provides the data that enable us to see the following:

• Comput. Meth. XI and Comput. Meth. XII are not convergent for the CPU time used
in this example.

• Comput. Meth. III has the same, generally, behavior with Comput. Meth. IV.
• Comput. Meth. VI is more efficient than Comput. Meth. III.
• Comput. Meth. V is more efficient than Comput. Meth. VI.
• Comput. Meth. II is more efficient than Comput. Meth. V.
• Comput. Meth. I is more efficient than Comput. Meth. II.
• Comput. Meth. VII is more efficient than Comput. Meth. I.
• Comput. Meth. X is more efficient than Comput. Meth. VII.
• Comput. Meth. IX is more efficient than Comput. Meth. X.
• Comput. Meth. VIII is more efficient than Comput. Meth. IX.
• Finally, Comput. Meth. XIII is the most efficient one.

13.4. A Nonlinear Orbital Problem [35]

The following nonlinear orbital problem was examined by Simos in [35] and is taken
into account here:

Y′′
1 (t) = −φ2 Y1(t) +

2 Y1(t)Y2(t)− sin(2 φ t)(
Y1(t)2 + Y2(t)2

) 3
2

, Y1(0) = 1, Y′
1(0) = 0,

Y′′
2 (t) = −φ2 Y2(t) +

Y1(t)2 − Y2(t)2 − cos(2 φ t)(
Y1(t)2 + Y2(t)2

) 3
2

, Y2(0) = 0, Y′
2(0) = φ. (164)

The exact solution is

Y1(t) = cos(φ t), Y2(t) = sin(φ t). (165)

where φ = 1000. For this problem, we use ω = 10.
We have discovered the numerical solution to the system of Equation (165) for 0 ≤ t ≤

100,000 by using the procedures described in Section 13.1.
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Figure 3. Numerical results for the nonlinear problem of [34].

Figure 4 provides the data that enable us to see the following:

• Comput. Meth. XI and Comput. Meth. XII are not convergent for the CPU time used
in this example.

• Comput. Meth. VII is more efficient than Comput. Meth. I.
• Comput. Meth. II is more efficient than Comput. Meth. VII.
• Comput. Meth. IV is more efficient than Comput. Meth. II.
• Comput. Meth. VI is more efficient than Comput. Meth. IV.
• Comput. Meth. V is more efficient than Comput. Meth. VI.
• Comput. Meth. III is more efficient than Comput. Meth. V.
• Comput. Meth. VIII is more efficient than Comput. Meth. III.
• Comput. Meth. IX is more efficient than Comput. Meth. VIII.
• Comput. Meth. X has the same, generally, behavior with Comput. Meth. XIII. Finally,

Comput. Meth. XIII and Comput. Meth. X are the most efficient ones.
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Figure 4. Numerical results for the nonlinear orbital problem of [35].

13.5. Problem of Franco and Gómez [36]

Franco and Gómez [36] investigated the following problem, which we take into consideration:

Y′′
1 (t) = −199 Y1(t)− 198 Y2(t) +

(
Y1(t) + Y2(t)

)2
+ sin2(10 t)− 1,

Y1(0) = 2, Y′
1(0) = −ε, (166)

Y′′
2 (t) = 99 Y1(t) + 98 Y2(t) +

(
Y1(t) + 2 Y2(t)

)2
+ ε2 cos2(t)− ε2,

Y2(0) = −1, Y′
2(0) = ε.

The exact solution is

Y1(t) = 2 cos(10 t)− ε sin(t),

Y2(t) = − cos(10 t) + ε sin(t). (167)

where ε = 10−3. For this problem, we use ω = max
(

1, |ϑ|
)

.
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Using the techniques outlined in Section 13.1, the numerical solution to the system of
Equation (160) has been found for 0 ≤ t ≤ 1, 000, 000.

The information in Figure 5 allows us to see the following:

• Comput. Meth. II is more efficient than Comput. Meth. I. For small step sizes, Comput.
Meth. II is less efficient than Comput. Meth. I.

• Comput. Meth. IV is more efficient than Comput. Meth. II. For small step sizes
Comput. Meth. IV is less efficient than Comput. Meth. I.

• Comput. Meth. VII is more efficient than Comput. Meth. IV.
• Comput. Meth. VI is more efficient than Comput. Meth. VII. For small step sizes

Comput. Meth. VI is less efficient than Comput. Meth. VII.
• Comput. Meth. XII has a mixed behavior. For bigger stepsizes is more efficient than

Comput. Meth. VI and Comput. Meth. VII. For smaller step sizes is less efficient than
Comput. Meth. VII and more efficient than Comput. Meth. VI.

• Comput. Meth. V is more efficient than Comput. Meth. VII.
• Comput. Meth. III is more efficient than Comput. Meth. V.
• Comput. Meth. XI is more efficient than Comput. Meth. III.
• Comput. Meth. VIII is more efficient than Comput. Meth. XI.
• Comput. Meth. IX has the same, generally, behavior with Comput. Meth. VIII.
• Comput. Meth. XIII has the same, generally, behavior with Comput. Meth. IX.

Consequently, Comput. Meth. VIII, Comput. Meth. IX, and Comput. Meth. XIII have
the same, generally, behavior.

• Finally, Comput. Meth. X is the most efficient one.

13.6. Hamilton’s Equations of Motion (117)

Let us consider the Hamilton’s equations of motion which are linear in position q and
momentum p which are given by Equation (117).

The initial conditions are given by:

q(0) = 1, p(0) = 0. (168)

The analytical solution of the above problem is given by:

q(t) = cos(µ t), p(0) = −sin(µ t). (169)

The Hamiltonian (or energy) of this system is given by:

H(t) =
1
2

(
q(t)2 + p(t)2

)
. (170)

Using the techniques outlined in Section 13.1, we will find the errors of the Hamiltonian:

Errenergy = |H(t)calculated − H(t)theoretical |, 0 ≤ t ≤ 5000. (171)

For the Comput. Meth. I, VII, VIII, IX, X, XIII, µ = 500, while for the Comput. Meth.
XI, µ = 100, and for the Comput. Meth. XII, µ = 50. This is because for µ = 500, Comput.
Meth. XI and Comput. Meth. XII are divergent.

The information in Figure 6 allows us to see the following:

• Comput. Meth. I, Comput. Meth. VIII, Comput. Meth. IX, Comput. Meth. X,
Comput. Meth. XI, Comput. Meth. XII, and Comput. Meth. XIII behave like
symplectic integrators.

• From the above methods Comput. Meth. X, and Comput. Meth. XIII are the most
efficient ones.

• Comput. Meth. VII is not behave like symplectic integrator and is the less efficient one.
• For comparison purposes we present also the results for the Adams-Bashforth-Moulton

sixth algebraic order method which is not behave like symplectic integrator.
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Figure 5. Numerical results for the semi−linear problem of Franco and Gómez [36].
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Figure 6. Maximum error Errenergy in the Hamiltonian (171).

13.7. High-Order Ordinary Differential Equations and Partial Differential Equations

Before trying to solve systems of high-order ordinary differential equations using
the newly discovered techniques, remember that there are well-established procedures
for reducing them to first-order differential equations. In this context, there are several
methods that may be used, as stated by Boyce et al. [37], including modifying the variables,
adding new variables, re-constructing the system with new variables for each derivative,
and similar approaches.

Before discussing the recently implemented methods, it is important to note that there
are existing approaches, such as the characteristics method (refer to [38]), that may be used
to simplify a system of PDEs into a set of first-order differential equations.

13.8. Determination of the Parameter ω for Every Problem

The efficiency of newly created frequency-dependent algorithms is evaluated by
determining the optimal value of the parameter ω. For a lot of issues, this option is laid out
in the problem model. The parameter ω may be determined by using methods proposed in
previous works for situations where this is challenging (see [39,40] for references).

14. Conclusions

We developed direct formulae for the computation of the phase lag and amplification
factor of the Open Newton–Cotes Differential Formulae (ONCDF) based on the theory
and methodologies for the proofs of the relevant formulae in our previous paper [25].
Our primary goal in carrying out this research was to find a technique that minimizes or
vanishes the phase lag and amplification factor to ONCDF. After removing the phase-lag
and amplification-factor derivatives, we also examined how the efficiency of the previously
described techniques altered. In light of the above, we went on to describe many effective
ways of developing procedures that make use of the phase lag and/or amplification factor
and its derivatives. Specifically, we came up with the following approaches:

• Strategy for the vanishing of the amplification factor.
• Strategy for the vanishing of the amplification factor and minimization of the phase lag.
• Strategy for the vanishing of the phase lag and vanishing of the amplification factor.
• Strategy for the vanishing of the phase lag and vanishing of the amplification factor

together with vanishing of the derivatives of the phase lag.
• Strategy for the vanishing of the phase lag and vanishing of the amplification factor

together with vanishing of the derivatives of the amplification factor.
• Strategy for the vanishing of the phase lag and vanishing of the amplification factor

together with the vanishing of the derivatives of the phase lag and the vanishing of
the amplification factor.
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The most efficient methods, according to our theoretical and numerical results, are
those whose coefficients are defined with the requirement of vanishing the phase lag
and the amplification factor, and with the requirement of vanishing the phase lag and the
amplification factor, along with the derivatives of the phase lag and the amplification factor.

Multiple Open Newton–Cotes Differential Formulae (ONCDF) were created by follow-
ing the processes stated before. The foundation of our technique is the Open Newton–Cotes
Differential Formulae (ONCDF) of sixth algebraic order.

To gauge their efficacy, the aforementioned methods were put to the test on a range of
problems with oscillating solutions.

Here is a comment on the evolution of numerical approaches derived from the numer-
ical results: A “symmetric way” is required for the vanishing of the derivatives of the phase
lag and the amplification factor; that is, when a derivative of the phase lag has vanished,
the corresponding derivative of the amplification factor must also vanish.

All calculations adhered to the IEEE Standard 754 and were executed on a personal
computer featuring an x86–64 compatible architecture and utilizing a quadruple precision
arithmetic data type consisting of 64 bits.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. Direct Formulae for the Computation of the Derivatives of the Phase Lag
and the Amplification Factor

Appendix A.1. Direct Formula for the Derivative of the Phase Lag

∂PhErr
∂v

=
Par1

i2 − j2 − ∑i−1
k=j+1 An+k k

(A1)

where

Par1 = −i sin(i V) + j sin(j V) +
i−1

∑
k=j+1

An+k sin(k V)

+ V
i−1

∑
k=j+1

An+k k cos(k V), (A2)

and PhErr represents the phase lag.

Appendix A.2. Direct Formula for the Derivative of the Amplification Factor

∂AF
∂v

=
Par2(

V2 ∑i−1
k=j+1 An+k k2 + i − j

)2 (A3)

where

Par2 = − cos(i V)
i−1

∑
k=j+1

An+k k2 V2 i + cos(jV)
i−1

∑
k=j+1

An+k k2 V2 j

−
i−1

∑
k=j+1

An+k k sin(k V)
i−1

∑
k=j+1

An+k k2 V3

−
i−1

∑
k=j+1

An+k cos(kV)
i−1

∑
k=j+1

An+k k2 V2

− cos(i V) i2 + cos(i V) i j + cos(j V) i j
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− cos(j V) j2 −
i−1

∑
k=j+1

An+k k sin(k V)V i +
i−1

∑
k=j+1

An+k k sin(k V)V j

+ 2
i−1

∑
k=j+1

An+k k2 sin(iV)V − 2
i−1

∑
k=j+1

An+k k2 sin(j V)V

+
i−1

∑
k=j+1

An+k cos(k V) i −
i−1

∑
k=j+1

An+k cos(k V) j, (A4)

and AF represents the amplification factor.

Appendix B. Formulae Pari, i = 5(1)7

Par5 = −1920 σ3 − 240 σ4 + 5901

+

(
480 σ3 + 240 σ4 − 1967

) (
−21600 σ3 − 14400 σ4 + 539350

)
480 σ3 + 240 σ4 + 3913

(A5)

Par6 =
(

384 σ3 + 12 σ4 −
21637

20

+
480 σ3 + 240 σ4 − 1967
480 σ3 + 240 σ4 + 3913

(
88200 σ3 + 73200 σ4 −

8158115
6

)

− 1
6

Par61

(
−21600 σ3 − 14400 σ4 + 539350

)
(

480 σ3 + 240 σ4 + 3913
)2

)
(A6)

Par61 = 11289600 σ3
2 + 12672000 σ3σ4 + 3513600 σ4

2 − 296694720 σ3

− 158245920 σ4 + 1037810837

Par7 =
(
−256 σ3

7
− 2

7
σ4 +

169793
120

+
480 σ3 + 240 σ4 − 1967
480 σ3 + 240 σ4 + 3913

Par71

− 1
6

Par72 Par73(
480 σ3 + 240 σ4 + 3913

)2

+
Par74 Par75

360
(

480 σ3 + 240 σ4 + 3913
)3

)
(A7)

Par71 = −86460 σ3 − 84040 σ4 +
44173465

36
Par72 = 11289600 σ3

2 + 12672000 σ3 σ4 + 3513600 σ4
2

− 296694720 σ3 − 158245920 σ4 + 1037810837

Par73 = 88200 σ3 + 73200 σ4 −
8158115

6
Par74 = 3663138816000 σ3

3 + 6599522304000 σ3
2σ4 + 3901934592000 σ3σ4

2

+ 758979072000 σ4
3 − 138758068915200 σ3

2 − 157442808499200 σ3σ4

− 44388235180800 σ4
2 + 1707563892864480 σ3 + 930926918213040 σ4

− 4970507051033209

Par75 = −21600 σ3 − 14400 σ4 + 539350
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Appendix C. Formulae Par18, Par19, Par20 and Par21

Par16 = −53317194 sin(2 V)V3 + 35956739 cos(V)V2 − 51840000 cos(4 V)V2 σ4 σ5

− 18662400 cos(5 V)V2 σ3 σ5 − 87091200 cos(7 V) + 103680000 sin(7 V)V σ5

+ 66355200 sin(7 V)V σ4 + 37324800 sin(7 V)V σ3 − 362880000 cos(7 V)V2 σ5

− 232243200 cos(7 V)V2 σ4 + 36953280 cos(V)− 130636800 cos(7 V)V2 σ3

− 153972000 cos(6 V)V2 σ5 − 98542080 cos(6 V)V2 σ4 + 215740434 sin(6 V)V3

+ 12441600 σ5 cos(5 V) + 54794880 V sin(2 V)

− 36953280 V sin(V)− 221719680 V sin(6 V)

+ 12441600 σ3 cos(3 V) + 12441600 σ4 cos(4 V)− 26658597 cos(2 V)V2

+ 12106080 cos(5 V)V2 σ5 − 55429920 cos(6 V)V2 σ3 + 114156000 cos(2 V)V2 σ5

+ 73059840 cos(2 V)V2 σ4 + 41096160 cos(2 V)V2 σ3 − 153972000 cos(V)V2 σ5

− 55429920 cos(V)V2 σ3 − 98542080 cos(V)V2 σ4 − 923832000 sin(6 V)V3 σ5 (A8)

− 591252480 sin(6 V)V3 σ4 − 332579520 sin(6 V)V3 σ3 + 228312000 sin(2 V)V3 σ5

+ 146119680 sin(2 V)V3 σ4 + 82192320 sin(2 V)V3 σ3 − 55429920 sin(V)V3 σ3

− 98542080 sin(V)V3 σ4 + 35956739 sin(V)V3 + 60530400 sin(5 V)V3 σ5

− 153972000 sin(V)V3 σ5 − 33177600 cos(4 V)V2 σ4
2 − 51840000 cos(5 V)V2 σ5

2

− 259200000 sin(5 V)V3 σ5
2 − 55987200 sin(3 V)V3 σ3

2 − 132710400 sin(4 V)V3 σ4
2

− 18662400 cos(3 V)V2 σ3
2 − 62208000 V σ5 sin(5 V)− 37324800 V σ3 sin(3 V)

− 49766400 V σ4 sin(4 V) + 12106080 cos(4 V)V2 σ4 + 48424320 sin(4 V)V3 σ4

+ 12106080 cos(3 V)V2 σ3 + 36318240 sin(3 V)V3 σ3 + 84742560 cos(7 V)V2

+ 35956739 cos(6 V)V2 − 27397440 cos(2 V)

− 24212160 sin(7 V)V + 36953280 cos(6 V)

− 99532800 sin(3 V)V3 σ3 σ4 − 155520000 sin(3 V)V3 σ3 σ5

− 74649600 sin(4 V)V3 σ3 σ4 − 207360000 sin(4 V)V3 σ4 σ5

− 93312000 sin(5 V)V3 σ3 σ5 − 165888000 sin(5 V)V3 σ4 σ5

− 33177600 cos(3 V)V2 σ3 σ4 − 51840000 cos(3 V)V2 σ3 σ5

− 18662400 cos(4 V)V2 σ3 σ4 − 33177600 cos(5 V)V2 σ4 σ5,

Par17 = 167961600 V4 σ3
2 + 597196800 V4 σ3 σ4 + 933120000 V4 σ3 σ5

+ 530841600 V4 σ4
2 + 1658880000 V4 σ4 σ5 + 1296000000 V4 σ5

2

− 217909440 V4 σ3 − 387394560 V4 σ4 (A9)

− 605304000 V4 σ5 + 70677649 V4

+ 223948800 V2 σ3 + 398131200 V2 σ4

+ 622080000 V2 σ5 − 145272960 V2 + 74649600.



Mathematics 2024, 12, 3652 40 of 55

Appendix D. Formulae Parq, q = 18(1)20

Par18 = −1106 V2 sin(6 V) + 7448 V2 sin(4 V)− 6342 V2 sin(2 V)

− 4277 V2 sin(7 V)− 4277 V2 sin(5 V)− 4277 V2 sin(3 V)

+ 12831 V2 sin(V) + 1440 V cos(5 V)− 2880 V cos(7 V) (A10)

+ 1440 V cos(3 V)− 1440 V cos(8 V)− 1440 V cos(6 V)

− 1440 V cos(4 V)− 1440 V cos(2 V) + 2880 V cos(V)

+ 1440 sin(7 V)− 7200 V,

Par19 = 8554 V2 sin(6 V) + 8554 V2 sin(4 V)− 8554 V2 sin(2 V)

+ 4277 V2 sin(7 V)− 2065 V2 sin(5 V)− 5383 V2 sin(3 V)

+ 3171 V2 sin(V) + 2880 V cos(5 V) + 2880 V cos(7 V) (A11)

+ 2880 V cos(3 V) + 2880 V cos(8 V) + 2880 V cos(6 V)

− 2880 V cos(4 V)− 2880 V cos(2 V) + 14400 V cos(V)

− 1440 sin(8 V)− 1440 sin(6 V)− 2880 V,

Par20 = −8554 V2 sin(6 V) + 7448 V2 sin(4 V) + 1106 V2 sin(2 V)

− 4277 V2 sin(5 V)− 4277 V2 sin(3 V) + 8554 V2 sin(V)

+ 1440 V cos(5 V)− 4320 V cos(7 V) + 1440 V cos(3 V) (A12)

− 1440 V cos(6 V)− 1440 V cos(4 V)− 1440 V cos(2 V)

+ 1440 V cos(V) + 1440 sin(7 V)− 5760 V.

Appendix E. Formulae Parp, p = 22(1)24

Par22 = 23040 V (cos(V))8 + 34216 (cos(V))6 sin(V)V2

+ 46080 V (cos(V))7 + 38640 (cos(V))5 sin(V)V2

− 11520 (cos(V))6 sin(V)− 5760 V (cos(V))6

− 12684 (cos(V))4 sin(V)V2 − 11520 (cos(V))5 sin(V)

− 60480 V (cos(V))5 − 26768 (cos(V))3 sin(V)V2 (A13)

+ 8640 (cos(V))4 sin(V)− 21600 V (cos(V))4

− 5383 (cos(V))2 sin(V)V2 + 8640 (cos(V))3 sin(V)

+ 20160 V (cos(V))3 + 6139 sin(V) cos(V)V2

− 1440 (cos(V))2 sin(V) + 9360 (cos(V))2 V

+ 1862 V2 sin(V)− 1440 sin(V) cos(V)

− 1440 V cos(V)− 180 sin(V)− 540 V,

Par23 = −17108 (cos(V))5 sin(V)V2 − 23040 V (cos(V))7

+ 11520 sin(V) (cos(V))6 − 34216 (cos(V))4 sin(V)V2

− 34560 V (cos(V))6 + 11520 (cos(V))5 sin(V)

− 2212 (cos(V))3 sin(V)V2 + 17280 V (cos(V))5

− 8640 (cos(V))4 sin(V) + 19173 (cos(V))2 sin(V)V2 (A14)

+ 40320 V (cos(V))4 − 8640 (cos(V))3 sin(V)

+ 2968 sin(V) cos(V)V2 + 4320 V (cos(V))3

+ 1440 (cos(V))2 sin(V)− 1309 V2 sin(V)

− 10080 (cos(V))2 V + 1440 sin(V) cos(V)

− 2880 V cos(V) + 180 sin(V)− 180 V,

Par24 = −17108 (cos(V))5 sin(V)V2 − 17280 V (cos(V))7

+ 5760 sin(V) (cos(V))6 − 21385 (cos(V))4 sin(V)V2

− 20160 V (cos(V))6 + 5760 (cos(V))5 sin(V)

+ 8001 (cos(V))3 sin(V)V2 + 20160 V (cos(V))5 (A15)

− 4320 (cos(V))4 sin(V) + 12278 (cos(V))2 sin(V)V2

+ 25200 V (cos(V))4 − 4320 (cos(V))3 sin(V)

− 931 sin(V) cos(V)V2 − 5040 V (cos(V))3

+ 720 (cos(V))2 sin(V)− 931 V2 sin(V)

− 7560 (cos(V))2 V + 720 sin(V) cos(V)

+ 90 sin(V) + 270 V.
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Appendix F. Formulae Parν, ν = 25(1)29

Par25 = −1440 V σ2 sin(2 V)− 1440 V σ3 sin(3 V)− 1440 V σ4 sin(4 V)

− 1440 V σ5 sin(5 V)− 4277 V sin(V)− 4277 V sin(6 V) (A16)

− 1440 cos(7 V) + 1440,

Par26 = 1440 V σ2 cos(2 V) + 1440 V σ3 cos(3 V) + 1440 V σ4 cos(4 V)

+ 1440 V σ5 cos(5 V) + 4277 V cos(V) + 4277 V cos(6 V) (A17)

− 1440 sin(7 V),

Par27 = −1440 σ2 sin(2 V)− 2880 V σ2 cos(2 V)− 1440 σ3 sin(3 V)

− 4320 V σ3 cos(3 V)− 1440 σ4 sin(4 V)− 5760 V σ4 cos(4 V)

− 1440 σ5 sin(5 V)− 7200 V σ5 cos(5 V)− 4277 sin(V) (A18)

− 4277 V cos(V)− 4277 sin(6 V)

− 25662 V cos(6 V) + 10080 sin(7 V),

Par28 = 12441600 σ2 cos(2 V) + 12441600 σ3 cos(3 V)

+ 12441600 σ5 cos(5 V)− 8294400 cos(4 V)V2 σ2 σ4

− 18662400 cos(4 V)V2 σ3 σ4 + 12441600 σ4 cos(4 V)

+ 36953280 cos(V)− 109756374 sin(6 V)V3

− 18292729 cos(V)V2 − 18292729 cos(6 V)V2

− 33177600 cos(5 V)V2 σ4 σ5 − 33177600 cos(4 V)V2 σ4
2

− 98542080 cos(6 V)V2 σ4 − 36953280 V sin(V)

− 37324800 sin(2 V)V3 σ2 σ3 − 66355200 sin(2 V)V3 σ2 σ4

− 103680000 sin(2 V)V3 σ2 σ5 − 24883200 sin(3 V)V3 σ2 σ3

− 99532800 sin(3 V)V3 σ3 σ4 − 155520000 sin(3 V)V3 σ3 σ5

− 130636800 cos(7 V)V2 σ3 − 51840000 cos(3 V)V2 σ3 σ5

− 221719680 V sin(6 V)− 58060800 cos(7 V)V2 σ2

+ 36953280 cos(6 V)− 16588800 sin(2 V)V3 σ2
2

− 43112160 cos(7 V)V2 + 12317760 sin(7 V)V

− 55429920 cos(6 V)V2 σ3 − 24883200 V σ2 sin(2 V) (A19)

− 37324800 V σ3 sin(3 V)− 8294400 cos(5 V)V2 σ2 σ5

− 49766400 V σ4 sin(4 V)− 62208000 V σ5 sin(5 V)

− 591252480 sin(6 V)V3 σ4 − 153972000 cos(V)V2 σ5

− 8294400 cos(2 V)V2 σ2
2 − 51840000 cos(2 V)V2 σ2 σ5

− 51840000 cos(4 V)V2 σ4 σ5 − 51840000 cos(5 V)V2 σ5
2

− 147813120 sin(6 V)V3 σ2 − 24635520 sin(V)V3 σ2

− 18662400 cos(2 V)V2 σ2 σ3 − 18662400 cos(3 V)V2 σ3
2

− 33177600 cos(2 V)V2 σ2 σ4 − 24635520 cos(V)V2 σ2

− 259200000 sin(5 V)V3 σ5
2 − 8294400 cos(3 V)V2 σ2 σ3

− 33177600 cos(3 V)V2 σ3 σ4 − 6158880 cos(2 V)V2 σ2

− 87091200 cos(7 V)− 55429920 cos(V)V2 σ3

− 18476640 sin(3 V)V3 σ3 − 24635520 sin(4 V)V3 σ4

− 923832000 sin(6 V)V3 σ5 + 16588800 sin(7 V)V σ2

− 6158880 cos(3 V)V2 σ3 + 66355200 sin(7 V)V σ4
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− 6158880 cos(4 V)V2 σ4 + 103680000 sin(7 V)V σ5

− 41472000 sin(5 V)V3 σ2 σ5 − 93312000 sin(5 V)V3 σ3 σ5

− 165888000 sin(5 V)V3 σ4 σ5 − 33177600 sin(4 V)V3 σ2 σ4

− 74649600 sin(4 V)V3 σ3 σ4 − 207360000 sin(4 V)V3 σ4 σ5

− 153972000 sin(V)V3 σ5 − 55987200 sin(3 V)V3 σ3
2

− 132710400 sin(4 V)V3 σ4
2 − 98542080 sin(V)V3 σ4

− 6158880 cos(5 V)V2 σ5 − 18292729 sin(V)V3

− 55429920 sin(V)V3 σ3 + 37324800 sin(7 V)V σ3

− 18662400 cos(5 V)V2 σ3 σ5 − 362880000 cos(7 V)V2 σ5

− 153972000 cos(6 V)V2 σ5 − 24635520 cos(6 V)V2 σ2

− 30794400 sin(5 V)V3 σ5 − 98542080 cos(V)V2 σ4

− 332579520 sin(6 V)V3 σ3,

Par29 = 33177600 V4 σ2
2 + 149299200 V4 σ2 σ3 + 265420800 V4 σ2 σ4

+ 414720000 V4 σ2 σ5 + 167961600 V4 σ3
2 + 597196800 V4 σ3 σ4

+ 933120000 V4 σ3 σ5 + 530841600 V4 σ4
2 + 1658880000 V4 σ4 σ5

+ 1296000000 V4 σ5
2 + 49271040 V4 σ2 (A20)

+ 110859840 V4 σ3 + 197084160 V4 σ4

+ 307944000 V4 σ5 + 18292729 V4

+ 99532800 V2 σ2 + 223948800 V2 σ3

+ 398131200 V2 σ4 + 622080000 V2 σ5

− 12317760 sin(2 V)V3 σ2 − 232243200 cos(7 V)V2 σ4

+ 73906560 V2 + 74649600.

Appendix G. Formulae Parµ, µ = 30(1)33

Par30 = 4277 V2 sin(3 V)− 8554 V2 sin(4 V) + 17108 V2 sin(2 V)

− 12831 V2 sin(V) + 2880 V cos(4 V)− 5760 V cos(2 V) (A21)

+ 7200 V cos(3 V)− 4320 V cos(5 V) + 1440 sin(5 V)

− 1440 sin(3 V)− 1440 sin(4 V) + 1440 sin(2 V),

Par31 = 4277 V2 sin(5 V) + 4277 V2 sin(3 V)− 8554 V2 sin(4 V)

+ 17108 V2 sin(2 V)− 34216 V2 sin(V) + 2880 V cos(6 V)

+ 2880 V cos(4 V)− 14400 V cos(2 V) + 7200 V cos(3 V) (A22)

− 5760 V cos(5 V) + 7200 V cos(V)− 1440 sin(6 V)

+ 2880 sin(5 V)− 1440 sin(3 V)− 1440 sin(4 V)

+ 2880 sin(2 V)− 1440 sin(V),

Par32 = 4277 V2 sin(5 V) + 4277 V2 sin(3 V)− 8554 V2 sin(4 V)

+ 17108 V2 sin(2 V)− 34216 V2 sin(V) + 2880 V cos(6 V)

+ 2880 V cos(4 V)− 14400 V cos(2 V) + 7200 V cos(3 V) (A23)

− 5760 V cos(5 V) + 7200 V cos(V)− 1440 sin(6 V)

+ 2880 sin(5 V)− 1440 sin(3 V)− 1440 sin(4 V)

+ 2880 sin(2 V)− 1440 sin(V),

Par33 = 4277 V2 sin(3 V)− 8554 V2 sin(4 V) + 17108 V2 sin(2 V)

− 12831 V2 sin(V) + 2880 V cos(4 V)− 5760 V cos(2 V) (A24)

+ 7200 V cos(3 V)− 4320 V cos(5 V) + 1440 sin(5 V)

− 1440 sin(3 V)− 1440 sin(4 V) + 1440 sin(2 V).



Mathematics 2024, 12, 3652 43 of 55

Appendix H. Formulae Parυ, υ = 34(1)40

Par34 = −1440 V σ2 sin(2 V)− 1440 V σ3 sin(3 V)− 1440 V σ4 sin(4 V)

− 1440 V σ5 sin(5 V)− 4277 V sin(V)− 4277 V sin(6 V) (A25)

− 1440 cos(7 V) + 1440,

Par35 = 1440 V σ2 cos(2 V) + 1440 V σ3 cos(3 V) + 1440 V σ4 cos(4 V)

+ 1440 V σ5 cos(5 V) + 4277 V cos(V) + 4277 V cos(6 V) (A26)

− 1440 sin(7 V),

Par36 = 5760 V2 σ2 + 12960 V2 σ3 + 23040 V2 σ4 (A27)

+ 36000 V2 σ5 + 4277 V2 + 8640,

Par37 = −18292729 cos(6 V)V2 + 12441600 σ2 cos(2 V) + 12441600 σ3 cos(3 V)

+ 12441600 σ4 cos(4 V) + 12441600 σ5 cos(5 V)− 51840000 cos(2 V)V2 σ2 σ5

+ 103680000 sin(7 V)V σ5 + 36953280 cos(V)− 43112160 cos(7 V)V2

− 332579520 sin(6 V)V3 σ3 − 93312000 sin(5 V)V3 σ3 σ5 − 87091200 cos(7 V)

− 99532800 sin(3 V)V3 σ3 σ4 − 37324800 V σ3 sin(3 V)− 24883200 V σ2 sin(2 V)

− 49766400 V σ4 sin(4 V)− 62208000 V σ5 sin(5 V)− 6158880 cos(5 V)V2 σ5

− 18662400 cos(2 V)V2 σ2 σ3 + 36953280 cos(6 V)− 37324800 sin(2 V)V3 σ2 σ3

− 55429920 cos(6 V)V2 σ3 − 8294400 cos(5 V)V2 σ2 σ5 − 6158880 cos(4 V)V2 σ4

− 98542080 cos(6 V)V2 σ4 − 591252480 sin(6 V)V3 σ4 − 923832000 sin(6 V)V3 σ5

− 33177600 cos(3 V)V2 σ3 σ4 − 130636800 cos(7 V)V2 σ3

− 33177600 cos(2 V)V2 σ2 σ4 − 33177600 cos(5 V)V2 σ4 σ5

− 155520000 sin(3 V)V3 σ3 σ5 − 36953280 V sin(V)− 221719680 V sin(6 V)

− 51840000 cos(3 V)V2 σ3 σ5 − 153972000 cos(6 V)V2 σ5 − 8294400 cos(2 V)V2 σ2
2 (A28)

− 33177600 cos(4 V)V2 σ4
2 − 51840000 cos(4 V)V2 σ4 σ5 − 18662400 cos(5 V)V2 σ3 σ5

− 24635520 cos(6 V)V2 σ2 − 207360000 sin(4 V)V3 σ4 σ5 − 24635520 sin(4 V)V3 σ4

− 98542080 cos(V)V2 σ4 − 103680000 sin(2 V)V3 σ2 σ5 − 6158880 cos(2 V)V2 σ2

− 362880000 cos(7 V)V2 σ5 − 16588800 sin(2 V)V3 σ2
2 − 55987200 sin(3 V)V3 σ3

2

− 12317760 sin(2 V)V3 σ2 − 259200000 sin(5 V)V3 σ5
2 − 132710400 sin(4 V)V3 σ4

2

− 24883200 sin(3 V)V3 σ2 σ3 + 16588800 sin(7 V)V σ2 − 55429920 cos(V)V2 σ3

− 24635520 cos(V)V2 σ2 − 33177600 sin(4 V)V3 σ2 σ4 − 74649600 sin(4 V)V3 σ3 σ4

− 109756374 sin(6 V)V3 − 18292729 cos(V)V2 − 153972000 sin(V)V3 σ5

− 147813120 sin(6 V)V3 σ2 − 66355200 sin(2 V)V3 σ2 σ4 − 18476640 sin(3 V)V3 σ3

− 24635520 sin(V)V3 σ2 − 30794400 sin(5 V)V3 σ5 − 8294400 cos(3 V)V2 σ2 σ3

− 51840000 cos(5 V)V2 σ5
2 − 58060800 cos(7 V)V2 σ2 − 8294400 cos(4 V)V2 σ2 σ4

− 18292729 sin(V)V3 + 12317760 sin(7 V)V − 18662400 cos(3 V)V2 σ3
2

− 55429920 sin(V)V3 σ3 − 98542080 sin(V)V3 σ4 − 232243200 cos(7 V)V2 σ4

− 6158880 cos(3 V)V2 σ3 + 66355200 sin(7 V)V σ4 + 37324800 sin(7 V)V σ3

− 153972000 cos(V)V2 σ5 − 18662400 cos(4 V)V2 σ3 σ4

− 165888000 sin(5 V)V3 σ4 σ5,

Par38 = 33177600 V4 σ2
2 + 149299200 V4 σ2 σ3 + 265420800 V4 σ2 σ4

+ 414720000 V4 σ2 σ5 + 167961600 V4 σ3
2 + 597196800 V4 σ3 σ4

+ 933120000 V4 σ3 σ5 + 530841600 V4 σ4
2 + 1658880000 V4 σ4 σ5

+ 1296000000 V4 σ5
2 + 49271040 V4 σ2 (A29)

+ 110859840 V4 σ3 + 197084160 V4 σ4

+ 307944000 V4 σ5 + 18292729 V4 + 99532800 V2 σ2 + 223948800 V2 σ3

+ 398131200 V2 σ4 + 622080000 V2 σ5 + 73906560 V2 + 74649600

− 41472000 sin(5 V)V3 σ2 σ5,
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Par39 = 91445760000000 sin(7 V)V4 σ5
2 − 1317076488000 cos(V)V5 σ5

+ 477757440000 sin(5 V)V4 σ2
2 σ5 + 429981696000 cos(3 V)V3 σ2 σ3

2

− 7981908480000 cos(6 V)V σ5 − 1277105356800 cos(V)V σ2

− 1289945088000 sin(7 V)V2 σ2 σ3 + 2006581248000 cos(7 V)V σ2

− 3583180800000 sin(7 V)V2 σ2 σ5 − 5159780352000 sin(7 V)V2 σ3 σ4

+ 5689770428160 sin(6 V)V4 σ3 − 6115295232000 cos(4 V)V5 σ2 σ4
2

+ 2270409523200 cos(6 V)V3 σ2 σ4 − 749258035200 V σ2 cos(2 V)

− 1286735155200 V σ3 cos(3 V) + 1277105356800 sin(4 V)V4 σ3 σ4

+ 567602380800 sin(4 V)V4 σ2 σ4 + 105366119040 sin(2 V)V4 σ2

+ 967458816000 sin(2 V)V4 σ2 σ3
2 − 12093235200000 cos(3 V)V5 σ3

2 σ5

+ 95551488000 cos(5 V)V3 σ2
2 σ5 + 41233328640000 sin(7 V)V2 σ5

− 5108421427200 cos(V)V σ4 + 429981696000 cos(4 V)V3 σ2 σ3 σ4

+ 3476564582400 sin(7 V)V4 σ2 − 38220595200000 cos(4 V)V5 σ4
2 σ5

− 638552678400 sin(V)− 210732238080 cos(V)V5 σ2

+ 1135204761600 sin(2 V)V4 σ2 σ4 + 1194393600000 cos(4 V)V3 σ2 σ4 σ5

− 1719926784000 cos(4 V)Vσ4
2 − 2687385600000 cos(5 V)Vσ5

2

− 1277105356800 cos(6 V)V σ2 + 6597332582400 sin(7 V)V2 σ2

+ 3547514880000 cos(6 V)V3 σ2 σ5 − 283801190400 cos(2 V)V5 σ2
2

− 30345442283520 cos(6 V)V5 σ4 − 3006661939200 V σ5 cos(5 V)

− 7095029760000 cos(V)V5 σ4 σ5 + 1528823808000 cos(2 V)V3 σ2 σ4
2

− 2687385600000 cos(4 V)V σ4 σ5 − 967458816000 cos(3 V)Vσ3
2

− 842928952320 cos(V)V5 σ4 + 2687385600000 cos(4 V)V3 σ3 σ4 σ5

− 474147535680 cos(V)V5 σ3 + 15804917856000 sin(6 V)V4 σ5

− 5108421427200 cos(6 V)V σ4 − 2873487052800 cos(6 V)V σ3 (A30)

+ 7981908480000 sin(V)V4 σ3 σ5 − 429981696000 cos(2 V)Vσ2
2

+ 158049178560 sin(3 V)V4 σ3 + 483729408000 cos(4 V)V3 σ3
2 σ4

+ 957829017600 sin(3 V)V4 σ3
2 − 16949237760 cos(V)V3 σ4

+ 210732238080 sin(4 V)V4 σ4 + 1685857904640 sin(V)V4 σ4

+ 4514807808000 cos(7 V)V σ3 + 1528823808000 cos(3 V)V3 σ3 σ4
2

− 5108421427200 cos(6 V)V5 σ2
2 − 9533946240 cos(V)V3 σ3

+ 7981908480000 cos(V)V3 σ3 σ5 − 2687385600000 cos(3 V)V σ3 σ5

+ 27244914278400 sin(6 V)V4 σ4
2 − 1135204761600 cos(4 V)V5 σ2 σ4

− 191102976000 cos(2 V)V5 σ2
3 + 1489956249600 cos(7 V)V

+ 7822270310400 sin(7 V)V4 σ3 + 21403533312000 cos(7 V)V3 σ4
2

− 33533549562240 cos(6 V)V3 σ3 − 12230590464000 cos(4 V)V5 σ4
3

+ 52254720000000 cos(7 V)V3 σ5
2 + 3583180800000 sin(3 V)V4 σ2 σ3 σ5

− 1773757440000 cos(5 V)V5 σ2 σ5 + 19110297600000 sin(4 V)V4 σ4
2 σ5

− 2293235712000 sin(7 V)V2 σ2 σ4 + 7946433331200 cos(7 V)V3 σ4

− 4237309440 cos(V)V3 σ2 + 4469868748800 cos(7 V)V3 σ3

+ 85140357120000 sin(6 V)V4 σ4 σ5 + 2270409523200 sin(4 V)V4 σ4
2

− 78238001933 cos(V)V5 − 26483184000 cos(V)V3 σ5

+ 1986608332800 cos(7 V)V3 σ2 + 8026324992000 cos(7 V)V σ4

− 1650124082880 cos(4 V)V3 σ4 − 8605340467200 cos(4 V)V3 σ4
2

+ 764411904000 cos(4 V)V3 σ2 σ4
2 + 429981696000 cos(2 V)V3 σ2

2 σ3

+ 21728528640000 sin(7 V)V4 σ5 + 95551488000 cos(3 V)V3 σ2
2 σ3

− 7739670528000 cos(3 V)V5 σ3
2 σ4 − 9555148800000 cos(5 V)V5 σ2 σ4 σ5

+ 6772211712000 cos(7 V)V3 σ3
2 + 14190059520000 cos(6 V)V3 σ4 σ5
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− 63855267840000 cos(6 V)V5 σ2 σ5 − 11085984000000 cos(5 V)V5 σ5
2

− 4540819046400 cos(4 V)V5 σ4
2 + 2528786856960 sin(6 V)V4 σ2

+ 263415297600 sin(5 V)V4 σ5 + 1337720832000 cos(7 V)V3 σ2
2

− 2176782336000 cos(3 V)V5 σ3
3 + 283801190400 sin(2 V)V4 σ2

2

− 105366119040 cos(2 V)V5 σ2 − 638552678400 cos(3 V)V5 σ2 σ3

− 7095029760000 cos(5 V)V5 σ4 σ5 + 10115147427840 sin(6 V)V4 σ4

+ 859963392000 sin(2 V)V4 σ2
2 σ3 − 421464476160 cos(4 V)V5 σ4

+ 1528823808000 cos(5 V)V3 σ4
2 σ5 − 905145958080 cos(3 V)V3 σ3

− 2583100108800 cos(3 V)V3 σ3
2 + 283801190400 sin(V)V4 σ2

2

+ 1702807142400 sin(6 V)V4 σ2
2 + 1194393600000 cos(3 V)V3 σ2 σ3 σ5

+ 938856023196 sin(6 V)V4 + 18662400000000 sin(5 V)V4 σ5
3

− 373018726080 cos(2 V)V3 σ2 + 2388787200000 sin(2 V)V4 σ2
2 σ5

+ 8620461158400 sin(6 V)V4 σ3
2 − 431408332800 cos(2 V)V3 σ2

2

+ 12541132800000 cos(7 V)V σ5 + 13906258329600 sin(7 V)V4 σ4

+ 26389330329600 sin(7 V)V2 σ4 − 1719926784000 cos(5 V)V σ4 σ5

+ 1277105356800 cos(6 V)V3 σ2 σ3 − 1135204761600 cos(2 V)V5 σ2 σ4

− 46656000000000 cos(5 V)V5 σ5
3 + 1719926784000 sin(4 V)V4 σ2 σ3 σ4

− 93148748784000 cos(6 V)V3 σ5 − 237073767840 cos(3 V)V5 σ3

+ 10701766656000 cos(7 V)V3 σ2 σ4 − 7586360570880 cos(6 V)V5 σ2

− 25861383475200 cos(6 V)V5 σ3
2 + 3732480000000 cos(5 V)V3 σ5

3

− 764411904000 cos(4 V)V5 σ2
2 σ4 − 11223064852454 cos(6 V)V3

+ 421464476160 sin(V)V4 σ2 + 483729408000 cos(3 V)V3 σ3
3

+ 1194393600000 cos(2 V)V3 σ2
2 σ5 + 37456183296000 sin(7 V)V4 σ4

2

− 3990954240000 cos(5 V)V5 σ3 σ5 + 4586471424000 sin(3 V)V4 σ3 σ4
2

+ 1719926784000 cos(3 V)V3 σ3
2 σ4 + 948295071360 sin(V)V4 σ3

+ 3057647616000 sin(2 V)V4 σ2 σ4
2 + 1528823808000 cos(4 V)V3 σ4

3

− 658538244000 cos(5 V)V5 σ5 + 3439853568000 sin(2 V)V4 σ2 σ3 σ4

− 59615199221760 cos(6 V)V3 σ4 − 429981696000 cos(3 V)V5 σ2
2 σ3

− 1436743526400 cos(3 V)V5 σ3
2 − 13765120819200 cos(5 V)V3 σ4 σ5

− 2607953100480 cos(5 V)V3 σ5 − 17069311284480 cos(6 V)V5 σ3

+ 1719926784000 cos(5 V)V3 σ3 σ4 σ5 + 4434393600000 sin(5 V)V4 σ5
2

− 5542992000000 cos(V)V5 σ5
2 + 2634152976000 sin(V)V4 σ5

+ 3732480000000 cos(4 V)V3 σ4 σ5
2 + 1719926784000 cos(4 V)V3 σ3 σ4

2

+ 16721510400000 cos(7 V)V3 σ2 σ5 + 8599633920000 sin(5 V)V4 σ3 σ4 σ5

− 7742880460800 cos(5 V)V3 σ3 σ5 − 81734742835200 cos(6 V)V5 σ4
2

− 967458816000 cos(5 V)V σ3 σ5 − 11197440000000 sin(7 V)V2 σ5
2

− 718371763200 cos(V)V5 σ3
2 − 6879707136000 cos(3 V)V5 σ3 σ4

2

+ 95551488000 cos(2 V)V3 σ2
3 + 6879707136000 sin(4 V)V4 σ3 σ4

2

+ 2687385600000 cos(3 V)V3 σ3
2 σ5 − 4586471424000 sin(7 V)V2 σ4

2

+ 191102976000 sin(2 V)V4 σ2
3 − 2554210713600 cos(V)V5 σ3 σ4

+ 1277105356800 cos(V)V3 σ2 σ3 − 1451188224000 sin(7 V)V2 σ3
2

− 970668748800 cos(2 V)V3 σ2 σ3 − 286654464000 sin(7 V)V2 σ2
2

− 199547712000000 cos(6 V)V5 σ5
2 − 1148044492800 cos(3 V)V3 σ2 σ3

+ 12416302080000 cos(7 V)V3 σ5 − 159622353254 cos(V)V3

+ 11851370496000 sin(7 V)V4 σ3
2 + 1194393600000 cos(5 V)V3 σ2 σ5

2

+ 3732480000000 cos(2 V)V3 σ2 σ5
2 + 2293235712000 sin(3 V)V4 σ2 σ3 σ4

− 638552678400 cos(2 V)V5 σ2 σ3 + 11085984000000 cos(6 V)V3 σ5
2

+ 4540819046400 cos(6 V)V3 σ4
2 + 66515904000000 sin(6 V)V4 σ5

2
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− 1773757440000 cos(V)V5 σ2 σ5 + 4777574400000 cos(2 V)V3 σ2 σ4 σ5

− 2554210713600 cos(3 V)V5 σ3 σ4 + 1436743526400 cos(6 V)V3 σ3
2

− 7095029760000 cos(4 V)V5 σ4 σ5 − 967458816000 cos(4 V)V σ3 σ4

+ 1290734958240 sin(7 V)V4 + 638552678400 sin(2 V)V4 σ2 σ3

+ 14332723200000 sin(3 V)V4 σ3 σ4 σ5 − 7175278080000 cos(3 V)V3 σ3 σ5

+ 5373701222400 sin(7 V)− 638552678400 cos(V)V5 σ2 σ3 + 5056797695040 sin(7 V)V2

− 3831316070400 sin(6 V)− 1267571410560 V cos(V)− 12442243282560 V cos(6 V)

+ 573308928000 sin(7 V)σ4 + 895795200000 sin(7 V)σ5 + 143327232000 sin(7 V)σ2

+ 322486272000 sin(7 V)σ3 + 4540819046400 sin(V)V4 σ4
2

+ 30650528563200 sin(6 V)V4 σ3 σ4 + 2270409523200 sin(V)V4 σ2 σ4

+ 3547514880000 cos(V)V3 σ2 σ5 + 283801190400 cos(V)V3 σ2
2

+ 95551488000 cos(4 V)V3 σ2
2 σ4 + 14929920000000 sin(4 V)V4 σ4 σ5

2

+ 5108421427200 cos(V)V3 σ3 σ4 + 1436743526400 sin(V)V4 σ3
2

+ 4540819046400 cos(V)V3 σ4
2 − 859963392000 σ4 sin(4 V)− 1074954240000 σ5 sin(5 V)

− 429981696000 σ2 sin(2 V)− 644972544000 σ3 sin(3 V) + 11085984000000 cos(V)V3 σ5
2

− 5374771200000 cos(5 V)V5 σ2 σ3 σ5 + 2341011456000 sin(7 V)V4 σ2
2

+ 3547514880000 sin(4 V)V4 σ4 σ5 + 23887872000000 sin(5 V)V4 σ4 σ5
2

+ 11085984000000 sin(V)V4 σ5
2 + 11197440000000 sin(3 V)V4 σ3 σ5

2

+ 1436743526400 cos(V)V3 σ3
2 + 5159780352000 sin(3 V)V4 σ3

2 σ4

+ 9555148800000 sin(2 V)V4 σ2 σ4 σ5 + 2270409523200 cos(V)V3 σ2 σ4

− 22987896422400 cos(6 V)V5 σ2 σ3 − 1719926784000 cos(3 V)V σ3 σ4

− 21508001280000 cos(5 V)V3 σ5
2 + 483729408000 cos(2 V)V3 σ2 σ3

2

+ 283801190400 cos(6 V)V3 σ2
2 − 859963392000 cos(2 V)V5 σ2

2 σ3

− 3990954240000 cos(V)V5 σ3 σ5 − 4592177971200 cos(3 V)V3 σ3 σ4

− 2270409523200 cos(V)V5 σ4
2 − 2816568069588 cos(6 V)V5

− 141900595200 cos(V)V5 σ2
2 − 14929920000000 cos(5 V)V5 σ2 σ5

2

− 3990954240000 cos(3 V)V5 σ3 σ5 − 255421071360000 cos(6 V)V5 σ4 σ5

− 47414753568000 cos(6 V)V5 σ5 − 21499084800000 cos(4 V)V5 σ3 σ4 σ5

+ 156476003866 sin(V)V4 − 13759414272000 cos(4 V)V5 σ3 σ4
2

+ 1596381696000 sin(5 V)V4 σ3 σ5 − 19110297600000 cos(5 V)V5 σ4
2 σ5

− 9555148800000 cos(2 V)V5 σ2 σ4 σ5 + 764411904000 cos(3 V)V3 σ2 σ3 σ4

+ 5971968000000 sin(5 V)V4 σ2 σ5
2 − 429981696000 cos(5 V)V σ2 σ5

− 967458816000 cos(2 V)V σ2 σ3 − 1528823808000 cos(2 V)V5 σ2
2 σ4

+ 47891450880000 sin(6 V)V4 σ3 σ5 − 143674352640000 cos(6 V)V5 σ3 σ5

+ 1773757440000 sin(2 V)V4 σ2 σ5 + 13622457139200 sin(6 V)V4 σ2 σ4

+ 29262643200000 sin(7 V)V4 σ2 σ5 − 6046617600000 cos(5 V)V5 σ3
2 σ5

+ 1528823808000 sin(2 V)V4 σ2
2 σ4 + 425701785600 sin(3 V)V4 σ2 σ3

− 3439853568000 cos(3 V)V5 σ2 σ3 σ4 − 29859840000000 cos(4 V)V5 σ4 σ5
2

+ 3057647616000 sin(4 V)V4 σ2 σ4
2 − 429981696000 cos(3 V)V σ2 σ3

− 3057647616000 cos(2 V)V5 σ2 σ4
2 − 5374771200000 cos(3 V)V5 σ2 σ3 σ5

− 21499084800000 cos(5 V)V5 σ3 σ4 σ5 − 1719926784000 cos(2 V)V σ2 σ4

+ 10534551552000 sin(7 V)V4 σ2 σ3 + 42138206208000 sin(7 V)V4 σ3 σ4

+ 5374771200000 sin(2 V)V4 σ2 σ3 σ5 + 2660636160000 sin(3 V)V4 σ3 σ5

+ 14190059520000 sin(V)V4 σ4 σ5 + 2418647040000 sin(5 V)V4 σ3
2 σ5

− 1194393600000 cos(5 V)V5 σ2
2 σ5 + 1702807142400 sin(3 V)V4 σ3 σ4

− 3439853568000 cos(4 V)V5 σ2 σ3 σ4 + 1289945088000 sin(3 V)V4 σ2 σ3
2

− 7464960000000 cos(2 V)V5 σ2 σ5
2 − 33592320000000 cos(5 V)V5 σ3 σ5

2

− 2687385600000 cos(2 V)V σ2 σ5 + 2149908480000 sin(5 V)V4 σ2 σ3 σ5
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+ 4777574400000 cos(3 V)V3 σ3 σ4 σ5 + 18728091648000 sin(7 V)V4 σ2 σ4

+ 382205952000 sin(4 V)V4 σ2
2 σ4 + 4777574400000 sin(4 V)V4 σ2 σ4 σ5

+ 764411904000 cos(5 V)V3 σ2 σ4 σ5 − 5374771200000 cos(2 V)V5 σ2 σ3 σ5

+ 6019743744000 cos(7 V)V3 σ2 σ3 − 91951585689600 cos(6 V)V5 σ3 σ4

− 16796160000000 cos(3 V)V5 σ3 σ5
2 − 2554210713600 cos(4 V)V5 σ3 σ4

+ 429981696000 cos(5 V)V3 σ2 σ3 σ5 + 1934917632000 sin(4 V)V4 σ3
2 σ4

− 3441280204800 cos(5 V)V3 σ2 σ5 + 13436928000000 sin(5 V)V4 σ3 σ5
2

− 14332723200000 sin(7 V)V2 σ4 σ5 − 2388787200000 cos(2 V)V5 σ2
2 σ5

+ 483729408000 cos(5 V)V3 σ3
2 σ5 + 7662632140800 sin(6 V)V4 σ2 σ3

− 59719680000000 cos(5 V)V5 σ4 σ5
2 + 2687385600000 cos(5 V)V3 σ3 σ5

2

+ 117050572800000 sin(7 V)V4 σ4 σ5 + 3822059520000 sin(5 V)V4 σ2 σ4 σ5

+ 1277105356800 sin(V)V4 σ2 σ3 − 13445844480000 cos(4 V)V3 σ4 σ5

− 1725633331200 cos(2 V)V3 σ2 σ4 + 4777574400000 cos(4 V)V3 σ4
2 σ5

+ 24078974976000 cos(7 V)V3 σ3 σ4 + 2687385600000 cos(2 V)V3 σ2 σ3 σ5

− 429981696000 cos(4 V)V σ2 σ4 − 4840504012800 cos(4 V)V3 σ3 σ4

+ 7464960000000 sin(2 V)V4 σ2 σ5
2 + 37623398400000 cos(7 V)V3 σ3 σ5

− 1773757440000 cos(2 V)V5 σ2 σ5 + 14190059520000 cos(V)V3 σ4 σ5

+ 65840947200000 sin(7 V)V4 σ3 σ5 − 967458816000 cos(2 V)V5 σ2 σ3
2

− 2696302080000 cos(2 V)V3 σ2 σ5 + 709502976000 sin(5 V)V4 σ2 σ5

+ 10749542400000 sin(4 V)V4 σ3 σ4 σ5 + 1719926784000 cos(2 V)V3 σ2 σ3 σ4

+ 3547514880000 sin(V)V4 σ2 σ5 − 1934917632000 cos(3 V)V5 σ2 σ3
2

+ 21285089280000 sin(6 V)V4 σ2 σ5 − 8062156800000 sin(7 V)V2 σ3 σ5

+ 5108421427200 sin(V)V4 σ3 σ4 + 286654464000 sin(3 V)V4 σ2
2 σ3

+ 4777574400000 cos(5 V)V3 σ4 σ5
2 + 2838011904000 sin(5 V)V4 σ4 σ5

+ 66886041600000 cos(7 V)V3 σ4 σ5 − 40867371417600 cos(6 V)V5 σ2 σ4

+ 5108421427200 cos(6 V)V3 σ3 σ4 − 2873487052800 cos(V)V σ3

+ 6115295232000 sin(4 V)V4 σ4
3 − 7981908480000 cos(V)V σ5

− 9555148800000 cos(4 V)V5 σ2 σ4 σ5 + 14843998310400 sin(7 V)V2 σ3

− 21499084800000 cos(3 V)V5 σ3 σ4 σ5 − 2039203123200 V σ4 cos(4 V)

− 14903799805440 cos(6 V)V3 σ2 + 7981908480000 cos(6 V)V3 σ3 σ5

+ 1451188224000 sin(3 V)V4 σ3
3 + 3732480000000 cos(3 V)V3 σ3 σ5

2

− 1135204761600 cos(V)V5 σ2 σ4 + 7644119040000 sin(5 V)V4 σ4
2 σ5

− 2151335116800 cos(4 V)V3 σ2 σ4 + 764411904000 cos(2 V)V3 σ2
2 σ4

− 3869835264000 cos(4 V)V5 σ3
2 σ4 + 737562833280 cos(7 V)V3

+ 8062156800000 sin(3 V)V4 σ3
2 σ5 − 3439853568000 cos(2 V)V5 σ2 σ3 σ4,

Par40 = 191102976000 V6 σ2
3 + 425701785600 V6 σ2

2

+ 1289945088000 V6 σ2
2 σ3 + 2293235712000 V6 σ2

2 σ4

+ 3583180800000 V6 σ2
2 σ5 + 2902376448000 V6 σ2 σ3

2

+ 10319560704000 V6 σ2 σ3 σ4 + 16124313600000 V6 σ2 σ3 σ5

+ 9172942848000 V6 σ2 σ4
2 + 28665446400000 V6 σ2 σ4 σ5

+ 22394880000000 V6 σ2 σ5
2 + 2176782336000 V6 σ3

3 + 11609505792000 V6 σ3
2 σ4

+ 18139852800000 V6 σ3
2 σ5 + 20639121408000 V6 σ3 σ4

2

+ 64497254400000 V6 σ3 σ4 σ5 + 50388480000000 V6 σ3 σ5
2 (A31)

+ 12230590464000 V6 σ4
3 + 57330892800000 V6 σ4

2 σ5

+ 89579520000000 V6 σ4 σ5
2 + 46656000000000 V6 σ5

3

+ 1915658035200 V6 σ2 σ3 + 3405614284800 V6 σ2 σ4

+ 5321272320000 V6 σ2 σ5 + 2155115289600 V6 σ3
2

+ 7662632140800 V6 σ3 σ4 + 21285089280000 V6 σ4 σ5

+ 11972862720000 V6 σ3 σ5 + 6811228569600 V6 σ4
2
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+ 16628976000000 V6 σ5
2 + 316098357120 V6 σ2

+ 711221303520 V6 σ3 + 78238001933 V6

+ 1264393428480 V6 σ4 + 1975614732000 V6 σ5

+ 859963392000 V4 σ2
2 + 3869835264000 V4 σ2 σ3

+ 6879707136000 V4 σ2 σ4 + 15479341056000 V4 σ3 σ4

+ 10749542400000 V4 σ2 σ5 + 4353564672000 V4 σ3
2

+ 24186470400000 V4 σ3 σ5 + 13759414272000 V4 σ4
2

+ 42998169600000 V4 σ4 σ5 + 2873487052800 V4 σ3

+ 33592320000000 V4 σ5
2 + 1277105356800 V4 σ2

+ 5108421427200 V4 σ4 + 7981908480000 V4 σ5

+ 474147535680 V4 + 5159780352000 V2 σ4

+ 1289945088000 V2 σ2 + 2902376448000 V2 σ3

+ 8062156800000 V2 σ5 + 957829017600 V2 + 644972544000.

Appendix I. Formulae Parτ , τ = 41(1)45

Par41 = 48960 V2 cos(3 V) + 111202 V3 sin(2 V)− 1440 V2 cos(11 V)

− 4277 V3 sin(10 V) + 1440 cos(10 V)− 1440 cos(4 V)

+ 5040 V sin(10 V)− 41760 V2 cos(5 V)− 15120 V sin(4 V)

− 8554 V3 sin(9 V) + 4277 V3 sin(7 V) + 1440 V2

− 1440 cos(12 V)− 68432 V3 sin(4 V)− 4277 V3 sin(8 V)

− 2880 cos(V)V2 + 16560 V sin(2 V)− 1440 V2 cos(9 V)

+ 30240 V2 cos(4 V)− 51840 V2 cos(2 V) + 4277 V3 sin(11 V)

+ 1440 cos(6 V)V2 − 115479 sin(V)V3 + 21385 sin(6 V)V3

− 1440 cos(7 V)V2 + 4320 V2 cos(12 V)− 7200 V2 cos(10 V)

+ 1440 V2 cos(8 V) + 38493 V3 sin(3 V)− 3600 V sin(12 V)

+ 1440 cos(2 V), (A32)

Par42 = 4320 V2 − 1440 cos(V) + 1440 cos(11 V)

− 205296 sin(V)V3 + 56160 cos(V)V2 + 21385 V3 sin(8 V)

− 72709 V3 sin(4 V) + 145418 V3 sin(2 V) + 56160 V2 cos(3 V)

− 56160 V2 cos(5 V) + 17280 V2 cos(9 V)− 4277 V3 sin(10 V)

− 1440 cos(3 V) + 2880 cos(5 V) + 38493 V3 sin(3 V)

− 4320 V2 cos(11 V)− 12831 V3 sin(7 V) + 12831 V3 sin(5 V)

+ 12831 V3 sin(9 V) + 34560 V2 cos(4 V)− 82080 V2 cos(2 V)

+ 4320 V2 cos(10 V) + 4320 V2 cos(8 V)− 4320 V2 cos(13 V)

− 4277 V3 sin(12 V)− 16560 V sin(3 V) + 3600 V sin(11 V)

− 11520 V sin(9 V) + 28800 V sin(5 V) + 34560 cos(6 V)V2

+ 3600 V sin(13 V)− 12831 sin(6 V)V3 − 4320 cos(7 V)V2

− 16560 V sin(V) + 1440 cos(13 V)− 2880 cos(9 V), (A33)

Par43 = 2880 cos(2 V) + 4320 V2 − 273728 sin(V)V3

+ 31680 cos(V)V2 − 1440 cos(6 V) + 11520 V2 cos(12 V)

− 13680 V sin(6 V) + 12831 V3 sin(11 V)− 12831 V3 sin(8 V)

− 51324 V3 sin(4 V) + 89817 V3 sin(2 V) + 31680 V2 cos(3 V)

− 54720 V2 cos(5 V)− 4320 V2 cos(9 V) + 1440 cos(10 V)

+ 1440 cos(8 V) + 34216 V3 sin(3 V)− 12831 V3 sin(7 V)

+ 47047 V3 sin(5 V)− 12831 V3 sin(9 V) + 28800 V2 cos(4 V)

− 113760 V2 cos(2 V)− 10080 V2 cos(10 V)− 10080 V2 cos(8 V)

+ 28800 cos(6 V)V2 + 21385 sin(6 V)V3 − 4320 cos(7 V)V2

− 1440 cos(4 V)− 13680 V sin(4 V) + 31680 V sin(2 V)

− 2880 cos(12 V) + 6480 V sin(10 V)

+ 6480 V sin(8 V)− 8640 V sin(12 V), (A34)
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Par44 = 1440 V2 + 1440 cos(11 V)− 64155 sin(V)V3

− 2880 cos(V)V2 + 21385 V3 sin(8 V)− 68432 V3 sin(4 V)

+ 128310 V3 sin(2 V) + 56160 V2 cos(3 V)− 36000 V2 cos(5 V)

+ 12960 V2 cos(9 V)− 12831 V3 sin(10 V)− 1440 cos(3 V)

+ 1440 cos(5 V) + 25662 V3 sin(3 V)− 8640 V2 cos(11 V)

+ 4277 V3 sin(7 V)− 8554 V3 sin(5 V) + 23040 V2 cos(4 V)

− 27360 V2 cos(2 V) + 1440 V2 cos(8 V)− 15120 V sin(3 V)

+ 5040 V sin(11 V)− 6480 V sin(9 V) + 13680 V sin(5 V)

+ 1440 cos(6 V)V2 − 4277 sin(6 V)V3

− 1440 cos(7 V)V2 − 1440 cos(9 V), (A35)

Par45 = 1440 V3 sin(9 V) + 10080 V3 sin(3 V)− 2880 V3 sin(7 V)

+ 1440 V3 sin(5 V)− 30240 sin(V)V3. (A36)

Appendix J. Formulae Parφ, φ = 46(1)50

Par46 = −1440 V σ2 sin(2 V)− 1440 V σ3 sin(3 V)− 1440 V σ4 sin(4 V)

− 1440 V σ5 sin(5 V)− 4277 V sin(V)− 4277 V sin(6 V)

− 1440 cos(7 V) + 1440, (A37)

Par47 = 1440 V σ2 cos(2 V) + 1440 V σ3 cos(3 V) + 1440 V σ4 cos(4 V)

+ 1440 V σ5 cos(5 V) + 4277 V cos(V) + 4277 V cos(6 V)

− 1440 sin(7 V), (A38)

Par48 = 5760 V2 σ2 + 12960 V2 σ3 + 23040 V2 σ4

+ 36000 V2 σ5 + 4277 V2 + 8640, (A39)

Par49 = −1440 σ2 sin(2 V)− 2880 V σ2 cos(2 V)− 1440 σ3 sin(3 V)

− 4320 V σ3 cos(3 V)− 1440 σ4 sin(4 V)− 5760 V σ4 cos(4 V)

− 1440 σ5 sin(5 V)− 7200 V σ5 cos(5 V)− 4277 sin(V)

− 4277 V cos(V)− 4277 sin(6 V)− 25662 V cos(6 V)

+ 10080 sin(7 V), (A40)

Par50 = −5760 σ2 cos(2 V) + 5760 V σ2 sin(2 V)− 8640 σ3 cos(3 V)

+ 12960 V σ3 sin(3 V)− 11520 σ4 cos(4 V) + 23040 V σ4 sin(4 V)

− 14400 σ5 cos(5 V) + 36000 V σ5 sin(5 V)− 8554 cos(V) + 4277 V sin(V)

− 51324 cos(6 V) + 153972 V sin(6 V) + 70560 cos(7 V). (A41)



Mathematics 2024, 12, 3652 50 of 55

Appendix K. Formulae Parψ, ψ = 51(1)58

Par51 = −226080 − 4277 V3 sin(23 V)− 462960 V sin(14 V) + 7200 V sin(20 V)

+ 8640 V2 cos(21 V) + 36720 V sin(12 V)− 81360 V sin(18 V)

+ 452160 cos(7 V)− 581760 V2 cos(6 V)

− 7583121 V3 sin(4 V)− 705600 cos(V) + 5760 cos(22 V)

− 2239200 V sin(7 V)− 126720 V sin(2 V)

+ 1038960 V sin(10 V) + 5598593 V3 sin(3 V) + 139680 cos(10 V)

+ 358560 cos(8 V) + 54720 cos(11 V)

+ 5679856 V3 sin(8 V) + 19437120 V2 cos(2 V) + 12960 V sin(22 V)

+ 12960 V sin(17 V) + 2226960 V sin(8 V)

− 4320 V2 cos(24 V)− 311040 V2 cos(12 V) + 372960 V2 cos(16 V)

+ 54720 V sin(15 V) + 110880 cos(4 V)

+ 233280 cos(5 V)− 1609920 V2 cos(10 V) + 337883 V3 sin(13 V)

− 12831 V3 sin(21 V) + 25662 V3 sin(20 V)− 4320 V2 cos(17 V)

− 429120 V2 cos(13 V) + 3600 V sin(24 V)

− 2760480 V2 cos(8 V)− 220320 V sin(11 V) + 98371 V3 sin(17 V)

− 175680 V sin(3 V) + 2571120 V sin(6 V)

+ 358560 cos(6 V)− 27360 cos(18 V)− 1706400 V sin(5 V)

+ 5760 cos(20 V) + 1440 cos(24 V)

+ 1181520 V sin(4 V)− 4320 V2 cos(20 V)− 1543997 V3 sin(9 V)

− 2249702 V3 sin(7 V) + 3100825 V3 sin(V)

− 11492640 V2 cos(3 V)− 1141959 V3 sin(12 V)

− 12754014 V3 sin(2 V)− 2066400 V2 cos(7 V)

− 14400 V2 cos(22 V) + 4371094 V3 sin(6 V)

− 331920 V sin(16 V)− 161280 V2 cos(15 V)

+ 99360 V2 cos(18 V) + 1440 V2 cos(23 V) + 66240 V sin(13 V)

− 6763680 V2 cos(5 V) + 267840 cos(9 V)

− 440531 V3 sin(11 V)− 133920 cos(16 V) + 4277 V3 sin(22 V)

+ 433440 V2 cos(14 V) + 12702240 V2

+ 38493 V3 sin(18 V)− 11520 cos(15 V)− 537120 V2 cos(11 V)

+ 987987 V3 sin(10 V)− 2880 cos(17 V)

− 11520 cos(13 V) + 350714 V3 sin(15 V)− 774137 V3 sin(14 V)

+ 727090 V3 sin(5 V) + 349920 V sin(V)

− 13900320 V2 cos(V)− 250560 cos(2 V)− 276480 cos(3 V)

+ 21600 V2 cos(19 V)− 226080 cos(14 V)

− 116640 cos(12 V) + 8045280 V2 cos(4 V)

− 153972 V3 sin(16 V)− 1211040 V sin(9 V)− 480960 V2 cos(9 V), (A42)

Par52 = 125280 V3 sin(13 V)− 724320 V3 sin(7 V)

− 1440 V3 sin(21 V)− 4320 V3 sin(19 V)

+ 57600 V3 sin(11 V)− 341280 V3 sin(9 V)

+ 15840 V3 sin(5 V) + 1468800 V3 sin(3 V)

+ 43200 V3 sin(15 V) + 858240 V3 sin(V), (A43)

Par53 = −2877120 − 486720 cos(13 V) + 8429967 V3 sin(9 V)− 1877760 cos(V)

− 1392480 cos(15 V)− 1445760 cos(17 V)

− 339840 V2 cos(20 V)− 159060960 V2 cos(4 V)
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+ 224868960 V2 cos(3 V) + 21576960 V sin(5 V)

− 34246080 V2 cos(10 V)− 449280 cos(3 V)

− 1992960 cos(4 V)− 17694720 V sin(4 V)− 14280903 V3 sin(5 V)

+ 774720 cos(14 V) + 1837440 cos(12 V)

− 11128320 V sin(2 V) + 61572960 V2 cos(7 V)

− 56160 V2 cos(22 V)− 8827728 V3 sin(3 V)

− 19755360 V sin(8 V)− 1990080 V sin(19 V) + 4320 V2 cos(27 V)

− 46800 V sin(25 V) + 8891883 V3 sin(11 V)

+ 142002720 V2 cos(5 V)− 12960 V sin(20 V) + 37440 cos(18 V)

+ 218880 cos(16 V)− 16840800 V2 cos(12 V)

+ 24646320 V sin(7 V) + 1062720 V2 cos(21 V)

− 4320 V2 cos(24 V)− 5517330 V3 sin(7 V)

− 916560 V sin(21 V) + 1405440 cos(5 V) + 970560 cos(6 V)

− 105978240 V2 + 2198880 V2 cos(19 V)

+ 319680 V2 cos(23 V)− 1440 cos(27 V)− 18720 cos(25 V)

+ 2309580 V3 sin(13 V)− 269280 V sin(23 V)

+ 9413280 V2 cos(9 V)− 15465600 V sin(10 V)

+ 1599598 V3 sin(16 V) + 1971697 V3 sin(18 V)

+ 312221 V3 sin(22 V)− 2489214 V3 sin(14 V)

+ 1009372 V3 sin(20 V)− 654381 V3 sin(19 V)

− 141141 V3 sin(21 V)− 12831 V3 sin(23 V)

+ 15981120 V sin(3 V)− 2387520 V sin(17 V)

+ 2891520 cos(10 V) + 2784960 cos(8 V)

+ 16038000 V sin(11 V) + 14682941 V3 sin(6 V)

− 1086358 V3 sin(8 V)− 9020193 V3 sin(12 V)

+ 8994531 V3 sin(2 V) + 18378269 V3 sin(4 V)

− 11740365 V3 sin(10 V)− 7637760 V2 cos(13 V)

− 9642240 V2 cos(11 V) + 2263680 V2 cos(17 V)

− 993600 V sin(16 V)− 1218240 V2 cos(15 V)− 8881920 V sin(12 V)

− 168480 V sin(18 V)− 3589920 V sin(14 V)

+ 130320 V sin(15 V)− 1303200 V2 cos(18 V)

− 3636000 V2 cos(16 V)− 20239200 V sin(6 V)

+ 6108480 V sin(V)− 110543040 V2 cos(6 V)

− 590226 V3 sin(V)− 8166240 V2 cos(14 V)

− 1591044 V3 sin(15 V) + 6739200 V sin(13 V)

+ 977760 cos(11 V) + 56160 V2 cos(25 V)

+ 4277 V3 sin(26 V) + 23096160 V sin(9 V)

+ 2214720 cos(9 V)− 918720 cos(19 V)− 387360 cos(21 V)

− 109440 cos(23 V) + 2880 cos(20 V) + 55601 V3 sin(24 V)

− 4648320 cos(2 V) + 2489760 cos(7 V)

− 66064320 V2 cos(8 V)− 1591044 V3 sin(17 V)

− 196961760 V2 cos(2 V) + 277935840 V2 cos(V)

− 3600 V sin(27 V), (A44)

Par54 = 227520 V3 sin(13 V)− 14400 V3 sin(21 V)

− 61920 V3 sin(19 V)− 1440 V3 sin(23 V)

+ 770400 V3 sin(11 V) + 792000 V3 sin(9 V)

− 529920 V3 sin(7 V)− 1264320 V3 sin(5 V)



Mathematics 2024, 12, 3652 52 of 55

− 849600 V3 sin(3 V)− 144000 V3 sin(17 V)

− 135360 V3 sin(15 V) + 10080 V3 sin(V), (A45)

Par55 = −3470400 + 1529280 cos(13 V)− 44382429 V3 sin(9 V)

− 14506560 cos(V) + 388800 cos(15 V)

+ 51840 cos(17 V) + 2708640 V2 cos(20 V) + 337728960 V2 cos(4 V)

− 347340960 V2 cos(3 V)− 46877760 V sin(5 V)

− 39722400 V2 cos(10 V)− 7153920 cos(3 V)

+ 1602720 cos(4 V) + 31352400 V sin(4 V)

+ 54818309 V3 sin(5 V)− 3470400 cos(14 V)

− 1065600 cos(12 V) + 9105120 V sin(2 V)

− 140376960 V2 cos(7 V) + 738720 V2 cos(22 V)

+ 95809077 V3 sin(3 V) + 58559040 V sin(8 V)

− 29536962 V3 sin(11 V)− 239921280 V2 cos(5 V)

− 2118960 V sin(20 V)− 1974240 cos(18 V)

− 3335040 cos(16 V)− 23605920 V2 cos(12 V)

− 45959040 V sin(7 V)− 38880 V2 cos(21 V)

+ 103680 V2 cos(24 V)− 12232220 V3 sin(7 V)

+ 2131200 cos(5 V) + 6488640 cos(6 V) + 312485760 V2

− 349920 V2 cos(19 V)− 5902260 V3 sin(13 V)

− 71228160 V2 cos(9 V) + 41627520 V sin(10 V)

− 2001636 V3 sin(16 V)− 731367 V3 sin(18 V)

− 2540538 V3 sin(14 V)− 115479 V3 sin(20 V)

+ 2886975 V3 sin(19 V) + 808353 V3 sin(21 V)

+ 115479 V3 sin(23 V)− 32607360 V sin(3 V)

− 207360 V sin(17 V) + 3551040 cos(10 V) + 7058880 cos(8 V)

− 17595360 V sin(11 V)− 641550 V3 sin(6 V)

+ 14631617 V3 sin(8 V) + 1822002 V3 sin(12 V)

− 33151027 V3 sin(2 V)− 25871573 V3 sin(4 V)

+ 11778858 V3 sin(10 V)− 13919040 V2 cos(13 V)

− 32559840 V2 cos(11 V)− 1607040 V2 cos(17 V)

− 6687360 V sin(16 V)− 5274720 V2 cos(15 V)

+ 15979680 V sin(12 V)− 5022000 V sin(18 V)

− 1313280 V sin(14 V)− 1594080 V sin(15 V)

+ 6134400 V2 cos(18 V) + 7054560 V2 cos(16 V)

+ 53730720 V sin(6 V)− 11256480 V sin(V)

+ 127149120 V2 cos(6 V) + 55772080 V3 sin(V)

− 2020320 V2 cos(14 V) + 5927922 V3 sin(15 V)

− 6467040 V sin(13 V) + 3948480 cos(11 V)

− 25920 cos(24 V)− 194400 cos(22 V)− 33315840 V sin(9 V)

+ 6670080 cos(9 V)− 764640 cos(20 V)

− 4400640 cos(2 V) + 6940800 cos(7 V)− 2357280 V2 cos(8 V)

+ 6235866 V3 sin(17 V) + 543682080 V2 cos(2 V)

− 417463200 V2 cos(V)− 563760 V sin(22 V)

− 77760 V sin(24 V), (A46)

Par56 = 3517920 V3 sin(V) + 246240 V3 sin(17 V)

+ 397440 V3 sin(15 V) + 34560 V3 sin(13 V)

− 1154880 V3 sin(11 V)− 2417760 V3 sin(9 V)
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− 1239840 V3 sin(7 V) + 2443680 V3 sin(5 V)

+ 5019840 V3 sin(3 V) + 12960 V3 sin(21 V) + 77760 V3 sin(19 V), (A47)

Par57 = 1065600 + 99360 V2 cos(16 V) + 5640480 V sin(6 V) + 12960 cos(21 V)

− 892800 cos(8 V) + 905760 cos(V) + 395280 V sin(13 V)

− 115479 V3 sin(20 V) + 1419840 cos(2 V)

+ 250560 cos(3 V)− 4239360 V sin(5 V)

+ 28307520 V2 cos(4 V) + 9097179 V3 sin(10 V)

− 21911071 V3 sin(4 V) + 15685920 V2 cos(6 V)

+ 5581440 V2 cos(11 V)− 64155 V3 sin(6 V)

+ 179634 V3 sin(15 V) + 5411520 V sin(4 V) + 22809600 V2

+ 7241760 V2 cos(8 V) + 513240 V3 sin(5 V)

+ 288000 V2 cos(13 V) + 385920 V2 cos(14 V)

− 66029760 V2 cos(V) + 945360 V sin(V) + 2814266 V3 sin(V)

+ 540000 V sin(12 V)− 7595280 V sin(7 V) + 90720 V sin(14 V)

− 6483600 V sin(9 V) + 40559040 V2 cos(2 V)

− 47937600 V2 cos(3 V) + 3951948 V3 sin(3 V)

+ 12424685 V3 sin(8 V) + 1159200 V sin(15 V)

+ 12960 V2 cos(18 V) + 1385748 V3 sin(12 V)

− 26748358 V3 sin(2 V)− 2625120 V sin(11 V)

+ 446400 cos(15 V) + 239040 cos(17 V) + 459360 cos(13 V)

− 1877603 V3 sin(14 V)− 77760 V2 cos(21 V)

+ 2946240 V2 cos(10 V)− 23040 cos(4 V)

− 636480 cos(5 V) + 38493 V3 sin(17 V)− 1568160 V2 cos(15 V)

− 1188000 V2 cos(17 V)− 401760 V2 cos(19 V)

+ 1157760 V2 cos(12 V)− 918720 cos(6 V)

− 146880 cos(12 V)− 478080 cos(10 V)

− 709920 cos(9 V) + 73440 cos(19 V) + 11520 cos(11 V)

+ 3028320 V sin(2 V)− 19625760 V2 cos(5 V)

+ 2354400 V2 cos(7 V) + 299390 V3 sin(13 V)

+ 190080 V sin(3 V)− 1052640 cos(7 V)− 25920 cos(14 V)

− 1655199 V3 sin(16 V) + 1846080 V sin(10 V)

− 577395 V3 sin(18 V) + 750240 V sin(17 V)

− 51324 V3 sin(11 V) + 45360 V sin(21 V) + 244080 V sin(19 V)

− 1342978 V3 sin(9 V) + 9398880 V2 cos(9 V)

+ 3931200 V sin(8 V)− 1689415 V3 sin(7 V), (A48)

Par58 = 12960 V3 sin(19 V) + 60480 V3 sin(17 V)

+ 165600 V3 sin(15 V) + 129600 V3 sin(13 V)

− 259200 V3 sin(11 V)− 1018080 V3 sin(9 V)

− 884160 V3 sin(7 V) + 732960 V3 sin(5 V)

+ 2502720 V3 sin(3 V) + 1586880 V3 sin(V). (A49)

Appendix L. Formulae Park, k = 59, 60

Par59 = 16 α6σ1
2 + 8 α6 σ1 σ2 + 8 α6 σ1 σ4 + 32 α6 σ1 σ5

+ 72 α6 σ1 σ6 + α6σ2
2 + 2 α6 σ2 σ4 + 8 α6 σ2 σ5 + 18 α6 σ2 σ6

+ α6σ4
2 + 8 α6 σ4 σ5 + 18 α6 σ4 σ6 + 16 α6σ5

2 + 72 α6 σ5 σ6

+ 81 α6σ6
2 − 4 α4 σ1 σ2 − 16 α4 σ1 σ3 − 36 α4 σ1 σ4

− 64 α4 σ1 σ5 − 100 α4 σ1 σ6 − 4 α4 σ2 σ3 − 16 α4 σ2 σ4

− 36 α4 σ2 σ5 − 64 α4 σ2 σ6 − 4 α4 σ3 σ4 − 16 α4 σ3 σ5

− 36 α4 σ3 σ6 − 4 α4 σ4 σ5 − 16 α4 σ4 σ6 − 4 α4 σ5 σ6

+ 24 α4 σ1 + 24 α4 σ2 − 48 α4 σ4 − 120 α4 σ5 − 216 α4 σ6 + 81 α4 + 4 α2σ1
2

+ 8 α2 σ1 σ2 + 8 α2 σ1 σ3 + 8 α2 σ1 σ4 + 8 α2 σ1 σ5
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+ 8 α2 σ1 σ6 + 4 α2σ2
2 + 8 α2 σ2 σ3 + 8 α2 σ2 σ4 + 8 α2 σ2 σ5

+ 8 α2 σ2 σ6 + 4 α2σ3
2 + 8 α2 σ3 σ4 + 8 α2 σ3 σ5 + 8 α2 σ3 σ6

+ 4 α2σ4
2 + 8 α2 σ4 σ5 + 8 α2 σ4 σ6 + 4 α2σ5

2 + 8 α2 σ5 σ6

+ 4 α2σ6
2 + 8 α2 σ1 + 16 α2 σ2 + 24 α2 σ3 + 32 α2 σ4

+ 40 α2 σ5 + 48 α2 σ6 + 4 (A50)

Par60 = 16 α6σ1
2 + 8 α6 σ1 σ2 + 8 α6 σ1 σ4 + 32 α6 σ1 σ5

+ 72 α6 σ1 σ6 + α6σ2
2 + 2 α6 σ2 σ4 + 8 α6 σ2 σ5 + 18 α6 σ2 σ6

+ α6σ4
2 + 8 α6 σ4 σ5 + 18 α6 σ4 σ6 + 16 α6σ5

2 + 72 α6 σ5 σ6

+ 81 α6σ6
2 − 4 α4 σ1 σ2 − 16 α4 σ1 σ3 − 36 α4 σ1 σ4

− 64 α4 σ1 σ5 − 100 α4 σ1 σ6 − 4 α4 σ2 σ3 − 16 α4 σ2 σ4

− 36 α4 σ2 σ5 − 64 α4 σ2 σ6 − 4 α4 σ3 σ4 − 16 α4 σ3 σ5

− 36 α4 σ3 σ6 − 4 α4 σ4 σ5 − 16 α4 σ4 σ6 − 4 α4 σ5 σ6

+ 152 α4 σ1 + 56 α4 σ2 − 16 α4 σ4 + 8 α4 σ5 + 72 α4 σ6 + 81 α4 + 4 α2σ1
2

+ 8 α2 σ1 σ2 + 8 α2 σ1 σ3 + 8 α2 σ1 σ4 + 8 α2 σ1 σ5

+ 8 α2 σ1 σ6 + 4 α2σ2
2 + 8 α2 σ2 σ3 + 8 α2 σ2 σ4 + 8 α2 σ2 σ5

+ 8 α2 σ2 σ6 + 4 α2σ3
2 + 8 α2 σ3 σ4 + 8 α2 σ3 σ5 + 8 α2 σ3 σ6

+ 4 α2σ4
2 + 8 α2 σ4 σ5 + 8 α2 σ4 σ6 + 4 α2σ5

2 + 8 α2 σ5 σ6

+ 4 α2σ6
2 − 56 α2 σ1 − 48 α2 σ2 − 40 α2 σ3 − 32 α2 σ4

− 24 α2 σ5 − 16 α2 σ6 + 64 α2 + 4 (A51)
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