
Citation: Hassan, M.H.; El-Azab, T.;

AlNemer, G.; Sohaly, M.A.;

El-Metwally, H. Analysis

Time-Delayed SEIR Model with

Survival Rate for COVID-19 Stability

and Disease Control. Mathematics

2024, 12, 3697. https://doi.org/

10.3390/math12233697

Academic Editor: Necibe Tuncer

Received: 19 October 2024

Revised: 18 November 2024

Accepted: 20 November 2024

Published: 26 November 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Analysis Time-Delayed SEIR Model with Survival Rate for
COVID-19 Stability and Disease Control
M. H. Hassan 1,2,* , Tamer El-Azab 2, Ghada AlNemer 3 , M. A. Sohaly 2 and H. El-Metwally 2

1 October High Institute for Engineering and Technology, Giza 12596, Egypt
2 Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt;

dr_tamerazab@yahoo.com (T.E.-A.); m_abdelrahman@mans.edu.eg (M.A.S.); eaash69@yahoo.com (H.E.-M.)
3 Department of Mathematical Sciences, College of Sciences, Princess Nourah bint Abdulrahman University,

Riyadh 11671, Saudi Arabia; gnnemer@pnu.edu.sa
* Correspondence: mohamed.hassan445@yahoo.com

Abstract: This paper presents a mathematical model to examine the transmission and stability
dynamics of the SEIR model for COVID-19. To assess disease progression, the model incorporates
a time delay for the time delay and survival rates. Then, we use the Routh–Hurwitz criterion,
the LaSalle stability principle, and Hopf bifurcation analysis to look at disease-free and endemic
equilibrium points. We investigate global stability using the Lyapunov function and simulate the
model behavior with real COVID-19 data from Indonesia. The results confirm the impact of time
delay on disease transmission, mitigation strategies, and population recovery rates, demonstrating
that rapid interventions can significantly impact the course of the epidemic. The results indicate that
a balance between transmission reduction and vaccination efforts is crucial for achieving long-term
stability and controlling disease outbreaks. Finally, we estimate the degree of disease control and
look at the rate of disease spread by simulating the genuine data.

Keywords: SEIR model; delay differential equations; stability analysis; Hopf bifurcation; Lyapunov
function; COVID-19
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1. Introduction

Diseases and infections have always presented an imminent threat to both people and
animals. Diseases transmitted by blood or physical touch are known as communicable
diseases. Infections and diseases can also be transmitted by inhaling an airborne virus or
being bitten by a virus carrier. Moreover, breathing in airborne viruses or being attacked
by virus carriers can spread infections and diseases. These diseases and infections have
the potential to spread widely, resulting in pain, losses to the community, and financial
damages. These diseases cost millions of lives each year, especially in developing countries.
Mathematical modeling is an excellent tool for studying these diseases from various per-
spectives, estimating potential losses, and developing strategies to combat them. Utilizing
mathematical modeling to investigate these diseases from many perspectives, predict pos-
sible losses, and create strategies is a great idea. We followed these references [1–9] since
numerous models have been created to investigate the rates of transmission of various
endemic species.

Many authors have investigated epidemiological models with latent or incubation
periods because several diseases, like tuberculosis and influenza, have a period in which an
individual is diseased but not yet infectious. A typical technique to illustrate this incubation
period is to introduce an exposed class [10] or apply a delay effect [11]. As a result, it is
vital to compare these two modeling strategies with the incubation time.
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All SIR, SIS, SIRS, and SEIR epidemic models utilize delay differential equations
(DDEs) to simulate different infectious durations. Hethcote and van den Driessche [12]
analyzed an SIS epidemic model that considers the length of infectiousness and has a
constant time delay. Global stability in a SIR epidemic model with a given delay, which
characterizes the time it takes for an individual to lose infectiousness, was analyzed by
Beretta et al. [13]. Song and Cheng [14] investigated how time delay affects the stability of
an endemic equilibrium.

Plenty of authors have investigated the global stability of SIR, SIRS, SIS, and SEIR
models extensively, employing the directed Lyapunov technique to establish it. The devel-
opment of a Lyapunov function has made it easier to study global stability at the endemic
equilibrium point. We studied the following references to learn more about the Lyapunov
function [15–18]. For instance, the SEIR model is one of the models used to study infectious
diseases, where S stands for susceptible, a healthy person who is susceptible to infection;
E for exposed, a person infected with the disease but not yet contagious, meaning the
disease is in its incubation period; I for infectious, a person who can infect others before
showing symptoms; and R for recovered, a person who has recovered from the disease
due to vaccination or isolation. For more details related to epidemic models and infectious
diseases like the SEIR model, we refer to these references [12,13,19].

In epidemiology, Hopf bifurcation is a crucial dynamic phenomenon. It can be used
to interpret the periodic behavior of different infectious diseases. We refer the reader
to [20–26] for more details about a Hopf bifurcation. It has been shown that delays can
affect a system’s dynamic behavior in a complex way.

Suwardi Annas, etc. in [27] analyzed the stability of the COVID-19 pandemic’s trans-
mission throughout Indonesia and presented the SEIR model as the model Equation (1):

dS(t)
dt

= κ − (η I(t) + κ + ϑ)S(t),

dE(t)
dt

= η I(t)S(t)− (θ + κ)E(t),

dI(t)
dt

= θE(t)− (ϵ + σ + κ)I(t), (1)

dR(t)
dt

= σI(t) + ϑS(t)− κR(t),

where N(t) = S(t) + E(t) + I(t) + R(t) represents the human population, S represents
the number of susceptible individuals, E represents the number of exposed individuals,
I represents the number of infected individuals, R represents the number of recovered
individuals, with κ the rate of birth or death population, η is the probability of changing
from S to E, θ is the probability of changing from E to I, with the rate of death population
by COVID-19, ϵ, σ is the probability of changing from I to R, and ϑ is the vaccine of the
susceptible population.

Many diseases’ incubation periods are well-established. For example, it takes three to
fourteen days for dengue fever symptoms to manifest, seven days for the bird flu latent
period to manifest, and up to a year or more for the rabies incubation period to last. As a
result, there is a connection between the current disease spread and a certain past quantity
that can be easily observed as a constant number.

Applying the SEIR mathematical model, a research project was performed to inves-
tigate the spread of COVID-19. The model was built using the SEIR model, which is
presented in [28]. The generation matrix approach, as detailed in [29], was utilized in
the model analysis to determine the basic reproduction number and general stability of
COVID-19 propagation. We obtained secondary data on COVID-19 in Indonesia from [30]
to conduct computational simulations of the model, and then simulated our results to
estimate and mitigate the number of COVID-19 cases in Indonesia.

To the best of our knowledge, there is no previous literature specifically dealing with
model Equation (1) in the case of time delay that represents the improvement of the results
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in [27]. Therefore, our motivation in this paper is to provide the modification of the model
Equation (1) by adding the time delay, ξ, for S, I comparables, knowing that the fraction
of infected individuals and the survival rate is the e−κξ term at time t. We then go on to
discuss the Hopf bifurcation and stability analysis of the SEIR model, which is represented
in the model Equation (2). Finally, we rate this model by numerically simulating some data.
The following is the structure of the model Equation (2):

dS(t)
dt

= κ − η I(t − ξ)S(t − ξ)e−κξ − (κ + ϑ)S(t),

dE(t)
dt

= η I(t − ξ)S(t − ξ)e−κξ − (θ + κ)E(t),

dI(t)
dt

= θE(t)− (ϵ + σ + κ)I(t), (2)

dR(t)
dt

= σI(t) + ϑS(t)− κR(t).

On the other hand, ξ > 0 refers to the time before exposure to injury as a result of a decrease
in social interaction, either as a result of government-implemented disease control measures
or as a voluntary choice made by citizens.

This work aims to explore the analysis of local stability in both endemic and disease-
free equilibriums. After that, we use the Lyapunov function to investigate the epidemic
equilibrium’s global stability. Thus, we use the delay, ξ, as a parameter to examine the Hopf
bifurcation and show that a Hopf bifurcation occurs when the positive equilibrium loses
stability due to a delay that exceeds a threshold value. Finally, we employ a simulation of
the actual data to determine the degree of strength, moderateness, or weakness of disease
control and to look at the rate of disease transmission.

The organization of this paper is as follows. In Section 2, we recognize the existence of
positive equilibrium and examine the local stability in the equilibriums, including both the
epidemic and disease-free states. After that, we use the global stability of Lyapunov function
equilibrium to investigate the endemic situation. In Section 3, we use the linearized system’s
characteristic Equation (2) to determine whether Hopf bifurcations exist at the epidemic
equilibrium point. In Section 4, we use the Maple tool to determine the equilibrium points,
find the next generation matrix, and find the Jacobian to determine the eigenvalues, and
then use Matlab to simulate data to illustrate the level of disease control and the disease’s
rate of spread using the dde23 function.

2. The Stability Analysis of Equilibria

This section examines both the model equation’s endemic equilibrium Equation (2)
and the local stability of a disease-free equilibrium.

2.1. Some Results and Discussion

In this part of the article, our focus is on the disease-free and endemic equilibrium
points. These points are given by

(i) The first point is a disease-free equilibrium where there is no spread of disease and
that satisfies the conditions E = I = 0. It is given by

E0 = (S, E, I, R) =
(

κ

κ + ϑ
, 0, 0,

ϑ

(κ + ϑ)

)
. (3)
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(ii) The second point is endemic equilibrium that is used to predict the spread of disease
and satisfy the conditions S ̸= 0, E ̸= 0, I ̸= 0, and R ̸= 0. So that

E1 = (S, E, I, R) =



(ϵ+σ+κ)(κ+θ)
ηθe−κξ ,

ηκθe−κξ−(ϵ+σ+κ)(κ+θ)(κ+ϑ)
ηθ(κ+θ)eκξ ,

ηθκe−κξ−(ϵ+σ+κ)(κ+θ)(κ+ϑ)
η(ϵ+σ+κ)(κ+θ)e−κξ ,

ηθ2σκe−κξ+(ϵ+σ+κ)(κ+θ)[κ2ϑ+((ϑ−σ)θ+ϑ(σ+ϵ))κ+ϑθϵ]
η(ϵ+σ+κ)(κ+θ)θκeκξ .


(4)

The Basic Number of Reproduction ℜ0

The expected value of multiple vulnerable populations contracting the infection during
the endemic is represented by the basic reproduction number. Equations containing only
infection can be used to calculate basic reproduction numbers. The approach used to
calculate basic reproduction numbers employs the next-generation matrix G, which is
defined as:

G = FV−1.

The first step to find G, we obtain

F1 =

[
η ISe−κξ

0

]
, V1 =

[
(θ + κ)E

θE − (ϵ + σ + κ)I

]
.

Then we obtain F and V−1 matrices as follows:

F =

(
0 ηSe−κξ

0 0

)
, V−1 =

 1
(θ+κ)

0

θ
(θ+κ)(ϵ+σ+κ)

−1
(ϵ+σ+κ)

.

And then by substituting E0, we obtain

ℜ0 =
ηκe−κξ θ

(θ + κ)(ϵ + σ + κ)(κ + ϑ)
.

So that the endemic equilibrium point, E1, can be written as:

E1 = (S, E, I, R) =



κ
(κ+ϑ)ℜ0

,

κ
(κ+θ)

(1 − 1
ℜ0

),

(κ+ϑ)
ηe−κξ (ℜ0 − 1),

σ(κ+ϑ)2(ϵ+σ+κ)(κ+θ)ℜ0+ηκe−κξ [κ2ϑ+((ϑ−σ)θ+ϑ(σ+ϵ))κ+ϑθϵ]
ηκ(ϵ+σ+κ)(κ+θ)(κ+ϑ)e−κξℜ0

.


2.2. The Analysis of Local Stability

This part discusses the local stability of the endemic, E1, and the disease-free equi-
librium, E0. We obtained the Jacobian matrices of the proposed SEIR model with a model
Equation (2) as follows:

J =


−η Ie−κξe−ϱξ − κ − ϑ 0 −ηSe−κξe−ϱξ 0

η Ie−κξe−ϱξ −κ − θ ηSe−κξ e−ϱξ 0
0 θ −ϵ − σ − κ 0

ϑ 0 σ −κ

. (5)
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Consequently, we have to determine the Jacobian matrix’s eigenvalue in Equation (5) by

det(J − ϱI) =

∣∣∣∣∣∣∣∣∣∣
−η Ie−κξ e−ϱξ − κ − ϑ − ϱ 0 −ηSe−κξe−ϱξ 0

η Ie−κξe−ϱξ −κ − θ − ϱ ηSe−κξ e−ϱξ 0

0 θ −ϵ − σ − κ − ϱ 0
ϑ 0 σ −κ − ϱ

∣∣∣∣∣∣∣∣∣∣
= 0.

Now, in the following theorem, we discuss the stability of the first equilibrium point,
E0, if ℜ0 < 1, for all ξ ≥ 0.

Theorem 1. The equilibrium free of disease if ℜ0 < 1, then E0 is locally asymptotically stable;
otherwise, E0 is unstable for all ξ ≥ 0.

Proof. Using det(J − ϱI)E0 = 0, we can obtain the characteristic equation of E0:

(κ + ϱ)(κ + ϑ + ϱ)

[
(ϵ + σ + κ + ϱ)(κ + θ + ϱ)− ηθκe−κξe−ϱξ

(κ + ϑ)

]
= 0. (6)

So that

(κ + ϱ)(κ + ϑ + ϱ)

[
ϱ2 + ϱ(2κ + θ + ϵ + σ) + (ϵ + σ + κ)(κ + θ)− ηθκe−κξe−ϱξ

(κ + ϑ)

]
= 0. (7)

Then from Equation (6), the eigenvalues evaluated at E0 are ϱ1 = −(κ+ϑ) < 0, ϱ2 = −κ < 0,
we have

ϱ2 + ϱ(2κ + θ + ϵ + σ) + (ϵ + σ + κ)(κ + θ)− ηθκe−κξe−ϱξ

(κ + ϑ)
= 0. (8)

For ξ = 0, Equation (8) becomes

ϱ2 + ϱ(2κ + θ + ϵ + σ) + (ϵ + σ + κ)(κ + θ)(1 −ℜ0) = 0. (9)

Thus, the roots of Equation (9) contain negative real parts if ℜ0 < 1. Therefore, E0 is
unstable by the Routh criteria if ℜ0 > 1.

For ξ > 0, let ϱ = iϖ, where ϖ > 0. Substituting ϱ = iϖ into Equation (8), we obtain

−ϖ2 + i(2κ + θ + ϵ + σ)ϖ + (ϵ + σ + κ)(κ + θ)− ηθκe−κξ

(κ + ϑ)
(cos ϖξ − i sin ϖξ) = 0. (10)

Hence, we obtain the real and imaginary parts, as

ηθκe−κξ

(κ + ϑ)
cos ϖξ = (ϵ + σ + κ)(κ + θ)− ϖ2,

ηθκe−κξ

(κ + ϑ)
sin ϖξ = −ϖ(2κ + θ + ϵ + σ). (11)

After the two equations in (11) are squared and added, this produces

ϖ4 +
[
(ϵ + σ + κ)2 + (κ + θ)2

]
ϖ2 + (ϵ + σ + κ)2(κ + θ)2 − η2θ2κ2e−2κξ

(κ + ϑ)2 = 0. (12)

The Equation (12) can be written as

ϖ4 +
[
(ϵ + σ + κ)2 + (κ + θ)2

]
ϖ2 + (ϵ + σ + κ)2(κ + θ)2(1 −ℜ2

0) = 0. (13)
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Let Q = ϖ2, also we denote

a =
[
(ϵ + σ + κ)2 + (κ + θ)2

]
, b = (ϵ + σ + κ)2(κ + θ)2(1 −ℜ2

0).

After that Equation (13) can be written as

Q2 + aQ + b = 0.

For Equation (13), it is evident that the roots have negative real parts if ℜ0 < 1. If ξ ̸= 0,
then E0 is not locally asymptotically stable. Ruan and Wei state that E0 is unstable if ℜ0 > 1
(see [31] [Corollary 2.4]).

At this point, assuming ℜ0 > 1 for ξ ≥ 0, we concentrate on the local stability of the
endemic equilibrium point, E1.

Theorem 2. The equilibrium of endemic if ℜ0 > 1, then E1 is locally asymptotically stable;
otherwise, E1 is unstable for all ξ ≥ 0.

Proof. The characteristic of Equation (5) evaluated at E1 is a fourth-degree polynomial
as follows

ϱ4 + h̄1ϱ3 + h̄2ϱ2 + h̄3ϱ + h̄4 +
(

l1ϱ3 + l2ϱ2 + l3ϱ + l4
)

e−ϱξ = 0, (14)

whereas

h̄1 = 4κ + σ + ϵ + θ + ϑ,

h̄2 = (ϵ + σ + κ)(κ + θ) + (κ + ϑ) + κ(3κ + ϑ + σ + ϵ + θ),

h̄3 = (ϵ + σ + κ)(κ + θ)(κ + ϑ) + κ[(κ + ϑ) + (ϵ + σ + κ)(κ + θ)],

h̄4 = κ(ϵ + σ + κ)(κ + θ)(κ + ϑ)

l1 = (κ + ϑ)(ℜ0 − 1),

l2 = (κ + ϑ)(2κ + σ + ϵ)(ℜ0 − 1)− ηθκe−κξ

(κ + ϑ)ℜ0
+ κ(κ + ϑ)(ℜ0 − 1),

l3 = [(ϵ + σ + κ)(κ + θ) + κ(2κ + σ + ϵ + θ)](κ + ϑ)(ℜ0 − 1)− ηθκe−κξ

ℜ0

[
1 +

κ

(κ + ϑ)

]
,

l4 = κ(ϵ + σ + κ)(κ + θ)(κ + ϑ)(ℜ0 − 1)− ηθκ2e−κξ

ℜ0
.

For ξ = 0, Equation (14) becomes

ϱ4 + a1ϱ3 + a2ϱ2 + a3ϱ + a4 = 0, (15)

where

a0 = 1,

a1 = h̄1 + l1 = (4κ + σ + ϵ + θ + ϑ) + (κ + ϑ)(ℜ0 − 1),

a2 = h̄2 + l2 = [(ϵ + σ + κ)(κ + θ) + (κ + ϑ) + κ(3κ + ϑ + σ + ϵ + θ)]

+ (κ + ϑ)(ℜ0 − 1)(3κ + σ + ϵ)− ηθκe−κξ

(κ + ϑ)ℜ0
,

a3 = h̄3 + l3 = (ϵ + σ + κ)(κ + θ)(κ + ϑ) + κ[(κ + ϑ) + (ϵ + σ + κ)(κ + θ)]

+ [(ϵ + σ + κ)(κ + θ) + κ(2κ + σ + ϵ + θ)](κ + ϑ)(ℜ0 − 1)− ηθκe−κξ

ℜ0

[
1 +

κ

(κ + ϑ)

]
,

a4 = h̄4 + l4 = κ(κ + ϑ)(ϵ + σ + κ)(κ + θ)ℜ0 −
ηθκ2e−κξ

ℜ0
.
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If ℜ0 > 1, it is evident that ai > 0, where i = 0, 1, 2, 3, thereby

a0, a1 > 0, a1a2 − a3 > 0,

a3(a1a2 − a3)− a4a2
1 > 0, a4 > 0.

}
(16)

Then, according to the Routh–Hurwitz criterion, all distinctive roots of Equation (16)
have negative real parts [32]. Therefore, E1 is locally asymptotically stable.

When ξ > 0, we assume ϖ > 0 and ϱ = ϖi. Consequently, by modifying Equation (14)
to have ϱ = ϖi, we find

ϖ4 − ih̄1ϖ3 − h̄2ϖ2 + iϖh̄3 + h̄4 + (−iϖ3l1 − ϖ2l2 + iϖl3 + l4)(cos ϖξ − i sin ϖξ) = 0.

After the separation of the real and imaginary parts, the result is

(l2ϖ2 − l4) cos ϖξ + (l1ϖ3 − l3ϖ) sin ϖξ = ϖ4 − h̄2ϖ2 + h̄4,

(l1ϖ3 − l3ϖ) cos ϖξ − (ϖ2l2 − l4) sin ϖξ = h̄3ϖ − h̄1ϖ3.

}
(17)

Squaring and adding both equations gives

ϖ8 + (h̄2
1 − 2h̄2 − l2

1)ϖ
6 + (h̄2

2 − 2h̄1h̄3 − l2
2 + 2l1l3 + 2h̄4)ϖ

4+

+(h̄2
3 + 2l2l4 − 2h̄2h̄4 − l2

3)ϖ
2 + h̄2

4 − l2
4 = 0.

}
(18)

Assuming that Q = ϖ2, then Equation (18) can be written in the form

Q4 + h̄Q3 + lQ2 + mQ + n = 0, (19)

where
h̄ = h̄2

1 − 2h̄2 − l2
1 ,

l = h̄2
2 − 2h̄1h̄3 − l2

2 + 2l1l3 + 2h̄4,

m = h̄2
3 + 2l2l4 − 2h̄2h̄4 − l2

3 ,

n = h̄2
4 − l2

4 .


(20)

Lemma 3.3.1 in [33] is satisfied if ℜ0 > 1, h̄, l, m, n given in Equation (20), respectively, are
positive.

Lemma 1. Equation (19) has no positive real roots if h̄ ≥ 0, m ≥ 0, l > 0, and n > 0.

Proof. The left side of Equation (19) is known as

f (Q) = Q4 + h̄Q3 + lQ2 + mQ + n. (21)

The derivative of f (Q) with respect to Q consequently is obtained as follows:

f
′
(Q) = 4Q3 + 3h̄Q2 + 2lQ + m. (22)

Knowing that f
′
(Q) > 0 for Q ≥ 0 indicates that the function f (Q) is increasing for Q ≥ 0.

Equation (19) has no positive real roots since f (0) = n ≥ 0.

Remark 1. There is no ϖ such that iϖ is an eigenvalue of characteristic Equation (19), according
to Lemma 1. Consequently, for all values of the delay ξ ≥ 0, the real part of all eigenvalues of
Equation (15) is negative according to Rouché’s theorem [34] ([Theorem 9.17.4]).

Now we have established the analysis above, we can deduce the following.

Theorem 3. Suppose that
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(i) ℜ0 > 1;
(ii) h̄ ≥ 0, m ≥ 0, l > 0, and n > 0.

Thus, the endemic equilibrium, E1, is stable, and it is locally asymptotically stable for all ξ values
greater than zero.

Remark 2. Theorem 3 states that E1 is locally asymptotically stable for all values of delay ξ ≥ 0
if the parameters satisfy conditions (i) and (ii); in contrast, E1 is locally asymptotically stable
independent of the delay. The stability of E1, however, depends on the delay value; if the conditions
in Theorem 3, in particular, any of the inequalities in (ii), are not satisfied, the endemic equilibrium
may lose stability as the delay varies, which could result in oscillations.

Remark 3. If m < 0, then lim
Q−→∞

f (Q) = ∞ and f (0) = n < 0 are true. For this purpose,

Equation (19) has at least one positive root, Q1. As a result, ϖ =
√

Q1 indicates that Equation (18)
has at least one positive root.

2.3. Global Stability of Endemic

In this part, we use Lyapunov’s function to study the global stability of the endemic
equilibrium point, E1, of a model Equation (2) if ℜ0 > 1.

Theorem 4. (Lyapunov Stability Theorem) Assuming that ℜ0 > 1, the endemic equilibrium
point, E1, is globally stable. However, if ℜ0 < 1, then E1 is unstable.

Proof. We consider the proposed SEIR model on the first three variables only (S, E, and I).
The Lyapunov function on R3

+ can be represented as follows:

V(S, E, I) =
(S − S∗)2

2
+

(E − E∗)2

2
+

(I − I∗)2

2
+

(R − R∗)2

2
,

since E1 = (S, E, I) =
(

κ
(κ+ϑ)ℜ0

, κ
(κ+θ)

(1 − 1
ℜ0

), (κ+ϑ)
ηe−κξ (ℜ0 − 1)

)
.

It is not difficult to realize that at S = S∗, E = E∗, and I = I∗, R = R∗, V(S, E, I) > 0
and V(S, E, I) = 0. Now, since we have evaluated V

′
s derivative about t, we have

V
′
(S, E, I) = (S − S∗)

dS
dt

+ (E − E∗)
dE
dt

+ (I − I∗)
dI
dt

+ (R − R∗)
dR
dt

= (S − S∗)
[
κ − ηSI exp−κξ −(κ + ϑ)S

]
+ (E − E∗)

[
ηSI exp−κξ −(θ + κ)E

]
+ (I − I∗)[θE − (κ1 + σ + κ)I] + (R − R∗)[σI(t) + ϑS(t)− κR(t)]
= −κ

[
(S − S∗)

(
κ+ϑ

κ − 1
)
+ (E − E∗)

(
θ+κ

κ

)
E + (I − I∗)

(
ϵ+σ+κ

κ

)
I
]

− κ
[
(I − I∗)

(
θ
κ

)
E + (R − R∗)

(
σ
κ I(t) + ϑ

κ S(t)− R(t)
)]

− ηSI exp−κξ [(S − S∗)− (E − E∗)]

= −κ
[
(S − S∗)

(
κ+ϑ

κ − 1
)
+ (E − E∗)

(
θ
κ + 1

)
E + (I − I∗)

(
ϵ+σ

κ + 1
)

I
]

− κ
[
(I − I∗)

(
θ
κ

)
E + (R − R∗)

[
σ
κ I(t) + ϑ

κ S(t)− R(t)
]]

− ηSI exp−κξ [(S − S∗)− (E − E∗)] ≤ 0.

If the following conditions hold:

(a) S > S∗ and κ+ϑ
κ − 1 > 0, then κ+ϑ

κ > 1.
(b) E > E∗ and θ+κ

κ > 0, then θ
κ + 1 > 0 and θ

κ > −1.
(c) I > I∗ and ϵ+σ+κ

κ > 0, then ϵ+σ
κ + 1 > 0 and ϵ+σ

κ > −1.
(d) V

′
(S∗, E∗, I∗) = 0 if S = S∗, E = E∗, and I = I∗.

Thus, the model Equation (2) is globally stable at E1 with ℜ0 > 1 if it satisfies the
conditions (a)–(d).
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3. Analysis of Hopf Bifurcation

In this section, we use the time delay, ξ, as the bifurcation parameter to illustrate and
find the conditions in which Hopf bifurcation occurs. The endemic equilibrium, E1, and
the condition ℜ0 > 1 are assumed throughout this section.

We now turn to the analysis of bifurcations. As functions of the bifurcation parameter
ξ, we present the solutions of Equation (15).

Theorem 5. Given that ϖ1 is the largest positive simple of Equation (18) and

(i) m < 0 or
(ii) m ≥ 0 and n < 0

are satisfied, let us assume that ℜ0 > 1. In this case, E1 is asymptotically unstable when ξ > ξ1
and stable when ξ < ξ1, where

ξ1 =
1

ϖ1
arccos

[
(l2ϖ2

1 − l4)(ϖ4
1 − h̄2ϖ + h̄4) + (l1ϖ3

1 − l3ϖ)(h̄3ϖ1 − h̄1ϖ3
1)

(l2ϖ2
1 − l4)2 + (l1ϖ3

1 − l3ϖ)2

]
.

The Hopf bifurcation, where ξ passes through the critical value ξ1, is a family of periodic solutions
that bifurcates from E1 when ξ = ξ1.

Proof. Let ϱ(ξ) = κ(ξ) + iϖ(ξ) be the eigenvalues of Equation (14), such that κ(ξ1) = 0
and ϖ(ξ1) = ϖ1 for a given initial value of the bifurcation parameter ξ1.

Assuming that ϖ1 > 0, we can deduce the following from Equation (17)

(l2ϖ2 − l4) cos ϖξ + (l1ϖ3 − l3ϖ) sin ϖξ = ϖ4 − h̄2ϖ2 + h̄4,

(l1ϖ3 − l3ϖ) cos ϖξ − (ϖ2l2 − l4) sin ϖξ = h̄3ϖ − h̄1ϖ3.

}

So, we obtain that

ξ1 =
1

ϖ1
arccos

[
(l2ϖ2

1 − l4)(ϖ4
1 − h̄2ϖ + h̄4) + (l1ϖ3

1 − l3ϖ)(h̄3ϖ1 − h̄1ϖ3
1)

(l2ϖ2
1 − l4)2 + (l1ϖ3

1 − l3ϖ)2

]
+

2jπ
ϖ1

, j = 0, 1, 2, . . .

We can additionally confirm the subsequent transversal condition

d Re ϱ(ξ)

dξ

∣∣∣∣
ξ=ξ1

> 0.

When ξ > ξ1, the steady state becomes unstable, and the real part of ϱ(ξ) becomes positive
by continuity. In addition, ξ passes a critical rate ξ1 at which a Hopf bifurcation occurs; we
refer to [20,33]. By differentiating Equation (14) in regards to ξ, we find

[4ϱ3 + 3h̄1ϱ2 + 2h̄2ϱ + h̄3 + [3l1ϱ2 + 2l2ϱ + l4 − ξ(l1ϱ3 + l2ϱ2 + l3ϱ + l4)]e−ϱξ ] dϱ
dξ

= ϱe−ϱξ(l1ϱ3 + l2ϱ2 + l3ϱ + l4).


Then(

dϱ

dξ

)−1
=

4ϱ3 + 3h̄1ϱ2 + 2h̄2ϱ + h̄3 +
(
3l1ϱ2 + 2l2ϱ + l4

)
eϱξξ(l1ϱ3 + l2ϱ2 + l3ϱ + l4)]e−ϱξ

ϱe−ϱξ(l1ϱ3 + l2ϱ2 + l3ϱ + l4)

=
4ϱ3 + 3h̄1ϱ2 + 2h̄2ϱ + h̄3

ϱe−ϱξ(l1ϱ3 + l2ϱ2 + l3ϱ + l4)
+

(
3l1ϱ2 + 2l2ϱ + l4

)
e−ϱξ

ϱe−ϱξ(l1ϱ3 + l2ϱ2 + l3ϱ + l4)
− ξ

ϱ

= − (3ϱ4 + 2h̄1ϱ3 + h̄2ϱ2 − h̄4)

ϱ2(ϱ4 + h̄1ϱ3 + h̄2ϱ2 + h̄3ϱ + h̄4)
+

2l1ϱ3 + l2ϱ2 − l4
ϱ2(ϱ4 + l1ϱ3 + l2ϱ2 + l3ϱ + l4)

− ξ

ϱ
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Therefore,

sign
{

d(Re ϱ)

dξ

}∣∣∣∣
ϱiϖ1

= sign

{
Re

(
dϱ

dξ

)−1
}∣∣∣∣∣

ϱ=iϖ1

= sign Re
[
− (3ϱ4 + 2h̄1ϱ3 + h̄2ϱ2 − h̄4)

ϱ2(ϱ4 + h̄1ϱ3 + h̄2ϱ2 + h̄3ϱ + h̄4)
+

2l1ϱ3 + l2ϱ2 − l4
ϱ2(ϱ4 + l1ϱ3 + l2ϱ2 + l3ϱ + l4)

− ξ

ϱ

]
ϱ=iϖ1

= sign

[
(3ϖ4

1 − h̄2ϖ2
1 − h̄4)(ϖ

4
1 − h̄2ϖ2

1 + h̄4)− 2h̄1ϖ3
1(h̄3ϖ1 − h̄1ϖ3

1)

ϖ2
1 [
(
ϖ4

1 − h̄2ϖ2
1 + h̄4

)2
+

(
h̄3ϖ1 − h̄1ϖ3

1
)2
]

]

+ sign

[
(l3 + l1ϖ2

1)(l3 − l1ϖ2
1)

ϖ2
1 [
(
l4 − l2ϖ2

1
)2

+ (l3ϖ1 − l1ϖ3
1)

2]

]

= sign

{
3ϖ8

1 + 2(h̄2
1 − 2h̄2 − l2

1)ϖ
6
1 + (2h̄4 + h̄2

2 − 2h̄2h̄3 + 2l1l3 − l2
2)ϖ

4
1 − (h̄2

4 − l2
4)

ϖ2
1 [
(
ϖ4

1 − h̄2ϖ2
1 + h̄4

)2
+

(
h̄3ϖ1 − h̄1ϖ3

1
)2
]

}

= sign

{
3ϖ8

1 + 2h̄ϖ6
1 + lϖ4

1 − n

ϖ2
1 [
(
ϖ4

1 − h̄2ϖ2
1 + h̄4

)2
+

(
h̄3ϖ1 − h̄1ϖ3

1
)2
]

}

From Equation (21), we obtain

f (Q) = Q4 + h̄Q3 + lQ2 + mQ + n.

Here, h̄, l > 0 and m > 0, n > 0. As ϖ1 is the largest positive simple root of
Equation (18), we obtain

d(Re ϱ)

dξ

∣∣∣∣
ϖ=ϖ1,ξ=ξ1

> 0.

According to Rouché’s theorem [3], the root of characteristic Equation (15) continuously
varies from a value less than ξ1 to one greater than ξ1, crossing the imaginary axis from the
left to the right. As a result, the transversality criterion is satisfied; at ξ = ξ1, the conditions
of Hopf bifurcation [35] are satisfied.

4. Numerical Simulations

In addition to the theoretical analysis of the results in Section 2, we provide some
numerical results of the model Equation (2), which includes additional values for ξ, θ,
and ϑ to determine if the case of investigation is an epidemic or a free-disease case in this
section. Moreover, by analyzing the degree of containment and control as strong, moderate,
or weak, we also examine the rate at which the disease is spreading.

The data used in this analysis are real, as shown in Figures 1–4, and we followed these
references [36,37]. The initial conditions used to simulate our results are N = 26960 × 10−2,
S0 = 37358, E0 = 13923, I0 = 23191, and R0 = 13213. We also depend on some parameters
such as κ = 6.25 × 10−3 , η = 0.62 × 10−8 , σ = 0.0006667 , and ϵ = 7.344 × 10−7 . The time
period here is in days, so for some drawings we used a duration of 60 days, and for others
we used a duration of 200 days to clarify the drawings more accurately.

Remark 4. Figure 6 in [27] indicates more spread, especially with larger β values, and indicating
an epidemic state also demonstrates varying levels of control.

Remark 5. The worst control is seen in [27] Figure 7, which indicates a more serious epidemic
condition with a marked increase in infected cases before any decrease.

Remark 6. Furthermore, in [27], the impact of health measures is seen in Figure 8, which indicates
the best control at ν = 1%, which implies successful measures, and rapid spread at ν = 100%.
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Remark 7. Figure 9 in [27] illustrates the highlights of the effectiveness of health measures at low
“ν” values, leading to high recovery numbers.

(a)

(b)

Figure 1. (a) in Figure 1 illustrates how values affect the transmission of disease, it is shown
that control improves as “ϑ” decreases. In (b), ϑ = 20% gives the best and excellent control over
disease spread, indicating high effectiveness, but ϑ = 100% represents the worth control, meaning
greater spread. At ϑ = 1%, the minimal spread represents the best control, and at ϑ = 100% the
highest spread.
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(a)

(b)

Figure 2. For the recovered people, we have two cases in Figure 2: (a) of well-controlled disease with
significant recovery numbers at low “ϑ” values. However, in (b) it is shown that low “ϑ” values result
in strong disease control and a high number of recoveries, while high values lead to greater spread.
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(a)

(b)

(c)

Figure 3. The first graph in Figure 3: (a) shows moderate control in an epidemic state. While graph
(b) shows high disease control effectiveness, indicating a state that is close to free of disease. The best
graph (c) illustrates a rapid decrease in exposed individuals. In summary, states close to an epidemic
in (a) and states nearing free of disease in (b,c) are shown.
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(a)

(b)

Figure 4. With a consistent decrease from the start, indicating a strong response in Figure 4 the first
graph (b) exhibits the best control over the disease. Higher ϑ and θ values, on the other hand, may
result in moderate-to-poor control of diseases, as in (Figure 3c). This might accelerate the spread of the
disease. As a result, the number of infected cases increases more quickly, and control is less effective.
All curves gradually decrease but not as successfully as apparent in a graph (a), which indicates
moderate control. Overall conclusion: a graph (b) illustrates the best disease control, whereas the
plot (a) is in the middle position.

5. Conclusions

We presented a delayed SEIR epidemic model with a latent period for studying local
and global stability. We went further into the main role of time delay and how it affected
this study. The basic reproductive number, ℜ0, is defined and the dynamical behavior of the
model is examined. The following is a summary of the study’s results. If ℜ0 < 1 for all time
delays ξ ≥ 0, then the disease-free equilibrium is locally asymptotically stable. If ℜ0 > 1 for
all time delays ξ ≥ 0, then the endemic equilibrium point is locally asymptotically stable.
Applying the Lyapunov functional approach and the LaSalle invariance principle, the
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endemic equilibrium point is globally asymptotically stable if the reproductive number, ℜ0,
is greater than unity for all time delays. Hopf bifurcation leads to periodic oscillations and
instability for a specific time lag, ξ. An analysis involves the Hopf bifurcation conditions
for the endemic equilibrium point. The effect of the time lag parameter, ξ, on the behavior
of the infection has been studied. According to the results, the disease can be efficiently
controlled and managed by increasing vaccination rates and minimizing interactions
through precautionary measures. On the other hand, a higher rate of vaccination and
interactions between people may result in moderate-to-poor control of diseases, which
might accelerate the spread of the disease. Despite its simplicity, the basic DDE model
may control huge population densities and display various dynamics, including quasi-
periodic and chaotic patterns. Several other factors affect the speed of disease spread and
its control, such as taking precautionary measures and vaccinating young children. We will
certainly work on implementing this in future research and will apply it to other diseases
like malaria.
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