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1. Introduction

There has long been perceived the need for an extension of the framework of smooth
manifolds in differential geometry, which is too restrictive and does not admit certain basic
geometric intuitions. Sikorski’s [1] theory of differential spaces studies the differential
geometry of a large class of singular spaces, which both contains the theory of manifolds
and allows the investigation of singularities. Analogous to algebraic geometry, which is the
investigation of geometry in terms of polynomials, the theory of differential space is the
investigation of geometry in terms of differentiable functions.

Precisely, a differential structure on a topological space S is a family C®(S) of real-
valued functions on S satisfying the following conditions:

1.  The family
{f~1(I)|f € C*(S)and I is an open interval in R}

is a subbasis for the topology of S.

2. Iffi,-,fu€C®(S)and F € C*(R"), then F(f1, -+, fu) € C®(S).

3. Iff:S— Risafunction such that, for every x € S, there exists an open neighborhood
U of x, and a function f, € C*(S) satisfying

fxlu = flu

then f € C®(S). Here, the subscript vertical bar | denotes a restriction. (S, C®(S)) is
said to be a differential space. Functions f € C*®(S) are called smooth functions on S.

It follows that a smooth manifold M can be characterized as a differential space
(M, C®(M)), with C®°(M) being all smooth functions on the smooth manifold M, such
that every point has a neighborhood U diffeomorphic to an open subset V of R", where n
is the dimension of the manifold, the differential structures on U and V are generated by
restrictions of smooth functions of M and R", respectively, and diffeomorphism is in the
sense of differential space. This definition can be weakened by not requiring V' to be open
in R" and allowing n to be an arbitrary non-negative integer.
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Definition 1. A differential space S is said to be subcartesian [2] if every point of S has a neighbor-
hood U diffeomorphic to a subset of some Cartesian space R". (U, ®,R") is said to be a local chart
of p, where ® : U — ®(U) C R" is the diffeomorphism.

The theory of subcartesian spaces has been developed by Sniatycki et al. in recent
years. See [2] for a systematic treatment of this topic. From the above definition, any subset
of a Euclidean space endowed with the differential subspace structure is a subcartesian
space. Another typical example of subcartesian space is the orbit space of the proper action
of a connected Lie group on a smooth manifold [2-4].

In this paper, we investigate the following problem: given any continuous function
f on a subcartesian space S, we ask whether it can be approximated by smooth functions
on S.

It is well known that a continuous function on a smooth manifold can be approximated
by a smooth function [5,6], as stated by the following theorem.

Theorem 1 ([5]). Let M be a smooth manifold and f : M — R be a continuous function. Then,
for any § > 0, there exists a smooth function h € C*°(M), such that

[h(x) = f(x)| <6,
forall x € M.

However, for a subcartesian space S, we cannot infer that a continuous function on
S can be approximated by smooth functions on S. The first obstruction is that, given
p € S, with (U, ®,R") being its local chart, we cannot infer that the continuous function f
restricting to U can be extended to a continuous function f on an open subset of R” that
contains ®(U) such that f o ®(x) = f(x), for each x € U.

In this paper, we investigate a special class of subcartesian space—orbit space R of
the proper action of a connected Lie group G on a smooth manifold M. We overcome
the obstructions described above by taking advantage of the geometric structure of the
orbit space, which is obtained by the reduction of the symmetry of smooth manifolds.
Precisely, we first investigate the local approximation problem, which is defined on an open
neighborhood of p € R, and then study passages from local to global. Since continuous
or smooth functions on R can be lifted to G-invariant continuous or smooth functions on
M, respectively, the local problem can be solved by approximating G-invariant continuous
functions by G-invariant smooth functions on M. This can be solved by using the geometry
of the symmetry of smooth manifolds together with Theorem 1. For the problem of passages
from local to global, the geometric structure of the symmetry of smooth manifolds also
plays a central role. We obtain the following theorem that gives a positive answer to the
problem proposed above.

Theorem 2. Let f : R — R be a continuous function on the orbit space R. Then, for any § > 0,
there exists h € C®(R), such that

[h(y) = f)l <9,
foranyy € R.

To the best of our knowledge, this is the first result on the approximation of functions
in subcartesian space. We have not seen any approximation theorem in subcartesian space
in the existing literature.

The paper is organized as follows. In Section 2, we recall some basic definitions in
the subcartesian space. In Section 3, we recall some basic facts about the orbit space. In
Section 4, we prove our main results.
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2. Subcartesian Space

Definition 2 ([2]). Let Sy and Sy be two differential spaces. A map ¢ : S; — Sy is C* if
¢ f = fop € C®(Sq) for every f € C®(Sy). A C® map ¢ between differential spaces is a
diffeomorphism if it is invertible and its inverse is C*.

An alternative means of constructing a differential structure on a set S is as follows.
Let F be a family of real-valued functions on S. Endow S with the topology generated by a
subbasis
{f~Y(I)|f € Fand Iis an open interval in R}.

Define C®(S) by the requirement that 1 € C®(S) if, for each x € S, there exists an open
subset U of S, functions f1,- -+, fu € F,and F € C®(R") such that

hlu =F(f1,--, fu)lu-

Clearly, F € C%(S). Itis proven in [2] that C*°(S) defined here is a differential structure
on 5. We refer to it as the differential structure on S generated by F.

Let S be a differential space with a differential structure C*(S), and let T be an arbitrary
subset of S endowed with the subspace topology (open sets in T are of the form T N U,
where U is an open subset of S). Let

S(T) = {flrlf € C=(5)}.

Definition 3 ([2]). The space S(T) of restrictions to T C S of smooth functions on S generates a
differential structure C*(T) on T such that the differential-space topology of S coincides with its
subspace topology. In this differential structure, the inclusion map i : T — S is smooth.

In other words, S(T) is the space of restrictions to T of smooth functions on S.

Now, consider an equivalence relation ~ on a differential space S with differential
structure C*(S). Let R = S/~ be the set of equivalence classes of ~, and letp : S — R be
the map assigning to each x € S its equivalence class p(s).

Definition 4 ([2]). The space of functions on R, given by
C*(R) ={f:R=>Rlp"f € CT(5)},

is a differential structure on R. In this differential structure, the projection map p : S — R
is smooth.

It should be emphasized that, in general, the quotient topology of R = S/~ is finer
than the differential-space topology defined by C*°(R).

A condition for the differential-space topology to coincide with the quotient topology
is given below.

Proposition 1 ([2]). The topology of R induced by C*®(R) coincides with the quotient topology
of R if, for each set U in R that is open in the quotient topology, and each y € U, there exists a
function f € C®(R) such that f(y) = 1and f|g\y = 0, where R\U denotes the complement of U
in R.
3. Orbit Space

Consider the smooth and proper action

®: GxM-oM
(&%) = P(g,x) = Dg(x) = gx 1)
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of a locally compact connected Lie group G on a manifold M. Recall that the action is
proper if, for every convergent sequence (x,) in M and a sequence (g) in G such that the
sequence (g,Xy) is convergent, the sequence (g, ) has a convergent subsequence (g, ) and

Jm (g, ) = (Hm g, )(Hm xin)

The isotropy group Gy of a point x € M is
Gy = {g € Glgx = x}.

Gy is compact [2]. The orbit Gx of G through x is defined by Gx = {gx|g € G}. The
function f on M is said to be G-invariant, if f(x) = f(gx), forany x € M and g € G. The
subset A C M is said to be G-invariant if gx € A, foranyx € A, g € G.

We endow the orbit space R = M /G with the quotient topology. In other words, a
subset V of R is open if U = p~!(V) is open in M, where p : M — R is the canonical
projection (the orbit map). Let

C*(R) = {f : R = Rlp*f € C*(M)}.
C*(R) is a differential structure on R.
Proposition 2 ([2]). The topology of R induced by C*®(R) coincides with the quotient topology.

In the following, we introduce the definition of a slice, which plays a central role in
the geometric structure of the symmetry of smooth manifolds.

Definition 5 ([2]). A slice through x € M for an action of G on M is a submanifold Sy of M
containing x such that

1. Sy is transverse and complementary to the orbit Gx of G through x. In other words,
TxM = TySy & Ty (Gx).

Specifically,
TeM = TySy + TyGx, TSy N TiGx = {0}.

2. Forevery x' € Sy, the manifold Sy is transverse to the orbit Gx'; in other words,
TyM = TSy + T (GX').

3. Sy is Gy-invariant. Specifically, gy € Sy forany g € Gyand y € Sy.

4. Letx' € Sy. Ifgx’ € Sy, then g € Gy.

Given a G-invariant Riemannian metric k on M, we denote by verTM the generalized
distribution on M consisting of vectors tangent to G-orbits in M, and by horTM the k-
orthogonal complement of verT M. The existence of a slice through x € M is ensured by
the following result.

Proposition 3 ([2]). There is an open ball B in horTyM centered at 0 such that Sy = exp, B
is a slice through x for the action of G on M, where exp, v is the value at 1 of the geodesics
of the G-invariant Riemannian metric originating from x in the direction v. Further, the set
GSy = {gqlg € Gand g € Sy} is a G-invariant open neighborhood of x in M.

Let H = Gy. By construction, Sy = exp, B, where exp, is an H-equivariant map from a
neighborhood of 0 in Ty M to a neighborhood of x in M, and B is a ball in horT, M invariant
under a linear action of H centered at the origin. The action of H on Ty M is linear, and it
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leaves horTy M invariant. Hence, it gives rise to a linear action of H on horT, M. Moreover,
the restriction of exp, to B gives a diffeomorphism ¢ : B — S, which intertwines the linear
action of H on horTy M and the action of H on S,.

Since B is an H-invariant open subset of horTyM and the action of H on horT,S,
is linear, via the theorem of G. W. Schwarz [7], smooth H-invariant functions on S, are
smooth functions of algebraic invariants of the action of H on horTy M. Let R[horT,M]"
denote the algebra of H-invariant polynomials on horT, M. Hilbert’s Theorem [8] ensures
that R[horT,M]" is finitely generated. Let 07, - - - , 0, be a Hilbert basis for R[horT, M|
consisting of homogeneous polynomials. The corresponding Hilbert map

o :horTyM = R" : v = 0(v) = (01(v),- - -, 0u(v)) ()

induces a monomorphism ¢ : (horTyM)/H — R" : Hv — o(v), where Hv is the orbit of
H through v € horT M treated as a point in (horTyM)H. Let Q be the range of ¢. By the
Tarski-Seidenberg Theorem [9], Q is a semi-algebraic set in R”. Let

¢: (horTyM)/H — Q CR" 3)

be the bijection induced by &. ¢ is a diffeomorphism [2].

Since B is an H-invariant open neighborhood of 0 in horT, Sy, it follows that B/ H is open
in (horTyM)/H. Hence, B/ H is in the domain of the diffeomorphism ¢ : (horT,M)/H —
Q, which induces a diffeomorphism of B/H onto ¢(B/H) € Q C R". Thus, B/H is
diffeomorphic to a subset of R”. However, B/H is diffeomorphic to Sy/H, and Sx/H is
diffeomorphic to GSy/G. Therefore, GS,/G is diffeomorphic to a subset of R". Hence, we
have the following.

Theorem 3 ([2]). The orbit space R = M/ G of a proper action of G on M with the differential
structure C*°(R) is subcartesian.

4. Approximating Continuous Function on Orbit Space by Smooth Functions

In this section, we prove Theorem 2. We first study the local approximation problem.

Lemma 1 ([5]). Let M be a smooth manifold and f be a continuous function on M. Given € > 0,
then there exists h € C®°(M) such that |h(p) — f(p)| < €, for p € M.

Lemma 2 ([10]). Let U, V be two open subsets of the smooth manifold M satisfying that cl(U) is
compact and cl(U) N cl(V) = @, where cl(U) and cl(V) denote the closure of U and V. Then,
there exists a smooth function f € C®°(M) such that

f(x)=1,xecl(U),

0< f(x) <1xeM\(c(V)ucl(U)),

f(x) =0,x€cl(V). 4)
Now, consider the subcartesian space (R = M/G,C®(R)). The following result

provides a positive solution to the local approximation of a continuous function on R by a
smooth function.

Lemma 3. For each yy € R, there exists a local neighborhood V of yo satisfying that, for any
continuous function f on 'V and any 6 > 0, there exists a smooth function f; € C®(V), where
(V,C*®(V)) is a differential subspace of R, such that

1Ay) = fW)l <9,
foranyy e V.
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Proof. Let xg € M such thatp(xp) = yo. Let H be the isotropy group of xp and Sy, = exp, B
be a slice through xo € M, where exp, is an H-equivariant map from a neighborhood of
0 in Ty, M to a neighborhood of xy in M, and B is a ball in horT,, M invariant under the
linear action of H centered at the origin.

Then, for any continuous function f on p(GSy,), it follows that exp} (p*fls, ) is a
continuous function on B, where p : M — R is the orbit map. From Lemma 1, we know
that for any § > 0, there exists a smooth function 1 € C*(B), such that

[h(v) —expy (0" fls,, ) (0)] <6,

forany v € B.
Now, consider the smooth function / o exp;o1 on Sy,, which satisfies that | o exp;o1 (v) —

. . 71
p*fls,, (v)| <9, f(?r any x € exp, B. Since H is compact, we may average 1 o exp, * over
H, obtaining a H-invariant function

fl:/Hégi(hoexp;ol)dy(g),

where dji(g) is the Haar measure on H normalized so that volH = 1.

The set GSy, is a G-invariant open neighborhood of xp in M. We can define a G-
invariant smooth function f; on GSy, as follows. For each x”/ € GSy,, there exists g € G
such that x”/ = gx’ for ¥’ € Sy, and we set

AE") =h(x').

fl is well defined. Let x”" = ¢1x1, where g1 € G and x; € Sy. From the above definition,
we have fi(x”) = fi(x1). On the other hand, since g1x; = gx/, we have g 'gx’ = x.
Since x’,x; € Sy, it follows from Definition 5 and Proposition 3 that g;° lg € H. Hence,
h(x1) = h(gy 'gx’) = h(x') since I is H-invariant; this yields that f; is well defined. From
the definition of f;, we know that f; is G-invariant, which descends to a function f; on
p(Sy,) such that p* f; = f;. Moreover, for each y € p(exp,, B), we have

1A(y) = Fy)]

i(x) = £ ()|

= | [ @ithoexpr ) @dn(s) — [ (@40 ) ()dus)]

= | [ @ithoexp ) = @0 ) (¥)dn(s)|

< [ 1@ o expi)) = @5 ) ()ldp(s)

< /H(Sdﬂ(g)

= )

where x € exp, B satisfies that p(x) = y. We claim that f; € C*®(p(Sy,)), where
(p(SxO),C‘”(p(SxO%)) is the differential subspace of (R,C®(R)). For any x € GSy,, let
0 € W C V C horTyM be Gy-invariant open subsets of horTx M such that exp, (V) € GSy,.
It follows from Lemma 2 that there exists a smooth function # : horTx M — R such that

n(x) =1,x € cl(W),
0<n(x) <1xeV\cd(W),
7(x) =0,x € horTyM\V, (6)
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which yields a smooth function 77 0 exp, ! on S. Since V, W are H-invariant, then by aver-
aging 17 o exp, ! over Sy, we obtain a Gy-invariant smooth function 7 on Sy satisfying that

(x) =1,x € exp,(cl(W)),
0 <7j(x) <1,x€exp,(V\cI(W)),
(x) =0,x € Sy\ exp,(V), (7)

<

which can be extended to a smooth G-invariant function #; on M. Now, consider the
function 71 f; on M. Since exp, V C GSy,, it follows that 7, f1 is a smooth G-invariant
function on M satisfying that 7 fi | Gexp. (cl(W)) = fil Gexp. (cl(w))- Since 71 f1 descends to
mfi € C®(R), it follows that 11 fi|pexp (cr(w))) = f1lp(exp, (c1(w))) Where p(exp, W) is an
open neighborhood of p(x) in R. Since x is arbitrary in Sy,, it follows that f; € C*(0(GSx)),
where (p(GSy),C®(p(GSy))) is a differential subspace of R. This completes the proof of
the claim.

Hence, for yo € R and for x € p~!(yp), there exists a local neighborhood p(GSy) of
Yo satisfying that, for any continuous function f on p(GSy) and any § > 0, there exists a
smooth function f; € C*(p(GSx)), where (p(GSx), C®(p(GSy))) is a differential subspace
of R, such that

A = f)l <,
for any y € p(GSy). Hence, the result follows. O

In the following, we investigate passages from local to global for the approximation
problem on R.

Lemma4. Let x € Mandlet 0 € W C V C U C B be H-invariant open subsets of horTxM
such that cI(W) C V and cl(V') are compact, where B satisfies that exp, B = Sy, and cl(W) and
cl(V) denote the closure of W and V. Let T be an open subset of R and (p(exp, U), §) be the local
coordinate for R induced by the Hilbert map (2). Let f : R — R be a continuous map satisfying that
flr € C=°(T), where (T,C*®(T)) is a differential subspace of (R, C®(R)). Then, for any é > 0,
there exists a continuous map h : R — R, such that

(1) h(y) = f(y), forany y € R\p(exp,(V));
(2) h|TUp(epr W) € COO(T U P(expx W) );
(3) |h(y)— f(y)| <9, forally € R.

Proof. It follows from Lemma 2 that there exists smooth function 7 : horTyM — R
such that

n(x) =1,x € cI(W),
0<n(x) <1,xeV\cd(W),
7(x) =0,x € horTyM\V, (8)

which yields a smooth function 77 0 exp, ! on S. Since V, W are H-invariant, then by aver-
aging 17 o exp, ! over S,, we obtain a Gy-invariant smooth function 7j on Sy satisfying that

(x) =1,x € exp,(cl(W)),
0 <7j(x) <1,x€exp,(V\cI(W)),
(x) =0,x € Sy\ exp,(V), 9)
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which can be extended to a smooth G-invariant function on M. Hence, we obtain a function
7 € C*(R) satisfying that

7(y) =1y € p(exp,(cl(W))),
0 <7(y) <1y € plexp, (V\c(W))),
(y) =0,y € R\p(exp,(V)). (10)

It follows from Lemma 3 that the function f|,s,) can be approximated by smooth
functions on p(GSy). In other words, for any § > 0, there exists a smooth function
hy € C®(p(exp,(U))) such that |hy(y) — f(y)| < 4, fory € p(GSx).

Since f = (1 —77)f + 7jf, we define

h=(1—1q)f+iho.

Since 7(y) = 0,y € R\p(exp,(V)), it follows that h(y) = f(y), for any y € R\p(exp,(V));
Since 7jhg € C®(R) and f|r € C®(T), it follows that h|r € C*®(T). Since 7j(y) = 1,
y € p(exp,(cl(W))), it follows that h|jexp ) = Th0p(exp, w) € C7(p(exp, W)). Hence,
hlrup(exp, w) € CZ(T U p(exp, W)), since both T and p(exp, W) are open in R. Since
h(y) — f(y) = ijho(y) — 7h(y), it follows immediately that |h(y) — f(y)| < J, forally € R.
Then, the result follows. [

Lemma 5 ([5]). Let X be a second, countable, locally compact Hausdorff topological space. Then,
there exist countable many sets G, Gy, - - -, Gy, - - - satisfying that

(1) cl(G;) is compact, j = 1,2, -;
() (G) C G j =12+
(3) UG]' = UCZ(G]) =X,

where cl(G]-) denotes the closure of Gj,j = 1,2, - .

Lemma 6. There exist locally finite open covers (Uj)jez_, (V})jez.o (Wj)jez., of R such
that cl(U;) C Vi, cl(V;) C W;, and cl(U;),cl(V}), cl(W;) are compact, for each j > 0, where
(W;,R", ¢;) is a local chart of R induced by the Hilbert map (2).

Proof. From Lemma 5, we know that there exist countable open sets G1,- -+ , Gy, - -+ on R
satisfying conditions (1), (2) and (3) in Lemma 5. It follows that c/(G;,)\Gy,_1 is compact,
Gpi1\cl(Gy—») is open and ¢l(Gy,)\Gj,—1 € Gy11\cl(Gy_2). On the other hand, we know
that the local charts induced by the Hilbert map o (see (2)) of R form an open cover of
R. Then, for y € cl(Gy)\Gy,_1, there exists a local chart (V, ¢) of y induced by the Hilbert
map . Consider the H invariant open set 01 (¢(Gj,11\cl(Gy_2)) N V)) in horTy M, where
p(x) = y. There exists an open ball B¢ such that cI(Be) C o1 (¢(Gyy1\cl(Gy2)) NV))
centered at 0. Let W = ¢! 0 0(B). Hence, W is an open subset containing y such that
cl(W) € (Guya\cl(Gp—2)) N V.

It follows that

My €W C (Gp1\cl(Gr—2)) NV; (2) p(y) = 0and (W) & ¢(V).

Since cI(W) = o(cl(Be)) and cl(Be) is compact, it follows that c/(W) is compact.

Let W = ¢7(B61 ), where 0 < €1 < €. Then, Wj is an open set containing y such that
cl(W1) € W. Denote by V = W;. Moreover, let Wy = ¢! 0 0(Be,), where 0 < €; < €.
Then, W is an open set containing y such that c/(W,) C V. Denote by U = W,. Then, we
have cI(U) C Vand cl(V) C W.

Since ¢l(Gy,)\Gj,—1 is compact, there exist finitely many points yj, 1, Yu2, - , Y, €
cl(G)\Gp—1, such that the corresponding open sets Uy, 1, Uy, - -, Uy, form an open
cover of ¢cI(Gy,)\Gyj,_1. We claim that the corresponding open sets

{U1,1, U'l,z, cee, ul,kl; UZ,]/ u2/2, s, uZ,kz; e },
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and
Vi Vig, Vg Vo1, Voo, Vo b

and
{Wl,l, W1,2/ S, Wl,kl; W2,1/ W2,2/ cee, WZ/kZ; e },

satisfy the conditions in the lemma. We only need to prove the local finiteness of {W;;}.
Given y € R, assume thaty € G,, forsome r € {1,2,- - }; then, it follows from the above
construction that there exist many finite Wi,]' that intersect G,. In fact,

Wi,]'ﬂGr =Q,i>r+21<j< k;.
This completes the proof of the lemma. O
Now, we begin to prove Theorem 2.

Proof. From Lemma 6, we know that there exist locally finite open covers (Uj)jez._ .,
(Vi)iez-yr (Wj)jez., of R such that cl(U;) C Vj, cl(V;) € W), and cl(U;), cl(V;), cl(W;) are
compact, for each j > 0, where (W]-,R”f ,<p]-) is a local chart of R induced by the Hilbert
map (2).

Set Wy = @, fo = f. Assume that we have continuous function fi on R such that fi|g,
is smooth, where

k
Gy = Uj:OWj‘

Then, it follows from Lemma 4 that there exists continuous function f,; on R, such that
fr+1lc,,, is smooth, where

_ k1
Gk"rl - U]:Q W]/

is a subset of R.
Moreover, fii1|pm\v,,, = fr, and

fear®) ~ )| < 5o, (1)

forally € R.
Hence, let

h(y) = lim fi(y).

It follows from (11) that, for fixed y € R, {fx(y)} is a Cauchy sequence in R. Hence, & is
well defined. Moreover,

Ih(y) — f(y)] <9,

forany y € R.

We claim that h € C®(R). For y € R, there exists | € Z~, such thaty € W;. Now,
consider the functions fj, fi 1, - -, which are smooth on W;. It follows that p* f;, 0* f111, - - -
are smooth functions on the open subsets p~! (W) of M, which satisfies

1)
" firn () = 0" fil)| < 5 (12)

for k > I and x € p~1(W)). It follows that limy_,, p*fx € C®(p~'(W;)). Moreover,
since p* fy(gx) = p* fi(x), for any x € p~1(W;), ¢ € G, it follows that limy_,, p* fy(gx) =
limy 0 p* fx(x). Hence, we find that limy ., p* f¢ is G-invariant and hence descends to g on
W. Hence, h|w, € C*(W]). Since y is arbitrary and W is open, it follows from condition 3
in the definition of differential space that # € C®(R). This completes the proof. [

Theorem 4. Let f : R — R" be a continuous function on R. Then, for any € > 0, there exists
h € C®°(R;R"), such that
h(y) = f(w)] <e,
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forany y € R. Moreover, h is homotopic to f.

Proof. Let § = €/+/n. It follows from Theorem 2 that there exist smooth functions
hy, -, hy € C®(R) such that

1hi(y) — fily)| <9,

for any y € R, where f = (f1,---, fu). Consider the smooth map h = (hy,--- ,h,). We
have that

h(y) — f(w)] <e,

for any y € R. Moreover, define

F(t,y) = (1= tHh(y) +tf(y),

for (t,y) € I x R. Itis obvious that F defines a homotopy from & to f. Hence, the result
follows immediately. O

5. Conclusions

In this paper, we have considered the problem of approximating continuous functions
by smooth functions on a subclass of singular spaces—subcartesian spaces. We have
investigated a special class of subcartesian spaces—the orbit space of the proper action of a
Lie group on a smooth manifold. By taking advantage of the geometric structure of the
symmetry of the smooth manifold, we have shown that continuous functions on the orbit
space can be approximated by smooth functions. In the future, we would like to investigate
more subclasses of subcartesian spaces on which the approximation theorem holds.
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