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Abstract: The object of the investigation is a model of the incomplete financial market. It includes
a bank deposit with a known interest rate and basic risky securities. The instant interest rate and
volatility are governed by a hidden market regime, represented by some finite-state Markov jump
process. The paper presents a solution to two problems. The first one consists of the characterization
of the derivatives based on the existing market securities, which are valid to complete the considered
market. It is determined that for the market completion, it is sufficient to add the number of
derivatives equal to the number of possible market regimes. A generalization of the classic Black—
Scholes equation, describing the evolution of the fair derivative price, is obtained along with the
structure of a self-financing portfolio, replicating an arbitrary contingent claim in the market. The
second problem consists of the online estimation of the market regime, given the observations of
both the underlying and derivative prices. The available observations are either a combination of the
time-discretized risky security prices or some high-frequency multivariate point processes associated
with these prices. The paper presents the numerical algorithms of the market regime tracking for
both observation types. The comparative numerical experiments illustrate the high quality of the
proposed estimates.

Keywords: Markov jump process; fair derivative price; optimal filtering problem; multivariate point
process; central limit theorem; generalized regenerative process
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1. Introduction

The continuous-time or discrete-time stochastic models of incomplete markets rep-
resent the required instruments of financial mathematics [1-3]. Possessing a reasonable
degree of adequacy, they assist in the proper formulation of the whole variety of system
analysis problems arising in finance:

- The analysis itself, for example, the derivative pricing, the market price of risk (MPR)
calculation, modeling the term structure of interest rates, etc. [4,5];

- The state estimation, parameter identification, and statistical inferences in the market
models given the heterogeneous a priori and statistical information [6-8];

—  The optimization and stochastic control with complete or incomplete information, for
example, the minimal hedge problem, the optimal investment problem [1,3,9], etc.

Usually, the market incompleteness is caused by some hidden external stochastic
processes in the dynamics. Various stochastic volatility models [10,11] are typical examples
of this situation. The monitoring of the hidden governing processes, and stochastic volatility,
in particular, is an object of a sufficient number of papers [12-16]. Choosing one model or
another, the authors transform this problem into a state-filtering one, given heterogeneous
observations. The obtained results demonstrate the varying degree of applicability, from
some clarification of the optimal nonlinear filtering problem to the well-elaborated optimal
or suboptimal /robust algorithms.

The investigation object of this paper is a market model governed by a Markov regime-
switching process. Although it is simpler than the corresponding switching versions of
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the Heston, Hull-White, Vasicek, and other models [17-20], it has some advantages. First,
this class retains the property of the market incompleteness. Second, it represents an
efficient instrument to simulate market phenomena, like the unpredictable changes in the
market evolution scenario. Third, reasonable model simplification allows us to obtain more
advanced results.

The paper aims to reduce a priori statistical uncertainty in the market caused by the
hidden regime. There are many ways for this, and the paper presents just two of them.
The first one implies market completion by some additional securities. The authors of [21]
propose to make the market regime tradable. By contrast, we suggest security enlargement
by the derivatives with underlying assets already traded in the market. For this, it is
necessary to derive the equations describing the evolution of the fair derivative price and
formulate sufficient conditions for the derivative collection to complete the market.

Another way does not imply market completion. The goal is to estimate the hidden
market regime given the various complexes of the statistical trading information.

The paper has the following organization. Section 2 contains a detailed description
of the market model under investigation. Section 2.1 presents a stochastic differential
system (SDS) with the martingales on the right-hand side, which describes the evolution
of the basic security prices. The key feature is that both the interest rate and volatility
are functions of a hidden market regime, representing a finite-state Markov jump process
(MJP). Its presence in the model forms a natural reason for the online estimation of this
hidden process using statistical information concerning security prices. Section 2.2 contains
the mathematical statement of the optimal filtering problem, given the observations with
the multiplicative noises. The section also contains the theoretical solution to the problem:
the optimal estimate is the unique solution to a closed finite-dimensional SDS.

Section 3 is devoted to the completion problem of the considered market. We introduce
some “natural” derivatives with the underlying securities already presented in the market.
The fair derivative price is a function of the current underlying security price and the market
regime. Section 3.1 introduces a system of partial differential equations, describing this
function and generalizing the classic Black-Scholes equation. According to the assertion in
Section 3.2, one can complete the market by a finite number of derivatives, and this number
coincides with the number of possible regimes.

Section 4 is directed to the algorithmic support of the above problems. Primarily, it
argues against the availability of the continuous-time noiseless observations of the underly-
ing and derivative prices in practice. Section 4.1 presents a semi-analytical algorithm of
the solution to the system of partial differential equations from Section 3.1. It is applied
in the derivative price simulation and market regime filtering. The further material is
about two suboptimal filtering algorithms of the market regime based on heterogeneous
observations. In Section 4.2, the available observations include the noiseless underlying
prices and the noisy derivative ones. All the data come at discrete nonrandom instants.
In Section 4.3, the observations represent some multivariate point processes (MPP). The
distribution of the MPP inter-arrival times and noise in the derivative observations depends
on the current market regime. The key feature of the observations is their high frequency.
It admits the application of the central limit theorem (CLT) for the generalized regenerative
processes [22] to the specially preprocessed observations with the subsequent use in the
filtering procedure.

Section 5 presents the comparative numerical analysis of the proposed filtering algo-
rithms. The market model is identical for all experiments, but the observation complexes
differ. The experiments demonstrate enhancement of the estimate quality by using ad-
ditional observations of the derivative prices. Sections 5.1 and 5.2 are devoted to the
performance analysis of the filtering algorithms introduced in Sections 4.2 and 4.3, respec-
tively. Section 6 contains the concluding remarks.
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2. Market with Markov Regime Switching
2.1. Market Description and Arising Problems

With the probability triplet with filtration (Q, &, P, {Ft }1c[o,]), we consider a financial
market that contains a risk-free bank deposit B; = exp ( fot Tu du) and N basic risky securi-

ties. The deposit interest rate r; is non-random and known. The price S; £ col(S}, e, Sf\’ )
of the basic risky securities is the unique strong solution to the SDS

dS; = diag(Sy)a(t, Z;)dt + diag(S;)b*2(t, Z)dw;, t€ (0,T], So~P5(-), (1)

where

—  Spis an Fy-measurable initial condition with the distribution function POS (-);

- wy = Col(w}, cery wg\] ) € RN is an Fi-adapted standard Wiener process;

- a(,-)andb(:,-) are (N x 1)-and (N x N)-dimensional functions of the instant interest
rate and volatility (here b(-) is a symmetric non-negative matrix-valued function, and
the notation b'/?(-) stands for its symmetric square root);

- Z;isan F-adapted process, describing the effect of the uncontrolled exogenous factors
on the market.

In (1), Z; = col(Ztl, .. .,ZtL) € St is an MJP with the state set formed by all unit
coordinate vectors of the Euclidean space R:: SE £ {e;, ..., e }. This process has a known
transition rate matrix (TRM) A(-) and an initial distribution p5 = col(pg?, ..., p"). The
MJP Z; is a unique strong solution to the following SDS [23]:

dzZy = AT (1) Zydt +dM;, t€ (0,T), Zo~ p§, 2)

where M; = col(Mtl,. .., MtL) € RL is some Fi-adapted martingale.

We are interested in two problems related to the above market. The hidden, unobserv-
able sudden change of the exogenous factors, generating the market regime switching, is
often connected with jumps in the macroeconomic situation [24,25]. Its exhaustive math-
ematical model is not a subject of this paper. Nevertheless, the formal description of its
specific phenomena and restoration of some hidden parameters, given a bulk of the finan-
cial statistics, look prospective and real. In this context, the process Z; represents a scenario
of the market evolution. So, the first problem is the tracking of the regime-switching process
Z; (or, shortly, the market regime) by the observable prices S; of the underlying securities
and their potential derivatives.

It is known that the market (1) and (2) is incomplete due to stochastic volatility.
Obviously, it admits various approaches to pricing and hedging (see, for example, [18]).
Another approach implies the market completion by some derivatives. The authors of [21]
suggest to use the jump derivatives associated with the market regime transitions. These
securities look slightly artificial. First, their prices can be negative. Second, the underlying
“securities” for them are the random flows of the regime transitions to one or another value.
This implies that the transitions are directly observable and contradicts reality. So, the
second problem is the construction of some “natural” derivatives, using the existing basic
securities to complete the market.

We make the following assumptions, clarifying the details of the SDS (1) and (2):

i.  Z;isacadlag process [26].

ii. Without loss of generality, 5 = ¢{Z,, w, : 0 < u < t}. This condition also
guarantees that the filtration {J;} is continuous from the right.

ili. The TRM A(-) consists of cddlag elements on [0, T]. All off-diagonal elements of

A(+) are strictly positive, i.e., min Ajj(t) > 0. All elements of the initial
(i,7): i#j; t€[0,T)
distribution p are also strictly positive.
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iv. Z; € SE; hence, the functions 2 and b have the form
L {0 L 01,0
a(t,Zy) = ) Zia'(t), b(t,Z;) =Y Zib(b), 3)
(=1 (=1

where {a’(t)} -1 and {p(t)} (—11 are the sets of the known nonrandom functions
a'(t) 2 a(t,e;) and b (t) 2 b(t,e;) (alphabets). All components of a’(t) and b'(t) are
cadlag piecewise smooth functions. The random disturbances in (1) are uniformly
non-degenerate, i.e., bg(t) >a?] >0forall/ =1,Landt € [0, T] (here and below, I
denotes the identity matrix of an appropriate dimensionality).

V.  Spand Zj are mutually independent; P{Sg > 0} = 1.

The conditions above seem non-restrictive and guarantee both solution to the regime-
tracking problem [27] and incompleteness of the market [21]. They legitimize all inferences
made below to present the fair derivative pricing and filtering algorithms, given the various
complexes of the available observations.

2.2. Market Regime Tracking as Optimal Filtering Problem

In this subsection, we introduce a proper statement of the regime-tracking problem,
given the observations of the security prices, as a particular case of the optimal filtering
of a semimartingale [26]. Further, we present some transformation of the observations
and a theoretic solution to the problem: the optimal filtering estimate is the unique strong
solution to a finite-dimensional closed SDS.

At first glance, the state Z; tracking represents the calculation of its conditional distri-
bution, given the natural filtration {S;} generated by the security prices: Sy £ 0{S, : 0 <
u < t}. However, there are two issues preventing the usage of the advanced framework
of stochastic analysis. First, {S;} is not continuous from the right [27,28]. Second, the ob-
servations S contain state-dependent noises [29,30], which hinder the use of the Girsanov
measure transform. To overcome these obstacles, we treat Z; tracking as the calculation
of Zt £ E{Z:|S:+}. This theoretical passage is standard [26], and its degree of realism is
discussed below in the subsection.

The details of the solution to the optimal filtering problem can be found in [27]. We
split the initial observations into the following N-dimensional fractions:

—  The process U; with P a.s. continuous trajectories;
—  The process C; with counting components;
—  The piecewise constant process D; with jumps, occurred at nonrandom instants.

We then use the obtained transformations to construct the optimal filtering estimate as
a solution to some SDS.

The process of logarithmic prices Y; = col(Y}, ..., YN), Y/ £ Ot dsszﬁ , n=1,N admits
the stochastic differential
L
dY, = A(t)Zdt + Y z{ (b)Y 2(t)dw, Yo =0, (4)
/=1
where . ) L
ap(t) af(t) ay(t)
ay(t)  a3(t) az (t)

a(t) a4 (1) ... ak()

The continuous process U; has the form

A t d<Y/Y>u+ -1z
u e [(F) 5)
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and represents an Si-adapted standard Wiener process.
The counting observations C; and discrete ones D; are the results of the quadratic
characteristic (Y, Y); transformation. They are closely related to the Sy-adapted process

L
Hi 2 Y Loy (252 — ') e = K(t4) 2, ©)
(=1
where (L x L)-dimensional non-random matrix-valued function K () = ||Ki]-(t) I Y has

the components K;;(t) 21 {0} (bi(t) — bi(t)). Here, I 4(x) denotes the indicator function
of the set A. For any t € [0, T), there exists a transformation 7 () such that the matrix
T (t)K(t+) is trapezoidal with orthogonal rows, and the components are from the set {0,1}.
Hence, the values of the process

Vi £ T(t)Hr = T (HK(t+) Z; (7)
—_———
2J(t)

lie in the set S with probability 1, and the matrix-valued non-random function J(#) has
only cddlag components with values from {0,1}. Denoting the discontinuity set of the
function J(t) by J, we have the following decomposition:

t
Vi=J(0)Zo+ Y. AJG)Zn+ / 1(s)dZs )
weJ: x<t 0
éDr éRf

The first summand D; describes the indirect discrete-time observations of Z;, generated
by the non-random jumps of the observation matrix J(#):

Dy =Vy+ Z AV,,.

weJ: »<t

The second summand R; accumulates the random transitions of Z;, observable through
the quadratic characteristic (Y, Y);. Finally, we have to transform V; into the process C;
with components, counting the random transitions of V; in each specific value ¢, € S:

ot
Ci= [ (1-diagVe)aVe— ¥ (I-diagV,—)AV,. ©)
0

weJ: <t

To present the filtering equations in a compact form, we use the following notations:

- V2{0}u{te[0,T]: Vi # V;}is a discontinuity set of the process V;, t € [0, T};
- AT is a Moore—Penrose pseudoinverse matrix;
—  1isarow vector of an appropriate dimensionality, formed by units:

T, (t) 2 diag(e;](t))AT(t) [1 - diag(e;](t))], (=11, (10)
Vi A Ot (dcf - 1r€(s)25ds), (=TI, (11)

A(t) £ ;(bg)m(t)fl(t) diag(e), (12)

wp AU, — /O "A(s)Zsds. (13)

Proposition 1. Under conditions (i)—(v), the coincidence Siy+ = 0{So, Us, Cs, Ds : s < t} holds
forallt € [0,T).
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The proof of Proposition 1 is analogous to Lemma 1 from [27].

Proposition 2 ([27], Theorem 1). The optimal estimate Z; is a strong solution to the SDS

Zi = (D) 1(0)pF) " diag(Do) (0)pf
=T

t - t ~ ~ o~
—|—/ AT(s)ZS_ds+/ (diang_ —ZS_ZST,)f (s)dws
0 0
L t =R =R R + P
+2/ (Te(s) = 1T4(5) 2 1) Zo (1T4(5) 76 ) !
=170

+ ¥ ((ADIA](%)Z%>+diag(ADﬂ)A](%)—l>Z%- (14)

weJ: x<t

The solution is unique within the class of non-negative piecewise continuous Syy-adapted processes
with a discontinuity set lying in V.

The process C; is an indirect observation of the MJP Z; transitions. One can expect
the existence of some identifiability conditions for the observation system (2) and (4), which
guarantees the exact restoration of Z;.

Proposition 3 ([27], Corollary 1). If for any i # j (i,j = 1, L) the inequalities b' (t) # b/ (t) hold
almost everywhere on [0, T), then Zy = Zy P a.s., and Z is the solution to SDS (14).

Let us discuss the contribution of the present result in the context of financial math-
ematics. The observation transform allows to obtain the optimal estimate by the closed
finite-dimensional filter. The inclusion S;+ C J; is obvious, but under the identifiability
conditions, it transforms into the coincidence S;1 = F;. These conditions are not restric-
tive: they mean the almost constant distinction of all elements of the volatility alphabet.
Otherwise, one can restore only some subsets of regimes with the coincidental volatility
functions.

If the identifiability conditions hold, the market regime can be estimated precisely,
and the market becomes complete. Nevertheless, this restoration of the market regime is
possible for the natural filtration generated by the original observations and then closed
from the right. The closure operation is routine in abstract mathematics but is crucial in
practice. The results of the mathematical operations, including a limit passage, during the
numerical realization, are replaced by some pre-limit values. In the context of the MJP
state filtering, this means that the estimates of Z; (at the moment t) are the functions of the
observation trajectory Sy, 5) with a short time lag é. Hence, in the numerical realization,
the initial filtering problem is replaced by smoothing with the fixed short delay. When the
market regime estimation is the final goal, such relaxation of the estimation problem seems
admissible. However, in the context of subsequent market completion and hedging, this
action is inappropriate. In the complete market, one can replicate any contingent claim
by some self-financing portfolio via a non-anticipating strategy. By contrast, in the case
of the considered relaxation, a portfolio strategy depends on the future security prices.
The filtration {S;} is not continuous from the right, but one can provide this continuity
artificially by extending it with the MJP Z; transitions. The authors of [21] complete the
market with some artificial securities generated just by these transitions.

The market would be complete if we construct some “natural” observer of the regime
transitions. In this case, the filtration generated by the new observations would be continu-
ous from the right. Below, we enlarge a market by the derivatives of the securities already
traded in the market. First, these derivatives represent the natural way to complete the
market. Second, additional observations of the derivative prices give a chance to raise the
quality of the market regime estimates.
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3. Market Completion by Derivatives
3.1. Fair Derivative Price

For the system (2) and (4), we presume the arbitrage absence [31]; hence, on the
measurable space (Q), F), there exists a prevailing martingale measure Q (Q ~ P) [13], which
ensures the fulfillment of the conditions below:
1. The process M; is a martingale with respect to Q.
2. Under Q, the price process S; is the unique strong solution to the SDS
L
dS; = rSydt + diag S; Y Z{ (b")/*(t)dwi, te (0,T], So~P5(-), (15)
(=1

where w? € RN is an F;-adapted standard Wiener process.

According to the Girsanov theorem [32], the Wiener process w is connected with wy:

dw? = 6dt + dw;, (16)

where 6; € RV is an unobservable F;-adapted process of MPR [13,33].
Keeping in mind the positivity of S;, formulas (1), (3), and (15), we obtain the relation
between a’, b’ and 6;:

L L L
Y ZL W) V2 (16 = Y Zlal (1) —raT = Y Zf (af(t) - rtﬂ). (17)
/=1 /=1 (=1
Hence, the MPR takes the form
L
6 =Y ZL (b)) V2(p) (af(t) - rtlT). (18)
(=1

To complete the market, we enlarge it with some derivatives. Without loss of generality,
we consider the case of a single derivative with the expiration date T, defined by the claim
H(ST). The goal of this subsection is to obtain the equation describing the evolution of
the fair price F(t,St, Z;) of the introduced derivative. It is the discounted conditional
expectation of H(St), with respect to the measure Q:

T
F(t, S, Z:) :exp(—/t rsds> Eo{H(S1)|%:). (19)

Note, that G; £ Eq{H(St)|F:}, being a martingale under Q, admits the representation
Gt = eftT rsds Z?Zl Zng(t, St), where Ff(t, St) = F(t,St,ep).

We suppose that F! is smooth enough, and the process G; has the following stochastic
differential (here and below in the subsection, the dependency on the arguments is omitted
for simplicity):

L L L
dG = eli' #s <—r Y z'Flar+ Yy dz'F' + ) z%zﬂ).
(=1 (=1 (=1

We consider the second and third summands in the parentheses of the latter expression:

L L L L

Y dZ'F =Y o] (ATzdt+dM)F = Y A ZIFdt+ Y Flam’
=1 =1 ij,0=1 =1
L L , L

=Y Z' Y AyFdr+ Y FlaM!,

=1 j=1 =1
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szdﬂ sz <F£dt+ Y Fhds"+ 1 E Fl yd st,sf>>

(=1 1]_

- Z ks
=1

N 1/2
Fldtt Y F <5”aﬁdt+ sy (o) dwk) +3 Z Fy s/bf]dt]
n=1 " Lj=1

k=1

TS oF! OF(t,5)

¢ & PFts)
where F{ = =~

(f,St)’ sisi — 9sios/

3
Vi Pﬁn é oF (f”s> . U . f 1 16 d
(t,50) s Js (£5) sing formulas (16) an

(18) in the third summand, and the notation VF! 2 row (Fﬁ, eeey, FfN) , we obtain:

L N L 1/2
Yy 7! 2 FG 8" (b)) 2dwk = Y 2!V, F diag(8) (b") *duw
(=1

—

1/2
— Y 7!V, F diag($) (bf) (dw? — odt)
/=1

I~

L 1/2
=) 7'V F diag(S)(r17 — a)dt + ) 7'V F! diag(S) (bf) dw?.
(=1 (=1

The process G admits the stochastic differential

[Trds [ plangt o o b pl s N2, o
4G = el 7| Y Flam’ + Y Z'V,F diag(s) (b) *dw

(=1 (=1

oL L :
+el sy 7! [_rpuz Ay +F{ 4V F diag(S)(r1" —a")+1 Z 5SS |d ]
=1 j=1 ij=1

The first summand is the differential of a Q-martingale, and the second one is the
differential of a function with a finite variation. The martingale property of {G;} under Q
and positivity of p7 components on [0, T] allow to determine the price process {F’(t,s)} as
a solution to the following Kolmogorov system [34]:

Fl =rF'— ZAZF]—Zans”r—a -1 ij,s]ssb{;, (=1L, te(0,T],

ij=1 (20)
FY(T,s) = H(s)

The system (20) relates to an analogue in [35], where only the volatility is switchable,
and coincides with the system in [36].

Note that the derivative price F; = ZE 1| ZEFX(t, St) admits the stochastic differential
with respect to Q

1/2
dF, = rFdt + Z Fi(t, S)dM! + Z ZIVF'(t, ) diag(S )(bf) (Hdw?,  (21)
/=1 (=1

and the differential with respect to the “real world” measure P

L
dF = |rF + Y Z{VF'(t,S;) diag(S:) (a(t) — rtlT)] dt
(=1

L L 1/2
+ Y F(E S)dME + Y ZEVGFL (L, Sy) diag(st)(b’f) (Hdw;. (22)
/=1 /=1
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3.2. Market Completion

Condition (i), Equations (2) and (15), guarantees that any F;-adapted Q-martingale
{p+} admits the decomposition [37]

t t
Ht = 7”0"’/0 é’udwl? "‘/0 EydM,, (23)

where ¢; and &; are (1 x N) and (1 x L)-dimensional F;-predictable integrands.

To complete the market, we enlarge it by L derivatives, which correspond to the
contingent claims H(St) £ col(H'(St), ..., HX(St)) (T is an expiration date common for
all derivatives). We group the derivative prices into the vector process F; = col(f}, ceey ftL)
The claims should satisfy the following condition:

vi. The matrix

Fl(t,s) F2(t;s) ... F'(ts

21 22 oL
F(rs)2 | T (6s) F2(bs) ... Fo(ts)

Fil(t,s) F2(t,s) ... Fii(ts)

is non-degenerate almost everywhere in [0, T] x R%.

The kth row of E(t,s), (F'(t,s), F*(t,s), ..., F¥L(t,s)), is a solution to the system (20)
with the terminal condition F¥(T,s) = H¥(s) (¢ = 1,L), and this row characterizes the
price of the kth derivative.

It is easy to verify that under condition (vi), the process Z; is S; vV 7t—adapted (here
Fi20{F,: 0<u<t)):

Z; = F 1(t,8)F,, (24)

i.e., under conditions (i)—(vi), the coincidence F; = S; VV F; holds for all t € [0, T]. Hence,
the stochastic differential of Q-martingale w° has the form

L
dwf = Yy (F’l(t, St)ft)g(bé)*l/z(t) diag~1(S;) (dS; — riSudt). (25)
/=1

A
=7t

Further, the price of the kth derivative f’; admits the stochastic differential

L
dFy = riFydt + Y F¥(t,Sp)dM!
(=1

L _\/
n Z(F—l(t,st)a) VF(1,8,) (A4S —nSidt), k=T,L.  (26)
/=1

Ark
_]”t

The evolution of the derivative prices is the unique strong solution to the following
SDS (here 'y = col(T},...,TE)):

dF; = r¢Fidt + FtdM; + T4 (dSy — r¢S¢dt), Fo is an initial condition. (27)
Condition (vi) allows to express the martingale M;, which generates the MJP Z;:
th = F;l [d?t — T’tftdt — Ft(dSt — rtStdt)] . (28)

Let the martingale y; (23) represent an arbitrary contingent claim p; = E{H(S7)|F:}.

We construct a self-financing portfolio (7t;,I1;, @;), which replicates the claim. Here, the

vector 7ty 2 row(7t}, ..., TV ) describes the fractions of underlying securities in the portfolio,
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I, £ row(H}, e, HtL) plays the same role for the derivatives, and @ is a portfolio fraction,
invested in the deposit. The choice

@ = pt — B (St + 11 Fy) (29)

provides the replication of y;. Actually, if C; is a current value of the portfolio, then
Cr = @By + S + ILFy = (Vt — BN (mSi + Htft))Bt + 714Sp + I Fy = pyBy.

We consider the gain process associated with the portfolio, and use (25), (28), (29) and
integration by parts:

t t B
Até[) wuruBudu“‘/O (nl,dSu+HudFu)
t 1 o t B
= [ (= B (S + TLF) ) rabudu+ [ (S, + T1,dF,)
t t - t B
:/0 yudBu—/O (nuSu—l—HuFu)rudu—{—/O (7tudSy + I1,dF,)
ot t _ ot .
:tht—yo—/O Budyu—/o (nuSquHuFu)rudqu/O (7udSy + 11,dF )

— B, — 7/
Hibt — Ho 0

t _ _
_ /0 Bu [Guru(dSu — ruSudu) + EuF, (dFy — ryFudu — Tu(dSy — ruSudu))|

¢ _ t _
(70uSu + IL,Fy) rydu +/O (7,dSy + 11, dF,)

¢ ¢ o
— By — o+ / du + / 12dS, + / 13dF., (30)
0 0 0

where
i rt{ [Bt(gm — BFT) - m} S+ [Btathl — Ht] Ft},
I? £ 7ty — By(&ye — EF,; 'Ty),
I} £ 11 — B.EsF, L.

It is easy to verify that the choice of the fractions
7t = Br(&ye — EiF1TY), I1; = BEF, !

provides the self-financing property for the portfolio: Ay = u¢B — po.
Thus, we have proved the following.

Theorem 1. Under conditions (i)—(vi), the market with Markov switching, augmented by the set of
L derivative securities, is complete.

As in the case of the market completion by the additional Markov jump securities [21],
one needs to enlarge the market by L derivatives: this is the number of possible regimes in
the market. Nevertheless, the completion method suggested here has some advantages.
First, the additional securities represent “the routine derivatives” of the underlying securi-
ties already traded in the market. Second, the provided derivatives do not possess such
artificial properties as a possibility to have negative prices.

4. Algorithms of Markov Regime Tracking

The results of the previous section are academic. If a trader has continuous-time
observations of the basic security prices, they can restore the hidden market regime pre-
cisely or significantly reduce its statistical uncertainty, having an arbitrarily short time
delay. Moreover, if the continuous-time noiseless observations of the derivative prices
are available, then the online restoration of the market regime would be possible without
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the application of the sophisticated filtering formulas (10)—(14) but using the elementary
algebraic transformation (24).

The principal assumption contradicting the reality is the continuous-time character of
the price observations. Hence, the first assumption, which makes the considering market
model closer to reality, is that all security prices are observable only at some discrete instants.
The exact prices of the underlying securities are known to all traders at these moments.
By contrast, the derivative prices are unavailable for the noiseless observation. Otherwise,
having direct discrete-time observations of the derivative prices, the traders could restore
the market regime or its subset at the observation time moments, which contradicts the
reality. So, the second assumption is that only noisy observations of the fair derivative
prices are available for the traders. All traders can calculate the set of possible derivative
prices {F(t,S;)},_17 but they do not know the prevailing variant, chosen by the current
market regime. The traders place the bid and ask orders with prices not coinciding with
the prevailing ones. The reasons for this tactic are mistakes in planning or some advanced
trading policies directed to an extra profit.

Thus, the observations registered at some nonrandom instants [8] look more realistic
than the continuous-time noiseless data. Another possible procedure to collect the price
statistics is a routine registration of a random flow of the security trades [15]. The section
presents suboptimal filtering algorithms of the market regime, given the observations of
both types. We specify the observation models in detail in the corresponding subsections.
Additionally, the section contains an algorithm of the numerical solution to the system (20)
related to the realization of the provided filtering algorithms.

4.1. Algorithm of Numerical Solution to Generalized Black—Scholes Equation for Markov Regime
Switching Market

The system (20), an extension of the classic Black-Scholes equation, does not provide
an analytical solution, even in the case of time-invariant coefficients 7, a, b, and A. In this
subsection, we present a semi-analytic algorithm to solve (20), which can be considered
some version of the splitting method [38].

To simplify the presentation, we make the following assumptions.

Al. All coefficients in (20) are time invariant:

rty=r, ay(t)=a, bl,(t)=0bl,, Axlt)=Ax, nm=1,N, k=1L

The condition is non-restrictive: the coefficients could be piecewise constant on the
time steps. Actually, if we normalize the time to one year, treating it as 250 trading
days per 8 h each, then the time increment 0.0005 would correspond to 1 h, and 7, af,
b!,,, and Ay would look like the constants on on the time steps.

A2. Each contingent claim refers only to single underlying security, i.e.,, H (s!,...,sN) =

H(s") for some 1 < n < N. This condition excludes the case of the compound
contingent claims.

Let us consider a single derivative and a single underlying security. In this case, the
system (20) takes the form

L
Ff =rF'= Y AgF*—(r —al)sE = 1!, s*FL, (=1L, t€[0,T], 4
k=1 31

By setting
F 2 col(F'(t,5),...,FL(t,s)), F(t) £ col(Fi(t,-),...,FL(t,-)),
H £ col(HY(-),...,HE("),
A £ diag(al,...,ab), B £ diag(bL,, ..., bL,),
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F22F, [F2 [r — (rI—A)s2 — %B%}ﬁ LoF 2 CAF,
one can rewrite the Cauchy problem (31) in the operator form
Fr=(L1+L)F, te[0,T), F(T)=H. (32)

Its solution has the form F(t) = £(t, T)H, where £(¢, T) is a transition operator on the
interval [t, T|, corresponding to (£1 + £;). The Hadamard principle [38] is valid for this
equation; hence,

F(t) = &(t,7)F(t) forany 0 < t <7 < T, (33)

and it is a base for the calculation of F over the time grid {¢;} =1yt = jh,h=T/]:

F(ti_1) = s(t]-_l,t]-)?(t]-), i=1], F(T) =H. (34)

It is impossible to express the operator £(f,T) in the analytic form, and it can be
approximated by many ways [39]. In this paper, we propose to use the splitting method [38].
For this, we consider two auxiliary Cauchy problems

Ri=LiR, t€[0,T), R(T)=Hg, (35)

Q=1L2Q te€[0T), Q(T)=Hp, (36)
with the solutions expressed via the corresponding transition operators £; and £; and
Hadamard'’s principle:

R(t) = £1(t, )R(7), Q(t) = £,(t,7)Q(7) forany0<t< Tt < T. (37)

We approximate the solution to (34) {F(t;)} j—, replacing £ by the sequential compo-
sition of £; and £5:

?(t]’,l) = £2(t]',1,t]')£1(f]‘,1,i’j)?(fj), i=1], F(T) = H. (38)

Note that the transition operators £; and £, can be found explicitly.

All equations in the system (35) are disjoined and can be separately transformed to
the standard heat equation as the classic Black-Scholes equation [2]. We consider one of
these Cauchy problems (the indices # and ¢ are omitted for simplicity):

Ri=rR— (r—a)sRs — &Ry, 0<t<T, R(T)=Hg, (39)

and solve it by the consecutive replacements:
1.  Risreplaced by V: V(t) 2 ¢"(T-)R(t). The Cauchy problem (39) for V takes the form
Vi= —(r—a)sVs— BV, 0<t<T, V(T)=Hg (40)

2. We introduce the new variable 7(t) = T — t and function U(t(t),s) = V(t,s). The
Cauchy problem (40) for U takes the form

Ur = (r—a)sUs+ 8 Us, 0<T<T, U(0)=Ug (41)

3. Weintroduce the new variable x(7,s) = Ins+ (r —a — g)T and G(t,x(1,5)) = U(1,s).

The Cauchy problem (41) for G takes the form

Gr=18Gy, 0<T<T, G(0)=Hpg (42)
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The solution to (42) is known:

G(t,x) = / "~ ®(t,x — y)Hr(y)dy, 43)

where 5
1 X

dD(T,x £~ ex (—)
(7. %) V2mbt P\ " 2pr

Making all reverse substitutions, we can write the explicit component-wise version of
the transition operator £ = col(£},..., £}) for the single time step:

4
w ®(hIns + (r—al —tu)p
Ef(t,_lrt,)Rfée—rh ( Y ( n 2) )Ré(
1\4 ] 0 y

System (36) consists of homogeneous differential equations, and the transition operator
£, over the single time step is expressed via the matrix exponential

Sz(t]-_l,tj)Q = ehAQ for any 0< tig < t]- < T. (45)

Finally, the recursive procedure (38) of the layer-by-layer approximate calculation of F
can be written as

?(tj,l,s) — h(a-r) /()mT(s,y)?(tj,y)dy, i=1], ?(t],s) = H(s), (46)

where

2 2
<In§+<r—a}l7b’1%>h> (1n§+<r7a%—z';’ﬂ>h>
1 e 281 o, 1 e 251
y\/27tblL,h y\/27mbk, h

nn

¥ (s,y) £ diag

The integral in (46) cannot be calculated analytically, and here we calculate it ap-
proximately, using the composite trapezoid scheme with the space step A. The inte-
gration area [0, +o0) is replaced by a finite interval [s,5], which satisfies the condition

E {STI(O;g)U(§; +o0) (ST)} < A2 According to [38], one can conclude that the approximation

F (46) provides the local accuracy for a single layer as O(h? + A?).

So, we can calculate the approximate solution to the system (31) by the recursive
procedure (46), using the matrix algebra operations, which have the effectively optimized
realization in the contemporary software libraries. However, we should mention some
natural issues related to the procedure of derivative price simulation or their usage for
market regime filtering. The formula (46) represents the backward-time recursion. By
contrast, the price simulation and filtering algorithms imply the forward-time recursive
process. Hence, all values of F previously calculated on the time grid should be stored in
the considerable volume of computer memory for consecutive utilization in the simulation
or estimation procedures.

4.2. Algorithm of Regime Tracking by Discrete Time Observations

Let us consider the market (1), (2) and (22) as a continuous-time stochastic dynamic
system with a compound hidden state col(S¢, Z, Ft). The market model satisfies Assump-
tions Al and A2 of Section 4.1. The observations, which are available at the discrete instants
ti =1ih,i =1,Z (Z = T/h), consist of the following:
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- Noiseless prices of N underlying securities
125, s eRY, (47)
—  Indirect noisy observations of M derivative security prices
F, 2F(F,w), F;€RM (48)

The discrete-time nature of the available observations (47) prevents the use of tradi-
tional approximating schemes, like the Euler-Maruyama or Milstein methods [40], for the
numerical solution to the SDS (14). The reason is that the system includes the transformed
observations (U, Ct, D;) instead of the original ones S;. The main property of this transfor-
mation is the use of two subsequent limit passages to obtain the quadratic characteristics
(Y,Y): and its derivative. The replacement of the continuous-time observations S; by
their time discretization S; with some fixed non-vanishing time step h makes these limit
operations impossible. Hence, we propose to transform the filtering problem. The aim is to
estimate the market regime Z only at the observation moments ¢;. We treat the observations
S; and F; as some noisy functionals of the regime trajectory {Z;},c[;, , ;- The solution to
the new filtering problem represents a version of the Bayes formula. We treat its numerical
realization both as an applied algorithm of market regime tracking and approximation of
the solution to SDS (14).

To describe the observations properly, we introduce the following filtrations:

- 02 o{S;,Fj : 0 < j < i} are o algebras generated by all available observations

obtained till the moment ¢;;

- G = o{F;: 0 <j < i} are o algebras, generated only by observations of the derivative

prices;

- M= 0{8j,Zi; : 0<j<i} areoc algebras generated by the underlying security and

market regime, available on the time grid till the moment ¢;.

For the observable sequence {F;}, we admit the Markov property given the pair (S, Z),
ie, forany B € B (RM ) and i = 1,Z, the following equalities are P a.s. valid:

L
E{Ig(F;)|H; VFi_1} = E{Ip(F)[S;, Z;, Fi1} = ) Zf,»/B<Pf(q|Si, Fi1)pi(dg),  (49)
=1

where {p; }77 is a family of known nonrandom measures, and {¢; } 17 are the corresponding
densities. The variant of (49) for the initial observation Fy has the form

L
E{1a(Fo)lS0,Z0} = Y- Z§ [ 96(glsopoln).
(=1

The filtering problem for the market regime is to find Z; & E{Z.|0;},i =1, Z.
We introduce the discrete-time logarithmic prices

1 N
Y; £ col (ln s?i ,...,In SSA", > (50)

i—1 i—1
According to the Ito rule, each component of Y; has the form
L N 1/2
i pt
- ng<(ag ~ e Vau+ 37 (o) dw> &1
i-1¢=1 k=1

It is easy to verify the identity of the o-algebras 0{Sy,S1,...,S;} = c{So, Y1,...,Yi},
hence one can use transformed observations instead of the original ones.
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The observations {Y;} have a probability density function (pdf), and the mutual

distribution of the pair (Z;, Y;), given Z;, |, can be expressed via the pdfs {(’,‘{k(v)} 1T, °
jk=1L

.-
P{Zy = e Vi € AlZy , = ej} = /A & (v)do.

Proposition 4. The optimal filtering estimate Z; is determined by the recursive procedure

o~ ,Zi‘g ~ L P .
Zf = =t z{ =Y ol (Filsy Fi)E¥ (v)Zk,  (=TL, i>1 (52
Liz1Z k=1

with the initial condition

70— Pozg‘:’;g‘(F'MSO) ,
Y1 1 ¢ (FolSo)

~
|

=
~

(53)

The proof of Proposition 4 follows from the Bayes formula.

The main issue in the numerical realization of the recursive procedure (52) lies in
the calculation of the pdfs d‘f (v). From (51), it follows that the pdf of Y; is a mixture of
some Gaussians. The mixing distribution depends on the duration of the MJP Z in each
possible value on the intervals [t;_1, t;] given the fixed starting and ending points. In the
case of a time-invariant market (see Assumption Al in the previous subsection), (;‘fé (v)
can be approximated by the composite midpoint rectangle rule [41]. We use the following
notations:

- G(v,M,K) is the Gaussian pdf with the mean M and non-degenerate covariance

matrix K;

- Uip St + R (m— %) are the midpoints of the smaller intervals of the length 1! +#,

m=1,[h"%],0 < a < 1 (here and below [a] is an integer part of a);

- QM(y,u) £ MMt G(y, u AR + (h — u) AY, ubk + (h — u)b') is an auxiliary function

YN ¢ b ¢ _ b _
with A —col(al—él,...,aN—Asz ,0=1,L.

With these, we approximate the function &¥(-) as

_ ("]
S Yi) ~ T (V) = GG (Yo, AT BT ) 4 (1= 04) Mg Y QM (Y i), (54)

m=1

where 9y is the Kronecker delta.
If we replace recursive procedure (52) by the following version:

¢ L ~k
i 24 =kl = .
n lz]-r i =Y 0i(Filsy Fi)g (Y)Ziy, (=1L, iz1,  (55)
j=1%i k=1

PN 7
Z: =

1

then the global error of this approximating scheme has the order « [41], i.e.,

E{Hi- - 2i||1} < Ch

forsomeC >0andalli =1,7.

4.3. Algorithm of Regime Tracking by High-Frequency Multivariate Point Observations

In this subsection, we present a suboptimal filtering algorithm of the market regime
given the observations of the MPPs. The problem is to estimate the MJP Z; at the points
t; = ih, where h > 0 is a time increment. It is essential that & < minj<scy [Ag| 7},
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i.e., the probability of Z; to have a jump on some time discretization interval [t;_1, ;] is
small enough. The key feature of the available observations is their high frequency: the
number of the observations that occurred at [t;_1, t;] is large enough to apply the CLT for the
generalized regenerative processes [22] to the original observations or their transformations.

To simplify the presentation of the filtering algorithm, we consider the particular case
of the market (1), (2) and (22) with a single underlying security and a single derivative one.
Assumptions Al and A2 hold, and the compound market state (S¢, Z¢, F) is unavailable
for the direct noiseless continuous-time observation.

The discrete observations have the following structure:

{(7,8))} jen (56)

?<T
j
is an MPP of the underlying security price observations,

{(5 FO)} ke (57)

Tk <T

is an MPP of the derivative price observations.
We assume that the observations satisfy the properties below:

1. s = .5, 1.e., at the increasing sequence of the random moments Tjs traders observe

the exact price of the basic security.
S S

2. Given the market regime Z, the random inter-arrival times (5]5 = T T,

independent. The distribution of 5]5 depends on the regime state Z_s ) with the known
i

are mutually

conditional moments

m?ﬁE{&}SZT’sl _65}, D?ﬁE{((SJS—m?)2|ZT]51_eg}, K:l,L

3. Fp= Fr,fvi' where {vy} are multiplicative random errors, which are conditionally

independent, given the market regime Z. This means that the noisy observations of
the derivatives are available to the traders at the increasing sequence of the random
moments 7{ . The distribution of v depends on the regime state ZTkp 1 with the known

conditional moments

1,L.

~

mj & E{lnvk|ZTkp = eg}, D} = E{(lnvk - m2)2|ZTkp = eg}, =
4. Given the market regime Z, the random inter-arrival times 6f £ 7/ — tf | are mutu-
ally independent. The distribution of 6] depends on the regime state ZT;f and has

~1

the known conditional moments

mf 2€{of|Zy =}, DI2E{(f-mDUZp =e}, (=TI

5. Given the market regime Z, the sequences {(5]5 }ir {6}k, and {vy}y are mutually
independent.
6. The mean values {m; }; and {m} }, are much less than the time step h:

1<5;11,%§<<Lmax(m?1,m52) < h.

Let us introduce the family of o-algebras generated by the observations obtained till
the moment t; = ih: O; = o{ (S, T,f), (Fj, T]F) 10K Tks <t;, 0K T]-F < t;}. In the case of
the completely known mutual distribution of the system state and observations, we can
calculate the optimal estimate of the MJP state Z; £ E{Z,|0;}, similarly to [42]. However,
the optimal estimate is sensitive to the uncertainty in the MPP distribution and costly from
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the computational point of view. We propose a suboptimal robust filtering algorithm [43],
which uses the observations transformed to some generalized regenerative processes with
the distributions modulated by the MJP Z;. To apply the algorithm, we need to know only
the moment characteristics from items 2—4 given above. The theoretical background of the

algorithm is a version of the CLT for the generalized regenerative processes [22].

On each time step [t;_1, t;], we sample the original observations in the following way:

Y 1

Jitic <T]-S,1 <Tjs<fi

2 In

2 ,
w; i tia<Td  <TO<h

w? Y 1

k: tiq <T1571 <Tlf<ti

=
I
[I>

L k: ti,lg‘f}fgt,’

2 In Fy

(58)

To obtain the weight functions in the filtering algorithm, we have to reconstruct the
asymptotic distribution of W; under each of the conditions Z; = e/, t € [t; 1,t;], { = 1,L.
Note that under a fixed MJP trajectory, the subvectors W, £ col(W}, W?) and W/ £ col(W?, W?)
are independent. Furthermore, the random numbers of summands in the first and second

subvectors differ. From the Ito rule,

S

j—1

where {u;} is some standard Gaussian discrete white noise.

b[
] Y4 S (5S.. .
ln—S —<a —2>(5]-+ b(5ju],

The block components W; and W/’ are the random sums of the vectors

oS ] - E{u) =

44| g

and

1 0
A !
U B> —
Wik l lnFTkp + In vy 1 {wlk [ lnFTJf ]

Then, the vectors

9 I A
Ll — m; A my
Wij = wjj , éb[ . and W = wj InF z+ .
(o = %)5; w
are centered with the covariance matrices
DS DF (mv)ZDF

dia ! p'mS| and dia £ DY+ Lt

g (m?)z 14 g (mﬁ)zl l mg

respectively.
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According to the CLT for the generalized regenerative processes [22], there exists the
following weak convergence as h — oo:

[ Ls ] D;
14
( _1b7) T 0 0 0
1 L Loy 0o b 0 0
— | W;— p — 0, D]
\/E Z . @ ’ ’ (mf)3 DY ?mv)ZDF
0 0Dy
Hence, we can conclude that the distribution of \thwi is close to
_ LSE :
0 0 0
B\ n (m7)?
a h i
N ( 2 ) 0 b 0 0
Vi / Dy
" Vi ) ) e ? )*Djf
1 my Dy | (mp)°Dy
b I A AT
sty |
=m; 2K,
Finally, the suboptimal filtering algorithm takes the following form.
1.  The initial condition:
Zo = pf. (59)
2. The prediction step:
Zi = exp {hAT}/Z\i,y (60)

3. The correction step:
50 Z; g( wl/mZZ/Kf>
Z; = . . (61)
YRV G (Wi, mij, K)

There is an issue in the realization of the algorithm. In (58), one needs to know
S.r, i.e,, the underlying price at the moment of the derivative observation. This price

is unobservable at this moment, and we suggest replacing it with the earlier available
observation of the underlying price, obtained at the moment, closest to TkF ,i.e.,

~ S A& S. .S F
Ser &8s, where ([} = m]ax{rj 1T < T b
5. Numerical Examples
5.1. Regime Tracking by Time-Discretized Continuous Observations

This example illustrates the impact of the mutual processing of the underlying and
derivative prices on the performance of the market regime estimates. We consider the
time interval [0;1], which corresponds to 1 year with 250 trading sessions at 8 h each,
and simulate the evolution of one underlying security and one derivative, a European
call-option with the strike 1.1. Both the instant interest rate and volatility are governed
by the Markov regime-switching process with four possible states “growth-epoch before
panic—panic-recession”. The deposit rate r = 0.05.
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For the simulation of the solutions to (1) and (2), we choose the following parameters:

So=1, a=(0.08; 0.07; 0.06; 0.05), b= (0.1%; 0.11%; 0.13%; 0.122),
-10 10 0 0 0.726

A— | 50 -150 100 0 bl = 0.048

0 0 —100 100 |~ O 0.064

30 0 10 —40 0.162

We solve the SDS (1), (2) by the version of the Euler-Maruyama method, adapted to
the diffusion with jumps [44] with the main time step 107° (this corresponds to 7.2 s). We
integrate the system (31) with the time step H = 0.001 (this corresponds to 2 h) and the
price step A = 0.002 (this corresponds to 0.2% of the initial underlying security price).

All observations are synchronous with the time step & = 0.0001 (this corresponds to
12 min). We compare the performance of the filters, calculated with three complexes of the
available observations:

C1. The precise security price {S;} is obtained with the time step .

C2. The combination of {S;} and the option price is corrupted by a multiplicative noise
FEN = F, e;, where {¢;} is a sequence of independent identically distributed lognormal
random values with the parameters a"N (h) = 0 and ¢V (h) = 0.5h.

C3. The combination of {S;} and indirect observations of the option price {FMC}. The lat-
ter ones represent a chain with values in the set of the possible option prices { F/(t;,S;)}.

The observations possess the Markov property, given the trajectory Z. The condi-
tional transition matrices are formed by the probabilities iP{ FMC = Fk(t,,S;) [FMS :}

Fi(ti1,Si1), Zt, = em = Cjtm- Here, Ty = [[Tjglljr, G k,m = 1, L) are matrix expo-
nentials I'y, (h) = exp(hY), calculated by the following TRMs:

—6 2 2 2 —300 100 100 100
Y, = 100 —-300 100 100 Y, = 2 —6 2 2
100 100 —300 100 100 100 —-300 100
| 100 100 100  —300 | | 100 100 100 —300 |
[ —300 100 100 100 ] [ —300 100 100 100 7
Ys = 100 —300 100 100 Y, = 100 —-300 100 100
2 2 —6 2 100 100 —300 100
| 100 100 100 —300 | | 2 2 2 —6 |

The distribution of the errors in the derivative observations depends on the time
step h.

Let us argue for the choice of the parameters in the numerical experiment. First, the
deposit interest rate corresponds to the values in the actual banks. Second, the number
and description of the possible market evolution scenarios look reasonable. The author
of [25] also suggests four macroeconomic market regimes. In this paper, we, in some way,
transformed them into microeconomic regimes. For all of them, the MPR is non-negative
and equals 0 in the fourth regime (recession). Third, we choose the volatility values close to
each other to hamper the regime estimation. Fourth, in complex C2, the noise parameters
are the same for all regimes. This choice also complicates the estimation procedure. If the
noise parameters were different, the filtering accuracy would only increase: in this case,
the noise would act as some useful signal, carrying information concerning the market
regime. Thus, we choose the combination of the observation system parameters, which is
“non-friendly” for the regime estimation. The additional statistical information concerning
the derivative prices allows us to improve the estimation quality in this situation.

Figure 1 contains the plots of the following:

—  The precise price of the underlying security S; (indicated on the left axis);
—  The precise option price F; (indicated on the left axis);
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—  The number of the market regime State No. (indicated on the right axis).

Obviously, the prices do not allow to identify the market regime visually.

Although the option price observations in the observation complexes C2 and C3 look
different, they are the particular cases of the model introduced in Section 4.2. To emphasize
the difference between these observations, we present their errors in the additive form:
AN E2FIN _F AMCZEMC _

Figure 2 presents the plots of these errors. The oscillations of the errors AFN, corre-
sponding to complex C2 with multiplicative noise, look like non-stationary white noise.
By contrast, the errors AMC, corresponding to complex C3, are obviously dependent and
demonstrate the bursting character.

12— - - -_— — - —4
Prices /| State No.
1
0.8+ — - - - - —3
0.6
04 = - . p— - - - - 2
02
! | GNP Aas 1
[} 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

—S: —F¢ —=State No.

Figure 1. Exact prices of underlying and derivative securities.

1104

A

25 I L I L 1 L ! I !
0.1 0.2 03 04 05 0.6 07 0.8 0.9 t
AW —ape

Figure 2. Additive errors of derivative price observations.

Figure 3 presents the estimation results in the component-wise form:

- The exact regime state Z;;
—  The regime filtering estimate Zf , calculated by observation complex C1;
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—  The regime filtering estimate ZtLN , calculated by observation complex C2;
—  The regime filtering estimate wac, calculated by observation complex C3.
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Analyzing the calculation results, we can make the following conclusions. First, based

only on the underlying price observations, one can identify only regime No. 1 (growth) with
acceptable reliability. The duration of other regimes is too short, and the availability of the
underlying prices only is insufficient for the admissible precision of the estimates. Second,
the usage of the noisy derivative price observations significantly raises the estimation
quality. To confirm this thesis formally, we consider the following estimation performance
index:

State 3

| =

4

Figure 3. Filtering results, calculated by discrete-time observations.
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LN ZMC
Z; —Z

o 2YE 12— 743
Z 7 E{||Z — E{Z:}|3}

Obviously, one can consider the (unconditional) mathematical expectation of the estimated
MJP Z; as its trivial estimate. The proposed performance index is related to the deter-
mination coefficient [45] and represents a ratio of the sample variance of the considered
filtering estimate to the theoretical variance of the trivial estimate. The proximity of the
index to 0 indicates the high accuracy of the estimate. If the index value is slightly less than
1, then the advantage of the proposed estimate is insignificant compared with the trivial
estimate. If the index value is greater than 1, then the proposed estimate is worse than the
trivial one and should be excluded from the consideration. Obviously, this exclusion is
reasonable, if we consider the mean square error criterion as the estimation performance
index. In the considered numerical example C55 = 0.135, C5.y = 0.016 and C5pc = 0.102.
So, involving the observations of the derivative prices significantly improves the estimate
precision.

(62)

5.2. Regime Tracking by High-Frequency Multivariate Point Observations

In this numerical experiment, we investigate the same market model as in the previous
subsection but with different observation complexes.
C4. There are only the noiseless observations {(T]S ,S;)} of the underlying security, received
at the random instants Tjs. Given the fixed regime-switching trajectory, the inter-arrival
times 67 = TjS - T]‘S—l are mutually independent exponentially distributed values [46].

The distribution parameter depends on the current market regime and is set by the
vector col(100,000, 95,000, 80,000, 90,000).
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C5. In addition to the underlying prices {(T]S ,S;)}, there are available noisy option price
observations {(t{,F)}, received at the random instants 7. As well as {(5]5}, the
inter-arrival times 6] = 7f — 7/ | between the option observations are mutually inde-
pendent exponentially distributed values, given the fixed regime-switching trajectory.
The distribution parameter depends on the current market regime and is set by the
vector co1(90,000, 88,000, 85,000, 89,000). The multiplicative noise {v;} in {Fy} has the
lognormal distribution with the mean 0 and the variance 0.5, which are common for
all market regimes.

The time step between the regime estimation procedure &z = 0.0001 corresponds to the

12 min of the operating time.

Figure 4 presents the observable MPPs {(T]S ,8;)} and { (g}, Fy)} obtained during step / and
used for further preprocessing into the sampled observations W;. One can see that the interval &
contains the number of observations sufficient for the CLT asymptotics “to start working”.
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Figure 4. Multivariate point observations {(T]S ,S;)} and {(zf, Fi)}

Figure 5 contains the plots of the transformed observations.
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Figure 5. Transformed observations.
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It includes the plots of the following:

—  The transformed inter-arrival times between the underlying price observations W} (on
the left ordinate axis);

—  The transformed inter-arrival times between the option price observations W? (on the
right ordinate axis);

—  The transformed underlying asset prices W (on the left ordinate axis);

—  The transformed option price observations W} (on the left ordinate axis);

—  The market regime “State No.” (on the right ordinate axis).

It is impossible to restore the current market regime Z; using the visual analysis
of the observations. One can also note a non-stationary behavior of the preprocessed
option prices.

Figure 6 illustrates the legitimacy of the CLT use in the proposed algorithm. Let us
consider two first components {(W},W?)} of the preprocessed observations {W;}. Under
the condition of the constant regime Z; = ey, t € [t;_1,;], the components { (W}, W?)} are
the increments of the generalized regenerative processes, and the CLT admits an approxi-
mation of the pdf by the Gaussian G(x, my, Ky). The homogeneous MJP Z; has stationary
distribution p £ col(pl, s, pL) ; hence, by the law of total probability, “the theoretical”
unconditional pdf of the pair (W', W?) takes the form p"(w) = Yk_, p’G(w, my, K;).

p"(w)
histogram

0.006

x107°

0.005

0.004

0.003 —|

0.002

0.001 —|

p¥(w) histogram

Figure 6. The “theoretical” pdf p¥(w) and real histogram.

Figure 6 contains the plot of the pdf p"(w) in comparison with the 3D histogram of
the actual observations { (W}, w?)}. The plots demonstrate a remarkable similarity. Note
that the theoretical pdf is not a single Gaussian but is a mixture of them. The point is
that the distribution parameters of the different modes are very close to each other, so
the Gaussian modes visually differ little. Figure 6 demonstrates some asymmetry in the
histogram and the theoretic density. Despite the similarity of the parameters, the proposed
filtering algorithm provides high estimation performance.

Figure 7 presents the estimation results:

- The exact regime state Z;;
—  The regime-filtering estimate ZtSM, calculated by observation complex C4;
—  The regime-filtering estimate Z5*M, calculated by observation complex C5.

The analysis of the numerical results leads to the following conclusions. First, the
filtering algorithm based only on the underlying security observations provides the accept-
able estimation quality for regimes No. 1 (growth) and No. 4 (recession). The reason is
again in the too short duration of regimes No. 2 (“epoch before panic”) and No. 3 (“panic”).
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Figure 7. Filtering results, obtained by use of multivariate point observations.

Second, the option price observations in the filtering procedure significantly raises
the estimation quality. The performance index (62) of the estimate calculated by the
observation complex C4 equals C5sy = 0.106; meanwhile, the corresponding value for
observation complex C5 equals Cysry = 0.012. Third, the random inter-arrival times can
serve as informative observations when their distribution parameters are distinctive for the
different market regimes.

6. Conclusions

The investigation object of this work is a model of the incomplete market. Meanwhile,
the deposit rate is known and non-random; both the interest rate and volatility of the risky
securities depend on an outer uncontrolled market regime, an MJP with a finite state set.
The paper contains a statement and solution for two interconnected problems. First, it
gives a positive answer regarding whether the market can be completed with a finite set
of derivatives based on the existing securities. The paper introduces a system of partial
differential equations, describing the fair price of these derivatives and representing an
extension of the classic Black—Scholes equation. It is determined that for the completion
of the market with L possible regimes, it is sufficient to use L additional derivatives. The
paper presents a self-financing portfolio replicating an arbitrary contingent claim built from
the market securities.

Second, the work transforms the tracking of the market regime to a state-filtering
problem in the stochastic dynamic system, given heterogeneous observations. It also places
the arguments for the impossibility in the market to have direct continuous-time noiseless
observations of both the derivative prices and their underlyings. Furthermore, the paper
contains the regime-filtering algorithms corresponding to two different complexes of the
available observations:

—  Discrete-time noiseless observations of the basic securities and noisy observations of
the derivatives;
—  The observations of underlying and derivative prices in the form of the MPPs.

The comparative numerical study confirms the high quality of the proposed regime esti-
mates and the significant enhancement of the estimation performance after including the
derivative price observations in the filtering procedure.

The application of the proposed estimation algorithms for market regime tracking has
natural limitations. Actually, the estimation quality is sensitive to the a priori uncertainty
of the observation system parameters. Besides the design of the procedures for the mutual
parameter identification and state filtering, the development of the stable versions of the
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proposed filtering algorithms, which are robust to the imprecise knowledge of the system
parameters and the outliers in the observations, looks real. Another limitation preventing
the application of the proposed filtering algorithms is the low intensity of the observable
MPPs. One can neutralize the problem by modifying the filtering algorithm to process
the multi-scale counting observations. The high-frequency part can be processed by the
proposed algorithm based on the CLT. The observation components with the low frequency
can be processed directly, without preliminary sampling, similar to the approach suggested
in [23,42].

The results of the investigations seem accomplished. However, they can be a starting
point for the research directions.

The considered model looks simple but is flexible enough to describe the price evo-
lution in the contemporary financial markets. Hence, the first area of the prospective
investigation could be the parameter identification in the model (1), (2), (20), and (22), given
the actual financial data by the use of the corresponding identification algorithms [23,47].

The second research area includes the sensitivity analysis of the hedging strategies
relating to the choice of the derivative ensemble, which completes the market. Actually, the
essential condition permitting the market completion is the non-degeneracy of the matrix
F(-), corresponding to the chosen derivative set (condition (vi) in Section 3.2). Depending
on this set, F(-) may be an ill-conditioned matrix, and this fact could lead to computational
problems during the reconfiguration of the hedging portfolio. Another issue is that F(¢, S;)
represents a matrix-valued random process. The matrix F(t, S;) can be close to degenerate
on some time intervals and fixed trajectory S;.

Keeping in mind the arguments for the discrete-time nature of the available observa-
tions, we can treat the market (1), (2), (20), and (22) as a controllable stochastic dynamic
system with the discrete-time observation complex (47)—(48), or (56)—(57). The considered
market stays incomplete. The third research area includes the solution to the hedging
problems as the optimal or robust control in the stochastic dynamic systems with incom-
plete information. The filtering estimates proposed in the paper prompt us to apply the
separation principle in the solution to these control problems.

Funding: The paper was published with the partial financial support of the Ministry of Education
and Science of the Russian Federation as part of the program of the Moscow Center for Fundamental
and Applied Mathematics under the agreement No. 075-15-2022-284.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The author is deeply grateful to the anonymous Referee for valuable remarks
and comments on the initial version of the manuscript. The research was carried out using the infras-
tructure of the Shared Research Facilities “High Performance Computing and Big Data” (CKP “Infor-
matics”) of the Federal Research Center “Computer Science and Control” of the Russian Academy of
Sciences.

Conflicts of Interest: The author declares no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

CLT Central Limit Theorem
HMM Hidden Markov Model

MJP Markov Jump Process

MPP Multivariate Point Process
MPR Market Price of Risk

pdf Probability Density Function
SDS Stochastic Differential System
TRM Transition Rate Matrix



Mathematics 2024, 12, 423 26 of 27

References

1. Karatzas, I.; Shreve, S. Methods of Mathematical Finance; Applications of Mathematics: Stochastic Modelling and Applied
Probability; Springer: New York, NY, USA, 1998.

2. Shiryaev, A. Essentials of Stochastic Finance: Facts, Models, Theory; Advanced Series on Statistical Science & Applied Probability;
World Scientific: Singapore, 1999.

3. Bjork, T. Incomplete Markets. In Arbitrage Theory in Continuous Time; Oxford University Press: Oxford, UK, 2004. [CrossRef]

4. Duffie, D. Dynamic Asset Pricing Theory: Third Edition; Princeton Series in Finance; Princeton University Press: Princeton, NJ, USA,
2010.

5. Gibson, R.; Lhabitant, ES.; Talay, D. Modeling the Term Structure of Interest Rates: A Review of the Literature. Found. Trends
Financ. 2010, 5, 1-156. [CrossRef]

6.  Broto, C.; Ruiz, E. Estimation methods for stochastic volatility models: A survey. J. Econ. Surv. 2004, 18, 613-649. [CrossRef]

7. Chen, CWS,; Liu, EC.; So, M.K.P. A review of threshold time series models in finance. Stat. Its Interface 2011, 4, 167-181.
[CrossRef]

8. Ait-Sahalia, Y.; Jacod, J. High-Frequency Financial Econometrics; Economics Books; Princeton University Press: Princeton, NJ, USA,
2014.

9.  Pliska, S.R. Introduction to Mathematical Finance: Discrete Time Models; Blackwell: Malden, MA, USA 1997.

10. Andersen, T.G.; Benzoni, L. Stochastic Volatility. In Complex Systems in Finance and Econometrics; Meyers, R.A., Ed.; Springer: New
York, NY, USA, 2009; Volume 1, pp. 694-726.

11.  Shephard, N. Stochastic volatility models. In Macroeconometrics and Time Series Analysis; Durlauf, S.N.; Blume, L.E., Eds.; Palgrave
Macmillan UK: London, UK, 2010; pp. 276-287. [CrossRef]

12.  Elliott, R.; Malcolm, W.; Tsoi, A. HMM volatility estimation. In Proceedings of the 41st IEEE Conference on Decision and Control,
Las Vegas, NV, USA, 10-13 December 2002, Volume 1, pp. 398-404. [CrossRef]

13. Runggaldier, W.J. Estimation via stochastic filtering in financial market models. In Proceedings of the Proceedings of an
AMS-IMS-SIAM Joint Summer Research Conference on Mathematics of Finance, Snowbird, Utah, 22-26 June 2003; Volume 351,
pp. 398-404.

14. Goldentayer, L.; Klebaner, F; Liptser, R.S. Tracking volatility. Probl. Inf. Transm. 2005, 41, 212-229. [CrossRef]

15. Cvitani¢, J.; Liptser, R.; Rozovskii, B. A filtering approach to tracking volatility from prices observed at random times. Ann. Appl.
Probab. 2006, 16, 1633-1652. [CrossRef]

16. Mamon, R.; Elliott, R. Hidden Markov Models in Finance: Further Developments and Applications, Volume II; International Series in
Operations Research & Management Science; Springer: New York, NY, USA, 2014.

17.  Shen, Y.; Siu, T.K. Asset allocation under stochastic interest rate with regime switching. Econ. Model. 2012, 29, 1126-1136.
[CrossRef]

18. Goutte, S. Pricing and Hedging in Stochastic Volatility Regime Switching Models. |. Math. Financ. 2013, 3, 70-80. [CrossRef]

19. Alfeus, M.; Overbeck, L.; Schlogl, E. Regime switching rough Heston model. J. Futur. Mark. 2019, 39, 538-552. [CrossRef]

20. Mehrdoust, F; Noorani, I.; Hamdi, A. Two-factor Heston model equipped with regime-switching: American option pricing and
model calibration by Levenberg-Marquardt optimization algorithm. Math. Comput. Simul. 2023, 204, 660-678. [CrossRef]

21. Zhang, X,; Elliott, R.].; Siu, TK.; Guo, J. Markovian regime-switching market completion using additional Markov jump assets.
IMA ]. Manag. Math. 2011, 23, 283-305. [CrossRef]

22. Smith, W. Regenerative Stochastic Processes. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 1955, 232, 6-31. [CrossRef]

23. Elliott, R.].; Aggoun, L.; Moore, ].B. Hidden Markov Models: Estimation and Control; Springer: New York, NY, USA, 2008.

24. Hamilton, J. Chapter 3 - Macroeconomic Regimes and Regime Shifts. In Handbook of Macroeconomics; Elsevier: Amsterdam, The
Netherlands, 2016; Volume 2, pp. 163-201. [CrossRef]

25. Sueppel, R. Classifying Market Regimes. 25 December 2021. Available online: https:/ /research.macrosynergy.com/classifying-
market-regimes/ (accessed on 17 September 2023).

26. Liptser, R.; Shiryayev, A. Theory of Martingales; Mathematics and Its Applications; Springer: Amsterdam, The Netherlands, 2012.

27. Borisov, A.; Sokolov, I. Optimal Filtering of Markov Jump Processes Given Observations with State-Dependent Noises: Exact
Solution and Stable Numerical Schemes. Mathematics 2020, 8, 506. [CrossRef]

28. Stoyanov, J. Counterexamples in Probability, 3rd ed.; Dover Books on Mathematics; Dover Publications: Mineola, NY, USA, 2013.

29. Takeuchi, Y.; Akashi, H. Least-squares state estimation of systems with state-dependent observation noise. Automatica 1985,
21,303-313. [CrossRef]

30. Crisan, D.; Kouritzin, M.A.; Xiong, ]J. Nonlinear filtering with signal dependent observation noise. Electron. |. Probab. 2009,
14, 1863-1883. [CrossRef]

31. Criens, D. No arbitrage in continuous financial markets. Math. Financ. Econ. 2020, 14, 461-506. [CrossRef]

32. Cohen, S;; Elliott, R. Stochastic Calculus and Applications; Probability and Its Applications; Springer: New York, NY, USA, 2015.

33. Siu, TK. European option pricing with market frictions, regime switches and model uncertainty. Insur. Math. Econ. 2023,
113, 233-250. [CrossRef]

34. Kotz, S.; Gihman, I.; Skorohod, A. The Theory of Stochastic Processes III; Grundlehren der Mathematischen Wissenschaften; Springer:
New York, NY, USA, 2012.

35. Boyle, P; Draviam, T. Pricing exotic options under regime switching. Insur. Math. Econ. 2007, 40, 267-282. [CrossRef]


http://doi.org/10.1093/0199271267.003.0015
http://dx.doi.org/10.1561/0500000032
http://dx.doi.org/10.1111/j.1467-6419.2004.00232.x
http://dx.doi.org/10.4310/SII.2011.v4.n2.a12
http://dx.doi.org/10.1057/9780230280830_31
http://dx.doi.org/10.1109/CDC.2002.1184527
http://dx.doi.org/10.1007/s11122-005-0026-2
http://dx.doi.org/10.1214/105051606000000222
http://dx.doi.org/10.1016/j.econmod.2012.03.024
http://dx.doi.org/10.4236/jmf.2013.31006
http://dx.doi.org/10.1002/fut.21993
http://dx.doi.org/10.1016/j.matcom.2022.09.006
http://dx.doi.org/10.1093/imaman/dpr018
http://dx.doi.org/10.1098/rspa.1955.0198
http://dx.doi.org/10.1016/bs.hesmac.2016.03.004
https://research.macrosynergy.com/classifying-market-regimes/
https://research.macrosynergy.com/classifying-market-regimes/
http://dx.doi.org/10.3390/math8040506
http://dx.doi.org/10.1016/0005-1098(85)90063-9
http://dx.doi.org/10.1214/EJP.v14-687
http://dx.doi.org/10.1007/s11579-020-00262-1
http://dx.doi.org/10.1016/j.insmatheco.2023.08.008
http://dx.doi.org/10.1016/j.insmatheco.2006.05.001

Mathematics 2024, 12, 423 27 of 27

36.

37.
38.

39.

40.

41.

42.
43.

44.

45.
46.

47.

Mamon, R.S.; Rodrigo, M.R. Explicit solutions to European options in a regime-switching economy. Oper. Res. Lett. 2005,
33, 581-586. [CrossRef]

Elliott, R.J. Double martingales. Probab. Theory Relat. Fields 1976, 34, 17-28. [CrossRef]

Holt, M.; Yanenko, N. The Method of Fractional Steps: The Solution of Problems of Mathematical Physics in Several Variables; Springer:
Berlin/Heidelberg, Germany, 2012.

Tadmor, E. A review of numerical methods for nonlinear partial differential equations. Bull. Am. Math. Soc. 2012, 49, 507-554.
[CrossRef]

Kloeden, P.; Platen, E. Numerical Solution of Stochastic Differential Equations; Stochastic Modelling and Applied Probability;
Springer: Berlin/Heidelberg, Germany, 2011.

Borisov, A. Numerical schemes of Markov jump process filtering given discretized observations III: Multiplicative noises case.
Inform. Appl. 2020, 14, 10-18. [CrossRef]

Borisov, A. Monitoring Remote Server Accessability: The Optimal Filtering Approach. Inform. Appl. 2014, 8, 53-69. [CrossRef]
Borisov, A.V. Robust Filtering Algorithm for Markov Jump Processes with High-Frequency Counting Observations. Autom.
Remote Control 2020, 81, 575-588. [CrossRef]

Platen, E.; Bruti-Liberati, N. Numerical Solution of Stochastic Differential Equations with Jumps in Finance; Springer: Berlin/Heidelberg,
Germany, 2010. [CrossRef]

Draper, N.; Smith, H. Applied Regression Analysis; Wiley Series in Probability and Statistics; Wiley: Hoboken, NJ, USA, 2014.
Scalas, E.; Gorenflo, R.; Luckock, H.; Mainardi, F.; Mantelli, M.; Raberto, M. Anomalous waiting times in high-frequency financial
data. Quant. Financ. 2004, 4, 695-702. [CrossRef]

Borisov, A.; Gorshenin, A. Identification of Continuous-Discrete Hidden Markov Models with Multiplicative Observation Noise.
Mathematics 2022, 10, 3062. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.orl.2004.12.003
http://dx.doi.org/10.1007/BF00532686
http://dx.doi.org/10.1090/S0273-0979-2012-01379-4
http://dx.doi.org/10.14357/19922264200202
http://dx.doi.org/10.14375/19922264140307
http://dx.doi.org/10.1134/S0005117920040013
http://dx.doi.org/10.1007/978-3-642-13694-8
http://dx.doi.org/10.1080/14697680500040413
http://dx.doi.org/10.3390/math10173062

	Introduction
	Market with Markov Regime Switching
	Market Description and Arising Problems
	Market Regime Tracking as Optimal Filtering Problem

	Market Completion by Derivatives
	Fair Derivative Price
	Market Completion

	Algorithms of Markov Regime Tracking
	Algorithm of Numerical Solution to Generalized Black–Scholes Equation for Markov Regime Switching Market
	Algorithm of Regime Tracking by Discrete Time Observations
	Algorithm of Regime Tracking by High-Frequency Multivariate Point Observations

	Numerical Examples
	Regime Tracking by Time-Discretized Continuous Observations
	Regime Tracking by High-Frequency Multivariate Point Observations

	Conclusions
	References

