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Abstract: Global emphasis on sustainable development is widespread, with industries playing a
pivotal role in advancing global sustainability within the business and retail sectors. Consumer aware-
ness of environmental concerns, such as pollution, prompts a focus on product biodegradability and
eco-friendliness. Consequently, customers are drawn to products with higher green credentials. This
study delves into the effectiveness of green attributes in retail industries, exploring the optimization
of profit through a variable production rate and variable unit production cost, considering the selling
price and the demand dependent on the product’s green level. In the long run, production systems
may shift to an “out-of-control” state, resulting in the random production of imperfect items that
must be remanufactured to maintain the industry’s positive brand image. To mitigate the impact of
defective items, the industry opts to partially outsource a percentage of items, preventing shortages.
However, this complex retailing system generates a significant amount of carbon emissions. This
study introduces investments aimed at reducing carbon emissions to address this issue. In contrast
with the existing literature, a green-level-dependent unit raw material cost is considered here for
variable unit production cost. Ultimately, this study seeks to maximize the overall system’s profit
by optimizing the selling price, order quantity, production rate, green level, and carbon emission
reduction investments. The classical optimization technique is utilized to obtain analytic optimum
results for the decision variables and total profit. Special cases and sensitivity analyses illustrate the
real-world applicability and impact of green levels. Numerical findings indicate that considering
the product’s green-level-dependent demand and unit production rate is 22.44% more beneficial
than nongreen products, partial outsourcing provides a 1.28% advantage, and flexibility in the pro-
duction rate yields a 69.60% benefit over traditional systems without green elements. Additionally,
technological investments to reduce carbon emissions result in a notable reduction of up to 4.53%.

Keywords: optimization; carbon emission reduction; green level; flexibility; outsourcing

MSC: 90B05; 90C30

1. Introduction

Environmental consciousness has become a prominent focus for researchers in recent
times [1]. Researchers are consistently directing their efforts toward the development of
innovative technologies and strategies to enhance greenness of the environment. This
concern is not limited to researchers alone; the general public is also increasingly mind-
ful of environmental issues. Consequently, consumers express a preference for greener
(biodegradable) products, even when priced higher, indicating a growing awareness of
environmental considerations [2]. Consumer choices are progressively influenced by the
eco-friendliness and greenness of products. Companies striving to contribute to environ-
mental well-being may experience increased product sales, as environmentally conscious
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consumers tend to support such businesses. This trend signifies a developing awareness of
environmental concerns and a willingness to endorse businesses aligned with economic
values. Recognizing customers’ inclination towards green products, production industries
are focusing on increasing the production of environmentally friendly items. Therefore,
the green level (GL) of a product significantly impacts product demand. The influence of
the selling price on the product is inevitable for supply chain management. Companies may
choose to charge a premium for environmentally conscious products based on perceived
consumer value [2]. Previous research has discussed the inversely proportional relationship
between selling price and customer demand [3], emphasizing the crucial role of a product’s
selling price and GL in determining demand within a supply chain system. Integrating eco-
friendly elements into products can increase the selling price and attract environmentally
conscious customers. Thus, researchers must determine the optimal selling price and GL
for products to maximize the profit of the entire system.

Furthermore, due to an intelligent system incorporating flexible production and re-
working processes, a significant amount of carbon is produced during the initiation of
the process, which involves handling both flawless and defective items. Additionally,
carbon emissions occur when products are outsourced [4]. Consequently, the industry must
prioritize the reduction of carbon emissions for a green environment. In this research, we
integrated technological investments aimed at mitigating carbon emissions.

On the other hand, production systems cannot operate flawlessly for an extended
period, leading to the generation of defective items during the out-of-control state of the
production process [5]. The generation of defective items is random in reality and poses
harm to the production industry, as these items cannot be sold in the market. Defec-
tive generation can result in shortages, impacting the overall system’s profit. To address
this shortage situation, a percentage of the total demand is outsourced to maintain the
company’s brand image [6]. Outsourcing involves contracting external vendors for man-
ufacturing components, goods, or services, providing cost savings, improved efficiency,
and specialized knowledge utilization. However, balancing the benefits of outsourcing
with potential risks, such as loss of control and dependency on external partners, is crucial
for a successful outsourcing strategy [7]. In this study, partial outsourcing is considered
to maximize profit. Moreover, the defective product not only results in shortages but also
poses a threat to sustainable development due to the generation of waste. A considerable
quantity of raw materials is squandered alongside these faulty items [8]. Therefore, to curb
the wastage of raw materials, the optimal solution for industries is to rework the defective
items. Reworking serves to manage raw material waste and contributes to improving the
overall system’s profitability.

Flexibility emerges as a key factor in maximizing profit in the business sector. Product
demand is variable and flexible due to various realistic issues, making a fixed production
rate risky for production industries [9]. Fixed production rates can lead to shortages during
high demand or excessive waste during low demand, resulting in losses for the industry.
Thus, a flexible production rate helps optimize profit [10]. The variable production rate
(VPR) allows adjustments based on demand fluctuations or operational considerations,
helping companies adapt to market changes, avoid excess inventory, and work more
efficiently. Implementing VPR requires sophisticated production planning and control
systems, utilizing technology such as analytics and real-time monitoring for data-driven
strategies to quickly modify output rates and optimize resource usage [11]. Considering
the impact of the product’s GL on demand, this study incorporates the unit production
cost (UPC) influenced by the GL alongside development and tool/die costs. Based on the
discussion above, the research gaps are as follows.

1.1. Research Gap

1. The literature has explored the impact of green investments on increasing demand
[12–14]. Selling-price-dependent demand is a well-documented concept in existing
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research [3,15,16]. However, the literature addressing both selling price and GL as
variables influencing demand remains scarce.

2. Several researchers have developed imperfect production models involving manu-
facturing and remanufacturing in the same cycle [8,17]. Nevertheless, the existing
literature does not yet consider manufacturing–remanufacturing in the same cycle,
along with partial outsourcing and technology investment to reduce carbon emissions
under VPRs.

3. The literature has extensively discussed flexibility in the production process through
VPR with variable UPC, where UPC is influenced by raw material cost, development
cost, and tool/die cost [11,18,19]. However, to the best of the authors’ knowledge,
the existing literature has not yet explored GL-dependent raw material costs for
variable UPC.

We design an imperfect manufacturing–reworking system that prioritizes an eco-
friendly production process. Profit maximization strategies, such as outsourcing and
various investments, ensure economic benefit. Environmental greenness is addressed
through GL-dependent demand and UPC influenced by carbon emission reduction tech-
nology, while social sustainability is achieved through labor engagement in manufacturing,
reworking, and outsourcing. The model’s applicability and profitability are enhanced
by considering selling-price- and GL-dependent market demand. The flexible produc-
tion rate optimizes overall system profit, where UPC is influenced by the product’s GL,
development cost, and tool/die cost. Technological investments not only reduce carbon
emissions but also contribute to cost reduction, supporting the growth of economy and
environmental greenness.

1.2. Contribution

Based on the above research gaps and discussion, the contributions of this study can
be outlined as follows:

1. An imperfect manufacturing–reworking system is designed in this study under the
consideration of flexibility in the production process with the effect of technological
investment to reduce the effect of carbon emissions.

2. A product’s green-level-dependent unit production cost is considered in this study to
enhance the biodegradability of the product.

3. An imperfect production process is formulated in this study where demand is depen-
dent on the selling price and GL of the product and the generation rate of defective
items is random. A percentage of demand is outsourced to fulfill the demand and to
overcome the shortages.

1.3. Orientation of the Manuscript

The rest of the manuscript is structured with eight different sections. In Section 2,
the background of this study along with a review of the existing literature is presented.
The problem statement of this study along with assumptions is illustrated in Section 3.
Different cost components and the mathematical form of the profit function are elaborated,
and a closed-form analytic solution with global optimality conditions is described in
Section 4. An analytic classical optimization technique is utilized to obtained the result
for this model, which is described as the solution methodology in Section 5. To prove
the applicability of this study in reality, some numerical examples with different cases
are presented in Section 6. A sensitivity analysis for the key parameters is performed
in Section 7. The theoretical and practical implementation of this study is discussed
as managerial insights in Section 8. The major findings of this study are described as
conclusions in Section 9, and lastly, limitations and future extensions of this study are
described in Section 10.



Mathematics 2024, 12, 654 4 of 29

2. Previous Studies

The illustration of the existing literature along with the literature gaps are discussed in
this section. The novelty of this section compared to the existing literature is summarized
in Table 1.

2.1. Imperfect Production with Outsourcing

Imperfect production indicates that items may be manufactured with slight deviations
from the desired standard. Different reasons, such as machinery imperfections, human
errors, and changes in material quality, can make the production process imperfect. Imper-
fect production permits slight differences in the products, in contrast to perfect production,
which strives for uniformity in every product [20]. Sana [20] considered a classical economic
manufacturing quantity (EMQ) model with imperfect generation of the product. He tries
to increase the reliability of the product and optimize the cost of the system under constant
demand. Similarly, an imperfect production inventory system under an optimum ordering
policy was proposed by Pal et al. [21]. They considered a discount policy for the imperfect
product with less quality compared to the good product. However, they ignored the con-
cept of reworking within the same production cycle. However, those imperfections create
a shortage situation. This shortage can be managed by backordering [15]. Pal et al. [15]
developed an imperfect EMQ model under the consideration of partial backordering, which
can make the system profitable. All those studies considered a fixed defective rate, whereas
in reality, the generation of defective items is random [8]. Dey et al. [8] considered five
different distributed random defective rates for their imperfect production model. They
considered an assembled item for their study and proved that cost was minimized when
the defective rate follows a reciprocal distribution.

Table 1. Novelty of this study based on the existing literature.

Author(s) Outsourcing
Demand

Rate
Depend

Defective
Item

Production
Rate Rework Investment

Murmu et al. [3] NA SP NA Constant NA Preservation
Kaur et al. [7] Constant Random NA Flexible NA NA
Sarkar et al. [18] NA Constant Yes Flexible Yes Setup
Sarkar et al. [22] NA Constant Yes Flexible Yes GT
Mishra et al. [23] NA Constant NA Constant NA GT
Mashud et al. [24] NA Constant Yes Constant Yes NA
Das et al. [25] NA Constant NA Constant NA NA
Heydar et al. [26] NA Constant Yes Flexible Yes GT
Giri et al. [27] NA SP NA Constant NA GT
Dey and Seok [28] NA Service Random Constant NA Inspection
Bachar et al. [29] Variable SP Yes Constant Yes NA

Lin et al. [30] Constant Constant Yes Constant Yes NA
Ma et al. [31] NA SP NA Flexible NA NA
Alfares et al. [32] NC SP NA Flexible NA NA
Sarkar et al. [33] NC SP Yes Flexible Yes Inspection
This study Variable SP and GL Yes Flexible Yes GT

SP: selling price.

To avoid the waste of raw materials, those imperfect items need to be reworked to
make them perfect. Sarkar et al. [33] developed a smart manufacturing–remanufacturing
imperfect model, where manufacturing and remanufacturing are performed within the
same production cycle. They considered a smart automated inspection strategy to identify
the imperfection perfectly. Those imperfect items may create a bad impact on the company
by creating a shortage. Therefore, how much buffer is required to control this situation
was calculated by Sana [34]. He considered the buffer stock during preventive mainte-
nance. However, imperfect items may be generated all over the cycle [35]. Sepehri and
Gholamian [35] considered an imperfect production inventory model with shortages but
without reworking. However, this shortage problem can be solved by partial outsourc-
ing [29]. Partial product outsourcing is when specific parts of the manufacturing process are
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delegated to outside suppliers while the company retains control over other elements. This
strategy allows businesses to capitalize on external expertise, cost efficiencies, and flexibility
while still maintaining oversight and management of critical elements [36]. Naghshineh
and Carvalho [36] proposed a literature survey for the additive manufacturing technol-
ogy adoption for supply chain resilience and proved that outsourcing is cost-effective for
manufacturing industries. Companies sometimes choose to partially outsource certain
parts of the production process when those parts are not the most important or require
special skills that other companies can perform better. This could include outsourcing the
manufacturing of specific components, assembly processes, or even certain services like
logistics or customer support [37]. Friedrich et al. [37] developed an additive manufactur-
ing process under the consideration of outsourcing but ignored the concept of variable
demand and reworking. Partial outsourcing offers the benefits of cost savings, gaining
access to specialized expertise and resources, and the flexibility to adapt to market changes
more readily. However, it can be difficult to coordinate activities between teams inside
and outside the company, make sure everything is high-quality, and manage risks when
relying on outside partners [38]. Xie et al. [38] considered a government subsidy policy for
outsourcing. They calculated the outsourcing price equilibrium under the Nash bargaining
game. However, they considered a fixed demand and perfect production process for their
study. Successful partial outsourcing needs a good plan, clear communication, and strong
contracts to make sure everyone knows what to do and what to expect. In general, it is a
complex business plan that tries to use outside skills while still staying in charge of impor-
tant parts of making and delivering the product [39]. Deng and Xu [39] investigated the
effect of discount and fixed investment for manufacturing. However, they were unaware of
the imperfect production or reworking. Lin et al. [30] proposed a remanufacturing model
under consideration of outsourcing. They considered a manufacturing and remanufactur-
ing system. However, they avoided the concept of carbon emissions reduction or flexibility
in the production process.

Several studies were conducted in the literature on imperfect production processes
with faulty generation and reworking, and some studies were also conducted by consid-
ering the concept of outsourcing. However, an imperfect process with random defective
generation and manufacturing–reworking in the same cycle under partial outsourcing to
control shortages are rare in the literature. Most of the existing studies were developed
under consideration of constant demand and production rate. Thus, an imperfect EMQ
model with variable demand and production rates under random defective rates and
partial outsourcing is developed in this study to fill this research gap.

2.2. Green Level (GL)- and Selling-Price-Dependent Demand

Predicting proper demand in inventory management of the production or supply
chain system is very crucial to making several major decisions. Initially, the researcher con-
sidered a fixed demand for the production or supply chain model to avoid complexity [40].
However, in real situations, demand from the customers cannot be always fixed. The de-
mand for a particular product is influenced by several real factors such as the selling price
of the product, the quality of the product, the service level of the company, advertisement,
and many more. Therefore, researchers continuously develop different studies considering
those factors depending on realistic demand. The selling price is very crucial for deter-
mining the demand for the product [16]. They considered a deteriorating item for their
study and optimized the selling price of the product and lot size. In a similar direction,
an inventory model was proposed by [41]. Agi and Soni [41] considered that demand
depends on the stock level and selling price of the product. They also optimized lot size and
selling price with optimum profit. Not only the selling price but also the product’s quality
plays a significant part in determining the demand for the product [42]. Jabarzare and
Rasti-Barzoki [42] developed a dual-channel supply chain system under the consideration
of selling price and quality of the product-dependent demand and optimizing the profit.
Similarly, Dey et al. [43] considered an imperfect production process with remanufacturing,
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where demand depends on the selling price and the quality of the product. They considered
a machine-based inspection strategy to identify the defective items. However, all those stud-
ies neglected the effect of the GL of the product. Nowadays, every sector is concerned about
the green environment and tries to reduce the pollution of the environment. In this century,
the GL of the product plays a major role in determining the demand for the product [27].
Customers prefer more environmentally friendly products. Wang and Song [44] developed
a dual-channel supply chain under the consideration of green investment and sales efforts
dependent on uncertain demand. A green supply chain system that balances price and
green quality was proposed by Heydari et al. [26]. They proved that customers have
become more aware of the environment and prefer green products. Recently, Paul et al. [45]
developed an inventory system by considering the GL of the product. They considered a
carbon taxation policy to reduce carbon emissions. Malleeswaran and Uthayakumar [46]
proposed a sustainable supply chain for single manufacturer multi-retailer by considering
an investment to increase the GL of the product. They considered reworking for their
study under ordering cost reduction. Furthermore, more people want to buy products that
are good for the environment. Despite the higher production costs, this is creating new
prospects for businesses. Companies that prioritize greenness contribute to environmental
protection and build a positive public image. Companies must find a balance between
being eco-conscious and remaining competitive in the market, as stated by Punj et al. [47].
A supply chain model for deteriorating items under a hybrid pricing strategy was proposed
by Khanlarzade and Farughi [48]. They considered a Boundedly rational decision-making
system through Stackelberg game policy.

Many of the existing studies deal with investment to enhance the GL of products.
However, as per the authors’ judgment and knowledge, GL and selling in price-dependent
imperfect flexible systems under consideration of outsourcing and reworking are still not
considered by the existing literature. Thus, this gap is filled by the current study.

2.3. Green Level (GL)-Dependent Variable Production Rate (VPR)

In traditional manufacturing systems, a constant production rate is considered with
fixed production costs [20]. However, in reality, it is not always profitable to consider a fixed
production rate. With uncertain market demand, the production rates need to be flexible.
A fixed production rate may be harmful to industry. A fixed rate of production may increase
the waste when the demand for the product is low or increase the shortage cost during high
product demand. Thus, flexible production systems are always helpful in optimizing profit
and making an economically sustainable production process [49]. Min and Chung [50]
proposed a distribution model by optimizing shipment size. They considered the concept of
carbon emissions reduction in their study. However, the concept of green-level-dependent
demand was ignored by them. AlDurgam et al. [51] proposed a single vendor and single
manufacturer integrated model under the consideration of a VPR. In their model, they
considered random demand and proved a flexible production rate can help to minimize
the cost and lead time. Similarly, [10] considered a smart supply chain system under a
VPR, where demand varies with the advertisement investment. They suggested that a VPR
can help to control the lead time and backorder rate. A hybrid production system with
a controllable production rate was formulated by Kim and Kim [52]. Kim and Kim [52]
considered a make-to-order stock-dependent VPR. Sarkar et al. [18] developed a multistage
complex production system with VPRs and remanufacturing. They conclude that VPRs
can reduce the makespan and generation of defective items within a production process.
Recently, Bachar et al. [29] proposed an imperfect production system with reworking and
partial outsourcing. They considered a flexible production rate for their system and proved
that flexibility can help optimize the profit of the production process.

Along with the VPR, the UPC also varies. Generally, the UPC is calculated by sum-
ming raw material cost, development cost, and tool/die cost, where development cost is
inversely proportional to the production rate and tool/die cost is directly proportional
to the production rate [22]. However, the production cost of a product can be influenced
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by various factors. Implementing eco-friendly practices like using renewable energy or
sustainable materials in production may initially incur higher costs due to investing in
new technology and higher costs for sustainable materials [53]. Over time, these actions
can lead to cost savings and environmental benefits. The overall cost of production is
determined by the size of the company, the nature of the business, and the eco-friendly
practices implemented. GL-dependent production costs cover a range of environmentally
friendly practices that can affect the total cost of making a product [54]. Using sustainable
materials and energy-efficient processes and reducing waste might cost more at the be-
ginning. However, when companies get bigger and technology gets better, they can use
fewer resources and save money on waste disposal in the long run. Government rewards,
improvements in eco-friendly technologies, and changes in regulations can affect how
much it costs to produce sustainable products. Therefore, it is important to have a plan
that looks at both short-term and long-term benefits when trying to make production more
sustainable [31]. Ma et al. [31] proposed a dynamic supply chain system under Stackelberg
game policy. They considered an emissions tax and a variable production rate for their
study. However, a product’s green-level-dependent material cost to calculate unit produc-
tion cost for an imperfect production system with outsourcing is still a research direction
with many questions, which is filled by this study.

Thus, a GL-dependent UPC is very crucial for production industries. In contrast
with the literature, a GL-dependent raw material cost is considered in this study. That is,
per the authors’ knowledge, till now in the existing literature, the UPC depends only on
the production rate, but in this study, the first-time GL- and production-rate-dependent
unit production rate are calculated where the raw material cost depends on the GL of
the product.

2.4. Carbon Emissions Reduction and Green Products

Reducing carbon emissions and taking care of our planet is important to stop climate
change and keep our planet healthy. In order to achieve significant advancements, compa-
nies and individuals must adopt environmentally conscious practices, utilize sustainable
energy sources, and conserve energy. Governments play a vital role in establishing and
implementing policies to preserve the environment. The use of new technology also sup-
ports the development of cleaner options for the environment. The whole world needs to
work together to reduce the effects of carbon emissions and make a better future for our
planet. In industries, carbon is emitted randomly during manufacturing, remanufacturing,
transportation, and several operations during the whole process [55]. Das and Roy [56]
proposed an integrated facility location and transportation problem under different car-
bon reduction polices. In a similar direction, Das et al. [57] presented a multiobjective
transportation-location problem under different carbon polices. A sustainable production
inventory system with controllable carbon emissions was proposed by Mishra et al. [58].
Mishra et al. [58] considered carbon tax and cap along with a green technology invest-
ment to control carbon emissions. However, they were unaware of the emission transfer
strategies to reduce carbon emissions. Thus, a low-carbon supply chain by considering
emission transfer strategies and the lag time of the emission reduction was constructed
by Sun et al. [59]. They proved that the lag time of the emission reduction helps to trans-
fer the carbon emission level of the manufacturer. However, they neglected the concept
of a carbon trading policy to reduce the carbon emissions from the industries. In 2013,
China implemented an emission trading system (ETS) to reduce carbon and build a green
future for the earth [60]. Zhang et al. [60] proved that the ETS can help reduce carbon
emissions by 24.2% and increase the economy by 13.6%. However, rapid development in
the industrial sector increases carbon emissions, which are harmful to the environment [61].
An et al. [61] suggested fixing the carbon price at a certain level, and this carbon emission
reduction policy should implemented in all industries instead of only in developed areas.
However, by investing in green technology, carbon emissions can be reduced for an in-
ventory system under backorder consideration, as stated by Mishra et al. [23]. Similarly,
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Mashud et al. [24] proposed an inventory system for the green-warehouse farms under
controllable CO2 emissions. They considered a noninstantaneous deteriorating item for
their study. However, they avoided the concept of digitalization in the industry to control
emissions. Yang et al. [62] proposed an approach for digital city construction under the ef-
fect of carbon emissions reduction. However, they neglected the concept of carbon policies
and reworking. Considering a reworking and multicredit period, a model was formulated
by [63]. Dey et al. [63] considered three different types of carbon emission reduction policies
for their model and proved that a limited carbon regulation policy was the best policy to
reduce carbon emissions. Das et al. [25] analyzed a mixed-integer non-linear multi-objective
model under two-fold uncertainty. They demonstrated the impact of carbon emissions
constraints; however, they ignored the concepts of outsourcing and a flexible production
rate. Utama et al. [64] proposed a production–inventory model with fuel consumption
under quality degradation. They considered the demand as having a stochastic nature for
food industry.

All those studies care about carbon emissions reduction through different approaches;
however, as per the basic definition of sustainability, a system is called sustainable when
three basic pillars (economic, environment, social) can be simultaneously developed [65].
Most of the studies considered only the environmental benefit of reducing carbon emissions.
However, considering the three pillars, economic, environmental, and social, of sustain-
ability in a model is very rare in the literature. In this study, profit optimization ensures
economic benefits; the adaptation of partial outsourcing concept and the identification
of defective items increase the labor, which ensures social benefits; and green products,
GL-dependent demand and production rate, reworking, and investment in technology to
reduce carbon emissions ensure the environmental benefits. Thus, the three basic pillars
of sustainability are held in this study. Furthermore, a smart production system with
reworking and partial outsourcing under the consideration of GL- and price-dependent
demand is still not formulated in the literature. Thus, a pioneer study established in
this article proposes a sustainable production system with reduced carbon emissions and
optimized profit.

3. Problem Statement, and Assumptions

The used assumptions along with a description of the proposed model are described
in this section.

3.1. Problem Statement

A smart retailing system under the consideration of the green effect and carbon
emission reduction investment is discussed in this study. The market demand for the
product is a very crucial factor for business industries. Thus, the selling price and the
product’s GL-dependent variable demand are considered in this study to make it realistic.
Owing to variable demand, a GL-dependent UPC and VPR are considered here to make the
model intelligent. In an out-of-control state, the production process may produce imperfect
items randomly. In this study, we considered four different types of distribution for the
generation rate of defective items. These defective generations may create a shortage
situation, and the brand image of the company may be affected. Owing to imperfection
in the production process, a percentage of products are outsourced to avoid shortages
and keep the image of the company clean. The defective items are reworked within the
same production cycle to fill the demand of the next cycle. This complex system emits a
huge amount of carbon. Thus, to reduce carbon emissions, an investment is introduced
in technology. Finally, total system profit is maximized based on the decision variables.
Numerical findings conclude that the effect of the GL of the product and flexibility in the
production rate under partial outsourcing comprise one of the best retailing strategies.

3.2. Assumptions

The following assumptions are considered to develop this model.
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1. A flexible production system for single items with reworking is considered in this
study. Owing to several factors such as machinery problems and the tardiness of labor,
defective items are generated randomly. Repairable faulty items are reworked with
some additional cost to make them perfect-quality items [8].

2. In this global supply chain system, certain percentages of optimal lot size quantity are
outsourced to avoid a shortage situation. It is considered that ρ(0 < ρ < 1) percentage
of the total quantity is outsourced. In other words, ρ = 0 indicates that all amounts are
produced by the manufacturer, and ρ = 1 indicates all order quantities are outsourced
with no amount produced by the manufacturer. Thus, in this study, we considered
partial outsourcing to achieve optimum profit [29].

3. In this study, demand for the products depends on the selling price and GL of the
product. Therefore, the demand for the product is Dg = ξ1 − ξ2Sg + ξ3Gξ4 .

4. A VPR with variable UPC for this study is considered to make the study realistic
and profitable. UPC depends on the GL of the product, i.e., GL and UPC are directly
proportional. Therefore, the UPC is calculated by considering raw metrical cost, which
depends on the GL of the product, development, and tool/die cost as C(Pg, G) =

( γ1G2

2 + γ2
Pg

+ γ3Pg) [22].

5. A huge amount of carbon is emitted during the setup of the production process,
manufacturing, remanufacturing, outsourcing, and holding the perfect and reworked
item. Thus, keeping green environment in mind, some investments are considered to
reduce carbon emissions. The investment function is C(Ig) = m(1 − e−vIg), and v is
the efficiency of technology. Theoretically, investment tends to zero when Ig = 0 and
tends to m when Ig → ∞ [63].

4. Imperfect Production Model with Partial Outsourcing

The production starts at T = 0 and in time t1ρ produces perfect and imperfect items
(Figure 1). In this study, it was considered that defective items are generated at a random
rate τ. Therefore, the level of perfect-quality inventory for the in-house production system
is Iin=(Pg − τd − Dg)t1ρ .

Figure 1. Graphical representation of the inventory for imperfect production systems with partial
outsourcing (solid line) versus inventory behavior for imperfect systems without outsourcing (dotted
line) (Bachar et al. [29]).
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After time t1ρ , reworking of the defective items is started at a rate Rp, and reworking
is performed within time t2ρ . Therefore, the inventory level after t2ρ is the sum of Iin and
the reworked item remaining on hand, i.e., Iper = Iin + (RP − Dg)t2ρ .

Owing to imperfections in the production process, the manufacturer outsources a
ρ(0 < ρ < 1) portion of the total ordered quantity to avoid a shortage situation. It is
considered that all outsourced items are of perfect quality. Therefore, ρ = 1 indicates
all items are outsourced, and ρ = 0 indicates no item is outsourced, that is, all items are
produced by the manufacturer. In Figure 1, the dotted line indicates that ρ = 0, i.e., no item
is outsourced. If the ρ portion of the total quantity is outsourced, then the total inventory is
given by I = Iper + ρQg. These items deplete at a demand rate Dg within time t3ρ , i.e., I =
Iper + ρQg= Dgt3ρ . As per Figure 1, t1ρ is the pure production time, which can be obtained

as t1ρ = Iin
(Pg−τd−Dg)

=
(1−ρ)Qg

Pg
. τ is the portion of repairable imperfect items, and the

reworking time t2ρ can be calculated as t2ρ =
τ(1−ρ)Qg

RP
. Therefore, production downtime

t3ρ can be formulated as t3ρ = I
Dg

=
Iper+ρQg

Dg
.

Therefore, the total cycle time under consideration of partial outsourcing can be
calculated by summing production time, reworking time, and production downtime (only
demand is there), which is mathematically presented as

Tp = t1ρ + t2ρ + t3ρ =
Qg

Dg
. (1)

Similarly, the repairable faulty items that were generated in time t1ρ can be calculated as

τdt1ρ = τPgt1ρ = τ(1 − ρ)Qg. (2)

4.1. Green Level (GL)-Dependent Unit Production Cost (UPC)

Owing to demand uncertainty, a flexible production rate is considered in this study for
optimizing the profit. The GL of the product helps to improve the demand as well as the
total profit of the system. Therefore, the UPC is influenced by the GL of the product. In this
study, UPC is calculated by summing raw material cost, development cost, and tool/die
cost, where raw material cost is directly proportional with the GL of the product, and de-
velopment cost, tool/die costs inversely and directly proportional with the production rate.
Thus, UPC C(Pg, G) is the function of GL and production rate, which can be expressed as

C(Pg, G) = (
γ1G2

2
+

γ2

Pg
+ γ3Pg)(1 − ρ)Qg. (3)

4.2. Setup Cost for Flexible Production System

A proper setup is required to run a business smoothly. A smart system is considered
in this study with a flexible production rate and reworking. Thus, for setting up the flexible
production system, the fixed setup cost is K. Therefore, the total setup cost per cycle can be
obtained by dividing the fixed setup cost by the cycle time:

KDg

Qg
. (4)

4.3. Holding Cost for Perfect and Defective Products

Holding cost is one of the basic and important costs for inventory or production
models. Products are held until all products are finished due to demand, i.e., for this study,
products are stored up to time t3ρ. Thus, during time t1ρ, the holding cost is calculated for all
perfect and imperfect produced items. In time t2ρ, perfect, imperfect, and reworked items
are produced and kept until all items are finished due to demand. Therefore, the holding
cost for the entire cycle is
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h

[
(Iin + τdt1ρ)t1ρ

2
+

(Iin + Iper)t2ρ

2
+

It3ρ

2

]
. (5)

4.4. Reworking Cost

Due to different unavoidable situations, the process may be shifted to an out-of-control
process and produce imperfect items randomly. It is considered that τ percentage of total
products are defective. To control waste, those imperfect items need to be reworked. Thus,
total reworkable items are τ[(1 − ρ)Qg], which are reworked with unit reworking cost CR.
Therefore, the total reworking cost of the defective items is mathematically presented as

DgCRτ[(1 − ρ)Qg]

Qg
. (6)

4.5. Holding Cost of the Reworked Products

In time t2ρ, reworking of the defective items is performed. Therefore, the holding cost
for those reworkable items can be calculated by calculating the total generated defective
items in time t1ρ, which is E[τ]t1ρ. Those defective items are kept for the time t2ρ. Now,
if h1 is the unit holding cost for those defective items, then the holding cost of the reworked
products is

h1τdt1ρt2ρ

2
. (7)

4.6. Fixed Outsourcing Cost

A percentage of the total batch size is outsourced to overcome shortages. In this
study, a fixed cost Jρ is considered for the outsourced items. Since ρ percentage of products
are outsourced, thus, this will affect the setup cost of the production system. Thus, a
negative scaling parameter ϕ (−1 ≤ ϕ ≤ 0) is linked with the fixed outsourcing cost. Thus,
mathematically fixed outsourcing costs can be calculated as

Jρ = (1 + ϕ)K. (8)

4.7. Variable Outsourcing Cost

A variable cost for outsourcing is incorporated in this study, which is lined up with
the production rate. It is obvious that variable outsourcing cost is higher than the UPC.
A scaling parameter µ (µ ≥ 0) is considered to set the scale for the variable outsourcing
cost, which implies the variable outsourcing cost is higher than the in-house production
cost. If Wρ is the per-unit variable outsourcing cost, then the total variable outsourcing cost
can be calculated as

Wρ(ρQg) = (1 + µ)ρQgC(Pg, G). (9)

4.8. Carbon Emissions Cost

Carbon emission and related costs due to the setup of the process and outsourcing:
If Kc amount of carbon is emitted for the setup of the process and Cc is the carbon tax, then
the carbon emission cost for setup is

(Kc + (1 + ϕ)Kc)Cc = (2 + ϕ)KcCc,
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Carbon emission and related costs due to production and reworking: If Cc
p and Cc

R
amounts of carbon are emitted for the manufacturing and reworking processes and Cc is
the carbon tax, then the carbon emission cost for manufacturing and remanufacturing is

(Cc
Rτ + Cc

p)[(1 − ρ)Qg]Cc,

Carbon emission and related costs due to holding perfect and remanufactured
products: If hc and hc

1 amount of carbon is emitted for holding perfect and remanufactured
items and Cc is the carbon tax, then the carbon emission cost for holding is[

hc
1

τdt1ρ

2
(t2ρ) + hc

[
Iin + τdt1ρ

2
(t1ρ) +

Iin + Iper

2
(t2ρ) +

I
2
(t3ρ)

]]
Cc.

4.9. Investment in Carbon Emission Reduction Technology

To reduce the carbon emission, some investment is incorporated in this study. As per
assumption 5, the total investment for carbon emission reduction can be formulated as

m(1 − e−vIg) + Ig.

Therefore, the total carbon emission cost with investment can be written as[
(2 + ϕ)Kc + (Cc

Rx + Cc
p)[(1 − ρ)Qg] + hc

1
τdt1ρ

2
(t2ρ) + hc

[
Iin + τdt1ρ

2
(t1ρ)

+
Iin + Iper

2
(t2ρ) +

I
2
(t3ρ)

]]
Cc(1 − m(1 − e−vIg)) + Ig. (10)

In this study, demand is considered as selling-price-dependent. Therefore, one can
calculate the revenue by multiplying unit selling price and demand, i.e., the revenue of the
system is SgDg. Now, the expected total profit of the system TEP(Pg, Qg, Sg, G, Ig) can be
calculated by subtracting the expected total cost from the revenue, which can be expressed
by the following expression:

TEP(Pg, Qg, Sg, G, Ig) = Revenue − E[TCU(Pg, Qg, Sg, G, Ig)]

= Sg(ξ1 − ξ2Sg + ξ3Gξ4 )−
[

ξ1 − ξ2Sg + ξ3Gξ4

Qg

[
K + Qg

(
γ1G2

2
+

γ2
Pg

+ γ3Pg

)
(1 − ρ) + K(1 + ϕ)

+ Qgρ(1 + µ)

(
γ1G2

2
+

γ2
Pg

+ γ3Pg

)
+ Qg(1 − ρ)ζCR +

h1ζ2Q2
g(1 − ρ)2

2RP
+

hζ(1 − ρ)2Q2
g

2Pg

+
Q2

gh
2

[
ρ −

ζ(1 − ρ)(Dg − RP)

RP

][
1

Dg
− (1 − ρ)

Pg
+

(1 − ρ)(Pg(1 − ζ)− Dg)

Dg

]
+

(
(2 + ϕ)Kc

+ (Cc
Rζ + Cc

p)[(1 − ρ)Qg] +
hc

1ζ2Q2
g(1 − ρ)2

2RP
+

hcζ(1 − ρ)2Q2
g

2Pg

+
Q2

ghc

2

[
ρ −

ζ(1 − ρ)(Dg − RP)

RP

][
1

Dg
− (1 − ρ)

Pg
+

(1 − ρ)(Pg(1 − ζ)− Dg)

PgDg

])
Cc
(
1

− m(1 − e−vIg )
)]

+ Ig

]
, (11)

where E[τ] = ζ.

5. Solution Methodology

A closed-form solution is obtained for the complex, highly nonlinear Equation (11).
To obtain a closed-form solution to this nonlinear problem, the most popular classical opti-
mization technique is utilized. As per the necessary condition of the classical optimization,
the analytic value of the decision variables is obtained by taking the first-order partial
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derivative of Equation (11) with respect to Sg, Qg, Pg, G, and Ig. Therefore, optimal analytic
values, i.e., S∗

g, Q∗
g, P∗

g , G∗, and I∗g , can be calculated by the following expression:

Q∗
g =

√
2(2 + ϕ)(K + KcΩ4)

Ω6
, (12)

P∗
g =

√
Ω5

γ3Qg(1 + µρ)
, (13)

I∗g =
1
v

ln

(
mvCcDgΩ2

Qg

)
, (14)

S∗
g =

Ω8RPPg

ξ2(2RPPg + Qgξ2(h + hcΩ4)(1 − ρ)2ζ)
, (15)

f (G∗) =

(
γ1(1 + µρ)Dg

ξ3ξ4(Sg − Ω7 − Ω9)

) 1
ξ4−2

. (16)

The detailed calculations are provided in Appendix A.
To prove the sufficient condition for the optimality, one needs to show the principal

minors of the following Hessian matrix are negative-definite.

∂2TEP(.)
∂Q2

g

∂2TEP(.)
∂Pg∂Qg

∂2TEP(.)
∂Sg∂Qg

∂2TEP(.)
∂G∂Qg

∂2TEP(.)
∂Ig∂Qg

∂2TEP(.)
∂Qg∂Pg

∂2TEP(.)
∂P2

g

∂2TEP(.)
∂Sg∂Pg

∂2TEP(.)
∂G∂Pg

∂2TEP(.)
∂Ig∂Pg

∂2TEP(.)
∂Qg∂Sg

∂2TEP(.)
∂Pg∂Sg

∂2TEP(.)
∂S2

g

∂2TEP(.)
∂Sg∂G

∂2TEP(.)
∂Sg∂Ig

∂2TEP(.)
∂Qg∂G

∂2TEP(.)
∂Pg∂G

∂2TEP(.)
∂Sg∂G

∂2TEP(.)
∂G2

∂2TEP(.)
∂G∂Ig

∂2TEP(.)
∂Qg∂Ig

∂2TEP(.)
∂Pg∂Ig

∂2TEP(.)
∂Sg∂Ig

∂2TEP(.)
∂G∂Ig

∂2TEP(.)
∂I2

g


.

Due to the highly complex nonlinear equations, the values of the principal minors at
the optimum value of the decision variables are calculated numerically in the next section.

6. Numerical Experiment

To validate the findings of this study and to show the applicability of this study in
reality, some numerical examples and special cases are presented in this section. The effec-
tiveness of greenness, outsourcing, and flexibility in the production process are discussed in
this section through some numerical values. The parametric values for different parameters
are taken from the models of Bachar et al. [29] and Dey et al. [63] at there best fit. We used
Mathematica 11.0 with Windows 11, 16 GB of RAM, and 512 GB of SSD to find the optimum
value of decision variables.

The defective generation rate is random. Therefore, we considered four different
types of distribution (chi-square distribution, uniform distribution, triangular distribution,
and reciprocal distribution) and calculated the profit for those distributions. The formula to
calculate the defective rates for different distributions can be obtained in the Dey et al. [8]
model. The optimum results under partial outsourcing and different special cases are
provided in the following sections.

6.1. Numerical Analysis under Partial Outsourcing for Different Distributed Defective Rates

In this section, we discuss the optimum results for this study under partial outsourcing
and different distributed random defective rates. The values of the parameters are related
to the parameters of fixed outsourcing (ϕ) = −0.3, variable outsourcing (µ) = 0.3, material
cost (γ1)= 460, development cost (γ2) = 920, and tool/die cost (γ3) = 0.02, where holding
cost for the reworkable items (h1) = USD 8 /unit/unit time, holding cost for perfect quality
items (h) = USD 5 /unit/unit time, reworking rate (RP) = 95 units/unit time, setup cost
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(K) = USD 1000 per setup, reworking cost (CR)= USD 45 per unit, fixed market demand
(ξ1) = 1100 units, scaling parameter related to price sensitivity (ξ2) = 3, scaling parameter
related to GL of the product (ξ3) = 3, shape parameter related to GL of the product (ξ4)
= 1.1, outsourcing percentage (ρ) = 0.05, carbon emitted due to setup of the process (Kc)
= 30 kg/setup, carbon emitted due to manufacturing (Cc

P) = 25 kg/cycle, carbon emitted
due to remanufacturing (Cc

R) = 15 kg/cycle, carbon emitted due to holding of the perfect
items (hc) = 2 kg/cycle, carbon emitted to hold imperfect items ((hc

1)) = 3 kg/cycle, carbon
tax (Cc) = USD 3 per kg per cycle, carbon reduction technology efficiency (m) = 0.02,
and carbon emission reduction fraction (v) = 0.1. The values of the parameters for the
calculation of random defective rates are 0.035 for chi-square distribution, (0.03, 0.07)
for uniform distribution, (0.03, 0.04, 0.06) for triangular distribution, and (0.03, 0.07) for
reciprocal distribution.

By using the above parametric values, the profits of the production system under
partial outsourcing are presented in Table 2. Since the generation rate of the defective item
is random, thus, here we find the optimal values when the defective rate follows any one of
the following distributions: chi-square, uniform, triangular, and reciprocal. From Table 2, it
is clear that chi-square-distributed defective rates provide a more profitable result, which
is USD 31, 353.90 per cycle. The optimum profits for the other distributed defective rates
are USD 31, 018.00, USD31, 108.80, and USD 31, 078.40 per cycle for uniform, triangular,
and reciprocal distributed defective rates, respectively. It is also found that the optimum
production rate is 220 units per time cycle, the optimum order quantity is near 92 units,
the optimum GL is 70%, the optimum selling price is USD 255 per unit, and investment
for carbon emission reduction is USD 131 per cycle. However, those optimum values are
a little bit changed for the triangular-distributed defective rates. Figure 2 is provided to
show the concavity of the profit function with respect to different decision variables when
the defective rate follows a chi-square distribution.

Table 2. Optimum result under partial outsourcing for different distributed defective rates.

Defective Rate
Follows

Chi-Square
Distribution

Uniform
Distribution

Triangular
Distribution

Reciprocal
Distribution

Production rate
(units) 217.81 220.50 219.91 219.97

Order quantity
(units) 92.82 92.03 101.59 92.18

Green level (GL)
(percentages) 70% 70% 69% 70%

Selling price (USD
per unit) 255.24 255.78 254.72 255.68

Carbon emission
reduction
investment (USD
per cycle)

131.32 131.36 135.99 131.35

Total profit (USD) 31,353.90 31,018.00 31,108.80 31,078.40

The values of the principal minors for the H55 Hessian matrix at the optimum value of
the decision variables are |H11| = −1.5465 < 0, |H22| = 0.0987 > 0, |H33| = −0.56969 < 0,
|H44| = 4849.85 > 0, and |H55| = −367.353 < 0. Since all principal minors are alternate
in sign, i.e., the profit function is negative definite at the optimal values of the decision
variable. Therefore, the obtained profit is globally maximum for the optimum values of the
decision variables.
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(a) (b)

(c) (d)

(e) (f)
Figure 2. Concavity of the profit function with respect to decision variables under chi-square-
distributed defective rate. (a) Concavity of the profit function for production rate and quantity.
(b) Concavity of the profit function for selling price and green level (GL) of the product. (c) Concavity
of the profit function for selling price and investment in technology to reduce carbon emission.
(d) Concavity of the profit function for selling price and order quantity. (e) Concavity of the profit
function for investment in technology to reduce carbon emission and green level (GL) of the product.
(f) Concavity of the profit function for production rate and investment in technology to reduce
carbon emission.

6.2. Special Cases

It is found from Table 2 that the chi-square-distributed defective rate provided more
profitable results; thus, in this section, we provide several special cases under the consider-
ation of the chi-square-distributed defective rate. The optimum values for different special
cases are presented in Table 3.

6.2.1. Results without Considering Outsourcing

In this special case, we found the optimum values under the consideration of total
in-house production. In other words, no item was outsourced, all items were produced
by the manufacturer itself since outsourcing costs are comparatively higher than the UPC.
However, due to imperfect systems, defective items are generated randomly, which harms
profit optimization. We put ρ = 0, i.e., no item was outsourced, in the profit Equation (11),
and with the help of the computer tool Mathematica 11.0, we obtained the result without
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considering outsourcing, which is presented in Table 3. The optimum profit without
outsourcing is USD 30, 924.00 per cycle with an optimum production rate of 222 units, and
optimum order quantity of 94 units; optimum GL of the product is 70%, optimum selling
price is USD 255.25 per unit, and investment to reduce carbon emissions is USD 134.87
per cycle. Figure 3 is provided to show the concavity of the function without outsourcing
graphically with respect to decision variables.

(a) (b)
Figure 3. Concavity of the profit function without outsourcing. (a) Concavity of profit function
without outsourcing with respect to production rate and investment. (b) Concavity of profit function
without outsourcing with respect to quantity and selling price.

6.2.2. Results without Considering Investment for Carbon Emission Reduction

Carbon emission reduction for the production industry through some investment in
technology is another contribution of this study. Investment in the reduction of carbon
emissions makes the system environmentally sustainable. From Table 3, it is clear that
investment in technology to reduce carbon emissions helps to increase the profit of the
entire manufacturing system. The profit without investment in the technology to reduce
carbon emission is USD 29, 951.90, which is lower than the original profit. In this case, the
optimum production rate is 218 units, the optimum ordered quantity is 98 units, and the
GL of the product is 68%, which is less than the other cases. The optimum selling price is
USD 251.58 per unit. Figure 4 is provided to show the concavity of the function without
investment graphically concerning decision variables.

Figure 4. Concavity of profit function without investment with respect to production rate
and quantity.

6.2.3. Results without Considering Green Level (GL)-Dependent Demand and
Production Cost

The GL of the product is very crucial for production industries. In this study, GL-
dependent demand and unit production rate are considered. Now, to show the effect of
GL-dependent demand, we set ξ3 = 0 and considered a fixed raw material cost for the unit
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production rate; the optimum profit is found in Table 3. In this case, the total profit is USD
25, 619.70 per cycle time, whereas the optimum production rate is 217 units per time cycle,
the optimum order quantity is 88 units, the selling price is USD 233.83 per unit, and the
investment is USD 129.22 per cycle. Even though the selling price is cheaper compared
to other cases due to not considering the GL of the product, the total profit is diminished.
Figure 5 is provided to show the concavity of the function without GL-dependent demand
and UPC graphically concerning decision variables.

6.2.4. Results under Fixed Production Rate

Flexibility of the production system helps to optimize the profit of production indus-
tries. Instead of flexibility in the production rate, if one considers a fixed amount for the
production rate, then profit will be diminished. If we consider a fixed production rate,
i.e., Pg = 250 units, then the total profit of the production system is USD 18, 544.60 per
time cycle, which is less compared to the other cases. In this case, the optimum order
quantity is 73 units, the optimum GL of the product is 69%, the optimum selling price of
the product is USD 311.80 per unit, and the investment is USD 120.22 per cycle. Due to
the fixed production rate, the unit price of the product increases, which creates a negative
impact on the demand for the product. Figure 6 is provided to show the concavity of the
function for fixed production rate concerning decision variables.

Figure 5. Concavity of profit function without consideration of green level (GL) of the product with
respect to production rate and selling price.

Figure 6. Concavity of profit function for fixed production rate with respect to quantity and sell-
ing price.
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Table 3. Optimum result for different special cases under chi-square-distributed defective rates.

Different
Cases

Without
Outsourcing

Without
Investment

Without Green
Level

Fixed
Production

Rate

Fixed Demand
and

Production
Rate

Production
rate (units) 222.02 218.12 217.10 − −

Order quantity
(units) 94.74 98.75 88.94 73.96 84.55

Green level
(GL)
(percentages)

70% 68% − 69% −

Selling price
(USD per unit) 255.25 251.58 233.83 311.80 −

Carbon
emission
reduction
investment
(USD per
cycle)

134.87 − 129.22 120.22 126.82

Total profit
(USD) 30,924.00 29,951.90 25,619.70 18,544.60 9793.41

6.2.5. Results under Fixed Demand and Production Rate

Demand variability and production rate flexibility help to increase the profit of busi-
ness industries. Due to fluctuation in the demand for a particular product, constant demand
is harmful to optimizing the profit of these industries. Now, if we consider a fixed demand
of Dg = 470 units and a fixed selling price of USD 250 per unit, then the total profit of the
system is USD 9793.41 per time cycle (see Table 3). The optimum value of the order quantity
and investment is 84 units and USD 126.82 per cycle, respectively. Figure 7 is provided to
show the concavity of the function for fixed demand and fixed production rate concerning
decision variables.

Figure 7. Concavity of profit function for constant demand and production rate with respect to
quantity and investment.

6.2.6. Discussions and Comparisons

From the above special cases, one can conclude that partial outsourcing and the GL of
the product play a major role in determining the optimum profit under the consideration of
imperfect production, where the generation rate of defective items is random and rework
can be undertaken within the same production cycle. From the examples of the special
cases, one can find that consideration of outsourcing policy helps to increase profit up to
1.40% per production cycle for the industry. It is also clear that the GL-dependent demand
and UPC help to optimize the profit by up to 22.38%, whereas investment in technology to
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reduce carbon emission increases the profit by up to 7.02% and reduces carbon emission
by up to 700 kg per production cycle, which helps to enhance environmental greenness.
On the other hand, consideration of VPR makes the system smart and helps to increase the
profit up to 40.85%, and consideration of demand variability and production variability
helps to reduce 68.76% of the cost for the business industries. Thus, the application of
the product’s GL- and price-dependent demand with partial product outsourcing, VPR,
and investment in technology to reduce carbon emissions makes a sustainable production
process with optimized profit.

This model may converge with some previous studies if one ignores some con-
cepts. A graphical representation based on the profit from previous studies is presented
in Figure 8.

Figure 8. Profit comparison with Mishra et al. [58], Bachar et al. [17], Alfares and Ghaithan [32], and
Bachar et al. [29] models.

From Figure 8, it is clear that due to several realistic assumptions, the present study
provides more profit compared to the existing literature. The following observations can be
made from Figure 8:

1. By considering green technology investment, a production–inventory system was
formulated by Mishra et al. [58]. However, they ignored the concept of variable
demand and flexibility in the production rate. Moreover, they considered shortage
instead of partial outsourcing.

2. In a similar direction, a production–inventory model by considering reworking, partial
outsourcing, and price-dependent variable demand was proposed by Bachar et al. [17].
The profit for their system was USD 8105.92 per cycle. However, they ignored the
concept of GL for the demand variability and did not consider the investment to
reduce carbon emissions. By considering the GL of the product and carbon emission
reduction investment, the present study provides about 74% higher profit. Thus,
the GL of the product is very crucial nowadays for retailing industries.

3. Alfares and Ghaithan [32] developed a production–inventory system under production-
rate, demand, and cost variability. However, in their model, they do not consider
the concept of partial outsourcing, reworking, or investment to reduce carbon emis-
sions and the GL of the product. The profit for their system was USD 9055.38 per
cycle. However, due to consideration of partial outsourcing, GL of the product,
and investment to reduce carbon emissions, the present study provides better profit.

4. This study converges with the Bachar et al. [29] model if one ignores the GL of the
product and investment to reduce carbon emission. The profit for the Bachar et al. [29]
model was USD 9211.85 per cycle under the consideration of VPR, price-dependent
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demand, and partial outsourcing. However, GL-dependent UPC and investment to
reduce carbon emissions help to gain more profit for this current study.

Therefore, consideration of an imperfect system with reworking, partial outsourc-
ing, investment in technology to reduce carbon emissions, VPR, selling price, and GL-
dependent demand make the present study more economically, environmentally, and
socially sustainable.

7. Sensitivity Analysis

In this section, a sensitivity analysis of the parameters is discussed. By changing a
single parameter at a time within the range ±50% while the remaining parameters are
fixed, a sensitivity analysis is performed. The percentage change in the total profit with

respect to a parameter is calculated by the formula change in profit
original profit × 100% to show the

sensitivity of the parameter.

7.1. Sensitivity of Parameters Related to Demand

For retailing and supply chain systems, the role of the demand is very important.
In this study, we considered a selling price and product’s GL-dependent variable market
demand. Making decisions on the product’s demand is a very important and crucial task
for industry managers. Managers can make a proper decision for the market demand.
The managers can make the right decision about the selling price and GL of the product
to maximize the profit for their industries. It is obvious the increment in demand helps to
generate more revenue; in other words, the profit of the business sector will be enhanced.
Thus, increment or decrement in demand is very crucial for business industries. From
the sensitivity analysis, it was found that a 25% reduction in base demand reduces the
profit up to 77%, whereas a 25% increment in base demand helps to increase the profit by
119%, and a 50% increment helps to increase profit up to 279%.

The scaling parameter related to the selling price is very sensitive. In traditional
retailing, an increment in the unit selling price reduces the product’s demand and profit.
Figure 9 shows that a 50% reduction in the selling-price-related scaling parameter helps
to increase total profit up to 298%, whereas a 50% increment reduces the profit by 82%.
The parameter related to the GL is less sensitive, and 25% and 50% increments in the
scaling parameter related to the GL increase total profit by 0.18% and 0.36%, respectively,
whereas 25% and 50% reductions in the scaling parameter related to GL reduce total profit
by 0.18% and 0.36%, respectively. On the other hand, an increment in the shape parameter
related to the GL is harmful to profit optimization. The profit will reduce by 0.06% and
0.13% when the shape parameter related to the GL increases by 25% and 50%, respectively.
Consequently, 25% and 50% reductions in shape parameters increase the profit up to 0.07%
and 0.16%, respectively.

(a) (b)
Figure 9. Effect of parameters on total profit related to demand. (a) Effect of scaling parameter related
to selling price. (b) Effect of scaling and shape parameter related to green level (GL).
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7.2. Sensitivity of Parameters Related to Unit Production Cost (UPC)

The importance of the unit production or manufacturing cost for business industries is
unavoidable. In this study, GL-dependent UPC is considered. Flexibility in the production
process is another key parameter for profit optimization. In traditional systems, a fixed
number of products are produced all the time, which may create a huge amount of waste or
create shortages based on low or high demand. Thus, proper prediction of the production
rate is a very important task for industry managers. The raw material is one of the most
important parameters for the production house. Thus, an increment in raw material costs is
harmful to these industries. From Figure 10, one can find that 25% and 50% increments in
raw material cost reduce the profit by 28% and 53%. Conversely, a 25% and 50% reduction
in raw material cost increases the profit by 32% and 69%, respectively. On the other hand,
reduction in the development and tool/die costs is beneficial for industries. The profit will
increase by 2.69%, 2.80%, 1.23%, and 1.27% if one reduces development and tool/die costs
by 50% and 25%, respectively. Similarly, if one increases the development and tool/die
cost by 25% and 50%, then the total profit will reduce by 1.08%, 1.12%, 2.06%, and 2.12%,
respectively (see Figure 10).

(a) (b)
Figure 10. Effect of parameters on total profit related to unit production cost (UPC). (a) Effect of raw
material cost on total profit. (b) Effect of development cost and tool/die cost on total profit.

7.3. Sensitivity of the Parameters Related to Outsourcing on Total Profit

Outsourcing is another important contribution to this study. Outsourcing allows
companies to be flexible in how they manage their resources. When demand changes or
problems come up in the system, companies can easily change the resources they outsource
to meet their needs. This ability to change is an important advantage for managers. It helps
companies react quickly to changes in the market without having to pay for permanent staff.
However, being a successful manager depends on choosing the right vendors and having
strong communication. Finding trustworthy outsourcing partners who can handle the
challenges of a flawed production system is very important. Setting up clear rules and goals
for how work should be performed and how it will be measured can help make sure that
the work being performed by an outside company matches the goals of the main business.
From Figure 11, one can conclude that the parameter related to fixed outsourcing cost is a
bit more sensitive compared to the variable outsourcing cost parameter. Reduction in fixed
outsourcing reduces profit. A 25% and 50% increment in the parameter related to fixed
outsourcing cost increases the total profit by 0.89% and 1.81%, respectively. Conversely,
25% and 50% reductions in the parameter related to fixed outsourcing costs reduce the
total profit by 0.88% and 1.73%, respectively. On the other hand, a 25% and 50% increment
in the parameter related to variable outsourcing cost reduces total profit by 0.48% and
0.97%, respectively. Conversely, 25% and 50% reductions in the parameter related to fixed
outsourcing costs increases total profit by 0.49% and 0.98%, respectively.

The rate of percentage of outsourcing is a bit sensitive in profit optimization. Since
outsourcing costs are a bit high compared to in-house production, thus, reduction in the
percentages of the outsourcing amount will be beneficial for industries. A 25% and 50%
reduction in the outsourcing amount percentage will help to increase the profit by 0.19%
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and 0.39%. Consequently, a 25% and 50% increment in the outsourcing amount percentage
will reduce the profit by 0.19% and 0.38%, respectively (see Figure 11).

Figure 11. Effect of parameters related to outsourcing on total profit.

7.4. Sensitivity of Cost Parameters on Total Cost

Unit costs are a bit sensitive in profit optimization for this complex system. From
Figure 12, it is clear that setup cost is more sensitive compared to other costs. An increment
in setup cost is harmful to profit optimization. A 25% and 50% increment in the setup cost
will reduce the profit by 4.62% and 8.78%, respectively. Conversely, a reduction in setup
costs is beneficial for the industries. The industry will gain 5.28% and 11.59% more profit
if they reduce setup costs by 25% and 50%, respectively.

The rest of the unit costs are less sensitive in profit optimization (see Figure 12).

(a) (b)

(c)
Figure 12. Effect of cost parameters on total profit. (a) Effect of setup cost on total profit. (b) Effect of
unit reworking cost on total profit. (c) Effect of unit holding cost on total profit.

7.5. Sensitivity for the Carbon Emission-Related Parameters on Total Cost

Nowadays, the effect of carbon emissions is very crucial for production industries.
Thus, in this study, an investment is introduced in technological growth to reduce carbon
emissions. Emitted carbon during manufacturing plays a critical role in profit optimization.
Reduction in carbon emission during the manufacturing process will help to increase the
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profit of the system. From Figure 13, one can claim that the amount of carbon during
manufacturing and carbon tax are two significant factors for profit optimization. If the
amount of carbon emissions can be reduced up to 50%, then the industry can earn 11%
more profit. Similarly, if the amount of emitted carbon increases by 50%, then the industry
will face an 8.58% loss.

Similarly, the carbon tax amount is also quite sensitive. An increment in the unit
carbon tax is harmful to these industries. Conversely, a reduction in the unit carbon tax
is beneficial for production industries. Similarly, the amount of carbon emission during
the setup process, remanufacturing, and holding is a bit sensitive for profit optimization.
Reduction in the amount of emitted carbon is always beneficial for the production industries
(see Figure 13).

(a) (b)

(c)
Figure 13. Effect of parameters related to carbon emissions on total profit. (a) Effect of emitted
carbon for manufacturing and carbon tax on total profit. (b) Effect of emitted carbon due to setup
and reworking on total profit. (c) Effect of emitted carbon due to holding of items on total profit.

8. Managerial Insights

A complex manufacturing system is presented in this study along with realistic as-
sumptions. The managers of retail and production industries can make several crucial
decisions for their industry from the present study.

Making decisions on the product’s demand is a very important and crucial task for
industry managers. From the findings of this study, managers can make a proper decision
for the market demand. The managers can make the right decision about the selling price
and GL of the product to maximize the profit for their industries.

Managers can also enhance their performance by outsourcing in an imperfect produc-
tion system, which enables companies to focus on their strengths. Outside companies with
special skills and technologies can deal with problems in the system better. This way of
assigning tasks can save money because companies can use the advantages of doing things
on a larger scale and getting help from outsourcing partners. Moreover, outsourcing allows
companies to be flexible in how they manage their resources. When demand changes or
problems come up in the system, companies can easily change the resources they outsource
to meet their needs. This ability to change is an important advantage for managers. It helps
companies react quickly to changes in the market without having to pay for permanent
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staff. However, being a successful manager depends on choosing the right vendors and
having strong communication. Finding trustworthy outsourcing partners who can handle
the challenges of a flawed production system is very important. Setting up clear rules
and goals for how work should be performed and how it will be measured can help make
sure that the work being performed by an outside company matches the goals of the main
business. Managers can find a proper strategic approach in this study to perform successful
outsourcing in an imperfect production system.

Flexibility in the production process is another key parameter for profit optimization.
In traditional systems, a fixed number of products are produced all the time, which may
create a huge amount of waste or create shortages based on low or high demand. Thus,
proper prediction of the production rate is a very important task for industry managers.
From the findings of the present study, managers can make the right decision for the
production rate.

Nowadays, carbon emission reduction is another major concern for industry managers.
How much investment in the technology is appropriate to reduce carbon emissions and
optimize profit is also a very crucial decision. A huge amount of investment may lead to
a huge cost, and the industry will face losses. However, with the findings of the present
study, managers can make the right decision on the investment in technology to reduce
carbon emissions and optimize the profit for the industry.

Thus, several major decisions can be made by managers in these industries to achieve
a long-term, smooth, sustainable business process.

9. Conclusions

This study introduced a smart retailing strategy within a complex production process,
exploring the effectiveness of the product’s GL and outsourcing under various factors
like demand, production rate variability, investment, and reworking. The occurrence of
imperfections during the out-of-control state follows a random distribution, prompting
reworking within the same cycle to minimize waste and raw material usage. Considering
environmental concerns, the model incorporates the product’s selling price and GL depen-
dence. Outsourcing a percentage of the quantity was implemented to prevent shortages,
resulting in a 1.40% higher profit. Managers can enhance their performance by outsourcing
in an imperfect production system, which enables companies to focus on their strengths.
To address the significant carbon emissions from the complex system, an investment in
technology was made, reducing 700 kg of carbon per cycle and contributing to environ-
mental cleanliness. Managers can find a proper strategic approach in this study to perform
successful outsourcing in an imperfect production system. This study demonstrated that
GL-dependent UPC and demand led to a 22.38% profit increase for business industries. Ad-
ditionally, a flexible production rate proved to be 40.85% more beneficial than a traditional
fixed production rate. In conclusion, reworking, partial outsourcing, investment in carbon
emission reduction technology, VPR, selling price, and GL-dependent demand contribute
to the economic, environmental, and social sustainability of this study.

10. Limitations and Future Extension

However, this study has limitations, including fixed setup costs and consideration
of a single product type. Another limitation is the focus on a single manufacturing and
reworking stage. To expand this study, one could explore a multi-item assembled product
with a multi-stage production system (Kugele and Sarkar [1]). Additionally, the considera-
tion of a fixed type of product inspection cost within the setup cost is another limitation,
and further research could incorporate intelligent automated inspection technology for
precise defect detection (Dey et al. [43]). Given the complexity of the production system,
budget constraints were not considered in this study, but future research could explore
the impact of budget constraints on the extension of this study (Dey et al. [8]). One can
extend this study by considering different carbon emission regulation policies to regulate
the carbon emissions from the manufacturing industries (Das et al. [57]). In the future,
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someone may consider different service strategies provided to the consumer based on
payment by the manufacturer to extend this study (Dey and Seok [28]). Instead of a single
channel, one can consider different channels such as offline, online, an order online–pickup
from store concept, and customization policy to extend the present study in the direction of
digital marketing (Chauhan et al. [66]).
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Notations & Abbreviations
The following Notations and abbreviations are used in this manuscript:

Decision Variables

Pg rate of production for perfect and imperfect items (unit/cycle)
G level of greenness of the product (percentages)
Qg production lot size (units/cycle)
Ig investment related to the carbon emission reduction technology (USD/cycle)
Sg unit selling price of products (USD/unit)

Parameters

ξ1 initial market demand of the product (unit)
ξ2 price-sensitive scaling parameter related to demand
ξ3 GL-sensitive scaling parameter related to demand
ξ4 GL-sensitive shape parameter related to demand
Dg market demand of green product, Dg(Sg, G) = ξ1 − ξ2Sg + ξ3Gξ4

γ1 raw material cost for the green product (USD/ unit)
γ2 product development cost, which is inversely proportional to the

production rate (USD/unit)
γ3 cost related to tool/die, which is directly proportional to the production rate
C(Pg, G) unit cost for production, which depends on GL and production rate (USD/unit)
H inventory level of the perfect product with the outsourced product (unit)
Iin inventory level for the perfect quality product (unit)
Iper inventory level for reworking the defective product (unit)
ρ portion of outsourced items (0 < ρ < 1)
K setup cost (in-house) (USD/setup)
t1ρ time in which products are produced, ρ = 0 (year)
Jρ constant cost for outsourcing (USD/unit)
Wρ variable outsourcing cost per unit (USD/unit)
Kc amount of carbon emitted due to the setup of the complex process (kg/setup)
ϕ connecting variable between setup cost and constant outsourcing cost,

where Jp = (1 + ϕ)K, −1 ≤ ϕ ≤ 0
µ connecting variable between UPC and variable outsourcing cost, where

Wρ = (1 + µ)C(P) and µ ≥ 0
h unit cost to hold the perfect item (USD/unit/unit time)
hc amount of emitted carbon due to holding perfect products per unit

per unit time (kg/unit/unit time)
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τ portion of the randomly generated repairable product (percentages)
τd randomly generated defective items, τd=Pgτ (unit)
E[τ] expected value of randomly generated repairable product
t2ρ time to rework the defective items, when ρ = 0 (year)
RP rate of reworking of defective items (units/unit time)
CR per-unit cost for reworking (USD/unit)
Cc

R amount of emitted carbon from the reworking process (kg/unit)
h1 unit cost to hold reworked product per unit time (USD/unit/unit time)
hc

1 amount of emitted carbon due to holding reworked products per unit
per unit time (kg/unit/unit time)

Cc carbon tax per kg per cycle (USD/kg/cycle)
m carbon reduction technology efficiency
v carbon emission reduction fraction
t3ρ time duration when only demand is there without production under ρ = 0 (year)
Tρ replenishment cycle time (time unit)
T cycle time if ρ = 0 (year)
TC total operating cost per cycle (USD/year)
TEP total expected profit (USD/cycle)

Abbreviations

GL Green level
GT Green technology
VPR Variable production rate
UPC Unit production cost
NA Not applicable

Appendix A. Calculation of First-Ordered Derivatives

Taking the partial derivatives of the profit function (11), one can obtain

∂TEP
∂Qg

= 2(2 + ϕ)(K + KcΩ4)− Ω6Q2
g,

∂TEP
∂Pg

= γ3Qg(1 + µρ)P2
g − Ω5,

∂TEP
∂Ig

=
mvCcDgΩ2

Qg
− evIg ,

∂TEP
∂Sg

= ξ2(2RPPg + Qgξ2(h + hcΩ4)(1 − ρ)2ζ)Sg − ω8RPPg

∂TEP
∂G

= ξ3ξ4G(ξ4−2)(Sg − Ω7 − Ω9)− γ1(1 + µρ)Dg

where,

Ω1 =

[
ρ −

ζ(1 − ρ)(Dg − RP)

RP

][
1

Dg
− (1 − ρ)

Pg
+

(1 − ρ)(Pg(1 − ζ)− Dg)

PgDg

]
,

Ω2 =

(
(2 + ϕ)Kc + (Cc

Rζ + Cc
p)[(1 − ρ)Qg] +

hc
1ζ2Q2

g(1 − ρ)2

2RP
+

hcζ(1 − ρ)2Q2
g

2Pg
+

Q2
ghcΩ1

2

)

Ω3 = ρ −
(1 − ρ)ζ(Dg − RP)

RP
, Ω4 = mCc

(
1 − (1 − e−vIg )

)
,

Ω5 = γ2Qg(1 + µρ) +
Q2

g(1 − ρ)

2

(
ζ(1 − ρ)(h + hc) + Ω3(h + hcΩ4) + Ω3

)

Ω6 = (h + hcΩ4)

(
Ω1 +

(1 − ρ)2ζ

Pg

)
+

(1 − ρ)2ζ2(h1 + hc
1Ω4)

RP

Ω7 =
(2 + ϕ)(K + Ω4Kc)

Qg
+ (CR + Cc

RΩ4)(1 − ρ)ζ +
Qg(1 − ρ)2ζ2(h + hcΩ4)

2Pg
+

Qg(1 − ρ)2ζ2(h1 + hc
1Ω4)

2RP

+ (1 + µρ)C(Pg, G) + (1 − ρ)Cc
PΩ4 −

Qg(1 − (1 − ρ)(1 − ζ))(1 − ρ)ζ(h + hcΩ4)

2RP

Ω8 = ξ1 + ξ2Ω7 + ξ3Gξ4 +
Qgξ2ζ(1 − ρ)2(h + hcΩ4)(ξ1 + ξ3Gξ4 )

RPPG
, Ω9 =

Qg(1 − ρ)2ζDg(h + Ω4hc)

2PgRP
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