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1. Introduction

For any integer d > 0, let C? be the complex d-space and let dv be the ordinary
volume measure on C?. For pointsz = (z1,- -+ ,z4) and w = (wy, -+ ,wy) in C?, we write
2@ = Y4, z;W;, and |z| = v/zZ. Let H(CY) be the family of all holomorphic functions on
C“. Given the real numbers m > 1 and a > 0, the Lebesgue measure dji, , is defined by

d,um,tx (Z) = Cm,zxe_a‘z‘zmdv(z),

d
m I'(d) . - . .1s
= r (( %)) is the normalizing constant so that dy, 4 is a probability measure

Where Cm’(x =

on C¥. Let L%n,a be the space of measurable functions f : C? — C, such that

I£12, = [, 1F(2) Pepma(z) < oo

The generalized Fock space is denoted by F,%W = L%,w N H(C%). In particular, Ff , is the
Fock space when m = 1 (see [1]). F3, , is a Hilbert space under the inner product

(f,9ma = i f(w)g(w)dpm,a(w).

For any f € F2 ,, there exists a constant C, such that

‘Zm

F ()] < Clifllg,, (1 + 2T Ve BT, 2 €

according to [2] (Corollary 2.9), which implies that each point evaluation is bounded on F3 ,
Thus, for each z € C¥, there exists a unique reproducing kernel function Ky, 4(+,z) € P2,
such that

f(z) = (f, Kinal-2))ma
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forevery f € F,%/a. The orthogonal projection Py, 4 : L%w — F2 , is defined by
Puuaf(z) = - f(@)Kia(z, 0)dpme(w), feEL2,, z€ c?, 1)

where K, is the reproducing kernel in F7 ,.

For multi-index j = (ji, /2, -+ ,ja) € N4, we write |j| = j; +jo+ -+ +jsand j! =
jilj2! - - ja!. We also write z/ = z]f z]; z{f forz = (21,23, -+ ,z4) € C% Since the weight
el depends only on |z|, the monomials z/(j € N¥) form an orthogonal basis in F2 ,. Its

integration into spherical coordinates gives

Enalj) = 713 = r(5)
( ) r(d+jan

Then, the set € = { (2) = [Ema(j)] V% 1 j € Nd} is an orthonormalbasis for F2 . Using

the theory from Aronszajn [3] to compute the reproducing kernel of F m «» We obtain

2wl

Kualz,w) =) ——=, z,we€ ce. (2)
(=) ]Z'Em,a(])

Given1l < p < oo and b > 0, as a consequence of [4] (Corollary 2.11), we obtain the
following useful estimate

1 MRS < [ K o)

‘21

< G+ M) B ER e

for the positive constants C; and C,.

Let M, be the set of all bounded functions in (F2 ,)* with a compact support on
CY it is easy to show that M, , is dense in (F2,,)"* by using a similar argument to [5]. Let
¢ € L2, ,; we define the dual Toeplitz operator S, with the symbol ¢ as follows:

Sof = (1= Pua)(9f), f€ (Fou)*

where [ is the identity operator. If ¢ is bounded, then S, is bounded on (F%,W)L. However,
S, may not be bounded when the symbols are more general or even densely defined on
M. To ensure that the product of two dual Toeplitz operators is well defined, for a given
6> 0,let LT3 be the space of all Lebesgue measurable functions ¢ on C%, such that

Z|2m
esssup{|(p(z)|65“2 1z € (Cd} < o0.

Let f € Mo, and suppose that ¢ € L3 | and ¢ € L7 | for some 0 < J1,0, < % By
calculating (3), we have

2"

Paa(pf)) < k' F) T zecd

for some positive constant K.
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Furthermore, we obtain ¢Py,«(f) € L2, ,; this implies that ¢Sy f € L2 ,, and then,
S¢Syf is well defined as a function in L%n,zx' Hence, for ¢ and 1, the product S,Sy is densely
defined on (F2 ) and can be expressed as

SeSuf = ¢¢f — @Pua(¥f) = Pua(@¥f) + Pual@Puma($f)],  f € Mua. 4)

Let
SYMu = |J L
0<d<3
be the the symbol space. Under pointwise multiplication, SYM,, becomes an algebra.

Dual Toeplitz operators have been widely studied on the orthogonal complement of
classical function spaces. For example, in the Bergman space over the unit disk setting,
Stroethoff and Zheng [6] first studied the algebraic and spectral properties of the dual
Toeplitz operator. Also, they characterized commuting dual Toeplitz operators. Yu and
Wu [7] studied commuting dual Toeplitz operators with harmonic symbols on the orthogo-
nal complement of the Dirichlet space. Chen, Yu and Zhao [8] characterized when two dual
Toeplitz operators are commuting and semi-commuting on the orthogonal complement of
the harmonic Dirichlet space, where the spectral properties of these operators were also
studied. Later, their results were extended to a multiple-variable situation. Kong and Lu [9]
characterized the algebraic properties of dual Toeplitz operators on Bergman spaces on a
unit ball. Furthermore, they studied when the sum of the products of two dual Toeplitz
operators is equal to a dual Toeplitz operator, which yielded the results mentioned above
concerning the commutativity or product problem. Ding, Wu and Zhao [10] performed
complete characterization for the hyponormality of dual Toeplitz operators with bounded
harmonic symbols on the orthogonal complement of the Bergman space over an open unit
disk. Lee [11] characterized when the finite sum of products of two dual Toeplitz operators
is equal to zero on the orthogonal complement of the Dirichlet space. The corresponding
problem for dual Toeplitz operators on the Hardy—Sobolev space and Fock space (m = 1)
has also been studied (see [12,13]). For more details on the study of dual Toeplitz operators,
please refer to [6,14-17].

At the beginning of this century, some scholars began to pay attention to the structure
of the generalized Fock space and its operators. Bommier-Hato, Engli§ and Youssfi [18]
proposed criteria for determining the boundedness of the associated Bergman-type pro-
jections on the generalized Fock space over C". Schneider [19] studied Hankel operators
with anti-holomorphic L?-symbols on generalized Fock spaces A2, in one complex dimen-
sion. Bommier-Hato [20] studied the algebraic properties of the Toeplitz operator on the
generalized Fock space over C*. For more details on the generalized Fock space, we refer
to [2,21-23].

Motivated by the above results, in this paper, we consider similar problems on the
orthogonal complements of the generalized Fock space F2 ,, where m is a positive real
number. We generalize the results of [12] to the generalized Fock space F2 . That is, we
mainly characterize the finite sum of dual Toeplitz products in another dual Toeplitz operator.

Our main results are as follows.

Theorem 1. Let ¢y, ¥ € SYM,, be pluriharmonic fork = 1,--- ,N and h € SYM,,. Then,
Si=YN, S Sy, if and only if h = YN | @xyx if and only if one of the following statement holds:
@) il Pua (@) Pra () € H(CY) for all g € Muye;

(b)) YN RPuo (@) Pua (Yxp) = 0 forall ¢ € My
(c) There exists A, vy € (CNfor k=1,---,Nwith Ayv; = 0 for all k, I and

N
(Pua®1 — 91(0), -+, Pua@n — PN (0)) = Y (AcPona @k — 91(0)),
k=1
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N

(Pm,rxlpl - 1/’1(0)/' “ Pmatpn — lPN(O)) = Z (Vkpm,le/’k - lpk(o))-

k=1

The organization of this paper is as follows. In Section 2, the boundedness and com-
pactness of the dual Toeplitz operators are characterized, and the necessary condition for
the finite sum of the products of two dual Toeplitz operators to be compact is also consid-
ered. Section 3 studies the zero sums of the products of two dual Toeplitz operators with
pluriharmonic symbols.

2. Boundedness and Compactness

In this section, we characterize the boundedness and compactness of dual Toeplitz
operators with symbols in L%,w.

Letw € C%,0 < s < 1 define a function on C?

— 2m
G‘Z},S(Z) = (Zl - wl)e"“z| XB(w,s) (Z), z e (Cd,

where B(w, s) is the Euclidean ball in C? centered at w € C? with radius s, and XB(w,s)
denotes the characteristic function of B(w, s). G} is usually called test function. Set

_ G
[

8w,s(2) ~
Liva

For each f € (F2,)  and w € C, by applying the Cauchy-Schwarz inequality, we
determine that

2

< Jrn P tna(2)

2

|<fr8$,s>m,a

[N CERCIING

and it follows that g7} ; converges to 0 weakly in (F,%/w)l as s —0. For ¢ € L%W, the multi-
plication operator M, is defined by M, f = ¢f for f € L2, ,.

Lemma 1. With the notations above, we have git . € (F2 ,)* and

. o
slggg [Mygusll = [@(w)]

for a.e. w € C and for each ¢ € L2, ,.

Proof. For each f € F2 ,, we have

ar
(F,Gl) = [, (2 Gl Eepa(2)
=ama [ ) —wn)do(z) =0,
which implies that G}’ € (F2 ,)*, and so, gt . € (F2 ,)*. We next show that the limit
Tim [ Mgl = lo(@)
holds. Using [24] (Proposition 1.4.9), we determine that
||Gw,5||%gn/a > emas?o(B(w,s))L

for the constant L > 0. Hence,
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1My 2 = () Pl = | [ 0PIty &) Pl 2) )

< Je llp(2)[* = |p(w) 1855 (2) Pdpima(2)
1
= [Gosls Jot llp(2)* = |p(w) || Glis (2)*dptma (2)
w,s L%le

Crm,a

_ . 2 2150 — w1 |2d
o Sy 196 = lota) Pl = 1ot

2
Cm,aS

S TG oy 19 = 0@ ldoc)
w,s L%r,tx ),

1
= To(B(w,s) /B@v,s) lo(z)I* = lp(w)Pldu(z)-

s 9@ = lp(w)[?|do(z)
A:{weC.E_r}% o(B(w,5)) :0}.

Let

We determine that the complement set of A is a set of measure zero according to Theorem
8.8 of [25].This finishes the proof. 0

Given ¢ € L2 ,, we define the Hankel operators Hy, : F2, — (F2,)' and H% :

(F2,,)* — (F2,)* with H, = (I — Pya)M, and HZ = PyaM,. The following lemma
will be useful in our characterization for the boundedness and compactness of the dual
Toeplitz operator.

Lemma 2. For ¢ € L2 ,, we have
lim Syl | = p(a)
fora.e.w € C%

Proof. Note that
Myf = Pua(@f) + (I = Pua)(@f) = Hgf + Sy f
for each f € (F2 ,)*. Thus,
IMogisll? = lISpgisl® + | Hygls 1>

According to (3), we have
|Hpglhell? = [, 1Hgts(2) Ppma(2)

= i |Pm,a(§9g$,s)(Z)|2dﬂm,a(z)

2
= B(w,s) P(2)8uw,s(8)Kina (2, ) dptm,a(T) | dpima(2)
< /@ /B )90 P K (2,0) Pt (O (2
: C/ 21+ ()P g (2)

<c<z+|w\> M [ 19(0) Pima(0)

for each 0 < s < 1. Based on this assumption, we obtain

lim |(P(€)|2dym,ﬂc(g) =0.

s—0JB(w,s)
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Therefore,

: * M|
lim || Hgga,[| = 0
for each w € C%, and this implies that
2 _ 1 2 _ 1 2
(@) = lim | Myglh, | = lim | Sygl
for a.e. w € C? by using Lemma 1. O

Recall that L°(C?) is the space of measurable functions f on C?, such that
[ flleo := esssup{|f(z)| : z € C?} < +co.

Now, we are ready to characterize the boundedness of dual Toeplitz operators on (F,%W)L.

Theorem 2. If f € L3 ,, then Sy is bounded on (F2 )% if and only if f € L®(C). In which
case, we have ||S¢|| = || f[co-

Proof. If f € L*(C?), then [S¢[l < || flleo- Suppose that Sy is bounded on (F2,,)*. Note
that

158wl < IS¢

forallw € C?and 0 < s < 1. Letting s — 0 and using Lemma 2, we have

[f(w)] < IS¢l

for a.e. w € C%, so that
[flleo < [IS£Il-

This completes the proof. 0

Corollary 1. If f € L®(CY), then Sy is compact on (F2,,)* ifand only if f(w) = 0 a.e.w € CY.
Corollary 2. If f € L®(C¥), then S¢g=0on (F2,,)* ifand only if f(w) = 0 a.e. w € C4.

We consider the relation between the compactness of the finite sums of finite dual
Toeplitz products and their symbols.

Theorem 3. Let s,y € SYM,, fort =1,2,--- ,N. IfN, S¢Sy, is compact on (F3 )+, then
Yy geypr = 0.

Proof. If the dual Toeplitz operators are closely related to Hankel operators, we have
N N N
*
21 Spip = Zi SoiSy + Zi Hp, Hg.
t= t= t=

Lemma 2 and (3) determine that
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||H(PtH* = H(I — Py Dé)(q7t gws)Hz
s/ 91(2) P Bl (2) Pl (2)
= [@P [ 19O Knalz Dt (§) a2

= Jyn P [Cdlqot ) Koma (2, 0) Pkt o (2) it (O)

g m
(7% | ‘ 571)(‘“2771

< C/ 1+ |§| Apma(C)

C(2 Am=1)p 1-3 At o (0).
2+ fuwl) Ve S Sy @Hma(?)

for each 0 < s < 1. Hence,

lim ||Hy H
s—0t /
forw e C4,t=1,2,---,N. This means that

lim ||S
5—0

m —
Z{\le q;tlp,gw,s” = =
according to Lemma 1 again. This completes the proof. O

As a simple application of Theorem 3, we determine that a product of several dual
Toeplitz operators with harmonic symbols can be compact only in a trivial case. For har-
monic functions ¢y, - -, ¢n € SYM,, for which ¢y - - - ¢y = 0, at least one ¢; must be zero.

Corollary 3. Let @1, -, on € SYM,;, be harmonic; then, the following conditions are equivalent:
(@) TIN., S, is compact;

(b) TIN,Sg =0;
(c) ¢t =0 forsomet.

Let B((F2,,)") denote the space of all linear bounded operators on (F2 ,)*, and $
be the set of all operators of the form Zfil AtH(PHf;, where M > 1 is an integer, and
Ay € B((F2,)1), ¢, € L®(C?). It follows from Lemma 2 that

o om ke
Jim [ Agll| =0 ®

for every w € C?and A € $.

Lemma 3. Let ¢ € L°°((Cd)for t=1,2,---,N. Then,
S(Pl T S(PN = S§01fP2“'<PN + A

for some A € ).

Proof. As mentioned above, the result is true for N = 2. Now, suppose the result holds for
N —1; then,
g1 Son = 591 (Sgrgy + A)
= S5¢15prgn T Sp A

. *
- S§01<P2'“<PN - H(PlH

Fon T S A

for some A € 9. Note that —Hy, H -4 5 A € 9. 0
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Proposition 1. Let gy, € L®(CY). If Z}?’:l Hi\i"l Syy is compact, then Z}g’zl Hfikl ot = 0.

Proof. According to Lemma 3, we have

N My N N
S =Y (S +A > =5 +Y A
k;t:l P k;( 2 g Ok oL o =

for some Ay € $(k =1,2,---,N). Forw € C?, gl converges to 0 weakly in (F2 )" as
s — 0. Combining the assumption, Lemma 2, and equality (5), we obtain

lim ||S ws)ll =0.
im 1S i (851

s—0

a

Remark 1. The above conclusion holds for bounded symbols. However, we do not know whether it
is true for the symbol in SYM,.

3. Zero Sum of Products of Dual Toeplitz Operators

In this section, we consider the finite sum of the products of two dual Toeplitz oper-
ators on the generalized Fock space, determine when such an operator equals zero, and
obtain several applications. Recall that a complex-valued function on C? is said to be
pluriharmonic when its restriction to an arbitrary complex line is harmonic as a function of
one complex variable. It is well known that each pluriharmonic function can be decom-
posed as f + g for some f, g € H(C?). For the two multi-indices j = (j1,ja,- -+, js) and
¥ = (7,72 - ,74), the notation j < v denotes that jy < yforalll <k <d. Forj <y
we assume that 7 — j = (71 — j1, 72— 20 Va — ja):

The following proposition will be very useful in our analysis later on.

Proposition 2. Let u € SYM,, be pluriharmonic. Then, the following statements are equivalent:

(1) Puu(ug) =0 forevery p € My, a;
(2) we H(CY;
(3) Py au is constant.

Proof. It is trival that condition (2) < (3). We are going to prove that (1) < (2). First,
assume that (1) holds and write u = f + g for some f,g € H(C?). For a multi-index j, we
let ¢; = @ xp, where B is the unit ball in C?. Then, ¢; € My, and Py« (3¢;) = 0 for every
jwith |j| > 1. Thus, Py (f¢;) = 0 for every j with |j| > 1. Welet f(z) = ¥, a,2" be its
Taylor series. According to (1) and (2), we have

0 =P (f‘Pj)(Z)
= Zavpm,tx(wwqjj)(z)
v

1 o
=) ay——F——— 27_]/ W’ *d w
’yEm,a('Y ) Js |0 dptm,a (w)

=

for every j with |j| > 1and z € C%. Thus, for any given j with |j| > 1, the above shows that
a, = 0 for every 7y with j < <, which means that a, = 0 for every v # 0. So, we determine
that (2) holds. Suppose that condition (2) holds. Using (3), tKm,« (-, z) € F2 , forallz € C“.
It follows that

P (ud)(z) = (u, Kima (-, 2))ma = (¢, WKma(+,2))ma =0, z € c
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for every ¢ € My, . This shows that (1) holds. 0

We let
d

_ d
-Luile, Rfw = Lagle

=1

forz=(z1,...,24) € ce,
We now prove the main result of this section.

Proof of Theorem 1. Write ¢ = uy + 7y for some uy, vy € F,%W. Using (4), we obtain

N N N
[Sh - ) S@kswk] ¢ =¢ (h - §0k¢k> + Y OkPua ()
k=1 k=1 k=1 (6)
N N
- Pm,oc |fP (h - kz on#’k)] - Pm,ac L; (Pkpm,zx(i,bk(l))]
=1 =1

for every ¢ € M,y . We note that
Ok = Pua@r — ux(0)

according to (1) and (2) for each k. Then, according to Theorem 3, we see that S, =
YN S¢Sy, if and only if h = YN | ¢xyx and (a) holds. Thus, in order to complete the
proof, it is sufficient to show that (a), (b) and (c) are all equivalent.
Implication (a) = (b). By taking R in (a), we determine that (a) = (b) holds.
Equivalence (b) < (c). We see from [17] (Theorem 3.2) that (b) holds if and only if
there exists Ay, vy € CN fork =1,---, N, such that A7} = 0 for all k, ! and

N
(RPua(@1), -+, RPua(PN)) = Y MR Pua(Pk),
k=1

N
(Pia (1), -+, Pua(Pne)) = kX: Vi P, (Y1)
=1

for all ¢ € My, . Writing Ay = ()\,1, N ,/\ﬁl) and v, = (1/,1, e ,vlﬁ\]) for each k, we note
that (7) is equivalent to

N
Rlpm,a (G"k_ Z)‘i(l’k>] R P, (Pk) ZAkRPma(G"k)
k=1

k=1

N
Pm,a[<¢k_zviwk>¢] —Pmuc lPk‘P ZVkPmlx lpk‘P)_O

k=1

for each I and all ¢ € My, . According to Proposition 2, we know that (8) is equivalent to

N N
Pra (w -y Aiw) = Py (4’k -y Aiw) (0)
k=1

k=1 9
N N )
Py, (llfk -y VzlclPk> = Pna <¢k -Y V;@Pk) (0)
k=1 k=1

for each I. Note that Py . ¢x(0) = ¢x(0) and Py (0) = 94(0) for each k, so (9) is
equivalent to (c¢). Hence we conclude that (b) < (c).

Implication (c) = (a). Suppose now that (c¢) holds. From Proposition 2 and A - 7] = 0
for all k, I, we see that

ZPM @) Pa (Y1) = Zqok )P (1) € H(TY)
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for all ¢ € My, «, which shows that () holds. This completes the proof of the theorem.

We now have several consequences of Theorem 1. Firstly, in the special case when
N = 2, we obtain a more concrete solution in the next corollary. In the course of the proof,
we use the well-known complexification lemma:

Lemma 4. Let Q be a domain in C? and assume that ® is holomorphic on Q x OO, where
Q' ={2:2€ Q}. IfD(z,Z) =0forall z € Q, then & = 0 on 2 x OO,

Corollary 4. Let f,g,u,v € SYM,, be pluriharmonic and h € SYM,,. Then S, = Sng + 5,5y
on (F2 )+ ifand only if h = fg + uv and one of the following conditions holds:

() f,uc H(CY);
(I) g,7¢€ H(CY);
(1) f,7 € H(C);
(IV) g,u € H(CY);
(

(V) f+Au € H(C?) and 5 — Ag € H(CY) for some constant A # 0.

Proof. According to Theorem 1, it suffices to prove that (b) of Theorem 1 holds if and only

if one of (I) — (V) holds. According to Lemma 4, we determine that (b) of Theorem 1 holds
if and only if

RU(2) P (09) (w) = ~Rf (2) Pu,a(g) () (10)

for all z,w € C? and ¢ € My,,. First, suppose that (10) holds. Recall that for a pluri-
harmonic function &, R = 0 if and only if 2 € H(C?). If u € H(C%), then Ru = 0,
and together with (10), we determine that either Rt = Rf = 0 or Ru = Py, (gp) = 0
for all ¢ € My, 4. Thus, the first case implies that f,u € H (C%), and hence, (I) holds.
According to Proposition 2, the second one implies that (IV) holds. Still, if g € H(C?), then
Pux(gp) = 0 for all ¢ € M,,, according to Proposition 2 again, and (II) or (IV) holds
based on a similar argument.

Next, assume that u, g are not holomorphic. Then, Rii(zp) # 0 and Py, (g¢0) (wo) #
0 for some zg,wy € C? and ¢g € My,. According to (10), we have Py, (v¢)(w) =

—7 P (g¢)(w) and Rf(z) = —ARuU(z) forall z,w € C¥ and ¢ € M, ,, where

y = Rf(z0) . Py, (0¢po) (wo)
Riu(zo) Py (8¢0)(wo)

Therefore, Py, q (v + 7g¢) = 0 for all ¢ € My, and R(f + Au) = 0. Notice that A = —77
according to (10). So,  — Ag € H(C%) and f + Au € H(C*) according to Proposition 2.
If A = 0, then (III) holds. If A # 0, then (V) holds.

For the converse implication, we assume that (I) — (V) holds. Then, we use Proposi-
tion 2 to determine that (10) holds. 0O

As a simple application of Corollary 4, we characterize the commutativity of dual
Toeplitz operators with pluriharmonic symbols.

Corollary 5. Let f,g € SYM,y, be pluriharmonic . Then, S¢Sg = S¢S on (F2,,)* if and only if
one of the following conditions holds:

O f.geH(C,

(ID f,3 € H(CY);

(I) There exist constants A, 1, not both 0, such that Af + ng is constant on C¥.

Proof. We take u = g and v = —f in Corollary 4, as desired. O
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Corollary 6. Let f € SYM,, be pluriharmonic. Then, S fsf = SJTS fon (F2.,)" if and only if f is
constant.

If we take u = v = 0 in Corollary 4, we obtain the following corollary.

Corollary 7. Let f,g € SYMy, be pluriharmonic and h € SYM,y. Then Sy, = SgSg on (F2,)*
ifand only if h = fg, and either f € H(C") or g € H(C*).
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