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Abstract: Given a sequence of orthogonal polynomials {L; }5-_,, orthogonal with respect to a positive
Borel v measure supported on R, let {Qy }5>_, be the the sequence of orthogonal polynomials with

respect to the modified measure r(x)dv(x), where r is certain rational function. This work is devoted
B:

Q,, ( ag+i Ak N, ﬁ"r\/a /

o = I (95) T T ( o ) on

compact subsets of C \ R, where a; and b] are the zeros and poles of r, and the Ay, B; are their

to the proof of the relative asymptotic formula

respective multiplicities.
Keywords: orthogonal polynomials; asymptotic behavior; rational modifications
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1. Introduction

Let u be a positive, finite, Borel measure on Ry = [0, +0), such that for all n € Z
(the set of all non-negative integers)

= [ ¥ dn(x) < o M

If there is no other measure y, such that 7, = x" dpo(x) for all n € Z., it is said

that the moment problem associated with {7, },cz, is determined (see ([1] Ch. 4)). By a
classical result of T. Carleman (see ([1] Th. 4.3)), a sufficient condition in order to the
moment problem associated with the sequence {1, },cz, in (1) to be determined is

R

2
e @)

We say that the measure y belongs to the class D[R] if {1, }necz, satisfies (2) and
#' > 0a.e. on R, with respect to Lebesgue measure.

Letr(z) = 223 be a rational function, where « and  are coprime polynomials with
respective degrees A and B. We say that dy,(x) = r(z)du(z) is a rational modification (for
brevity, modification) of the measure y. Write

Nq N,
a(z) =T ](z—ap)? B(z) =[T(z—b)",
i=1 j=1
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where a;,b; € C\ R+, A;,B; € N. A= A; +---+ Ay, and B = By + - - + By,.

We denote by {L,}?° , the sequence of monic orthogonal polynomials with respect
to du. Assume that {Q,}>, is the sequence of monic polynomials of least degree, not
identically equal to zero, such that

/Ooo X Qu(x) r(x)du(x) =0, forall k=0,1,2,...,n—1. 3)

The existence of Q, is an immediate consequence of (3). Indeed, it is deduced solving an
homogeneous linear system with n equations and 7 + 1 unknowns. Uniqueness follows
from the minimality of the degree of the polynomial. We call Q; the nth monic modified
orthogonal polynomial. In ([2] Th.1), explicit formulas are provided in order to compute
Qn when the poles and zeros of the rational modification have a multiplicity of one.

Suppose that {ai}fill, {bj}]N:zl C C\ [-1,1]. If u is a positive (finite Borel) measure
on [—1,1], such that u is on the Nevai class M(0,1), in ([3] Th. 1) the authors prove the
following asymptotic formula

Q@) _, 1 (9) — pla) ) ( —1)Bj
L&””(z)?znl( = U 5eem)) - @

on K C C\ [-1,1]. The notation f, =, f, K C U means that the sequence of functions
fu converges to f uniformly on a compact subset K of the region U, f(¢) denotes the dth
derivative of f, d € Z_ is fixed and

p(z) =z+ V22 -1 (‘z+\/22—1‘ >1, zeC\[-1,1]).

In [3], the asymptotic formula (4) is pivotal in examining the asymptotic properties of
orthogonal polynomials across a broad range of inner products, encompassing Sobolev-type
inner products

m d]'
(£,8)s = [ fadn+ Y LA £ (@),
j=li=
where Aj; > 0, m,d; > 0, p is certain kind of complex measure with compact support
is defined on the real line, and (; represents complex numbers outside the support of
u. The authors compare the Sobolev-type orthogonal polynomials associated with this
measure to the orthogonal polynomials with respect to 1. These asymptotic results are of
interest for the electrostatic interpretation of zeros of Jacobi-Sobolev polynomials (cf. [4]).
On the other hand, the use of modified measures provides a stable way of computing
the coefficients of the recurrence relation associated to a family of orthogonal polynomials
(see ([5] Ch. 2)) and in [6,7] the interest of the modified orthogonal polynomials for the
study of the multipoint Padé approximation is shown.
For measures supported on [0, +-00) (or (—oo, +00)) that satisfy the Carleman condition,
G. Lopez in ([8] Th. 4) (or ([8] Th. 3) for (—oo, +00)) proves a quite general version of
the relative asymptotic formula (4). In this case, if the modification function, p, is a non-
negative function on [0, +c0) in L (1), such that there exists an algebraic polynomial G and
k € IN for which |G|p/(1 4 x)* and |G|p~1/(1 + x)* belong to L* (i), then

Qu(z) - S(p,C\ [0, +0),2)
La(z) ' S(p,C\ [0, +00),00)’

KCC\[0,+00); (5)
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where S(p, C \ [0, +00), z) is the Szeg®’s function for p with respect to C \ [0, +c0), i.e.,

S, €\ [0,+9),2) =9, s(2) = o [“logp() (Y2 ) X,

S(p, €\ [0, +00),00) = lim S(p,C\ [0, +-0c0), —1);

where the roots are selected from the condition v/1 = 1. Additionally, it is requested that
f(z) = p(=((z+1)/(z — 1))?) satisfies the Lipschitz condition in z = 1 and f(1) # 0.
Asymptotic results, analogous to those obtained in [3], are obtained in [9] for the
particular case of (5), when dyu(x) = x%e*dx with a > —1 (the Laguerre measure).
The aim of this paper is to obtain an analog of (4) for measures supported on R. We
prove the following theorem.

Theorem 1. Given a measure v € ' [R4], it holds in compact subsets of C\ R

B
Qi) _, M i\ N (VY
L,sd><z>?ﬂ<ﬁ+ﬁ> HU o) ©

j=1
ford e Z,.

This situation is not a particular case of (5), because we consider p as a rational function
with complex coefficients and no necessarily p(x) > 0 on R+.

The structure of the paper is as follows: Sections 2 and 3 are devoted to prove some
preliminary results on varying measures. On the other hand, in Section 4 we obtain an
essential theorem that allows us to finally prove Theorem 1 in Section 5.

2. Varying Measures and Carleman’s Condition

In this section, we introduce auxiliary results on varying measures and prove some
useful lemmas that allow us to extend results that hold for measures with bounded support
to the unbounded case. The following notations will be used throughout the paper:

¥(z) :% for z € C\ [-1,1].
¥ 1z) =21 for 2 €\ R, )
z+1

D(z2) zﬁi—z where ®(—1) = and z € C)\ [|z] <1].

If o is a finite positive Borel measure on [—1, 1], we denote

doy(t) = (101(1(:))2” and ¢, = /_11 (161(2(211 (8)

In this paper, we consider the principal branch of the square root, i.e., Vre!® = Jrel%, where
r>0and 0 <6 < 27.

Lemma 1. Let u be a positive Borel measure supported on Ry and suppose that do(t) = (1 —
£)du(¥(t)). Then,
(a) y' > 0ae on Ry implies that o' > 0a.e. on [—1,1],

) Yy —
n=1

= o0, then )
where, as in (1), n, denotes the nth moment of the measure dy.

:+OO/

2
2n 7771 =1 n gn
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Proof. To prove the first assertion note that if do(t) = % 1 (Y (t))dt, then

«jT(: —(1- t)dﬂ(:;(t)) = i tV’(qf(t)) >0 ae on[-1,1].

The second part is derived using the change of variable t = ¥~!(x) in the integral

o= [ B aneriwy = [7(5) o

— [)l(x;l)nldﬂ(x) +/100<x;1>n1d}4(x)

<1 +/1 X" du(x) < 5o+ )

As Y (1x) 7" = +oo, from (9) wehave Y (170 + 1) ~/*" = +oo,then Y (gu) V/* = +o0. [
n=0 n=0 n=0

x+1

k
Lemma 2. Assume that dv € 9 [R4], ri(x) = ( ) and consider the modification

dvy, (x) = ri(x)dv(x). Then dvy (x) € W' [Ry] forall k € Z.

Proof. We now proceed by induction. Obviously, the initial case k = 0 is given by hypothesis.

e Case k > 0. Assume that dvy,(x) € M'[R4] for all j < k— 1. Since dvy, (x) =

1 N
(x—2k> dvy, , (x), it is immediate that dvy, (x) is positive and - é‘x(x) > 0ae. onRy.

Let m,, x be the nth moment of the measure dv, (x), then

00 1 x+1 o x+1
My, k :/0 x"dvy, (x) :/0 x" (Z)d‘/fk—1(x) +/1 x”(z)dvrk_l(x),
1 IS
< [ v ) [ v () < g e,

1 1
where we use that x" % <1forx € [0,1] and x—zi_) < x, for x € [1,40). Then,
using induction hypothesis, we obtain that m, ; < co and the sequence of moments for
dvy, (x) satisfies Carleman’s condition.

*  Casek < 0. Repeating the previous arguments, we obtain that if dv,, (x) € 9'[R+] for

all 0 < j < k+ 1 then dvy, (x) is positive and dv;’l‘ix) > 0a.e.onR.

For the nth moment of the measure dv;, (x), we have

) 1 2 o 2
mn,k:/O x"dvy, (x) :/0 " (x+1>dvrk+l(x)+/l " (x+1>d1/,k+l(x)

< 2mgpq1 + My pgts

where we use that x" 2 <2forx € [0,1] and 2 <1, for x € [1,+c0). Then,
x+1 x+1

using induction hypothesis, we obtain that m, ; < co and the sequence of moments for
dvy, (x) satisfies Carleman’s condition. []
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Lemma 3. [7], Th. 4, Cor. 1. Let P, i be the kth monic orthogonal polynomial with respect to do,.

o0
1
If o/ > 0a.e. on[—1,1] and
n;] 2n/gn

Pn,nkarl
Pn,nfk

where ¢(z) =z + V22 -1 (‘z—i—@‘ >1 z 6@\[—1,1]).

= +oo, then, for each integer k

=22 kco\,

2m
Lemma 4. Assume y € ' [R] and dpy, (x) = ( ) du(x), withm € Z.

x+1

(a)  Let £y, be the nth orthogonal polynomial with respect to p,,, normalized by the condition
lpn(—1) = (=1)", then ford € Z,on K C C\ Ry it holds

(d) m—k (m—k)
g’”;g*’”(z) = (‘211) " k(z) = (\[;Z) . (10)
Cpnax(z) 7

(b)  Let Ly, be the nth monic orthogonal polynomial with respect to iy, then on K C C\ R+

it holds
@ (2) " 2(m—k)
—mnEmE 2 (24 1)" KoK (z) = (Vz 4 1) : (11)

L) (z)

Proof. (Proof of a). Taking doy,(t) = (1 — t)'"2"du(¥(t)), from the assumptions and
Lemma 1, we obtain that do;, is a finite positive Borel measure on [—1, 1], 0,’1 > (0 a.e. on
[-1,1]and ) g;”(z’“) = 400, where ¢, is as in (8).

n=1
Let P, be the kth monic orthogonal polynomial with respect to do;, and denote

1 n—+m
Conim(2) = (Z —; ) Pun+m (‘I’*l(z)). After a change of variable x = ¥(t) in the next

integral, we obtain

o [ x k
/0 ( erl) b () pn (x :/ n+m+k Purem () (1= )" dp(¥ (1))
= L= ) 5
:/_1(1 t>n+m - kpn ntm(t) doy(t) =0, (12)

fork=0,1,--- ,n+m—1.

n—+m
Oy im(—1) = lim (Zzl) P (¥7(2)) = (-1 (13)

z——1

From (12) and (13), we have £y, y4m = £, Therefore,

m,n—+m:

Cnim(2) = (Zzl) Panin (¥71(2), (14)
buwim(2)  _ Pawem(¥7'(2))
(T+2)" by i(z)  2m7KP, k(Y 1(2))
_ 1 m=l nn+]+1(‘f 1(2)
2 F 1L P (P )
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From Lemma 3, forj =k,...,m —1;

Puntjt (¥1(2)) 9(Y'(2))

= ; KCC\R..
Pyuyi(¥71(z)) n 2 M

Thus,

Lt (2) (Z+ 1>mk m—k (q—1
4 b4 ; KCC\Ryg,
o 7L a ) P(e) VR

which establishes (10) for d = 0. In order to proof (10) for d > 0, we proceed by induction
ond.

/
(@ _ Gnin@) | Gonen(?) (f%m(z))

@+, 40 @+, | ,@
Oonik (@) Gak(@) G (2) 0\ G (2)
Assume that formula (10) holds for d € Z, then (6,(5 )n m/ 50{2) is uniformly bounded on

compact subsets K C C\ R;. Note that €<d) / E(‘Hl) :{ Oon K C C\ Ry. This is proved
using an analogous of ([3] (2.9)), and the Bell’s polynomials version of the Faa Di Bruno

formula, see ([10] pp. 218, 219). The assertion (a) is proved.

/@
(Proof of b). Write fy,,,(z) = bnim(2)

@ and let «;; 4+m be the leading coefficient of
z" £y (2)

L n+m. Hence, ford > 1

p (OO>:(n+m)-~~(n+m—d+1)1€m,n+m
d,m,kn (Vl 4 k) . (Vl +k—d+ 1)Kk,n+k

Kmn+
Fomn(00) = ~Z25,

Kk n+k
From (10),
z+1\"F C
fd,m,k,n(z)j< - ) " k(z); KCT\Ry, €7y (15)
n
(m—k)
. Kmn+m 1
Jim £ n (00 )—,}Eﬂ}ow_(2> . "

As L,(f,)ner(z) — "*’"(z) ford > 1, from (15) and (16), we get (11). [

Km,n+m

Denote by M[—1,1] the class of admissible measures in [—1, 1] defined in ([11] Sec. 5).
Let 0y, a positive varying Borel measure supported on [—1, 1] and

pn,m(w) = Tn,mwm +-r, Tum >0

be the mth orthonormal polynomial with respect to oy, then ([11] Th. 7)

lim 2kl o e (17)

n=00 Ty ntk

Lemma 5. Let 0y, be an admissible measure, then for all v € 7Z,

Pnn v Pnn() 1 .
/ ; dan()?m, Kce\[-11]. (18)
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Proof. This proof is based on the proof of ([3] Lemma 2). Without loss of generality, let
us consider v € Z,. Applying the Cauchy-Schwarz inequality we have, for z € K C

C\[-1,1]
‘/ Prntolt pnn()dg”()‘gd(K,[ll,l])<OO/

where d(K, [—1,1]) denotes the Euclidian distance between the two sets. Thus, for (fixed)
values of v € Z, the sequence of functions in the left hand side of (18) is normal. Thus,

we deduce uniform convergence from pointwise convergence. The pointwise limit follows
from ([11] Th. 9)

: Pnn+v pnn() _1/1 Ty(t)  dt
nh—{IgO/ T w—t (t)in qw—t1—¢2

here, T, is the vth Chebyshev orthonormal polynomial of the first kind. Therefore, (18)
holds if we prove that

/1 L (t ! . (19)
1w—t\/ﬁ ¢°(w)Vw? —1

Note that To(t) =1, Ty (t) = x, and, forv < 1,
2tTy(t) = Tyaq (£) + To_1(8),

or equivalently
Tyoy1 = 2tTy — Ty_1. (20)

Next, proceed by induction. Start at v = 0, expression (18), is obtained from the residue
theorem and Cauchy’s integral formula. Then, for v = 1 we have

S .ﬁ =
1w—t 1—¢ 1w —t /1t 1VI-R

:77/0 —1=

w? —1 W

Now, assume (19) holds for v = 0,1,...,k; k > 1, we will prove that it also holds for
v = k + 1. Combining (20) and the hypothesis of induction, we obtain

1/1 Tipq(t)  dt _1/1 2tTy(t)  dt 1 1 T_q(t) dt

Gw—t i T w—t VI_g )i w-t J1_p
_2z (VT(t)  dt 1 (b Tpq(8) dt
qw—ti-—g n)a w-t JI-R
B 1 (Zw _1)
o1 (w)vVw? -1\ ¢(2)
1

which we wanted to prove. [

A-B
Lemma 6. Let du(x) = ("%1) dv(x), where A,B € Z.y, and dv € 9V [R..]. We have on
compact subsets of C \ R
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(0—1)172 /0°° (x + 1>k£Ak,n+Ak<x)£B,nB<x) dv(x)

n.n—B 2 (x —z)?

(v-1)
= ! .
" ((1 +2)(20(2) P (Y 1(2))? - 1)

where Ly, 4 is defined as in Lemma 4.

Proof. First, the sequence {/,, +m }n>0 is well defined because the measure dv € M'[R ],
implies du € M'[R+| (see Lemma 2).
Let us use the connection formula (14) and the change of variable (7) to obtain

('0 . 1)!_[_2 /oo <x + 1>k£A—k,n+A—k(x)€B,nB(x) dU(X),

n,n—B 0 2 (x — Z)v
_ 1 Pn,n A—k(t)Pn,n—B(t) dU’(t)
= (v— 1)!73,7173 ‘/_ +(T(t) — Z)v 1- t>2n+AfB’
(v-1) _ (U - 1)!Tn,n—B 1 Pun A—k(t)pn,n—B(t)
) = e | et e o).

where we use

(1 _ t)Zn—l - (1 _ t)Zn—l

Take the (v — 1) primitive with respect to z of the previous expression

don() — HCED) (1= P Adv( (1)

fn(Z) _ Tnun—B /l 1 pn,n-l—A—k(t)pn,n—B(t) dU’n(t).

21
Tun+A—k J-11—1 Y(t) -z -

Since we know that
(1-1)(¥() -2) = (1+2)(t-¥7(2)),

we rewrite (21) as

2
Tn,nfB /1 Pn,nJrAfk(t)Pn,n—B(t) dU’n(t),
-1

1+z t—¥-1(z)
Tyun—B 1 Pn,nJrAfk(t)Pn,nfB(t)d (t)
(14 2)Tynra—k /-1 t—¥-1(z) n'

Then, we use Lemma 5 and (17) to obtain on compact subsets of C \ R+,

Tn,n—B /1 pn,nJrAfk(t)Pn,nfB(t) dUn(t)

(14 2)Typra—k /1 t—Y¥-1(z2)

~1
o ( A+B—k 2 ) = f(2).
"\ +2)2e(Y ()" (¥Y1(z))" -1
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Note that by the Cauchy-Schwarz inequality we have for z € C\ R+

(v-1) _ (U_l)!Tn,n—B L pn,n-i-B—k(t)pn,n—A(t)
fi’l (Z)‘ - ann-t,-A—k ‘/71 1_t (l,b(t)—z)v d Yl(t)’
B
S AR R

Then, for each v, the family { é”‘l)} is uniformly bounded in each K C C\ Ry,
n
which means by Montel’s theorem (c.f. [12], §5.4, Th. 15) that { f,E”‘l) } 0 is normal (see
n

([12] §5.1 Def. 2)), i.e., we have that from each sequence N C IN we can take a subsequence
N; C N such that

f;gv) ? 8(v); neN;, KCC\R;.

Now, taking the (v — 1) derivative and using the uniqueness of the limit we obtain

— | 1
(U 1)~Tn,n—B / 1 pn,n-&-A—k(t)pn,nva(t) dan(t)
TantA—k J-11—t (¥(t) —z)

(v-1)
—1
. =),
" (<1+zx%b@»A+”* (W%z»z—l)

on compact subsets K C C \ R4, which establishes the formula. [

3. Relative Asymptotic within Certain Class of Varying Measures

In this section, we obtain the asymptotic relation between orthogonal polynomials

m
with respect to different measures of the class ("%1) du(x), where y is any measure of

9M'[R4] and m € Z. Note that, because of Lemma 2, the elements of this class belong to
i)jt, []RJ’_ ] .

To maintain a general tone in the expositions in this section we use y and v as two
measures in M’ [R+| having no relation with the previous use of the notation.

Consider m € Z and let hy,,,(z) be the nth orthogonal polynomial with respect to

("%1) mdv(x), normalized as ly,,(—1) = (—1)". Consider the following relations

b (x T ) o (2)du() =,

0

fork =0,...,n — 1. Apply the change of variable ¥(f) = z given in (7) to obtain

k
0= /711 (11—t> ho, (¥ (£))dv (¥ (£))
:ﬂ“””wkwmwwuzggw

Note that the polynomial Hy, ,(t) = (1 — t)"hg,(‘¥(t)) is the nth monic orthogonal
polynomial with respect to the varying measure modified by a polynomial term

(1— t)do(t) = (1(1t)dvt§;1’(t))

Following the same reasoning, we obtain that

Hyp(8) = (1= £)"h1,u (¥ (1)),
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is the nth monic orthogonal polynomial with respect to do;; (¢). It is not hard to prove that
the system {c, {(1 — t)?"},0} is an admissible system, see ([11] Def. p 213). Therefore,
by ([11] Th. 10), we have

T e =

Theorem 2. Under the previous hypothesis we have on compact subsets of C \ R+

S = () a- o), )
el () g ey, @

where v, w € 7.

Proof. From (22) and taking the change of variable (7) we have

ho(Y(t) _ (1= 8)"hon(¥(1))

—~|—

h(F(1) (1= )"y, (¥(1))
_ Hua(t) _, () = 9(1) _ P (z) ~1
Hi, () w t—1 ¥(z) -1

To prove (24), note that from Lemma 2.

k
d]/lk = (X‘zf'l) d]/l S gﬁ/[RJr] lf]/l S W,[R+}

The only hypothesis needed to obtain (23) is dv € M'[R+]|. Thus if we let now

dv = ("“) dy = dpy, then ("“)dv = ("Tﬂ)kﬂd;t = dyy,1, where dv € ' [R].

Therefore, hy,, = by, and hy,, = b1, where by, and by, are the orthogonal
polynomials with respect to the measures dyj and dpy, 1, respectively, normalized by
having the value (—1) at —1. Therefore, we have

LTI (Zil>(q>(z) ~1). (25)

hk+1,n (Z) n

Note that, without loss of generality, we can asume w > v, otherwise the relation between
the measures can be reverted, and they still belong to 9’ [R.]. Stack formula (25) as

hvl,n(z) _ ['Jvl,n(z) ) hvﬁ—l,n(z) o bwl—l,n(z)

hwl,n bvl +1,n bvl+2,n bwl,n

4

where v; = v+ k and w; = w + k. Since the measure y € M'[R4], (24) holds. [

4. Asymptotic for Orthogonal Polynomials with Respect to a Measure Modified by a
Rational Factor

Let r = a/ B, after canceling out common factors, where

Ny Ny
a(z) =Tz —a)%, Bz)=T](z-bp"%,
i=1 =1
a,'EC\(]R+U{—1}), bjG@\R+, Ai,BjEIN, (26)

Ny Np
A=) A, B=)_B;
i=1 j=1
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A-B
Given a measure v € M'[R4 ], denote by du(x) = (";1> dv(x) a modified mea-

sure, note that according to Lemma 2 it holds v € I [R].
Assume Sy, is the polynomial of least degree not identically equal to zero, such that

0= ["p0Sur dv(x),  peP,, 27)

normalized such that S,(—1) = (—1)", and L, is the nth orthogonal polynomial with
respect to dv, normalized such that L,(—1) = (—1)". We are interested in the asymptotic
behavior of S, /Ly, n € Z in compact subsets of C \ R.

Theorem 3. Let yu € M [R ] and a and B defined as before. Then for all sufficiently large n, for all
fixed d € Z., in compact subsets of C \ R, it holds

Su(z) _, (—DAa(-1) f/(®(z) - @)\, 1 Bj
gO,n(Z) ? 4A(Z—|—1)_A H( zZ—a; ) ﬂ(l q)(z)q)(b])> . (28)

k
) B(x) wherek =0,...,n—B—1, wehave

i=1

x+1
2

0= /0°° (" : 1>k5n(x)zx(x)dv(x),

now, using the change of variables (7) and considering the expression du (¥ (t)) = (1 —t)B=4dv(¥(t)),
the previous integral becomes

Proof. First we focuson (27) fora(x) = (

0= '/_11(1 - t)”fokJ(l — B)"ASL(F() a(F (1)) g%:(‘f)g))l (29)

fork=0,...,n — B — 1. Define the (n + A)-degree polynomial R, | 4 as
Risa(t) = (1— )48, (¥(1) a(¥(1)).

= % with do(t) = dv(¥(t)). The measure doy, (t)

defines a varying orthogonal polynomial system, satisfying Lemma 3. We denote by

Py ntA—k the (1 + A — k)th monic orthogonal polynomial with respect to doy, (t). According
to (29), we have the following quasi-orthogonality of order n — A

Thus, we can consider doy, ()

A+B

Rusa(t) := (1= )" A8, (¥ (1)) a(¥ (1) = Y AukPussa—i(t). (30)
k=0

Back to (30), we use the connection formula (14) and the change of variables (7)
to obtain

( 2 )n+ASn(z)a(z)_AiB)‘n,kPn,nH‘k(lrl(zg

z+1 =0

A+B 5 \mHAk
=) )\n,k( ) Caknra—i(2),

=0 z+1
A+B k
z+1
Sn (Z)“(Z) = Z )\n,k( 2 ) EA—k,n-i—A—k(Z)' (31)
k=0
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Note that A, 9 = Ag = (—1)4a(—1) or S, has deg S, < n. Dividing this relationby ¢_5 , 5

we get
Su(z)a(z) AP (Z + 1)k€Akn+Ak(z)
_— A ‘ . 32

l B B(Z 2 n ¢ _pn-B(2) (32)

1
A+B

Set Ay = Aui/ Ao, Ay = ( ) |/\Z*k|> < o0 and introduce the polynomials
k=0

A+B

pu(z) = Y AszATEE e = Arpa(2).
k=0

We will prove that

Ny . A\
pu(z) = p(z) = H(Z - q)(zal)) H(z - chl(b].)>; KcC.

i=1

To this end, it suffices to show that

Pa(z) = cp(z) = c(AH0 + AP A ), )
where
A+B -1
c= lim A = Yo M) (34)
k=0

Now, note that {p}; }, for n € Z is contained in P 4, g and the sum of the coefficients of
p;, for each n € Z, is equal to one. Therefore, this family of polynomials is normal. This
means that (33) can be prove if we check that, for all A C Z such that

lim p;,(z) = pa, (35)

n—oo

neA
pa(z) = cp(z), where p(z) and c are defined as above. Since py € P4,p and pp # 0,
we can uniquely determine p, if we find its zeros and leading coefficient. Note that the
leading coefficient of p, is positive and the sum of the absolute value of its coefficients
is one. Therefore, we conclude that the leading coefficient is uniquely determined by the
zeros. This automatically implies that pa (z) = cp(z) if and only if it is divisible by p(z).

Note that the factor § is in (32) and all the zeros of {_p ,_p concentrate on R4. Thus,
we immediately obtain the following A equations, for n > ny:
A+B

(v)
wrsx | (211 k<€Akn+Ak>
0=Y A ' o),
kgo n’‘nk ( 2 ) ng,nfB ( 1)

fori=1,...,Njand v =0,...,4; -1
From Lemma 4 it follows that, for compact subsets K C C\ R+, it holds

(v) 1 (@
<z+1>’< <en+A,n+A_k<z>> - <z+1>A+B<cI><z>>A+B ¢ 36)
2 g—B,n—B (Z> n 2 2 '
Relations (35) and (36), together with the fact that ® is holomorphic with ' # 0in C \ R+,
imply, using induction on v, that

pX’)(q)gM):o, i=1,...,N;, 0=0,...,A;—1; (37)
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741 A+B A+B o dD(z A+B—k
(13 ()
k=0
On the other hand, take p(z) = B(z){_pu-p(z)/(z — b)) in (27), j = 1,...,Np;

v =1,...,B;. Using (31) and multiplying by (v — 1)!%@%11_ 5 we have the additional relations

A ~ (v—1)!
0=t (s Lo b SRR ),

:Tr%,n—B /Ooo ((;)__;]))L E—B,n—B(x)

A+B ‘s x+1 k
Z An n,k( 2 ) gA—k,n-l—A—k(x)dV(x)r
k=0

A+B

0= Y AMAGk=1)lt, g
k=0
©(x+ 1\ lu_gnsak(x)(_pu_p(x)

for each b;.
Relations (33), (38) and Lemma 6 together with the fact that 1/® is holomorphic with

(1/®) #0and 1/4/(p~1(2))* =1 # 0in C \ R, give by induction

(v) 1 = | = = PRp—
Pa <2c1>(bj)>_0' j=1..., Ny, v=0,...,B— 1

From the previous expression and (37) it follows that p, is divisible by py(z). Therefore
(33) and (34) hold and

pn(z) ? po(z), K cC.

From the previous expression, the definition of p,, (32), (36) with v = 0, we obtain

Sn(2)a2) qyag(oq) (”1)“3*5(@(2))'

{_Bu_B(z) n 2 2

Use the asymptotic formula (10) in the previous expression and group conveniently to obtain

Si2) L@ _ (241 (“DA(—1)D(z) "
Cons@)  lon(2) ﬁ( 2 ) 2(2)

B0 -\ N (o) 1\
H( 2 ) H( 2 _ZCD(bj))

i=1 i=1

and (28) follows for v = 0. To prove the formula for d € Z, apply the same technique of
the proof of Lemma 4. O

Remark 1.
1. The proof depends on the assumption of a(—1) # 0, we will remove this restriction in
Section 5.

2. We suppose that w, B are monic. We can remove that restriction without loss of generality due
to the fact that orthogonal polynomial systems are invariant under the constant modification
of measures.
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Theorem 3 gives the ratio asymptotic between the orthogonal polynomials with respect
to a rational modification of kind r(x)dv(x) (a general rational modification with no zeros
at —1) denoted as S, and those orthogonal with respect to a modified measure of type

1\A-B
a ; , denoted as £y ;.
To obtain the general formula we must find the following limit
lim fon (%) ,
n—eco L, (z)

on compact subsets of C \ R, where L,(z) is the nth orthogonal polynomial with respect
to dv € M'[R; ] normalized such that L, (—1) = (—1)".

5. Proof of Theorem 1

Next, we obtain an analogous of (4) for measures with support on R. Define & as

a(z) = (z —; 1)Ca(z)

wherein « is defined in (26) and C € Z_ is the multiplicity of the zero —1 in &/p. With-
out loss of generality we can assume that there are more zeros than poles on —1, if not C = 0.
Also, let L, be the nth orthogonal polynomial with respect to d0 € I'[R+.], normalized by
the condition L, (—1) = (—1)". Denote by Q,, the nth orthogonal polynomial with respect
to 7d0, where r = &/ B, normalized as usual, Q,(—1) = (—1)".

Note thatif C = 0,7 = rand Q, = S, as defined in Section 4. Under this notation,
(6) is written as

fo)cz)?( 2i )Cﬁ< Vit )A'ﬁ(ﬁ+ﬁf)3/,

L (z) Vz+i) a\Vzt e \/b7+i
in compact subsets of C\ R, ford € Z.

C
Proof of Theorem 1. Let us first observe that Qj is orthogonal with respect to (XTH) %dﬁ.

—C
= (x;q) dv, (39)

we obtain that Q, is orthogonal with respect to %dv, and satisfies the hypotheses of

Then if we set

Theorem 3, thus we have on compact subsets of C \ R

Qu(z)
gO,n (Z

= 3(2),

~—

where §(z) is given in (28).
A-B
On the other hand, ¢ , is orthogonal with respect to ("%1) dv. This means by (39)

A—-B+C
that / , is orthogonal with respect to (XT‘H) d?. Thus, taking into account Theorem 2,

B—A-C

Multiply the expressions corresponding to

we have

B—-A-C
() a-e@ 5w, o)
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Let us break down this expression into the following terms

(=1)Aa(-1) M — (a;) \ N Dz 1 i
8(z) = 44(z + 1)~ H( z—a; > H(l_cb(z)cb(bj)) '

i=1 i=1

(—1)a(-1) = ]Iil[(l + a;)
i=1
2i
(1-9() =~
D(z) — P(a;) —2i

g (V- D(ya—D)(ya+v2)

o s

PEPG)  (vzti)(yfo+i)

On the other hand
(™) = () U atmva)

(1 ey - (2 T
| e)d() ) ~\Vz+i) | b+

=1

Combining these terms in (40) we obtain

B—-A-C
(Z j ) a-eE) s

o () () (F9) ()

Ny 1 A N \/b7j+ﬁ i
(i mimr) 1 e )

i=1

Finally, taking into account

o VEH Y AT 1 A
E<¢aﬁ-+ﬁ) =10 +a) H(m-i><@+ﬁ)>

2i \© 1 =2i \PTCA 24 1N\PC —2i A 2 P
Vz+i)  4A\\z—i 4 Vz—i Vz+i
we obtain (6) for d = 0. To prove (6) for d > 1, use induction in d and the method from the
proof of Lemma 4. The proof is complete. [
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