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Abstract: One of the aims of this paper is to characterize 3-complex symmetric weighted composition
operators induced by three types of symbols on the weighted Bergman space of the right half-plane
with the conjugation 7 f(z) = f(z). It is well known that the complex symmetry is equivalent to
2-complex symmetry for the weighted composition operators studied in the paper. However, the
interesting fact that 3-complex symmetry is not equivalent to 2-complex symmetry for such operators
is found in the paper. Finally, the complex normal of such operators on the weighted Bergman space
of the right half-plane with the conjugation J is characterized.
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1. Introduction

The study of complex symmetric operators was initiated by Garcia and Putinar in [1].
The class of complex symmetric operators included all normal operators, binormal opera-
tors, Hankel operators, compressed Toeplitz operators and Volterra integration operators.
Interestingly, complex symmetric operators have become particularly important in both
theoretic and application aspects (see [2]). At the beginning, research was mainly focused
on the study of complex symmetric operators on abstract Hilbert spaces (see [3-5]). As re-
search continued, experts and scholars began to consider some special complex symmetric
operators (such as composition operators and weighted composition operators) on analytic
function spaces (see [6—15]).

It is worth noting that Noor et al. in [16] studied complex symmetric composition
operators on Hardy spaces of the right half-plane. This inspired this work to considers
complex symmetric operators on function spaces over unbounded regions. The research of
this paper is influenced by the work of [16], in a sense.

We first need to present the definition of conjugation in order to introduce complex
symmetric operators. To this end, let H be a separable complex Hilbert space and 5(H)
the set of all bounded linear operators on H. Let C be the complex plane and Z the usual
conjugation of a complex number z. For an operator T € B(H), let T* denote the adjoint
operator of T.

Definition 1. An operator C : H — H is said to be a conjugation if it satisfies the following conditions:
(i) Anti-linear: C(ax + By) = aC(x) 4+ BC(y), for o, p € Cand x,y € H;
(ii) Isometric: ||C(x)|| = ||x||, forall x € H;
(iii) Involutive: C* = I, where l; is an identity operator.
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Actually, there exist many conjugations on function spaces. For example, J f(z) = f(z)
is a conjugation on weighted Bergman space of the right half-plane. One can see [1] for
more information about conjugations.

How are complex symmetric operators defined? See the definition below.

Definition 2. Let C be a conjugation on H. An operator T € B(H) is said to be complex symmetric
with Cif CTC = T*.

Helton in [17] generalized the definition of complex symmetric operators and initiated
the study of operators T € B(H ), which satisfy an identity of the form

m

Yy (=1)"-icl, T =0, 1)
=0
where Cf;1 = w In light of complex symmetric operators, Cho et al. in [18]

gave the following definition by using the identity (1).

Definition 3. Let m be a positive integer and C a conjugation on H. An operator T € B(H) is
said to be m-complex symmetric with C if

(—1)mic),THcT™iC = 0.

M

j=0

Ptak et al. in [19] introduced the complex normal operators and proved that the class of
the complex normal operators properly contains complex symmetric operators. See [20,21]
for the studies of such operators.

Definition 4. Let C be a conjugation on H. An operator T € B(H) is said to be complex normal
with Cif CT*T = TT*C.

From the definition, it follows that an operator T € B(H) is 3-complex symmetric
with the conjugation C if and only if

CT® —3T*CT? + 3T*2CT — T*3C = 0.

It is clear that a 1-complex symmetric operator is just the complex symmetric operator.
Recently, Hu et al. in [22] characterized 2-complex symmetric composition operators on
Hardy space on the unit disk. From [18], or direct proof, we see that complex symmetric op-
erators are also 2-complex symmetric operators. Hence, the set of all 2-complex symmetric
operators may be larger than the set of all complex symmetric operators. However, for some
special weighted composition operators, the author in [23] proved that they are indeed
equivalent on weighted Bergman space of the right half-plane with the conjugation 7. This
reminds us to question whether 2-complex symmetry is equivalent to 3-complex symmetry
for such special weighted composition operators on this space with the conjugation J? In
this paper, we will see that 2-complex symmetry must be 3-complex symmetry for such
special weighted composition operators on this space with this conjugation, but that the
converse does not necessarily hold. Furthermore, one can of course continuously consider
the analogous problem for (n — 1)-complex symmetric and n-complex symmetric cases.

Let itz denote the real part of the complex number z, 3z the imaginary part of the
complex number z, IT = {z € C : Rz > 0} the right half-plane and A2 (I1) the weighted
Bergman space on II. In preparation of this paper, we found that Hai et al. in [24]
characterized the complex symmetric weighted composition operators induced by the
symbols in (I), (II) and (III) with respect to conjugation 7. These symbols, which induce
the bounded weighted composition operators on A2 (I1), are defined as follows:
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@

where coefficients satisfy

Rb-+|b] 2)

either Rau = 3b =0, Rb < 0, Rc <0,
or Ra <0 < —Re + g

(I)

u(z) = g 2 0@ =n

(z+pu+iyg
where coefficients satisfy 6 € C, p € ITand 7 € R.
(1)

u(z) =A 9(z) =z+7,

where coefficients satisfy A € C and y € IT.

As stated earlier, one of the main goals of the paper is to characterize 3-complex
symmetric weighted composition operators induced by the symbols in (I), (I) and (III) on
AZ2(I1) with the conjugation 7. In addition, we will reveal that 2-complex symmetry is not
equivalent to 3-complex symmetry for the weighted composition operators induced by the
symbols in (I) on A2(IT) with the conjugation J.

2. Preliminaries

Here, N denotes the set of all nonzero integers and H(IT) denotes the set of all analytic
functions on I1. Throughout the paper, we always assume that « € N. The assumption is
essential, as in general, for any w,z € Cand & > 0, (wz)* # w*z"* while the equality holds
whena € N.

For a € N, let dA be the area measure on IT and dA,(z) = 2“(1::1) (Rz)*dA(z). The
weighted Bergman space A2 (IT) consists of all f € H(IT), such that

11y = [ 1F(2)PAA(z) < oo,
This norm is induced by the inner product
(f.8) i = [ f2)8EdAK(2)

The space A2(I1) is a reproducing kernel Hilbert space with the reproducing kernel

2%(a+1)

Ky(z) = W,

z e IL
That is,
1) = LK) = [ f@)KE@)dAx(w)

for any f € A2(T1) and z € T1. One can see [25] for more information about this space.
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Let ¢ : IT — II be analytic mapping and u € H(IT). The weighted composition
operator induced by the symbols 1 and ¢ on (or between) some subspaces of H(II) is
defined by

Waugf(2) = u(z)f(9(2))-

From the definition, it follows that if u = 1, then W, , is reduced to the composition
operator Cy; if ¢(z) = z, then W, , is reduced to the multiplication operator M,. It can
be regarded as the product of M, and Cy, since W, , = M, - Cy. An important thing is to
provide a function-theoretic characterization that the symbols 1 and ¢ induce bounded
or compact weighted composition operators. However, there is no compact composition
operators on A2 (I1) (see [25]). Due to this possible reason, there is relatively little research
about composition operators and weighted composition operators on such space. Thus,
the paper can be viewed as a supplement of the studies on A2 (IT).

3. 3-Complex Symmetric Weighted Composition Operators

Since the linear span of the reproducing kernel functions {K%, : w € IT} is dense in
AZ2(IT), the following result holds.

Lemma 1. Let T € B(A2(I1)) and C be a conjugation on A2(I1). Then, the operator T is
3-complex symmetric on A2(I1) with the conjugation C if and only if

(CT® —3T*CT? + 3T*2CT — T*3C)K%(z) = 0
forallw,z € TL

To study 3-complex symmetric operator Wy, , induced by the symbols in (I) on AZ(10),
we need the formula of the adjoint of Wy, on A% (I1) (see [26]).

Lemma 2. Let u(z) = W and ¢(z) = —a — % be the symbols defined in (I). Then, on
AZ(T1), it follows that

W;,q) =W_, ac—b—ez - ©)

(Z,a)aJrZ’ z—a
Similar to Lemma 2, it is not difficult to obtain the following result (also see [23]).

Lemma 3. (a) Let u(z) =
follows that

W and @(z) = u be the symbols in (I). Then, on A2(I1), it

W, =6W

(b) Let u(z) = A and ¢(z) = z + <y be the symbols in (III). Then, on A2(I1), it follows that
W;;,(p = )_LCZJr’Y-

Remark 1. If we writea = —y, b = 0 and ¢ = —yu — iy, then Lemma 3 (a) can be expressed in
the form of (3):

* —_— - -
Wu,(p - W o ﬁc’—bjEZ'

(Z,ﬁ>a+2 7 oz—a

As was said in the Introduction, we know that if T € B(H) is complex symmetric with
the conjugation C, then it must be 2-complex symmetric. Actually, we have the following
more general observation.
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TWi oKiy(2) = T Wiqa(w) =J wa((z 1

W2

Lemma 4. Let T € B(H) be complex symmetric with the conjugation C. Then, it is m-complex
symmetric with the conjugation C.

Proof. From the definition, it follows that CTC = T*, and then T*/CT"~/C = CT™C. Since,
foreach m € N,

(%] . [751] -
Cn = Z Cm+ ’
k=0 k=0

we have

(=1)"-icl, =o.

oF

0

]

From this, we obtain

(-nm-icl,vcT"Ic =Y (-1)"/C},CT"C = 0.
0 j=0

M

]
From Definition 3, it follows that T is m-complex symmetric with the conjugation C. O

By Lemma 4, 2-complex symmetric weighted composition operators on A2 (I1) with
the conjugation J must be 3-complex symmetric. To further discuss their relationships,
we need to characterize 3-complex symmetric weighted composition operators. To this
end, we have

Ay = a’c — a’b + b? + ac® — bc? + 2a%c® — 3abc
and
Ay = 2a%¢c + 2a%c? — 2a%b — 3abe + V.
Now, we give and prove one of the main results in this paper.

Theorem 1. Let u(z) = W and ¢(z) = —a — %C be the symbols in (I). Then, the operator

z
Wi, is 3-complex symmetric on A% (IT) with the conjugation J if and only ifa = cora = —c
and b = 0.

Proof. For all w, z € I, it follows from Lemma 2 that

2% +1) )

(z +w)x+2 — ) t2 (—a— % + w)e+2

2%(a+1) >

P\ [(w —a)z — cw + ac — b]*+2

2%(a+1) )

z—cC

(
Mo (= o [ ey )~ ae B
(

2%(a+1) )

[(a? —aw + ac — cw — b)z + (ac — b+ ¢2)W — ac? + bc + ab — a?c]*+2

:j(

2%(a+1) )

[(2ab — 2a%c — ac? + bc — a3)z + (2ac — b + % + a?)wz + (ab + 2bc — 2ac? — 3 — a?c)w + A4 +2

2%(a+1)

[(2ab — 242

c2 + bc — a%)z + (2ac — b + ¢ + a2)wz + (a+2bc — 2ac? — &3 — a2¢)w + Aq]* 2’
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2%(a+1)
—a)z — W+ ac — b]"‘+2>

1 2%(a+1) )
(z—0)**2 [(@—a)(—a— L) — cw + ac — b]*+2

2%(a+1) )
[(a2 +ac —b)z — (a+ ¢)Wz + (ac — b+ c2)W + ab — a?c — ac? + bc]*+2
2%(a+1)

we ( [(a2+ac—b)z — (a+ ¢)wz + (ac — b+ 2)w + ab — a%¢ — ac? + 135]“+2)
W ( 2”‘(04—1—1) _ _ >

T S \[(@ 4 ac — b)z — (4 + ¢)wz + (ac — b+ 2)w + ab — a2¢ — ac? + be]+2

1 2%(a +1)
(z—a)"*2 [(@2 4 ac — b) b= _ (a4 ¢) L=t | (ac — b + 2)w + ab — 22C — ac? + be)a+?

B 2%(a+1) (5)
* [(ab — 2a2¢ — 2ae2 + 2bC)z + (2a¢ + 262 — )wz + (b — 262 + 2ab — 2a2)w + Ap]a 2’

W;,‘q)jw2 K% (z) = ijuq,([(

:WJ/(PJ(

=W (

o
WJ%PJWMWKZJ(Z) = W;,quj( (z _1C)w+2 (—a E iii)wz)
2%(x+1) )
(@ —a)z — cw + ac — b]x+2
2% 41

- W;"PW<Z,;)M = ( [(w—a)z —(Ew + 2‘15 — E]MZ)
=W ( 2 +1) >

Y\ [(2ac — )z — 2cwz + (2a¢ — b)w — 2a%C + 2ab]*+?
S A — __zesl) )

a2 \[(2a€ — )z — 2¢wz + (2a¢ — b)w — 2a°C + 2ab]*+?

1 2“(04 +1)
(z—a)*+2 ( [(2ac — )2tz pepic btz | (2ac — b)w — 2a%C + 2aE]“+2>
2”‘(04 +1)

= _ — = = , (6
[(be — 2ac? — 2a%¢ + 2ab)z + (262 + 2ac — )wz + (2b¢ — 2ac? — 2a%¢ + ab)w + Ap]*+2 (6)

= W:,‘%,,J (

and

o
WETKEE) = WEAW 1 e (Fars)
o

= Wiy ((z —2)“*2 (ﬁc‘zﬁ_(c‘t: j: zu))wrz)

z—a

2%(a+1) )
wz — ¢z — aw + ac — )**?
2% 41
B W:;(PW( )m+2’% ( (wz — ¢z —(ﬁw —i-zic_ — 2“+2)
( 1 2%(a+1) )
(

Z2—a)*"*2 [(w — o) b=t _ gy ac — p]et2

—W*pr((

( 2% +1) - )
P\[(ac—b+¢c%)z — (a+¢)wz + (ac — b+ a?)w — ac? — a2¢ + ab + be]*+2
( 2%(a+1) - )
ez a \[(a6— b+ 82)z — (a4 ¢)wz + (ac — b+ a2)w — ac? — a2¢ + ab + be]*+2
_ 24(a +1)
[(ab + 2bc — 2ac? — a2¢ — &3)z + (2ac 4 ¢ — +a°)wz + (2ab — 2a2¢ — ac? + bé — @°)w + A1]*+2’

<
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From (4)-(7) and Lemma 1, it follows that the operator W, , is 3-complex symmetric on
A2(I1) with the conjugation J if and only if

1
[(2ab — 2a%¢ — ac? + b — a°)z + (2a¢ — b + &2 + a2)wz + (A+2b¢ — 2ac? — &3 — a2¢)w + A]*+2
3
+ [(bc — 2ac? — 2a2¢ + 2ab)z + (262 + 2ac — Ywz + (2b¢ — 2ac? — 2a%C + ab)w + A;]*+2
B 3
[(ab — 2a%¢ — 2ac? + 2b¢)z + (2ac + 2 — Ywz + (b€ — 2a2¢ + 2ab — 222w + A)*+2
1
+ (8)

[(ab 4 2b¢ — 2ac? — a2¢ — ¢3)z + (2ac + ¢ — +a%)wz + (2ab — 2a%¢ — ac% + bc — a°)w + Aq]*+2
for all w, z € T1.

Assume that the operator W,,,, is 3-complex symmetric on A2 (IT) with the conjugation
J . Letting w converge to zero in (8), we obtain

1 3
[(2ab — 2a2¢ — ac? + be — 3%)z + Aq]*+2 * [(bc — 2ac? — 2a%¢ + 2ab)z + Ap|*+2
3 1

- [(ab — 2a2¢ — 2ac? + 2b¢)z + Aj)xt2 + [(ab + 2bc — 2ac2 — a2¢ — &3)z + Aq]*+2

for all z € TI. That s,

3 3
[(bc — 2ac2 — 232 + 2ab)z + Ay)4t2  [(ab — 2a2C — 2222 + 2b¢)z + Ay)*+2
_ 1 B 1 ©)
 [(ab+2be —2ac?2 — a2c — &3)z + A(]*T2 [(2ab — 2a2¢ — ac2 + be — %)z + A1]* T2
for all z € I1. Then, by using the elementary formula
= yn _ (X 7y)(xn—1 + xn—2y+ N xyn—Z +yn—1)
in (9), we obtain
3b(c—a)F(z)
[(bc — 2ac? — 2a2¢ + 2ab)z + Ap|*+2[(ab — 2a%¢ — 2ac? + 2b¢)z + Ap)*+2
_ (e—a)[(a+¢c)®—b|G(z) (10)
B +2[(2ab — 2a2¢ — ac? + be — %)z + Aq)*+2

for all z € T1, where
F(z) = [(ab — 2a%c — 2ac® 4 2b¢)z + Ay]*H!
[(ab — 2a%¢ — 2ac® + 2b¢)z + Ay)*[(b¢ — 2ac® — 2a%¢ + 2ab)z + A,]
-+ [(be — 2ac® — 2a%c + 2ab)z + Aj)*t1
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Thus, if a # ¢, then (10) becomes
3bF(z)
[(be — 2ac? — 2a%¢ + 2ab)z + Ap)*+2[(ab — 2a2¢ — 2ac? + 2b¢)z + Ap|*+2
= N2 T
_ @+ ~BIG(2) )

[(ab + 2bc — 2ac2 — a2¢ — &3)z 4+ Aq]*+2[(2ab — 2a%¢ — ac? + be — a%)z + A4

for all z € I1. Clearly, if b # (a + c)?, then from (11), we have

3b [(be — 2ac? — 2a¢ + 2ab)z + Ap|*+2[(ab — 2a%c — 2ac® + 2b¢)z + Ay]*T2G(z)

[(ab + 2bc — 2ac2 — a2¢ — &3)z + Aq)*+2[(2ab — 2a%¢ — ac? + bc — a%)z + A1]*T2F(z)

(12)

for all z € I1. From the arbitrariness of z € 11, it follows that the function on the right-hand
of (12) cannot be a constant. So, we obtain b = (a + ¢)2. From this and (11), we have b = 0.
From these two equations, we further obtain a = —c. Consequently, we prove thata = —c

and b = 0. Clearly, if a = ¢, then (10) also holds.

Conversely, if a = ¢, or a = —c and b = 0, then from a direct calculation, it follows
that (8) holds. This shows that the operator W, , is 3-complex symmetric on A2 (I1) with

the conjugation J. [

In [26], the authors proved the following result.

Lemma 5. Let u(z) =

Wi, is 2-complex symmetric on A%(IT) with the con]ugatzon J ifand only ifa = c.

W and ¢(z) = —a — ;= be the symbols in (I). Then, the operator

In order to discuss the complex symmetric difference in the weighted composition

operators on A2(T1), the author in [23] obtained the following result.

Lemma 6. Let u(z) = W and ¢(z) = —a — ;2 be the symbols in (I). Then the operator

Wi, is complex symmetric on A%(IT) with the con]ugatzon J ifand only if a = c.

These two results show that the operator W), , induced by the symbols in (I) is complex
symmetric on A2 (I1) with the conjugation 7 if and only if it is 2-complex symmetric on

AZ2(T1) with the conjugation J.

Corollary 1. Let u(z) =

W and ¢(z) = —a — ;2 be the symbols in (I). If the operator

Wi, is 2-complex symmetric on A%(IT) with the con]ugatzon J, then it is 3-complex symmetric

on A2(T1) with the conjugation 7.

From Theorem 1 and Lemma 5, we can give the following example.

Example 1. (a) Let u(z) = ﬁ and ¢(z) = g, where b > 0. Then, the operator W, is 2-complex

symmetric and 3-complex symmetric on A2(I1) with the conjugation J.
s and o(z) =1+4i—

_ 1
(b) Let u(z) = EESEnEE T
symmetric and 3-complex symmetric on A2(T1) with the conjugation J .

Then, the operator Wy, is 2-complex

(c) Let u(z) = m and ¢(z) = —1—1i. Then, the operator Wy, is 3-complex

symmetric on A2(T1) with the conjugation J, but it is not 2-complex symmetric on A2(I1) with

the conjugation J .

Proof. (a) It is clear that a = ¢ = 0. From condition (2), it follows that ¢ is an analytic self-
mapping of I1. From Lemma 5, we obtain that the operator W,, , is 2-complex symmetric
on A2 (TT) with the conjugation J. From Theorem 3.1, it follows that this operator is also

3-complex symmetric on A2 (TT) with the conjugation 7.
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(b) Obviously, we havea = c = —1 —i. Since R(—1—i) = -1 < 0and0=1-1=
—R(-1-1)+ %(ez(lf{gl)' , u and ¢ satisfy condition (2), which shows that ¢ is an analytic

self-mapping of I1. It follows from Lemma 5 and Theorem 1 that the operator W, ,, is
2-complex symmetric and 3-complex symmetric on A2 (IT) with the conjugation J.

(c) Itis clear thata = 1+iand ¢ = —1 — i = —a. Then, from Theorem 1, it follows
that the operator W, , is 3-complex symmetric on AZ(II) with the conjugation .7, but it is
not 2-complex symmetric on A2 (T1) with the conjugation 7. [

Corollary 2. Let u(z) = W and ¢(z) = p be the symbols in (II). Then, the operator

Wi, is 3-complex symmetric on A%(I1) with the conjugation J if and only if 7 = 0.

Proof. From Remark 1, we have thata = —yu, b = 0 and ¢ = —u — i5. Then, from Theorem 1,
it follows that the operator W, , is 3-complex symmetric on A2 (IT) with the conjugation
J if and only if p = p + iy or —p = p +iy. Thus, we find that 7 = 0 or *y = 0. Since
u € I1, it is impossible that R = 0. So, we find that the operator is 3-complex symmetric
on A2 (I1) with the conjugation J if and only if = 0. O

The author in [23] also proved that the operator W), , induced by the symbols in (II) is

2-complex symmetric on A2 (TT) with the conjugation 7 if and only if 7 = 0. So, we have

Corollary 3. Let u(z) = W and ¢(z) = p be the symbols in (II). Then, the operator

Wi, is 3-complex symmetric on A%(I1) with the conjugation J if and only if it is 2-complex
symmetric on A2(T1) with the conjugation J.

Theorem 2. Let u(z) = A and ¢(z) = 7y + z be the symbols in (III). Then, the operator W, is
3-complex symmetric on A2(I1) with the conjugation 7.

Proof. For each w, z € I1, it follows from Lemma 3 that

TWs Ky (2) = Wi  TWi oK, (2) = W2, T Wi, K (2)
< 2% +1)
_ W*3 K& _ /\3 .
npd Ko (2) (37 + z + w)*+2

This shows that W, , is 3-complex symmetric on A% (IT) with the conjugation J. [

Remark 2. It is not difficult to see that the operator Wy, induced by the symbols in (III) is also
m-complex symmetric on A2 (I1) with the conjugation J .

4. Complex Normal Weighted Composition Operators

First, from the calculations, we have the following result.

Lemma 7. Let u(z) = W and ¢(z) = —a — ;2 be the symbols defined in (I). Then, on
AZ(T1) the following statements hold.

(a)
2%(a+1)
W) W, oK% = .
T W Wag Koo (2) [(@c+ac — )z — (c+¢)wz + (ac — b+ ac)w + ab — |al?c + a-|a|>c]*+2
(b)
£ o (N 2 (a+1)
WasgWap T K (2) = [(ac + ac — )z — (a+ a)wz + (ac — b+ ac)w + be — |c|?a — |c|?a + ¢]*+2°

From the definition, we have
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Lemma$8. Let T € B(A2(I1)) and C be a conjugation on A2(I1). Then, the operator T is complex
normal on A2 (I1) with the conjugation C if and only if

(CT*T — TT*C)K% (z) = 0

forallw,z € I1,

z—cC

Theorem 3. Let u(z) = m and ¢(z) = —a — =2 be the symbols defined in (I). Then, the

operator Wy, o is complex normal on A2(T1) with the conjugation J if and only if Ra = Re = 0,
ora=c.

Proof. From Lemmas 7 and 8, it follows that the operator W, , is complex normal on
AZ2(I1) with the conjugation 7 if and only if

1
[(@c 4 ac — )z — (c +¢)wz + (ac — b+ ac)w +ab — |a|?c + a-|a|>c]++2
1

" [(az +ac— )z — (a + a)wz + (ac — b+ ac)w + bc — |c[?a — [c|?a + c]*+2 13)

forall w, z € T1.
Assume that the operator W, 4 is complex normal on AZ2(I1) with the conjugation J.
Letting w and z converge to zero in (13), we obtain

[ab — |a|*c + a-|a|?c]* "2 = [bC — |c|?a — |c|?a@ + ¢]*2. (14)

Since ab — |a|?c + a-|a|?C and bé — |c|?a — |c|?a@ + ¢ are real numbers, it follows from (14)
that

ab — |a|%c + a-|a*c = bc — |c|*a — |c[*a+ ¢, (15)
that is,
(@—c)b+@—c) = 2|a*Rc — 2|c|/*Ra. (16)

Let w = z in (13). Then, since the coefficients of z2 are real numbers, we obtaina +a = ¢ +¢,
that is, $ta = Rc. Therefore, (16) becomes

(a—c)(b—) =2(Jaf* — |c)Ra.
Letting z converge to zero in (13), we see that
[(ac — b+ at)w + @b — |a|?c + a-|a)?e)**? = [(@c — b + ac)w + bc — |c|?a — |c[’a +]*T2  (17)

for all w € I1. From (17), it follows that

(ac — b + ac)w 4 ab — |a|*c + a-|a|*c = [(@c — b+ ac)w + bc — |c|*a — |c|?a + c]¢(w), (18)
where ¢(w) satisfies [¢(w)]**? = 1. From (18), we obtain

ab — |al%c + a-|a*c = (b — |c|*a — |c|*a + ¢)&(w).

Then, it follows from (15) that ¢(w) = 1. Therefore, from (18) we obtain

ac—b+ac =uac—"b+ac,
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which shows that ac is a real number. Let ¢ = Ra + iSa and ¢ = Ra + iSc. Since ac is a real
number, we have

From this and Ra = Rc, we obtain 8a = ¢ = 0ora = c.
Conversely, if Jta = Fc = 0 or a = ¢, then it is not difficult to see that (13) holds. This
shows that the operator W, 4 is complex normal on AZ(I1) with the conjugation 7. O

From Lemma 5 and Theorem 3, we can give the following example.

z—io’

Example 2. Let u(z) = W and ¢(z) = —ix — 2, where x, y, 0 € Rand x # o. Then,

the operator W, is complex normal on A2(I1) with the conjugation J, but it is not complex
symmetric on A2 (I1) with the conjugation J.

Next, we have the following two results. The first can be directly obtained by Remark 1
and Theorem 3.

Corollary 4. Let u(z) = W and ¢(z) = p be the symbols defined in (II). Then, the
operator W, o is complex normal on A3 (IT) with the conjugation J if and only if 7 = 0.

It is easy to obtain the following result. Here, the proof is omitted.

Theorem 4. Let u(z) = A and ¢(z) = z + 7y be the symbols defined in (III). Then, the operator
Wi is complex normal on A%(I1) with the conjugation J.

5. Conclusions

The reason why we just consider these special weighted composition operators is that
the proper description of the adjoint W , of the operator W, with the general symbols on
AZ2(I1) is difficult. For these special operators, we characterized 2-complex symmetry on
A2(I1) with the conjugation J. We considered how to characterize m-complex symmetry
of such operators on A2(IT) with respect to J or other conjugations. But, it is difficult
and cumbersome. Therefore, we chose to characterize 3-complex symmetry in the paper.
In addition, we also characterized the complex normality.

Funding: This study was supported by Sichuan Science and Technology Program (2024NSFSC2314)
and the Scientific Research and Innovation Team Program of Sichuan University of Science and
Engineering (SUSE652B002).

Data Availability Statement: Data are contained within the article.
Acknowledgments: The author thanks the anonymous referees for their time and comments.

Conflicts of Interest: The author declares that they have no competing interests.

1. Garcia, S.R.; Putinar, M. Complex symmetric operators and applications. Trans. Am. Math. Soc. 2006, 358, 1285-1315. [CrossRef]
2. Garcia, S.R; Prodan, E.; Putinar, M. Mathematical and physical aspects of complex symmetric operators. J. Phys. A 2014, 47, 353001.

[CrossRef]

NS Ok

Garcia, S.R.; Putinar, M. Complex symmetric operators and applications II. Trans. Am. Math. Soc. 2007, 359, 3913-3931. [CrossRef]
Garcia, S.R.; Wogen, W. Complex symmetric partial isometries. J. Funct. Anal. 2009, 257, 1251-1260. [CrossRef]

Garcia, S.R.; Wogen, W. Some new classes of complex symmetric operators. Trans. Am. Math. Soc. 2010, 362, 6065-6077. [CrossRef]
Fatehi, M. Complex symmetric weighted composition operators. Complex Var. Elliptic Equ. 2019, 64, 710-720. [CrossRef]

Gao, Y.; Zhou, Z. Complex symmetric composition operators induced by linear fractional maps. J. Indiana Univ. Math. 2020, 69,
367-384. [CrossRef]

8. Gupta, A; Malhotra, A. Complex symmetric weighted composition operators on the space H?(ID). Complex Var. Elliptic Equ. 2020,

65, 1488-1500. [CrossRef]


http://doi.org/10.1090/S0002-9947-05-03742-6
http://dx.doi.org/10.1088/1751-8113/47/35/353001
http://dx.doi.org/10.1090/S0002-9947-07-04213-4
http://dx.doi.org/10.1016/j.jfa.2009.04.005
http://dx.doi.org/10.1090/S0002-9947-2010-05068-8
http://dx.doi.org/10.1080/17476933.2018.1498087
http://dx.doi.org/10.1512/iumj.2020.69.7622
http://dx.doi.org/10.1080/17476933.2019.1664483

Mathematics 2024, 12, 980 12 of 12

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Han, K.; Wang, M. Weighted composition-differentiation operators on the Hardy space. Banach J. Math. Anal. 2021, 15, 44.
[CrossRef]

Jung, S.; Kim, Y,; Ko, E.; Lee, ]. Complex symmetric weighted composition operators on HZ(]D)). J. Funct. Anal. 2014, 267, 323-351.
[CrossRef]

Lim, R.; Khoi, L. Complex symmetric weighted composition operators on Hy (D). J. Math. Anal. Appl. 2018, 464, 101-118.
[CrossRef]

Narayan, S.; Sievewright, D.; Thompson, D. Complex symmetric composition operators on HZ2. J. Math. Anal. Appl. 2016, 443,
625-630. [CrossRef]

Narayan, S.; Sievewright, D.; Tjani, M. Complex symmetric composition operators on weighted Hardy spaces. Proc. Am. Math.
Soc. 2020, 148, 2117-2127. [CrossRef]

Thompson, D.; M-Clatchey, T.; Holleman, C. Binormal, complex symmetric operators. Linear Mult. Algebra 2021, 69, 1705-1715.
[CrossRef]

Yao, X. Complex symmetric composition operators on a Hilbert space of Dirichlet series. . Math. Anal. Appl. 2017, 452, 1413-1419.
[CrossRef]

Noor, S.W.; Severiano, O.R. Complex symmetry and cyclicity of composition operators on H?(C.), Proc. Am. Math. Soc. 2020, 148,
2469-2476. [CrossRef]

Helton, J.W. Operators with a representation as multiplication by x on a Sobolev space. In Colloquia Mathematica Societatis
Janos Bolyai; North-Holland, Amsterdam-London; 1972; Volume 5. Available online: https://mathweb.ucsd.edu/~helton/
BILLSPAPERSscanned /H70b.pdf (accessed on 1 February 2024).

Cho, M;; Ko, E; Lee, J. On m-complex symmetric operators. Mediterr. ]. Math. 2016, 13, 2025-2038.

Ptak, M.; Simik, K.; Wicher, A. C-normal operators. Electron. J. Linear Algebra 2020, 36, 67-79. [CrossRef]

Bhuia, S.R. A class of C-normal weighted composition operators on Fock space F2(C). ]. Math. Anal. Appl. 2022, 508, 125896.
[CrossRef]

Wang, C.; Zhao, ].Y.; Zhu, S. Remarks on the structure of C-normal operators. Linear Mult. Algebra 2020, 70, 1682-1696. [CrossRef]
Hu, L.; Li, S.; Yang, R. 2-complex symmetric composition operators on H2. Axioms 2021, 11, 358. [CrossRef]

Jiang, Z.]. Complex symmetric difference of the weighted composition operators on weighted Bergman spaces of the half-plane.
AIMS Math. 2024, 12, 7253-7272. [CrossRef]

Hai, P.V,; Severiano, O.R. Complex symmetric weighted composition operators on Bergman spaces and Lebesgue spaces. Anal.
Math. Phys. 2021, 12, 1-43. [CrossRef]

Elliott, S.J.; Wynn, A. Composition operators on weighted Bergman spaces of a half plane. Proc. Edinb. Math. Soc. 2009, 54, 373-379.
[CrossRef]

Xue, Y.F; Jiang, Z.].; Huang, C.S. 2-complex symmetric weighted composition operators on the weighted Bergman spaces of the
half-plane. Complex Anal. Oper. Theory 2023, 17, 119. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s43037-021-00131-z
http://dx.doi.org/10.1016/j.jfa.2014.04.004
http://dx.doi.org/10.1016/j.jmaa.2018.03.071
http://dx.doi.org/10.1016/j.jmaa.2016.05.046
http://dx.doi.org/10.1090/proc/14909
http://dx.doi.org/10.1080/03081087.2019.1635982
http://dx.doi.org/10.1016/j.jmaa.2017.03.076
http://dx.doi.org/10.1090/proc/14918
https://mathweb.ucsd.edu/~helton/BILLSPAPERSscanned/H70b.pdf
https://mathweb.ucsd.edu/~helton/BILLSPAPERSscanned/H70b.pdf
http://dx.doi.org/10.13001/ela.2020.5045
http://dx.doi.org/10.1016/j.jmaa.2021.125896
http://dx.doi.org/10.1080/03081087.2020.1771254
http://dx.doi.org/10.3390/axioms11080358
http://dx.doi.org/10.3934/math.2024352
http://dx.doi.org/10.1007/s13324-022-00651-3
http://dx.doi.org/10.1017/S0013091509001412
http://dx.doi.org/10.1007/s11785-023-01418-9

	Introduction
	Preliminaries
	3-Complex Symmetric Weighted Composition Operators
	Complex Normal Weighted Composition Operators
	Conclusions
	References

