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Abstract: In this manuscript, we study a system of extended general variational inequalities (SEGVI)
with several nonlinear operators, more precisely, six relaxed (&, r)-cocoercive mappings. Using the
projection method, we show that a system of extended general variational inequalities is equivalent
to the nonlinear projection equations. This alternative equivalent problem is used to consider the
existence and convergence (or approximate solvability) of a solution of a system of extended general
variational inequalities under suitable conditions.
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1. Introduction

In recent years, many theories of variational inequality types and its special forms have been
extended and generalized to research a variety of applications and problems arising from several
fields such as applied mathematics, optimization, control theory, equilibrium problems and nonlinear
programming problems, etc. In 1964, a variational inequality problem (VIP) was introduced by
Stampacchia [1].

In 2016, Noor [2] introduced and researched the existence of solution by using fixed point theory
for a system of extended general variational inequalities with six strongly monotone operators.

From the above results, we intend in this manuscript to consider a system of extended general
variational inequalities with nonlinear operators, more precisely, relaxed cocoercive operators which
are more generalized than strongly monotone operators. We show that a system of extended general
variational inequalities include general variational inequality and several other classes of variational
inequalities as special cases. Using the projection method, it is shown that a system of extended general
variational inequalities (SEGVI) are equivalent to the nonlinear projection equations. This alternative
equivalent problem is used to consider the existence and convergence of a solution of a system of
extended general variational inequalities under appropriate conditions.

2. Preliminaries

Hereafter, we take that H be a real Hilbert space whose norm and inner product are denoted by
|| - |l and (-, -), respectively. Let ()1, (), be two closed convex subsets in H.

For given nonlinear operators Ty, T2, g1, 2, 11, ho: H — H, consider a problem of finding x,y € H
with iy (y) € Oy, ha(x) € Oy such that

)

{<T1xr81(1’) —I(y)) =0, VveH, g(v) €y,
(Thy, §2(v) —ha(x)) >0, Yve H, g(v) € Oy
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The problem (1) is said to be a system of extended general variational inequalities (SEGVI) with

six nonlinear operators.

II.

III.

We consider some special cases of the (SEGVI) (1).

Ifg1 =g =g h =hy =hand O = Oy =, a closed convex subset in H, then problem (1)
reduces to find x,y € H with h(y), h(x) € Q such that

{(Tlx,g(v) —h(y))

O @
(Tay,g(v) —h(x)) >0,

AVARLY,

forallv € H, g(v) € Q. The system (2) is said to be a system of extended general variational
inequalities with four nonlinear operators.

Ifg1 =h =g 8 =hy =hand () = )y = ), a closed convex subset in H, then problem (1)
reduces to find x,y € H with g(y), h(x) € Q such that

{(ng(V) —3() =0, )
(Toy, h(v) — h(x)) > 0,

forallv € H, g(v) € Q and h(v) € Q. The system (3) is said to be a system of general variational
inequalities with four nonlinear operators.

If Ty = T, = T, then problem (2) reduces to find u € H with h(u) € Q) such that
(Tu, g(v) = h(u)) =0, @

forallv € H, g(v) € Q. The problem of type (4) is said to be an extended general variational
inequality (EGVI), which was studied by Noor [3].

For adequate and suitable conditions of spaces and operators, we can obtain several new and
known classes of variational inequalities. Recent applications, iteration methods, existence
problem and convergence theory are related to the above problems (see [4-14] and other
references therein).

Now, we digest some definitions and related basic properties which are indispensable in the
following discussions.

Lemma 1. ([15]) Let Q) be a closed and convex subset in H. Then, for a given h € H, w € () satisfies

(w—h,v—h)>0, YveQ, (5)

if and only if

where Pq is the projection of H onto () in H.

Remark 1. It is very well known that the projection operator Pq is nonexpansive, i.e.,

I1Pa(s) = Pa(t)ll < [ls =], Vst € H. (6)

More information on the projection operator Py can be found in Section 3 of [16].

Definition 1. ([17]) Let H be a Hilbert space.
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(1) Anoperator T:H — H is said to be a-strongly monotone, if for each s, t € H, we have
(T(s) = T(t),s — 1) > alls — t]1%,
for a constant r > 0. This implies that
IT(s) = T(B)]| = alls —t],

thatis, T is a-expansive and when « = 1, it is expansive.
(2) Anoperator T:H — H is said to be B-Lipschitz continuous, if there exists a constant § > 0 such that

IT(s) =T < Blls —tll, Vs, teH.
(3) An operator T:H — H is said to be p-cocoercive, if there exists a constant u > 0 such that
(T(s) — T(t),s —t) > u||T(s) — T(t)||*>, Vs,t€ H.

Clearly, every u-cocoercive operator T is %—Lipschitz continuous.

(4) Anoperator T:H — H is said to be relaxed a-cocoercive, if there exists a constant &« > 0 such that
(T(s) = T(t),s —t) > (—a)|T(s) — T(t)||>, Vs,teH.

(5) An operator T:H — H is said to be relaxed («,r)-cocoercive, if there exists a constant a, 7 > 0
such that

(T(s) = T(t),s —t) = (=a) | T(s) = T()|>+rlls —t]|>, V¥s,teH.

For a = 0, T is r-strongly monotone. This class of operators is more generalized than the class of
strongly monotone operators. One can easily show that the following implication:

r — strongly monotonicity = relaxed (a,r) — cocoercivity.

Lemma 2. ([18]) Let {s, } and {t, } be two nonnegative real sequences satisfying the following condition:
Snt1 < (1= An)sp +tn, V1 =>mng,
where ny is some nonnegative integer and A, € [0,1] is a sequence with Y 5y Ay = 00 and t, = 0(Ay). Then,
nlgr(}o s, = 0.

From the auxiliary principle method of Glowinski et al. [19], it is easy to show that we have the
system (1) equivalent to the following:
Find x,y € H with Iy (y) € Q1,hy(x) € Oy and

{ (o1Tix +h(y) — g1(x),g1(v) — i (y))

0,
7
(p2Toy + ha(x) — g2(y), 82(v) — ha(x)) = 0 @

where, forallv € H, g1(v) € Qq, $2(v) € Oy, p1 > 0and p, > 0 (see, [3,20]).
We use this equivalent problem to generate some iteration techniques for solving the system of
extended general variational inequalities and its other variant kinds.
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3. Results

In this section, we study about a system of extended general variational inequalities (SEGVI) (7)
being equivalent to a system of fixed point problems. This alternative equivalent problem is used to
generate iteration schemes for solving problem (7), by the method of Noor et al. [21].

Lemma 3. ([2]) The system of extended general variational inequalities (7) has a solution, x,y € H with
hi(y) € O C g1(H), i (H) and hy(x) € Qp C g2(H), ha(H) if and only if x,y € H with hy(y) € Oy,
hy(x) € Q) satisfies the relations

=
[y
—~
<
~—
I

Po, [81(x) — p1Thx], (8)
Po, [82(y) — p2Toyl, ©)

=
N
—~

=
~—

Il

where p1 > 0and py > 0.

Lemma 3 implies that problem (7) is equivalent to the relations of fixed point problems (8) and (9).
Using the fixed point problems (8) and (9), we can suggest and analyze some iteration forms:

y=(1—=Bn)y+Buly —m(y) + Po,[g1(x) — p1T1x]}, (10)
x = (1—an)x +an{x —ha(x) + Po,[82(y) — p2T2yl}, (11)

where 0 < ay, 8, < 1,1 > 0.
This alternative problem is used to propose the following iteration schemes for solving a system
of extended general variational inequalities (SEGVI) (7) and its variant kinds.

Algorithm 1. For given xo,y9 € H: hi(yo) € Qg and hy(xg) € o, find x,41 and y, 1 by the
iterative schemes

Ynt1 = (L= Bu)yn + Bulyn — h1(yn) + Pay, [g1(xn) — p1T1xnl},

(12)
Xn+1 = (1 - ‘Xn)xn + an{xn - hz(xn) + PQZ [gZ(ynJrl) - Pszyn+1]},

where 0 < ayy, By < 1,1 > 0.

Algorithm 1 can be viewed as a Gauss—-Seidel method for solving system of extended general
variational inequalities (SEGVI) (7).

For adequate and suitable conditions of spaces and operators, we can obtain several new and
known iteration schemes for solving system of extended general variational inequalities (SEGVI) and
related problems. It has been shown [22] that problem (1) has a solution under some suitable conditions.

Now, we investigate the convergence analysis of Algorithm 1. This is the core of our following result.

Theorem 1. Let Ty, T2, 81,82, h1, ho:H — H be relaxed (at,, kt,), (&1, kT,), (g1, kg1 ), (@gy, kg ), (g, Ky ),
(&, kn,)-cocoercive and Ity I1,, lg,, lg,, I, In,~Lipschitz continuous operators, respectively. If the following
conditions hold:

(i) 0<0 = \/1 — 201k, + (2a1, + 1)1 3 < 1,

0< 8 = \/1-205ks, + (207, +p2)p2 13, < 1,
(ii) 2kp, — ap, + 1) <1, 2k, — Quy, + DI <1,
2k, — (20g, + )13 <1, 2kg, — (2, + 1)IZ, <1,
(iii) &n,Bn € [0,1] foralln >0, 1—v =wa,(6+6) >0,

1—e1=a,(1—pp) —Pu(d1+61) >0, 1—er=pBu(1—p1) >0,
such that

2y (0 + 62) = oo,
n=0
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Z (1-m)=

where

o1 = /1 - 2kg, + Qg + DBy, 62 = (/1 2k, + (2ag, +1)12,,

U1 = \/1 _Zkhl + (20(;,1 + 1)1,%1, Ho = \/1 — 2ky, + (20&h2 + 1)1,%2,

then sequences {xy } and {y,} obtained from Algorithm 1 converge to x and y, respectively.
Proof. Letx,y € H with h1(y) € Oy, h2(y) € O be a solution of (7). Then, from (11) and (12), we have

[xn1 — x| = (1 — an)xn + an{xn — h2(xn) + Po,[82(yn+1) — p2Toyn+1]}

— (1= an)x — an{x — ho(x) + Py, [82(y) — p2 T2y} |

< (1 =) lxn — x[| + anllxn — x = (h2(xn) — ha(x))]]
+ || Py, [82(Yn+1) — p2Toyn+1] — Poy,[82(y) — p2 oyl ||

< (1 —an)[lxn — x[| + anl[xn —x = (h2(xn) — h2(x)) | (13)
+ anl|82(Yn+1) — p2Toyn+1 — §2(y) + p2 Ty ||

< (1 =) lxn — x[| + anllxn — x = (h2(xn) — ha(x))]]
+aul = (Yni1 —y) + g2(Ynt1) — &)l
+ anllyns1 — v — p2(Toyn1 — Toy) |-

Since operator T is relaxed (thz, sz)—cocoerCive with constant a1, > 0,kr, > 0 and I7,-Lipschitz
continuous, then it follows that

Y1 — v — p2(Toyns1 — Toy) |12

= lyns1 =yl = 202{Toyn 1 — To¥, Yu11 — ¥) + 031 Tayu 1 — Tayl®

< N1 = YIPP + 20207, | Toyn i1 — Toyl1> — 202k, Y1 — yI* + 031 Tayusa — Toyl> (14)
< yns1 = Y1 + 2020, 3, [y 11 — y1I* = 202k, [y 1 — yII* + 038, [ yn 1 — vl

= (1 =202k, + (207, + p2)02 13, Y1 — ylI*-

In a similar way, we have

20— x = (ha(xn) = B2 (%)) ||
= [l — x[1* = 2(xn — x, hp(xn) — ha (%)) + || B2 (x0) — o (%)
< [l — x[|* + 2, h2 (xn) — ha (x) [[* = 2k, |20 — x[1* + || B2 (200) — ha2 ()| (15)
< lxn — x[% 4 20, L[]0 — 21> = 2k, [l xn = x11* + 17, |0 — x|
= (1= 2K + (204, + DI, 2 — x|
and

[Yns1 =y — (&2(yn1) — S2) 17

= [yns1 = v = 2(ynr1 — ¥, 82(¥us1) — 82(1)) + 182(ynr1) — 2W) |7

< lyns1 = v + 20, 182 (Yns1) — 821> = 2kgy Y1 — Y1 + lIg2(Yug1) —

= (1= 2kg, + (2ag, + I3 ) [lynr1 — vl

2 (16)
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where we have used the property of operators hy, g, respectively. Combining (13)—(16), we obtain

%041 = x|l

< (1= )|t — x| + /1= 2k, + 2y, + D, [l — x|

+any 1 2kg, + (g, +1)I2, [ys1 —

+an \/1 — 2pok, + (201, + p2)P2 17, [[Yns1 — V| (17)
= (1 — oy (1 - \/1 — 2kp, + (2, + 1)1,%2 )) | — x|
+ (\/1 — kg, + (2ng, + 1)I2, + /1= 200k, + (21, + p2)p2 1%2) Y41 = yll-
From (10) and (12), we have
1Yns1 =yl = (1 = Bu)yn + Budyn — M1 (yn) + Py, (81 (xn) — p1T1xn) }
— (L= Bn)y = Bu{y — m1(y) + Po, (1(x) —p1 Tax) |
< (U =Bu)llyn =yl + Bullyn =y = (n(yn) = (y))|
+ BullPa, (81(xn) — p1T1xn) — Pﬂl(gl(x> p1Tix)||
< (X =Bu)llyn =yl + Bullyn —y — (I (yn) — ()]l (18)
+ Bnllg1(xn) — p1Taxn — g1 (x )+P1T1x||
< (= Bu)llyn =yl + Bullyn —y = (n(yn) = (y))|
+ Bullxn —x = (g1(xn) = g1(x))|
+ Bullxn — x — p1(Taxy — Tax) |-
In a similar way, from the property of operators hy, g1, we get
lyn =y — (1 (yn) = I W)I? < (1 = 2kn, + a, + DI llyn — yII?, (19)
[l — 2 = (g1.(xn) = g1(x))II* < (1= 2kg, + (2agy + DIZ))[lw — x|, (20)
lxn = x = p1(Taxy — T1x) | < (1 =201k, + ary + p1)pr 1) [lxn — x| (21)
Combining (18)—(21), we have
Y1 =yl
< (1= Ba) lyn = il + Buy /1 — 2K, + (220, + D llyn —
+ﬁn\/1 — 2kg, + (2g, + 1)1, x5 — x|
(22)

+ Buy/1 = 201kr, + (2uer, + p1)pr B, 1 — x]
= (1 — Bn (1 — \/1 — 2ky, + (20, + 1)1 )) [y =yl

+ By <\/1 — kg, + (20, +1)12, + \/1 — 201k, + (2a1, + p1)p1 l%l) [E=—
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From (17) and (22), put

\/1 = 2kp, + (20, + V)l =, \/1 = 2kp, + (20, + V)l = po,
1= 2k + Qg 12, =61, (/1 2k, + (20, +1)13, = b,

\/1 —2p1kr, + (2a1, +p1)e1 17, = 61, \/1 — 2p2kr, + (201, + p2)p2 13, = 63,

we obtain

11 = X[+ Y1 = yll < (1= an (1= p2)) 30 = x[| + 0 (62 + 02)[[ynr1 = ¥l
+ (1 =B =) llyn =yl + Bu (01 +61) [ xn — x]|
< (1= an(1 = p2) + Bu(01 4 61)) [ xn — x|
+ (02 +02)Yni1 = yll + (1= Bu(1 = 1)) lyn — vl

Thus,
llng1 — x|l + (1 — an (62 + 62)) lyns1 — vl
< (1= an(1 = p2) + Bu(S1 4 61)) lxn — x| + (1= Bu(1 = 1)) lyn — yll,
which implies that
[xns1 = x[[ + Vl[ynt1 — yll < max{ey, ea} - (lxn — x[| + [lyn — yl) 23)
= e([lxn = x[| + llyn — yl),
where

v=1—way(63+62), €1 =1—an(1—pu2)+ Bn(é1 +61),

e2=1—Bu(1—u1), ¢ =max{ey, e}
From conditions, we obtain
e < 1.
By Lemma 2, it follows from (23) that
Jim (f[xn1 = x[| +v[|yns1 = yll) = 0.
This implies that
Jim x40 = x[| =0 = lim {|ly,41 =yl

This completes the proof. [

Corollary 1. ([2], Theorem 4) Let Ty, T, 1,82, 11, ho:H — H be strongly monotone with constants

kr, >0, kr, > 0, kg, > 0, kg, > 0, ky, > 0, ky, > 0and I, Ir,, L, lg,, Iy, In,-Lipschitz continuous

operators, respectively. If the following conditions hold:

i 0<6;= \/1 —201kr, +p71F, <1, 0< 6, = \/1—2p2kT2 +o33 <1,
(i) 2k, — zgl <1, 2k, 1 <1, 2kg —13 <1, 2k, — 13 <1,
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(iii) ay,Bn €[0,1]foralln >0, 1—v=w,(5+6) >0,
1—er =an(l—p2) = Bn(d1+61) 20, 1—e2=Pu(1—p1) >0,

such that -
Z an (02 +02) = oo,
n=0
Y an(1—p2) = Bu(d1 +61) = o0,
n=0
Z (1= 1)
where
01 = /1 —2kg, + %1/ by = — 2kg, + lgz,

=,4/1 Zkhl h’ “1,[2:1/1—2](;12—‘-[22,

then sequences {x, } and {y,} obtained from Algorithm 1 converge to x and y, respectively.

Proof. In Theorem 1, from Definition 1, we take ap, = a, = Ag = g, = ap, = ay, = 0, we get the
result of Corollary 1. O

On the other hand, using Lemma 3, one can easily show that x,y € Hwith hy(y) € Qq, ha(x) € O
is a solution of (7) if and only if x,y € H with hy(y) € Oy, ha(x) € Q) satisfies

hi(y) = Po, (2), (24)
hy(x) = Pq,(w), (25)
z=g1(x) —p1T1x, (26)
w =g (y) — p2Toy. (27)

This alternative problem can be used to propose and analyze the following iteration scheme for
solving system (7).

Algorithm 2. For given xo,y90 € H with hi(yg) € Oy, ha(x0) € O, find x,41 and y,41 by the
iteration schemes

Yny1 = (1 - ﬁn).‘/n + ﬁn{]/ﬂ - (]/n) + PO1 (Zn)}/ (28)
Xpp1 = (1= ap)xn + an{xy — ho(xn) + Py, (wn) }, (29)
zn = §1(xn) — p1T1%n, (30)
wn = §2(Yu+1) — p2T2Yn+1, (31)

where ay, By € [0,1] forall n > 0.

Now, we consider the convergence analysis of Algorithm 2, using the method of Theorem 1.
For the sake of completeness and to convey an idea, we include all the details.

Theorem 2. Let operators Ty, Tp, 81,82, M, ho:H — H be relaxed («t,, kt,), (ary, k1,), (g, kg1 ), (g5, kg, ),
(achl, ky, ), (&, ky, )-cocoercive and I1,, I1,, I, Lg,, Ip,, In,-Lipschitz continuous, respectively. If the following
conditions hold:

(i) 0<0 = \/1 — 201k, + 2a1, + o)1 3, < 1,
0<6,= \/1 — 200k, + (201, +p2)02 17, < 1,
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(ii) 2ky, — Qay, + 1) <1, 2k, — Qay, + DI <1,
2k, — (20g, + )13 <1, 2kg, — (2ag, + 1)IZ, <1,

(iii) &n,Bn € [0,1] foralln >0, 1—v =wa,(d+62) >0,
1—e1=an(1—p2) —Bu(d1+61) >0, 1—e2=PBu(1—p1)>0

such that -
Z “71(52 + 92) = OO,
n=0
Z 1—]/12 ﬁn(51+91)200
n=0
2 (1—m)
where

o1 = \J1—2kg + (g, + 1B, 62 = /1= 2kg, + (g, + 1)I2,,

= \/1 — 2y, + D, iy = \/1 — 2k, + (20, + 1)1,

then sequences {x, } and {y, } which are defined by Algorithm 2 converge to x and vy, respectively.

Proof. Let x,y € H with h1(y) € (), hp(x) € () be a solution of (7). Then, from (6), (14), (16), (27)
and (31), we have

||y, —wl|
= 82(u+1) — p2Toyn+1 — (82(y) — p2T2y)||
<y — v — (82(Wns1) — WD + lyns1 —y — p2(Toyus1 — Toy) || (32)

< <\/l — 2kg, + (2ag, + 1)l§2 + \/1 — 202kT, + (20, + p2)p02 1%2 > lyus1 — vl

Thus, from (11), (15), (27), (29) and (32),

a1 — ]
< (1= )00 — x| + ll s — % — (ha(x) — o () | + al| Py, (wn) — Py ()]
< (1) o — x| - a1 — 2k, + (2 + DIZ, [ — 2 (33)

+ an <\/1 — 2kg, + (204, + 1)%2 + \/1 — 202kt + (201, + p2)p2 l%‘z) Y1 — vl
From (20), (21), (26) and (30),

|20 — z||
= [|g1(xn) — g1(x) — p1(Taxn — Tax)|
< lxn —x = (g1(xn) — g1(x) || + [lxn — x — p1(Taxy — Tyx) ||

< 1= 2k, + (g, + 1), [0 = x| + /1 = 201k, + (2a, +p1)prf3, v — x|

= (\/1 — 2kg, + (20g, +1)I2 + \/1 — 201kt + (2ar, +p1)pll%1> [l — x|

(34)




Mathematics 2018, 6, 198 10 of 12

Thus, from (10), (19), (28) and (34),

1yus1— vl
< (1= By = 1l + Bullyn =y — (i () — 1)) | + Bull P, (2) = Py (2)]
< (1= B)llyn — vl + Buy/L— 2y, + 2y + DI lyn — ] (35)

+ B (\/1 — 2kg, + (20g, + 1)1, + \/1 —2p1kr, + (207, +P1)P11%1) [[xn — x||.

Now, we put

V1= 2K+ Qe + DB = 1, 1= 26k, + (2, + 1D, = 1o,
V1= 2k + Qug + 1B =61, \/1—2kg, + (20, + 1), = 5,

\/1 = 2p1kr, + (201, + p1)pr 17, = 01, \/1 — 2pok, + (201, +p2)p2 17, = 62,

then (33) and (35) have

%1 = x[| < (1= (1= p2)) |l = x[| + @ (62 + 02) [y 1 = yll, (36)
Y1 =yl < (U= Bu(X = p))lyn =yl + Bu(S1 + 61) [[xn — x]|. (37)

Adding (36) and (37), we have

I = *ll+ lynsa =yl < (1= an(1 = 2) + Bu(dr +01) ) l1xn — ]
+ a0 (62 + 02)|ys1 = Il + (1= Bu(1 = p))llyn — -

Thus,
%41 — x| + (1 — an (62 +62)) [yns1 =yl
< (1 —an(1— p2) + Bl +91)) [0 = x|| + (1 = Bu(L — 1) llyn — yll,
which implies that
ln1 = x[| +vllyn1 — yll < maxfer, ea} - (lxn — x[| + llyn — yll) (38)
= e(llxn — x| + [lyn — yl),
where

v=1-a,(02+62) 20, &1 =1— (an(1—p2) — Pu(d1+61)),
e2=1—Bu(1—puy), ¢ =max{ey, e}

From conditions, we get
e < 1.

Therefore, by Lemma 2, it follows from (38) that

lim ({11 = %[ + v|[yn1 —yl}) = 0.

n—o0

This implies that

lim |2, 1 — x| = 0 = lim [y, 41—yl

This completes the proof. [
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Corollary 2. ([2], Theorem 6) Let Ty, T, g1, §2, 11, ho: H — H be strongly monotone with constants
kr, > 0,kr, > 0,kg; >0, kg, >0, ky, >0, ky, > 0and Iy, I1,, Lg,, Ly, lp,, In,-Lipschitz continuous
operators, respectively. If the following conditions hold:
() 0<6 =\/1-20kp, +p} 1} <1, 0<6=/1-205kp, +031} <1,
(i) 2kp, —1; <1, 2ky, —Ip <1, 2kg —I3 <1, 2kg, —1I3 <1,
(iii) an,Bn €[0,1]foralln >0, 1—v=wa,(5+6) >0,

1-¢ :an(l_}lz) _,Bn<51+61) >0, 1-¢ :,Bn(l_]/ll) >0,

such that -
Y an(82 +6,) = oo,
n=0
Yo an(1—p2) — Bu(d1 +61) = oo,
n=0
Z Bu(1—p1) = oo,
n=0
where

6= \J1=2kg +12, 6= /1 —2kg, +12,
pi=\J1=2ky, + 15, po = /1= 2k, +1} ,

then sequences {x, } and {y,} obtained from Algorithm 2 converge to x and y, respectively.

Proof. In Theorem 2, we take ar, = at, = ag, = ag, = a3, = &y, = 0, and we get the result of
Corollary 2. O

Open Problem Do Theorems 1 and 2 hold for a Banach space or other spaces?

4. Conclusions

Theorems 1 and 2 generalize and improve the results which are discussed in [2] and others.
The system of extended general variational inequalities includes various classes of variational
inequalities and optimization problems as special cases, and its results proved in this paper continue
to hold for these problems. It is expected that this class will motivate and inspire further research in
this area.
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