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Abstract: In this work, our focus is to study the Fekete-Szegt functional in a different and innovative
manner, and to do this we find its upper bound for certain analytic functions which give hyperbolic
regions as image domain. The upper bounds obtained in this paper give refinement of already known
results. Moreover, we extend our work by calculating similar problems for the inverse functions of
these certain analytic functions for the sake of completeness.
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1. Introduction and Preliminaries

We consider the class of analytic functions f in the open unit disk U = {z : |z| < 1}, defined as

flz)=z+ i anz". 1)
n=2

We also consider S, the class of those functions from .A which are univalent in /. Fekete-Szego
problem may be considered as one of the most important results about univalent functions, which
is related to coefficients a, of a function’s taylor series and was introduced by Fekete and Szegd [1].
We state it as:

If f € S and is of the form (1), then

347, if A<,
o3 —Aa3| < § 12exp (), if 0<A<1,
41 -3, it A>1

The problem of maximizing the absolute value of the functional a3 — Aa3 is called Fekete-Szegd
problem. This result is sharp and is studied thoroughly by many researchers. The equality holds true
for Koebe function. The case 0 < A < 1 provides an example of an extremal problem over S in which
Koebe fails to be extremal. In this regard, one can find a number of results related to the maximization of
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the non-linear functional |a3 — /\a% ] for various classes and subclasses of univalent functions. Moreover,
this functional has also been studied for A as real as well as complex number. To maximize Fekete-Szeg6
functional |az — Aa%] for different types of functions, showing interesting geometric characteristics of
image domains, several authors used certain classified techniques. For in-depth understanding and
more details, we refer the interested readers to study [1-11].

Subordination of two functions f and g is written symbolically as f < g, and is defined with
respect to a schwarz function w such that w (0) =0, |w (z)| < 1forz € U, as

flz)=gwl(z), zel. @

We now include P, the class of analytic functions p such that p (0) = 1 and p < 2, z € U.

12/
For details, see [12]. :
Goodman [13] opened an altogether new area of research with the initiation of the concept of
conic domain. He did it in 1991, by introducing parabolic region as image domain of analytic functions.
Related to the same, he introduced the class UCV of uniformly convex functions and defined it
as follows:

UCV:{feA:%<1+(z—C)]}l//((§))> >0, z,geu}.

The most suitable one variable characterization of the above defined class UCV of Goodman was
independently given by Renning [14], and Ma and Minda [6]. They defined it as follows:

ucv = {feA:%(lJrZJ{,N(S)) > ZJJ:,N((ZZ)') ,zeu}.

It proved its importance by giving birth to a domain, ever first of its kind, that is, conic (parabolic)
domain, given as Q = {w : Rw > |w — 1|} . Later on, f—uniformly convex functions were introduced
by Kanas and Wiéniowska [15], which are defined as:

zf” (Z)) zf" (2) }
UCV:{ GA:%(lJr > ,zEe€U .
g d 7@ ) > P

This proved to be a remarkable innovation in this area since it gave the most general conic domain

Qp, given as under, which covers parabolic as well as hyperbolic and elliptic regions.
Qp ={w: Rw > plw—1[, B> 0}.

For different values of f, the conic domain (g, represents different image domains. For = 0,
this represents the right half plane, whereas hyperbolic regions when 0 < B < 1, parabolic
region for B = 1 and elliptic regions when > 1. For further investigation, we refer to [15,16].
Another breakthrough occurred in this field when Noor and Malik [17] further generalized this domain
Qp. They introduced the domain

Op[4,B] = {utio: [(B2=1) (1@ +0%) ~2(AB—u+ (42~ 1)]°
> p? [(—2(B+1) (u2+vz)+2(A+B+2)u—2(A+1))2+4(A—B)202]}.

®)

The class of functions given in the following definition takes all values from the above domain
Qg [A,B], -1 < B < A <1, B> 0. For more details, we refer to [17].

Definition 1. A function p (z) is said to be in the class B — P [A, B], if and only if,

A De) — (A-1)
P = BT pple) — (B 1)
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where pg(z) is defined by

= B=0
1+ % <log }fé)z, B=1,
Pp(z) = 1+ #sinh2 [(%arf;osﬁ) arctanhy/z], 0<pB<1, )
Vi
1+ /32171 sin | 287 bf — 11_(tx)2dx + /521*1’ B>1,

where u(z) = 12__\\/%, t € (0,1), z € U and z is chosen such that p = cosh (Zg((:)) ), R(t) is the Legendre’s
complete elliptic integral of the first kind, and R (t) is complementary integral of R(t). For more details about

the function pg(z), we refer the readers to [15,16].

It may be noted that if we restrict the domain as Q4 [1, —1] = Qg, then it becomes the conic
domain defined by Kanas and Wisniowska [15,16]. With the help of this important fact, we notice the
following important connections of different well-known classes of analytic functions.

1. B—-P[ABJCP (?Zi%) , the class of functions with real part greater than %gi%.

2. B—P[1,—-1] =P (pg), the well-known class introduced by Kanas and Wisniowska [15,16].
3. 0—PJ[A, B] = P[A,B], the well-known class introduced by Janowski [18].

We now include the two very important classes p — UCV [A, B] of f—uniformly Janowski
functions and B — ST [A, B] of corresponding f—Janowski starlike functions which are used in Section 2
of this paper. These are introduced in [17] and defined as follows.

Definition 2. A function f € A is said to be in the class p — UCV [A,B], p>0,-1 < B < A <1, ifand
only if,

(B-1) &L —(a-1) s (B—1) ELEL —(a-1) 1
B+1 f(2) A+1 B+1 zf(z) _ A+1 ’
B+1) A _(av) | B A (a4
or equivalently,
(zf'(2))’
————— € p—P|AB]|. 6
Fz) €P-PlAE ©6)
Definition 3. A function f € A is said to be in the class p — ST [A,B], p >0, -1 < B < A <1, ifand
only if,
Q(CNFE ) v g oy
(B+1)ZLE —(a+1) B+)ZLE —(a+1) |
or equivalently,
/
2fE) cg_piap). @)

f(2)

It can easily be seen that f (z) € p— UCV [A,B] <= zf'(z) € B— ST[A, B]. It is clear that
B—UCV[1,—1] =p—UCVand p—ST[1,—1] = B — ST, the well-known classes of f-uniformly convex
and corresponding p-starlike functions respectively, introduced by Kanas and Wisniowska [15,16].

As itis mentioned earlier that a number of well known researchers contributed in the development
of this area of study, to mark the importance of our work in this stream of work, we take a quick
review of what is done so far. In 1994, Ma and Minda [6] found the maximum bound of Fekete-Szeg6
functional |a3 — Aa%| for the class UCV of uniformly convex functions whereas Kanas [19] solved the
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Fekete-Szegd problem for the functions of class P (pg). Further, for the functions of classes p — UCV
and B — ST, the same problem was studies by Mishra and Gochhayat [20]. Keeping in view the
ongoing research, our aim for this paper is to solve the classical Fekete-Szeg6 problem for the functions
of classes  — P [A,B]|, p —UCV [A,B] and 8 — ST [A, B] . To prove our results, we need the following
lemmas. For the proofs, one may study the reference [6].

Lemma 1. If p (z) = 1+ p1z + p2z? + - - - is a function with positive real part in U, then, for any complex
number u,

|2 — ppd| < 2max {1, ]2p — 1]}

and the result is sharp for the functions

14z 1+22
pE=7— o p@E=7—F (U

Lemma2. Ifp (z) = 1+ p1z + poz% + - - - is a function with positive real part in U, then, for any real number v,

—4v+2, v<0,
p-opf| <8 2, 0<o<t,
4v — 2, v > 1.

When v < 0 or v > 1, the equality holds if and only if p (z) is % or one of its rotations. If 0 < v < 1,

— 1422
1-22

147\ 14z [(1-y\1-2
P(Z):< 277>1—z+< 217>1+z (0=y=1),

or one of its rotations. If v = 1, then, the equality holds if and only if p (z) is reciprocal of one of the function
such that equality holds in the case of v = 0. Although the above upper bound is sharp, when 0 < v < 1, it can
be improved as follows:

then, the equality holds if and only if p (z) or one of its rotations. If v = O, the equality holds if and only if,

1
‘Pz—viﬂ%‘JrIPlIZSZ <O<v§2)
and :
=]+ -0)lmP <2 (<0<1).

2. Main Results

Theorem 1. Let p € p—P[A,B],-1 < B <A <1,0< B <1, andof the formp(z) =1+ Y ;"1 pnz".
Then, for a complex number u, we have

A—B)T? (B+1)T> (A-B)T> T2 2
| < ATBT L (a 2 8
= rt] < S max (L Gy o 3 ©
and for real number y, we have
2 B+1)T? A-B)T? 1-p> 1-p2
%4’%7 (1_13)2 7ﬂ<1_}g2> 7 M S 73(A7‘183)T2 7£té +3(AEB)’
1-p B+1 , 1-§*
2| < (A=B)T? 1 ~3apT2 _ A-Bt3ap SH 9
P2 =i < 5 ’ < 50-F) By, 1-p ©)
= 3(A-B)T? ~ A-B + 3(A-B)’
2 (B4+1)T? A-B)T? 5(1-p 1-p2
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where T = T(B) = 2 arccos(p) and the equality in (8) holds for the functions

A+l [(2arccosp) arctanhy/z] + 1

1-p
L 10
p1(z) 1B—+/31 sinh? [ (2 arccos B) arctanhy/z] + 1 (10)

or

1“‘%}2 sinh? [ ( 2arccosp) arctanh (z)] + 1
0 G (reop e 1+ 7

(11)

_p? 5(1
Wheny<—3(/1‘77§ﬁ B+B—|—3(AﬁB) ory>%— B —|—3( ﬁ) the equality in (9) for the

function py (z) or one of its rotations. If—ﬁ e 3(A-B) LB gy <K< 35((/11_75)%2 = s (114_53),
then the equality in (9) holds for the function p, (z) or one of its rotations. If y = —ﬁ B+ (1_'3 B}’
the equality in (9) holds for the function
1+ -
@ = (5 ne+ () nea, 0z, 12)
Y
or one of its rotations. If = 35(1(41_ 5)%2 — Bl A= L 5y then, the equality in (9) holds for the function p (z)
which is reciprocal of one of the function such that equality holds in the case for y = — 3(11:!;2) - M +
1—p?
3(A-B)
Proof. For h € P and of the form h (z) =1+ Y., ; cxz", we consider
_14w(z)
h(z) = 1—w(z)
where w (z) is such that w (0) = 0 and |w (z)| < 1. It follows easily that
_ h(z)—1
w(z) = hz)+1
_ (1+C1Z+6222+C323+"')_1
(4 cz+coz2+iB+--)+1
1 1 1 1 1 1
= 502 + <2cz — 4c1) z°+ <2C3 — 56201 + 86%) 24 (13)

Now, if pg(w(z)) = 1+ Ry (B)w(z) + Ry (B)w? (z) + R3 (B) w’ (z) + -+, then from (13),
one may have

pp(w(z)) = 1+Ry(B)w(z)+ Ry (B)w? (z) +Rs(B)w’ (z) +---,
= 14+R(B < clz—i-( C2_411C1> +(;C3—;C261+;C?)Z3+"'>+

2
P ) +

1 1 1 1 1 1,
R3 (B) { 5e12+ (Zcz - 4c%> 22+ (2C3 — 5001 + gt
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where R; (B), Rz (B) and R3 (B) are given by
272
Ri(B) = ——
Ry (8) = 2T (2+71?)
2\P) =377y /
3(1-p7)
272 23 0 2.4
R = ——— | — +4T T
)= 5 gy (5 4T+ 5T).
and T =T (B) = 2 arccos (B), 0 < B < 1, see [19]. Using these, the above series reduces to
. T2 T2 ’ 1, )
pp(w(z)) = 1+ 1—/32C12+ - B ((T —1) 6cl+cz)z +
T [(1/2 1., 1.4\ 5 1 ) 3
Since p € p—P[A,B],0 < B <1, so from relations (2), (4) and (14), one may have
_ (A+D)pp(w(z))—(A-1)
PE = Ep@E) -6
(15)
= 1O T G0 T (T ga GG o)
If p(z) =1+ X, puz", then equating coefficients of like powers of z, we have
_ (A-B) T _
pl — 7 1_ IBZ 1,
_ (A-B) T* (T2} 1, (B4+1T?,
P2 = 2 1-p\ 6 61 20-p1T2)
Now for complex number , consider
24
o _(A-B) T* (T’¢ 1, (B+1)T*, (A-B)'T" ,
2 — = — =~ s 1T | —p——c1.
P Hp1 2 1_ﬁ2 6 61 2(1_ﬁ2) 1 y4(1—ﬁ2)2 1
This implies that
o, (A—B)T? ,(1 T> (B+1)T> (A-B)T?
— = 7/ ey — N 1
‘pz "”1‘ 21— |27 N6 6 T20-p) "HF2a-p) (16)

Now using Lemma 1, we have

A—B)T?
‘pz—ypﬂ < M -2max (1, |20 —1|),

where

1 T2 (B+1)T? A—B)T?

o, 1 T (B+)T (A-B)T
6 6 2(1-p) "2(1-p)

This leads us to the required inequality (8) and applying Lemma 2 to the expression (16) for real
number y, we get the required inequality (9). O

For A =1, B = —1, the above result reduces to the following form.
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Corollary 1. Let p € p—P[1,-1] = P (pg), 0 < B < 1, and of the form p(z) = 1+ Y57, pnz".
Then, for a complex number y, we have

272 272 > 2
2
_ < . _ - _Z
=] < 2 e (1o 2 = 5 -3 W
and for real number y, we have
4uT? 1-g2 | (1-p
> %_F%Tz_lﬁ?’ ‘u<_6T€+(6)’
P2~ pd| < - 2 OF) 8 <y < 20F) | 1op (18)
H=1-p ' . o 65(1 _2}; LT °
4uT - 1-
_%_%T2+1Kﬁ2r “l/l> 6T2 + 6/5

These results are sharp.

In [3,19], Kanas studied the class P (ﬁﬁ) which consists of functions who take all values from the
conic domain ()g. Kanas [19] found the bound of Fekete-Szegd functional for the class P (ﬁﬁ) whose
particular case for 0 < B < 11is as follows:

Let p (z) = 14 b1z + byz> + b3z> +--- € P (pg) , 0 < B < 1. Then, for real number y, we have

272
o 2T Topip,  #sO
‘bz e 1, ke, (19)
I+(u-1)Ez nxl

For certain values of § and i, we have the following bounds for |p, — p?|, shown in Table 1.

Table 1. Comparison of Fekete-Szegt inequalities.

B u Boundfrom (18) Bound from (19)
03 3 4.8652 5.51463
03 2 2.82267 3.47193
05 2 1.84841 2.5939
05 -1 2.37422 2.5939
07 3 2.28155 3.03221
07 -1 1.7698 2.01932

We observe that Corollary 1 gives more refined bounds of Fekete-Szeg functional |p, — up?| for

the functions of class P (pg) , 0 < p < 1 as compared to that from (19) as can be seen from above table.

Theorem 2. Let f € f—UCV [A,B], -1 < B < A <1,0< B <1 and of the form (1), then for a real
number y, we have

4 212 _ 2B41)T2 (A-B)T 2 20-p) a4y 2(1-p)
e S o A O S5~ g1 ~ 3A-B) T 945
2 202P) 24y 2(1-p2)
‘a _ ,12‘ < (A-B)T? 5 5 oa_B)TZ _3(aB) T oA SH (20)
TR - ' c2y 00-R) s | 20-6)
= 3 " 9(A-B)T2  3(A-B) 9(A-B) ’
2 B+1)T? A-B)T? 10(1-p2 B 1-p2
—3 -3+ R - -3 VZ%+9(1‘(§—B)T)Z_32((AJ:1?))+9(( )

3 1-p2
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Proof. If f (z) € B—UCV [A,B], —1 < B <A <1,0< B <1, thenit follows from relations (2),
(4),and (6) that

(zf'(2)) _ (A+1D)pp(w(z)) - (A1)
f'(2) (B+1)pp(w(z)) —(B-1)

This implies by using (15) that

/ ! _ 2 _ 2 2.2 2
(Z;,((j))) =1+ (AZ B) 1Eﬁ261z+ (A2 B) 1552 (T a —%c (B(Jrl)ﬁf) c1+cz> N ()
If f(z) =z+ Y, ,a,2z", then one may have
/ /
(ijf,((zz))) =1+ 2amz + (6113 - 4a§) 2+ (12114 — 18aga3 + Sag) By 22)
From (21) and (22), comparison of like powers of z gives
A—B)T?
= >
" (A-B)T P BENT (A-B)T
_(A-B)T*( (1 T* (B+1)T> (A-B)T?\,
=i (o (o6 2 s .

Now, for a real number y, we consider

o  (A-B)T? 1 T (B+1)T*> (A-B)T?\ , 3(A-B) T* ,
’”3_””2‘ T 12— CZ_(6_6 2(1—ﬁ2)_2(1—52)) I S e
_ (A-B)T? 1 T> (B+1)T*> (A-B)T> 3(A-B)T?

el LR S T T e W L

Now applying Lemma 2, we have the required result. The inequality (20) is sharp and equality
2(1-87)  2(B41) |, 2(1-p) 10(1-p)  2B+1) |, 2(1-p%)
S(A—B)TZ _ 3(A-B) T 9(a-B) OTH >3 S+ S(A—B)TZ ~ 3(A-B) T 9(A-B) when f (z)
2(1-p2
) is defined such that ( j]:}((;)) =pi(z).1f%— 9(54_5”)2 -
B2
10(1-*) ((Bfl)) + 9( ) then, the equality holds for the function

(A=B)’
i ! a2
f2 (z) or one of its rotations, where f; (z) is defined such that (ZE%))) =p(z). fu=3%- % -

;éif?) + 9<(1A ﬁB; the equality holds for the function f3 (z) or one of its rotations, where f3 (z) is

10(1—p2 .
defined such that (z j,(?(( ))) =p3(z).Ifpu= % + 9(/(1—Bﬁ)T)2 - ;éﬁﬁ% + 9<(A ﬁB)) then, the equality holds

for f (z), which is such that (ZJ{,/ ((ZZ)) Y is reciprocal of one of the function such that equality holds in the

2 20-p) 2B+ |, 2(1-F)
5~ 9a_BT?  3(A—B) T 9(a-B) - U

holds for y < 3 —

is f1 (z) or one of its rotations, where f; (z

2(B+1 1-p?
3((A73)) + 9((A B)) <H<3tsummr

case of u =

For A =1, B = —1, the above result takes the following form which is proved by Mishra and
Gochhayat [20].

Corollary 2. Let f € —UCV [1,—1] =B —UCV,0 < B < 1 and of the form (1), then

TZ .B H 9T? 9( ! 2)
2 e 2 1-p% | 1-p 5 5(1-p 1-p?
‘ﬂg sz‘§6(17ﬁ2) 2 579 T S?(‘SZE)+ 9T22 +
2 5(1-p 1—
_%_%_(4_6}4)1:52/ }42%+ 972 + 9ﬂ’
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Theorem 3. If f (z) € B—ST[A,B], —1<B<A<1,0< B < 1and of the form (1), then for a real
number y, we have

2 (B+1)T? A-B)T? 1-p2
R LR W3- emia s T e
2 1 1- B+l 1 <
‘a Wz’ L A-B)T 1 2 6T2(A(B) )Z(A B VT ea—p S H
3 20 = 22 ’ 1 5(1 ‘B Bl 1— [52
21=F) <3t suin ~ 2acE T aacE)
2 (B+1)T? (A-B)T? 1, 5(01-p) B+1 1-p?
o et T~ (=20 S W25+ samE  aAs 5 T AE)

This result is sharp.

Proof. The proof follows similarly as in Theorem 2. [J

For A =1, B = —1, the above result takes the following form which is proved by Mishra and
Gochhayat [20].

Corollary 3. Let f € B —ST[1,—1] =B — ST, 0 < B < 1 and of the form (1). Then, for a real number y,

2 2 1— 2 1— 2
T2 %—l_%_‘_(l_z]’l) 2T yg%_127§2+ 1iB’
_ 1 1-p2 | 1-p2 1, 5(1-p) | 1-p?
‘03 Wz’_l B? L 7_121@"" 15 S}(‘S%+ 12T2)+ 15'
2 12 272 1, 5(1-8 1-p2
_3_7_(1_274) 1_ﬁ21 ]JZ §+ 1272 + 15 .

Now we consider the inverse function F which maps regions presented by (3) to the open unit
disk U, defined as F (w) = F (f (z)) = z,z € U and we find the following coefficient bound for
inverse functions. The functions of classes § — UCV [A, B] and B — ST [A, B] have inverses as they are
univalent too.

Theorem 4. Let w = f(z) € B—UCV[A,B], -1 <B<A<1,0< B < land F(w) = f 1 (w) =
w+ Y o2, daw". Then,

(A—B)T?
2(1- P2

Proof. Since F (w) = F (f (z)) = z, so it is easy to see that

| < (n=2,3).

dz = —dp, d3 = Zﬂ% —as, d4 = —ay + 5aza3 — Sa;

By using (23) and (24), one can have

__(a-pr
d, = A(i- [32) (25)
and
A—B)T? B+1)T2 A—B)T?
do = g (5 5+ S + )b el
A—B)T? B+1)T2 A—B)T?
= e (8- 5+ S - R )(C%_CZ) (26)
(A-B)T* T

1 2 (B+1)T> (A—B)T? (A B)TZ
g (8 + % — S — ) @t e
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Now, from (25) and (26), one can have

(A—B)T?
=S a ey
and
(A-B)T>|1 T> (B+1)T> (A-B)T?
R ] i yrer i wal| LRl
(A-B)T?> |11 T> (B+1)T*> (A-B)T? (A B) T?
na-plete 20 1p | g

R (e i)

1_ 12 (BT | (A-B)T? 1 (B+1)T>  (A—B)T2 A
where Ay = ¢ — & + 20— + = and A, = & + R R ) . We see that A; >
0;i=12for—1<B<A<1,0<p <1 Thus, the apphcatlon of bounds ‘cz — C%’ <2and|cp| <2
(see Lemma 2 for v = 1 and v = 0) gives

(A-B)T?
= (-
(A—B)T2
2(1-p7)

|d3| M+ A+1}
O

Theorem 5. Let w = f(z) € B—UCV[A,B], -1 <B<A<1,0<B<land F(w) = f!(w) =
w+ Y o2 5 daw". Then, for a real number y, we have

4, 212 _ 2(B+1)T? (A-B)T? 2(1-p% 2(1-p2 2(B+1
K —(4=3) —p B3+ 9(&%3)722 - 9((A—B)) + 3((A—B))’
4 1001-p4)  2(1-8) | 2(B+1)
‘d3 —ud3| < < (A-B) 7;2 5 3 9<A—B( 72 2*) 9(A—(B) j)S(A—B) <
- 12 ! 4, 2(1-p 2(1-p 2(B+1)
(1=F) Ss3tsuce oA A

2 10(1-p2 2(1-p?
R R T M= LS i U o e

This result is sharp.

Proof. The proof follows directly from (25), (26), and Lemma 2. [
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