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Abstract

:

In this paper, we study fractional symmetric Hahn difference calculus. The new idea of the symmetric Hahn difference operator, the fractional symmetric Hahn integral, and the fractional symmetric Hahn operators of Riemann–Liouville and Caputo types are presented. In addition, we formulate some fundamental properties based on these fractional symmetric Hahn operators.
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1. Introduction


The Hahn difference operator, one type of quantum difference operator, has been studied by many reseachers. It is used to construct families of orthogonal polynomials and to study certain approximation problems (see [1,2,3]).



Hahn [4] is the first researcher who introduced the Hahn difference operator   D  q , ω    based on the forward difference operator and the Jackson q-difference operator where


   D  q , ω   f  ( t )  : =   f ( q t + ω ) − f ( t )   t ( q − 1 ) + ω   ,   t ≠  ω 0  : =  ω  1 − q   .  











Later, the right inverse of Hahn’s operator and its properties were presented (see [5,6]). There are other works related to the Hahn difference operator such as the study of Hahn quantum variational calculus [7,8,9], and the existence and uniqueness results for the initial value problems [10,11,12] and boundary value problems [13,14].



Recently, Brikshavana and Sitthiwirattham [15] introduced fractional Hahn difference operators. The boundary value problems for fractional Hahn difference equations were subsequently studied by many researchers (see [16,17,18,19]).



In 2013, Artur et al. [20] introduced the symmetric Hahn difference operator    D ˜   q , ω    as


    D ˜   q , ω   f  ( t )  : =   f  ( q t + ω )  − f (  q  − 1    ( t − ω )  )    ( q −  q  − 1   )  t +  ( 1 +  q  − 1   )  ω    for   t ≠  ω 0  .  











However, we observe from the literature that fractional symmetric Hahn difference calculus has not been studied. In order to give a rigorous analysis of symmetric Hahn calculus, this paper is devoted to presenting the new concepts of the symmetric Hahn difference operator, the fractional symmetric Hahn integral, and the fractional symmetric Hahn difference operators of the Riemann–Liouville and Caputo types. Particularly, the results from this study can be used as a tool in some applications such as approximation problems, and initial and boundary value problems associated with symmetric Hahn operators. We first introduce some basic definitions and properties of Hahn’s difference operators in Section 2. In Section 3, we present the fractional symmetric Hahn integral and its properties. Finally, we propose the fractional symmetric Hahn difference operators of the Riemann–Liouville and Caputo types and their properties in Section 4 and Section 5, respectively.




2. Preliminary Definitions and Properties


In order to study the fractional symmetric Hahn difference calculus, we first introduce some notations, definitions, lemmas as follows. (see [4,5,6,7,8,20,21]).



For   0 < q < 1  ,   ω > 0  ,    ω 0  =  ω  1 − q    , we define


       [ k ]  ˜  q     : =            1 −  q  2 k     1 −  q 2    =   [ k ]   q 2   ,      k ∈ N       1 ,      k = 0  ,              [ k ]  ˜  q  !     : =             [ k ]  ˜  q     [ k − 1 ]  ˜  q  ⋯    [ 1 ]  ˜  q  =   ∏  i = 1  k     1 −  q  2 i     1 −  q 2    ,      k ∈ N       1 ,      k = 0  .         











The   q , ω  -forward jump operator is defined by


   σ  q , ω  k   ( t )  : =  q k  t + ω   [ k ]  q  ,  








and the   q , ω  -backward jump operator is defined by


    ρ  q , ω  k   ( t )  : =   t − ω   [ k ]  q    q k   ,   








where   k ∈ N  .



Letting   n ∈  N 0  : =  { 0 , 1 , 2 , … }   ,   a , b ∈ R  , we define the power functions as follows:




	
The q-analogue of the power function


     ( a − b )   q   0 ̲   : = 1 ,    ( a − b )   q   n ̲   : =   ∏  i = 0   n − 1     ( a − b  q i  )  ,   











	
The q-symmetric analogue of the power function


      ( a − b )  ˜   q   0 ̲   : = 1 ,     ( a − b )  ˜   q   n ̲   : =   ∏  i = 0   n − 1     ( a − b  q  2 i + 1   )  ,   











	
The   q , ω  -symmetric analogue of the power function


      ( a − b )  ˜   q , ω   0 ̲   : = 1 ,     ( a − b )  ˜   q , ω   n ̲   : =   ∏  i = 0   n − 1     a −  σ  q , ω   2 i + 1    ( b )   .   
















In general, for   α ∈ R  , we have


     ( a − b )   q   α ̲   =  a α    ∏  i = 0  ∞     1 −   b a    q i    1 −   b a    q  α + i     ,  a ≠ 0 ,   










      ( a − b )  ˜   q   α ̲   =  a α    ∏  i = 0  ∞     1 −   b a    q  2 i + 1     1 −   b a    q  2 ( α + i ) + 1     ,  a ≠ 0 .   











Since


       ( a − b )  ˜   q , ω   n ̲     =       ∏  i = 0   n − 1     a −  σ  q , ω   2 i + 1    ( b )   =   ∏  i = 0   n − 1      ( a −  ω 0  )  −  ( b −  ω 0  )   q  2 i + 1           =       ( a −  ω 0  )  −  ( b −  ω 0  )   ˜   q   n ̲        =      ( a −  ω 0  )  n    ∏  i = 0   n − 1     1 −    b −  ω 0    a −  ω 0      q  2 i + 1    ·    ∏  i = n  ∞   1 −    b −  ω 0    a −  ω 0      q  2 i + 1       ∏  i = n  ∞   1 −    b −  ω 0    a −  ω 0      q  2 i + 1            =       ( a −  ω 0  )  n    ∏  i = 0  ∞     1 −    b −  ω 0    a −  ω 0      q  2 i + 1     1 −    b −  ω 0    a −  ω 0      q  2 ( n + i ) + 1     ,      








so, we obtain


     ( a − b )  ˜    )   q , ω   α ̲   =     ( a −  ω 0  )  −  ( b −  ω 0  )   ˜   q   α ̲   =   ( a −  ω 0  )  α    ∏  i = 0  ∞     1 −    b −  ω 0    a −  ω 0      q  2 i + 1     1 −    b −  ω 0    a −  ω 0      q  2 ( α + i ) + 1     ,  a ≠  ω 0  .   











In particular, if   a ≠ b = 0  , we have    a  q   α ̲   =   a ˜   q   α ̲   =  a α   . If   a ≠ b =  ω 0   , we have      ( a −  ω 0  )  ˜   q , ω   α ̲   =   ( a −  ω 0  )  α   . Furthermore, if   a = b = 0  , we define     ( 0 )   q   α ̲   =    ( 0 )  ˜   q   α ̲   =    ( 0 )  ˜   q , ω   α ̲   : = 0   for   α > 0  .



Next, we define q-symmetric gamma and q-symmetric beta functions as


       Γ ˜  q   ( x )      : =            ( 1 −  q 2  )  q   x − 1  ̲     ( 1 −  q 2  )   x − 1    =     ( 1 − q )  ˜  q   x − 1  ̲     ( 1 −  q 2  )   x − 1    ,     x ∈ R \ { 0 , − 1 , − 2 , … }          [ x − 1 ]  ˜  q  ! ,     x ∈ N             B ˜  q   ( x , y )      : =         Γ ˜  q   ( x )    Γ ˜  q   ( y )      Γ ˜  q   ( x + y )    ,     








respectively.



Lemma 1.

For   m , n ∈  N 0    and   α ∈ R   ,




	(a) 

	
      ( x −  σ  q , ω  n   ( x )  )  ˜   q , ω   α ̲   =   ( x −  ω 0  )  k     ( 1 −  q n  )  ˜   q   α ̲   ,   




	(b) 

	
       (  σ  q , ω  m   ( x )  )  −  σ  q , ω  n    ( x )  )   ˜   q , ω   α ̲   =  q  m α     ( x −  ω 0  )  α     ( 1 −  q  n − m   )  ˜   q   α ̲   .   











Proof. 

For   m , n ∈  N 0    and   α ∈ R  , we have


       ( x −  σ  q , ω  n   ( x )  )  ˜   q , ω   α ̲     =       ( x −  ω 0  )  −  (  σ  q , ω  n   ( x )  −  ω 0  )   ˜   q   k ̲        =      ( x −  ω 0  )  α    ∏  i = 0  ∞     1 −     σ  q , ω  n   ( x )  −  ω 0    x −  ω 0      q  2 i + 1     1 −     σ  q , ω  n   ( x )  −  ω 0    x −  ω 0      q  2 ( i + α ) + 1           =      ( x −  ω 0  )  α    ∏  i = 0  ∞     1 −  q n   q  2 i + 1     1 −  q n   q  2 ( i + α ) + 1           =      ( x −  ω 0  )  α     ( 1 −  q n  )  ˜   q   α ̲   .     








and


       (  (  σ  q , ω  m   ( x )  )  −  σ  q , ω  n   ( x )  )  ˜   q , ω   α ̲     =       (  σ  q , ω  m   ( x )  −  ω 0  )  −  (  σ  q , ω  n   ( x )  −  ω 0  )   ˜   q   α ̲        =      (  σ  q , ω  m   ( x )  −  ω 0   α    ∏  i = 0  ∞     1 −     σ  q , ω  n   ( x )  −  ω 0     σ  q , ω  m   ( x )  −  ω 0      q  2 i + 1     1 −     σ  q , ω  n   ( x )  −  ω 0     σ  q , ω  m   ( x )  −  ω 0      q  2 ( i + α ) + 1           =       q m   ( x −  ω 0  )   α    ∏  i = 0  ∞     1 −  q  n − m    q  2 i + 1     1 −  q  n − m    q  2 ( i + α ) + 1           =     q  m α     ( x −  ω 0  )  α     ( 1 −  q  n − m   )  ˜   q   α ̲   .     











So, Lemma 1 (a) and Lemma 1 (b) hold. The proof is complete. ☐





Lemma 2.

Let   t , s ∈  I  q , ω  T  : =   q k  T + ω   [ k ]  q  : k ∈  N 0   ∪  {  ω 0  }  , T >  ω 0    . Then,


      ( t − s )  ˜   q , ω   α ̲   = 0   








where   t ≥ s   and   α ∉  N 0    .





Proof. 

Since   t , s ∈  I  q , ω  T   , we have   t =  σ  q , ω  m   ( T )  , s =  σ  q , ω  n   ( T )    where   m , n ∈ N  . For   t ≥ s  , we find that


       ( t − s )  ˜   q , ω   α ̲     =       σ  q , ω  m   ( T )  −  σ  q , ω  n   ( T )   ˜   q , ω   α ̲        =     q  m α     ( T −  ω 0  )  α     ( 1 −  q  n − m   )  ˜   q   α ̲         =     q  α m     ( T −  ω 0  )  α    ∏  i = 0  ∞      1 −  q  2 i + n − m + 1     1 −  q  2 i + n − m + 1 + 2 α      = 0 .     











The proof is complete. ☐





Definition 1

([20]). For   q ∈ ( 0 , 1 )  ,   ω > 0  , we let f be the function defined on    I  q , ω  T  ⊆ R  . The symmetric Hahn difference of f is defined by


       D ˜   q , ω   f  ( t )  : =   f  (  σ  q , ω    ( t )  )  − f  (  ρ  q , ω    ( t )  )     σ  q , ω    ( t )  −  ρ  q , ω    ( t )     t ∈  I  q , ω  T  −  {  ω 0  }  ,         D ˜   q , ω   f  (  ω 0  )  =  f ′   (  ω 0  )    w h e r e   f  i s  d i f f e r e n t i a b l e  a t   ω 0  .     








    D ˜   q , ω   f   is called   q , ω  -symmetric derivative of f, and f is   q , ω  -symmetric differentiable on   I  q , ω  T  .





From the above definition, we note that


    D ˜   q , ω  0  f  ( x )  = f  ( x )  and    D ˜   q , ω  N  f  ( x )  =   D ˜   q , ω     D ˜   q , ω   N − 1   f  ( x )   where  N ∈ N .   











Lemma 3

([20]). Properties of symmetric Hahn difference operators



If f and g are   q , ω   -symmetric differentiable on   I  q , ω  T   . Then




	(a) 

	
     D ˜   q , ω    [ f  ( t )  + g  ( t )  ]  =   D ˜   q , ω   f  ( t )  +   D ˜   q , ω   g  ( t )  ,   




	(b) 

	
     D ˜   q , ω    [ f  ( t )  g  ( t )  ]  = f  (  ρ  q , ω    ( t )  )    D ˜   q , ω   g  ( t )  + g  (  σ  q , ω    ( t )  )    D ˜   q , ω   f  ( t )  ,   




	(c) 

	
     D ˜   q , ω       f ( t )   g ( t )     =    g  (  ρ  q , ω    ( t )  )    D ˜   q , ω   f  ( t )  − f  (  ρ  q , ω    ( t )  )    D ˜   q , ω   g  ( t )    g  (  ρ  q , ω    ( t )  )  g  (  σ  q , ω    ( t )  )       for   g  (  ρ  q , ω    ( t )  )  g  (  σ  q , ω    ( t )  )  ≠ 0 ,   




	(d) 

	
     D ˜   q , ω    [ C ]  = 0   where C is constant.











Lemma 4.

Let   0 < q < 1 , ω > 0 , t ∈  I  q , ω  T  ,   and   α , β ∈ R   . Then,




	(a) 

	
     D ˜   q , ω      ( t − β )  ˜   q , ω   α ̲   =    [ α ]  ˜  q      ρ  q , ω     ( t )  − β )   ˜   q , ω    α − 1  ̲   ,   




	(b) 

	
     D ˜   q , ω      ( β − t )  ˜   q , ω   α ̲   = −    [ α ]  ˜  q     β −  σ  q , ω    ( t )   ˜   q , ω    α − 1  ̲   .   











Proof. 

By Lemma 1 and Definition 1, we find that


       D ˜   q , ω     ( t − β )   q , ω   α ̲      =      D ˜   q , ω      ( t −  ω 0  )  α    ∏  i = 0  ∞      1 −    β −  ω 0    t −  ω 0      q  2 i + 1     1 −    β −  ω 0    t −  ω 0      q  2 ( i + α ) + 1             =     1   σ  q , ω    ( t )  −  ρ  q , ω    ( t )    {   (  σ  q , ω    ( t )  −  ω 0  )  α    ∏  i = 0  ∞      1 −    β −  ω 0     σ  q , ω    ( t )  −  ω 0      q  2 i + 1     1 −   β −  ω 0     σ  q , ω    ( t )  −  ω 0     q  2 ( i + α ) + 1              −   (  ρ  q , ω    ( t )  −  ω 0  )  α    ∏  i = 0  ∞      1 −    β −  ω 0     ρ  q , ω    ( t )  −  ω 0      q  2 i + 1     1 −    β −  ω 0     ρ  q , ω    ( t )  −  ω 0      q  2 ( i + α ) + 1      }       =    −  q   ( 1 −  q 2  )   ( t −  ω 0  )    {  q α    ( t −  ω 0  )  α    ∏  i = 0  ∞      1 −    β −  ω 0    t −  ω 0      q  2 i     1 −    β −  ω 0    t −  ω 0      q  2 ( i + α )              −    ( t −  ω 0  )  α   q α     ∏  i = 0  ∞      1 −    β −  ω 0    t −  ω 0      q  2 ( i + 1 )     1 −    β −  ω 0    t −  ω 0      q  2 ( i + α + 1 )      }       =      q  1 − α    ( 1 −  q 2  )     ( t −  ω 0  )   α − 1   {    ∏  i = 0  ∞   1 −    β −  ω 0    t −  ω 0      q  2 ( i + 1 )       ∏  i = 0  ∞   1 −    β −  ω 0    t −  ω 0      q  2 ( i + α + 1 )              −  q  2 α      ∏  i = 0  ∞   1 −    β −  ω 0    t −  ω 0      q  2 i       ∏  i = 0  ∞   1 −    β −  ω 0    t −  ω 0      q  2 ( i + α )      }       =       1 −  q  2 α     1 −  q 2      q  1 − α     ( t −  ω 0  )   α − 1   ·  1  1 −  q  2 α     {   ∏  i = 0  ∞      1 −    β −  ω 0    t −  ω 0      q  2 ( i + 1 )     1 −    β −  ω 0    t −  ω 0      q  2 ( i + α + 1 )              −  q  2 α     ∏  i = 0  ∞      1 −    β −  ω 0    t −  ω 0      q  2 i     1 −    β −  ω 0    t −  ω 0      q  2 ( i + α )      }       =       [ α ]  ˜  q    ( t −  ω 0  )   α − 1    q  1 − α      ∏  i = 0  ∞   1 −    β −  ω 0    t −  ω 0      q  2 ( i + 1 )       ∏  i = 0  ∞    1 −    β −  ω 0    t −  ω 0      q  2 ( i + α )       ×           1 −    β −  ω 0    t −  ω 0      q  2 α    −  q  2 α    1 −    β −  ω 0    t −  ω 0        1 −  q  2 α          =       [ α ]  ˜  q    ( t −  ω 0  )   α − 1    q  1 − α     ∏  i = 0  ∞      1 −    β −  ω 0    t −  ω 0      q  2 ( i + 1 )     1 −    β −  ω 0    t −  ω 0      q  2 ( i + α )            =       [ α ]  ˜  q    (  ρ  q , ω    ( t )  −  ω 0  )   α − 1     ∏  i = 0  ∞      1 −    β −  ω 0     ρ  q , ω    ( t )  −  ω 0      q  2 i + 1     1 −    β −  ω 0     ρ  q , ω    ( t )  −  ω 0      q  2 ( i + α − 1 ) + 1            =       [ α ]  ˜  q      ρ  q , ω     ( t )  − β )   ˜   q , ω    α − 1  ̲   .     











So, Lemma 4 (a) holds. Similarly to the above, we use Lemma 1 and Definition 1 to show that


    D ˜   q , ω      ( β −  ρ  q , ω    ( t )  )  ˜   q , ω   α ̲   = −    [ α ]  ˜  q     ( β − t )  ˜   q , ω    α − 1  ̲   .  











Then, Lemma 4 (b) holds. ☐





Definition 2

([20]). Let I be any closed interval of   R   containing   a , b   and   ω 0   and   f : I → R   be a given function. The symmetric Hahn integral of f from a to b is defined by


    ∫ a b  f  ( t )    d ˜   q , ω   t : =  ∫   ω 0   b  f  ( t )    d ˜   q , ω   t −  ∫   ω 0   a  f  ( t )    d ˜   q , ω   t ,   








where


        I ˜   q , ω   f  ( t )  =  ∫   ω 0   x  f  ( t )    d ˜   q , ω   t : =  ( 1 −  q 2  )   ( x −  ω 0  )    ∑  k = 0  ∞    q  2 k   f   σ  q , ω   2 k + 1    ( x )   ,    x ∈ I .      











Providing that the above series converges at   x = a   and   x = b   , f is called symmetric Hahn integrable on   [ a , b ]   . In addition, f is symmetric Hahn integrable on I if it is symmetric Hahn integrable on   [ a , b ]   for all   a , b ∈ I    .





For   N ∈ N  , we define an operator    I ˜   q , ω  N   by


   [ A ]       I ˜   q , ω  0  f  ( x )  = f  ( x )    and     I ˜   q , ω  N  f  ( x )  =   I ˜   q , ω     I ˜   q , ω   N − 1   f  ( x )  , N ∈ N .  











From the symmetric Hahn derivatives, we have


   [ B ]       D ˜   q , ω     I ˜   q , ω   f  ( x )  = f  ( x )    and     I ˜   q , ω     D ˜   q , ω   f  ( x )  = f  ( x )  − f  (  ω 0  )  .  











Lemma 5

([20]). Properties of symmetric Hahn Integrals.



Let   0 < q < 1   ,   ω > 0   ,   a , b ∈  I  q , ω  T    and   f , g   be symmetric Hahn integrable on   I  q , ω  T   . Then,




	(a) 

	
    ∫  a  a  f  ( t )    d ˜   q , ω   t = 0 ,   




	(b) 

	
    ∫  a  b  f  ( t )    d ˜   q , ω   t = −  ∫  b  a  f  ( t )    d ˜   q , ω   t ,   




	(c) 

	
    ∫  a  b  f  ( t )    d ˜   q , ω   t =  ∫  c  b  f  ( t )    d ˜   q , ω   t +  ∫  a  c  f  ( t )    d ˜   q , ω   t ,   c ∈  I  q , ω  T  ,  a < c < b ,   




	(d) 

	
    ∫  a  b   α f ( t ) + β g ( t )    d ˜   q , ω   t = α  ∫  a  b  f  ( t )    d ˜   q , ω   t + β  ∫  a  b  g  ( t )    d ˜   q , ω   t ,   α , β ∈ R ,   




	(e) 

	
    ∫  a  b   f  (  ρ  q , ω    ( t )  )    D ˜   q , ω   g  ( t )     d ˜   q , ω   t =   f ( t ) g ( t )  a b  −  ∫  a  b   g   σ  q , ω    ( t )     D ˜   q , ω   f  ( t )     d ˜   q , ω   t .   











We next introduce the fundamental theorem and Leibniz formula of symmetric Hahn calculus.



Lemma 6

([20]). The fundamental theorem of symmetric Hahn calculus



Let   f : I → R   be continuous at   ω 0   . Then


   F  ( x )  : =  ∫   ω 0   x  f  ( t )    d ˜   q , ω   t ,    x ∈ I   








is continuous at   ω 0   and     D ˜   q , ω   F  ( x )    exists for every   x ∈  σ  q , ω    ( I )  : =  { q t + ω : t ∈ I }    where


     D ˜   q , ω   F  ( x )  = f  ( x )  .   











In addition,


    ∫ a b    D ˜   q , ω   f  ( t )    d ˜   q , ω   t = f  ( b )  − f  ( a )   for  all  a , b ∈ I .   













Lemma 7.

The Leibniz formula of symmetric Hahn calculus



Let   f :  I  q , ω  T  ×  I  q , ω  T  → R   . Then,


     D ˜   q , ω     ∫   ω 0   t  f  ( t , s )    d ˜   q , ω   s  =  ∫   ω 0     ρ  q , ω    ( t )      t    D ˜   q , ω   f  ( t , s )    d ˜   q , ω   s + f   σ  q , ω    ( t )  , t  ,   








where     t    D ˜   q , ω     is symmetric Hahn difference with respect to t.





Proof. 

For   t ∈  I  q , ω  T  ,  


        D ˜   q , ω     ∫   ω 0   t  f  ( t , s )    d ˜   q , ω   s        =      1   σ  q , ω    ( t )  −  ρ  q , ω    ( t )      ∫   ω 0     σ  q , ω    ( t )    f  (  σ  q , ω    ( t )  )    d ˜   q , ω   s −  ∫   ω 0     ρ  q , ω    ( t )    f  (  ρ  q , ω    ( t )  , s )    d ˜   q , ω   s        =      1   σ  q , ω    ( t )  −  ρ  q , ω    ( t )    {   ∫   ω 0     σ  q , ω    ( t )    f  (  σ  q , ω    ( t )  , s )    d ˜   q , ω   s −  ∫   ω 0     ρ  q , ω    ( t )    f  (  σ  q , ω    ( t )  , s )    d ˜   q , ω   s         +   ∫   ω 0     ρ  q , ω    ( t )    f  (  σ  q , ω    ( t )  , s )    d ˜   q , ω   s −  ∫   ω 0     ρ  q , ω    ( t )    f  (  ρ  q , ω    ( t )  , s )    d ˜   q , ω   s  }       =      1   σ  q , ω    ( t )  −  ρ  q , ω    ( t )     ∫   ω 0     ρ  q , ω    ( t )     f  (  σ  q , ω    ( t )  , s )  − f  (  ρ  q , ω    ( t )  , s )     d ˜   q , ω   s        −  q   ( 1 −  q 2  )   ( t −  ω 0  )    {  ( 1 −  q 2  )   (  σ  q , ω    ( t )  −  ω 0  )    ∑  k = 0  ∞    q  2 k   f   σ  q , ω    ( t )  ,  σ  q , ω   2 k + 2    ( t )          −  ( 1 −  q 2  )   (  ρ  q , ω    ( t )  −  ω 0  )    ∑  k = 0  ∞    q  2 k   f   σ  q , ω    ( t )  ,  σ  q , ω   2 k    ( t )   }       =      ∫   ω 0     ρ  q , ω    ( t )      t    D ˜   q , ω   f  ( t , s )    d ˜   q , ω   s        − q    ∑  k = 0  ∞    q  2 k + 1   f  (  σ  q , ω    ( t )  ,  σ  q , ω   2 k + 2    ( t )  )  −   ∑  k = 0  ∞    q  2 k − 1   f  (  σ  q , ω    ( t )  ,  σ  q , ω   2 k    ( t )  )         =      ∫   ω 0     ρ  q , ω    ( t )      t    D ˜   q , ω   f  ( t , s )    d ˜   q , ω   s + f   σ  q , ω    ( t )  , t  .     











The proof is complete. ☐





Next, we give some auxiliary lemmas used for simplifying calculations.



Lemma 8.

Let   0 < q < 1   ,   ω > 0   and   f : I → R   be continuous at   ω 0   . Then,


       ∫   ω 0   t   ∫   ω 0   r  f  ( s )    d ˜   q , ω   s   d ˜   q , ω   r    =    q  ∫   ω 0   t   ∫  q s + ω  t  f  ( q s + ω )    d ˜   q , ω   r   d ˜   q , ω   s .      













Proof. 

From Definition 2, we find that


       ∫   ω 0   t   ∫   ω 0   r  f  ( s )    d ˜   q , ω   s   d ˜   q , ω   r      =     ∫   ω 0   t    ( 1 −  q 2  )   ( r −  ω 0  )    ∑  k = 0  ∞    q  2 k   f   σ  q , ω   2 k + 1    ( r )      d ˜   q , ω   r      =      ∑  k = 0  ∞    q  2 k    ( 1 −  q 2  )    ∫   ω 0   t   ( r −  ω 0  )  f   σ  q , ω   2 k + 1    ( r )     d ˜   q , ω   r       =    q   ( 1 −  q 2  )  2    ( t −  ω 0  )  2    ∑  k = 0  ∞     ∑  m = 0  ∞    q  4 m + 2 k   f   σ  q , ω   2 m + 2 k + 2    ( t )        =    q   ( 1 −  q 2  )  2    ( t −  ω 0  )  2    ∑  k = 0  ∞     q  4 m   f   σ  q , ω   2 m + 2    ( t )   +  q  4 m + 2   f   σ  q , ω   2 m + 4    ( t )   +  q  4 m + 4   f   σ  q , ω   2 m + 6    ( t )   + …       =    q   ( 1 −  q 2  )  2    ( t −  ω 0  )  2  {  f   σ  q , ω  2   ( t )   +  q 2  f   σ  q , ω  4   ( t )   +  q 4  f   σ  q , ω  6   ( t )   + …         +   q 4  f   σ  q , ω  4   ( t )   +  q 6  f   σ  q , ω  6   ( t )   +  q 8  f   σ  q , ω  8   ( t )   + …         +   q 8  f   σ  q , ω  6   ( t )   +  q 10  f   σ  q , ω  8   ( t )   +  q 12  f   σ  q , ω  10   ( t )   + …  + … }      =    q   ( 1 −  q 2  )  2    ( t −  ω 0  )  2   f   σ  q , ω  2   ( t )   +  q 2   ( 1 +  q 2  )  f   σ  q , ω  4   ( t )   +  q 4   ( 1 +  q 2  +  q 4  )  f   σ  q , ω  6   ( t )   + …       =    q   ( 1 −  q 2  )  2    ( t −  ω 0  )  2    ∑  k = 0  ∞    q  2 k      [ k + 1 ]  ˜  q  f   σ  q , ω   2 k + 2    ( t )        =    q  ∫  ω 0  t   t −  σ  q , ω    ( s )   f   σ  q , ω    ( s )     d ˜   q , w   s      =    q  ∫  ω 0  t    ∫  ω 0  t  f   σ  q , ω    ( s )     d ˜   q , w   r −  ∫  ω 0    σ  q , ω    ( s )    f   σ  q , ω    ( s )     d ˜   q , w   r    d ˜   q , w   s      =    q  ∫   ω 0   t   ∫  q s + ω  t  f  ( q s + ω )    d ˜   q , ω   r   d ˜   q , ω   s .     








 ☐





In the next theorem we evaluate the multiple symmetric Hahn integrals as follows.



Theorem 1.

For   f :  I  q , ω  T  → R   , the multiple symmetric Hahn integral is given by


        I ˜   q , ω  n  f  ( x )      : =       ∫   ω 0   x   ∫   ω 0    τ 1   …  ∫   ω 0    τ  n − 1    f  (  τ n  )    d ˜   q , ω    τ n  …   d ˜   q , ω    τ 2    d ˜   q , ω    τ 1         =      1     [ n − 1 ]  ˜  q  !    q   n 2     ∫   ω 0   t     t − τ  ˜   q , ω    n − 1  ̲   f   σ  q , ω   n − 1    ( τ )     d ˜   q , ω   τ ,       



(1)




where   n ∈ N   and     n k   =   Γ ( n + 1 )   Γ ( k + 1 ) Γ ( n − k + 1 )     .





Proof. 

If   n = 1  ,     I ˜   q , ω   f  ( x )  =  ∫   ω 0   x  f  ( τ )    d ˜   q , ω   τ  .



If   n = 2  , by using Lemma 8, we have


       I ˜   q , ω  2  f  ( x )     =     ∫   ω 0   x   ∫   ω 0   s  f  ( τ )    d ˜   q , ω   τ   d ˜   q , ω   s = q  ∫   ω 0   x   ∫   σ  q , ω    ( τ )   x  f  (  σ  q , ω    ( τ )  )    d ˜   q , ω   s    d ˜   q , ω   τ       =    q  ∫  ω 0  x   x −  σ  q , ω    ( τ )   f   σ  q , ω    ( τ )     d ˜   q , w   τ       =     q  ∫   ω 0   x     x − τ  ˜   q , ω   1 ̲   f  q τ + ω )    d ˜   q , ω   τ .      











We suppose that Theorem 1 holds for   n = k   and then prove that it is true for   n = k + 1   as follows:


       I ˜   q , ω   k + 1   f  ( x )     =      I ˜   q , ω      1     [ k − 1 ]  ˜  q  !    q   k 2     ∫   ω 0   x     x − τ  ˜   q , ω    k − 1  ̲   f   σ  q , ω   k − 1    ( τ )     d ˜   q , ω   τ         =      1     [ k − 1 ]  ˜  q  !    q   k 2     ∫   ω 0   x   ∫   ω 0   s     s − τ  ˜   q , ω    k − 1  ̲   f   σ  q , ω   k − 1    ( τ )     d ˜   q , ω   τ   d ˜   q , ω   s        =     1     [ k − 1 ]  ˜  q  !    q   k 2     ( 1 −  q 2  )   ( x −  ω 0  )    ∑  m = 0  ∞    q  2 m    ( 1 −  q 2  )    σ  q , ω   2 m + 1    ( x )  −  ω 0   ×           ∑  l = 0  ∞    q  2 l       σ  q , ω   2 m + 1    ( x )  −  σ  q , ω   2 m + 2 l + 2    ( x )   ˜   q , ω    k − 1  ̲   f   σ  q , ω   k + 2 m + 2 l + 1    ( x )   .     



(2)







From (2), by using Lemma 1b, we obtain


       I ˜   q , ω   k + 1   f  ( x )     =     1     [ k − 1 ]  ˜  q  !    q   k 2      ( 1 −  q 2  )  2   ( x −  ω 0  )    ∑  m = 0  ∞     ∑  l = 0  ∞    q  4 m + 2 l + 1    ( x −  ω 0  )   q  ( 2 m + 1 ) ( k − 1 )   ×           ( x −  ω 0  )   k − 1      1 −  q  2 l + 1    ˜   q    k − 1  ̲   f   σ  q , ω   k + 2 m + 2 l + 1    ( x )         =        [ k ]  ˜  q      [ k ]  ˜  q  !    q  − k    q    k + 1  2      ( 1 −  q 2  )  2    ( x −  ω 0  )   k + 1     ∑  l = 0  ∞     ∑  m = 0  l    q  2 l    q  ( 2 m + 1 ) k   ×            1 −  q  2 l − 2 m + 1    ˜   q    k − 1  ̲   f   σ  q , ω   k + 2 l + 1    ( x )   .     



(3)







From (2), by using Lemma 1a, we obtain


       I ˜   q , ω   k + 1   f  ( x )     =      1     [ k ]  ˜  q  !    q    k + 1  2     ∫   ω 0   x     x − τ  ˜   q , ω   k ̲   f   σ  q , ω  k   ( τ )     d ˜   q , ω   τ        =     1     [ k ]  ˜  q  !    q    k + 1  2     ( 1 −  q 2  )   ( x −  ω 0  )    ∑  l = 0  ∞    q  2 l      x −  σ  q , ω   2 l + 1    ( x )   ˜   q , ω   k ̲   f   σ  q , ω   k + 2 l + 1    ( x )         =     1     [ k ]  ˜  q  !    q    k + 1  2     ( 1 −  q 2  )    ( x −  ω 0  )   k + 1     ∑  l = 0  ∞    q  2 l      ( 1 −  q  2 l + 1   )  ˜   q   k ̲   f   σ  q , ω   k + 2 l + 1    ( x )   .     



(4)







Since


         [ k ]  ˜  q   q  − k    ( 1 −  q 2  )    ∑  m = 0  l    q  ( 2 m + 1 ) k      1 −  q  2 l − 2 m + 1    ˜   q    k − 1  ̲        =     1 −  q  2 k      ∑  m = 0  l    q  2 m k      1 −  q  2 l − 2 m + 1    ˜   q    k − 1  ̲        =     1 −  q  2 k    {   ∏  i = 0   k − 2     1 −  q  2 ( l + i − 1 )    + … +  q  2 ( l − 2 ) k     ∏  i = 0   k − 2     1 −  q  2 i + 6    +  q  2 ( l − 1 ) k     ∏  i = 0   k − 2     1 −  q  2 i + 4           +  q  2 l k     ∏  i = 0   k − 2     1 −  q  2 i + 2    }      =     1 −  q  2 k    {   ∏  i = 0   k − 2     1 −  q  2 ( l + i − 1 )    + … +  q  2 ( l − 2 ) k     ∏  i = 0   k − 2     1 −  q  2 i + 6           +  q  2 ( l − 1 ) k    1 −  q  2 k + 2      ∏  i = 0   k − 3     1 −  q  2 i + 4    }      =     1 −  q  2 k    {   ∏  i = 0   k − 2     1 −  q  2 ( l + i − 1 )    + … +  q  2 ( l − 3 ) k     ∏  i = 0   k − 2     1 −  q  2 i + 8           +  q  2 ( l − 2 ) k      ∏  i = 0   k − 2     1 −  q  2 i + 6    +  q  2 k    1 −  q  2 k + 2      ∏  i = 0   k − 3     1 −  q  2 i + 4     }      =     1 −  q  2 k    {   ∏  i = 0   k − 2     1 −  q  2 ( l + i − 1 )    + … +  q  2 ( l − 3 ) k     ∏  i = 0   k − 2     1 −  q  2 i + 8           +  q  2 ( l − 2 ) k    1 −  q  2 k + 4     1 −  q  2 k + 2      ∏  i = 0   k − 4     1 −  q  2 i + 6    }         •     •     •         =     1 −  q  2 k    {   ∏  i = 0   k − 2     1 −  q  2 ( l + i − 1 )    + … +  q  2 k    1 −  q  2 ( l + k − 1 )     1 −  q  2 ( l + k − 2 )    … ×         1 −  q  2 k + 2      ∏  i = 0   k − ( l + 1 )     1 −  q  2 ( l + i )    }      =     1 −  q  2 k + 2 l )     1 −  q  2 k + 2 l − 2 )    …  1 −  q  2 k + 2     1 −  q  2 k     1 −  q  2 k − 2    …  1 −  q  2 l + 4     1 −  q  2 l + 2         =      ∏  i = 0   k − 1     1 −  q  2 ( l + i + 1 )         =       ( 1 −  q  2 l + 1    ( x )  )  ˜   q   k ̲   .     











We find that (1) holds when   n = k + 1  .



Our proof is done using mathematical induction. ☐






3. Fractional Symmetric Hahn Integral


In Section 2, we have presented the multiple symmetric Hahn integral for integer order in the form (1). We next apply this result for fractional orders that can be used to further define fractional symmetric Hahn difference operators of Riemann–Liouville and Caputo types. We first introduce the fractional symmetric Hahn integral as follows.



Definition 3.

Let   α , ω > 0 , 0 < q < 1 ,   and f be a function defined on   I  q , ω  T   . The fractional symmetric Hahn integral is defined by


        I ˜   q , ω  α  f  ( t )      : =        q   α 2       Γ ˜  q   ( α )     ∫   ω 0   t     t − s  ˜   q , ω    α − 1  ̲   f   σ  q , ω   α − 1    ( s )     d ˜   q , ω   s        =        ( 1 −  q 2  )   q   α 2     ( t −  ω 0  )      Γ ˜  q   ( α )      ∑  k = 0  ∞    q  2 k     t −  σ  q , ω   2 k + 1    ( t )    q , ω    α − 1  ̲   f   σ  q , ω   2 k + α    ( t )   ,       



(5)




and     I ˜   q , ω  0   f )  ( t )  = f  ( t )     .





By Lemma 1a,      ( t −  σ  2 k + 1    ˜   q , ω    ( t )   )  q , ω    α − 1  ̲   =   ( t −  ω 0  )   α − 1      1 −  q  2 k + 1    ˜   q    α − 1  ̲    . It implies that


        I ˜   q , ω  α  f  ( t )  =    ( 1 −  q 2  )   q   α 2      ( t −  ω 0  )  α      Γ ˜  q   ( α )      ∑  k = 0  ∞    q  2 k      1 −  q  2 k + 1    ˜   q    α − 1  ̲   f   σ  q , ω   2 k + α    ( t )   .      



(6)







Some properties of the fractional symmetric Hahn integral are given below.



Theorem 2.

For   α , ω > 0 , 0 < q < 1 ,   and   f :  I  q , ω  T  → R   ,


        I ˜   q , ω  α  f  ( t )  =   I ˜   q , ω   α + 1      D ˜   q , ω   f  ( t )   +   f (  ω 0  )     Γ ˜  q   ( α + 1 )     q   α 2      t −  ω 0   α  .      













Proof. 

We apply Lemma 4b and Lemma 5e to (5). Then, we get


       I ˜   q , ω  α  f  ( t )      : =        q   α 2       Γ ˜  q   ( α )     ∫   ω 0   t     t − s  ˜   q , ω    α − 1  ̲   f   σ  q , ω   α − 1    ( s )     d ˜   q , ω   s        =     −   q   α 2       Γ ˜  q   ( α )     [ α ]  ˜  q     ∫   ω 0   t  f   ρ  q , ω     σ  q , ω  α   ( s )      D ˜   q , ω      t −  ρ  q , ω    ( s )   ˜   q , ω   α ̲     d ˜   q , ω   s        =      q   α 2       Γ ˜  q   ( α + 1 )    { −      t −  ρ  q , ω    ( s )   ˜   q , ω   α ̲   f   σ  q , ω  α   ( s )      ω 0   t  +           q α   ∫   ω 0   t    D ˜   q , ω   f   σ  q , ω  α   ( s )      ( t − s )  ˜   q , ω   α ̲     d ˜   q , ω   s }        =      I ˜   q , ω   α + 1      D ˜   q , ω   f  ( t )   +   f (  ω 0  )     Γ ˜  q   ( α + 1 )     q   α 2      t −  ω 0   α  .     








 ☐





Theorem 3.

For   α , β , ω > 0 , 0 < q < 1   ,   f :  I  q , ω  T  → R   , and   a ∈  I  q , ω  T    ,


       ∫   ω 0   a     t − s  ˜   q , ω    β − 1  ̲     I ˜   q , ω  α  f  ( s )    d ˜   q , ω   s = 0 .      













Proof. 

From Definition 3, for   n ∈  N 0   , we have


       I ˜   q , ω  α  f   σ  q , ω   2 n + 1    ( a )      =       q   α 2       Γ ˜  q   ( α )     ∫   ω 0     σ  q , ω   2 n + 1    ( a )        σ  q , ω   2 n + 1    ( a )  − s  ˜   q , ω    α − 1  ̲   f   σ  q , ω   α − 1    ( s )     d ˜   q , ω   s        =       ( 1 −  q 2  )   q   α 2     [  σ  q , ω   2 n + 1    ( a )  −  ω 0  ]      Γ ˜  q   ( α )      ∑  k = 0  ∞    q  2 k       σ  q , ω   2 n + 1    ( a )  −  σ  q , ω   2 k + 2 n + 2    ( a )   ˜   q , ω    α − 1  ̲   ×         f   σ  q , ω   2 k + α    ( a )   .     











By using Lemma 2, we find that       σ  q , ω   2 n + 1    ( a )  −  σ  q , ω   2 k + 2 n + 2    ( a )   ˜   q , ω    α − 1  ̲   = 0  . Therefore,


       I ˜   q , ω  α  f   σ  q , ω   2 n + 1    ( a )   = 0 .     



(7)







From Definition 2 and (7), we have


        ∫   ω 0   a     t − s  ˜   q , ω    β − 1  ̲     I ˜   q , ω  α  f  ( s )    d ˜   q , ω   s       =     ( 1 −  q 2  )   ( a −  ω 0  )    ∑  k = 0  ∞    q  2 k      t −  σ  q , ω   2 k + 1    ( a )   ˜   q , ω    β − 1  ̲      I ˜   q , ω  α  f   σ  q , ω   2 k + 1    ( a )    = 0 .     








 ☐





Lemma 9

([22]). For   μ , α , β > ∈  R +   , the following identity is valid:


    ∑  k = 0  ∞    q  α k       1 − μ  q  1 − k     q    α − 1  ̲     1 − μ  q  1 + k     q    β − 1  ̲       1 − q   q    α − 1  ̲     1 − q   q    β − 1  ̲     =    1 − μ q  q   α + β − 1  ̲     1 − q  q   α + β − 1  ̲    .  













Theorem 4.

For   α , β , ω > 0 , 0 < q < 1   , and   f :  I  q , ω  T  → R   ,


        I ˜   q , ω  α     I ˜   q , ω  β  f  ( t )   =   I ˜   q , ω  β     I ˜   q , ω  α  f  ( t )   =   I ˜   q , ω   α + β   f  ( t )  .      













Proof. 

By Definition 3, for   t ∈  I  q , ω  T   , we have


       I ˜   q , ω  α    I ˜   q , ω  β  f  ( t )     =      I ˜   q , ω  α      q   β 2       Γ ˜  q   ( β )     ∫   ω 0   t     t − s  ˜   q , ω    β − 1  ̲   f   σ  q , ω   β − 1    ( s )     d ˜   q , ω   s         =       q    α 2   +   β 2        Γ ˜  q   ( α )    Γ ˜  q   ( β )     ∫   ω 0   t     t − x  ˜   q , ω    α − 1  ̲    ∫   ω 0     σ  q , ω   α − 1    ( x )        σ  q , ω   α − 1    ( x )  − s  ˜   q , ω    β − 1  ̲   f   σ  q , ω   β − 1    ( s )     d ˜   q , ω   s   d ˜   q , ω   x        =      q    α 2   +   β 2   + α β      Γ ˜  q   ( α )    Γ ˜  q   ( β )      ( 1 −  q 2  )  2    ( t −  ω 0  )   α + β   ×            ∑  k = 0  ∞     ∑  h = 0  ∞    q  2 k + 2 h + 2 k β      1 −  q  2 k + 1    ˜   q    α − 1  ̲      1 −  q  2 h + 1    ˜   q    β − 1  ̲   f   σ  q , ω   2 h + 2 k + α + β    ( t )          =      q    α + β  2       Γ ˜  q   ( α )    Γ ˜  q   ( β )      ( 1 −  q 2  )  2    ( t −  ω 0  )   α + β   ×            ∑  k = 0  ∞     ∑  h = k  ∞    q  2 h + 2 k β      1 −  q  2 k + 1    ˜   q    α − 1  ̲      1 −  q  2 h − 2 k + 1    ˜   q    β − 1  ̲   f   σ  q , ω   2 h + α + β    ( t )          =      q    α + β  2       Γ ˜  q   ( α )    Γ ˜  q   ( β )      ( 1 −  q 2  )  2    ( t −  ω 0  )   α + β   ×            ∑  h = 0  ∞    q  2 h      ∑  k = 0  h    q  2 k β      1 −  q  2 k + 1    ˜   q    α − 1  ̲      1 −  q  2 h − 2 k + 1    ˜   q    β − 1  ̲    f   σ  q , ω   2 h + α + β    ( t )   .      











Using [21] (Theorem 2), Lemma 9, and     Γ ˜  q   ( α + β )  =     ( 1 − q )  ˜  q   α + β − 1  ̲     ( 1 −  q 2  )   α + β − 1     , we obtain


       ∑  k = 0  h    q  2 k β      1 −  q  2 k + 1    ˜   q    α − 1  ̲      1 −  q  2 h − 2 k + 1    ˜   q    β − 1  ̲      =       1 −  q 2   ˜  q   α − 1  ̲      1 −  q 2   ˜  q   β − 1  ̲       1 −  q  2 h + 1    ˜  q   α + β − 1  ̲      1 −  q 2   ˜  q   α + β − 1  ̲          =        Γ ˜  q   ( α )    Γ ˜  q   ( β )     ( 1 −  q 2  )    Γ ˜  q   ( α + β )       1 −  q  2 h + 1    ˜  q   α + β − 1  ̲   .     











Therefore,


       I ˜   q , ω  α    I ˜   q , ω  β  f  ( t )     =       q    α + β  2       Γ ˜  q   ( α + β )     ( 1 −  q 2  )    ( t −  ω 0  )   α + β     ∑  h = 0  ∞    q  2 h      1 −  q  2 h + 1    ˜  q   α + β − 1  ̲   f   σ  q , ω   2 h + α + β    ( t )          =       q    α + β  2       Γ ˜  q   ( α + β )     ( 1 −  q 2  )   ( t −  ω 0  )    ∑  h = 0  ∞    q  2 h      t −  σ  q , ω   2 h + 1    ( t )   ˜   q , ω    α + β − 1  ̲   f   σ  q , ω   2 h + α + β    ( t )          =       q    α + β  2       Γ ˜  q   ( α + β )     ∫  0  t     t − s  ˜   q , ω    α + β − 1  ̲   f   σ  q , ω   α + β − 1    ( s )     d ˜   q , ω   s =   I ˜   q , ω   α + β   f  ( t )  .      











Similarly to the above, by commuting the order of integrals, we have


    I ˜   q , ω  β    I ˜   q , ω  α  f  ( t )  =   I ˜   q , ω   α + β   f  ( t )  .  








 ☐






4. The Fractional Symmetric Hahn Difference Operator of the Riemann–Liouville Type


In this section, we introduce the fractional symmetric Hahn difference operator of Riemann–Liouville as given in the following definition.



Definition 4.

For   α , ω > 0 , 0 < q < 1   and f defined on   I  q , ω  T   , the fractional symmetric Hahn difference operator of Riemann–Liouville type of order α is defined by


        D ˜   q , ω  α  f  ( t )      : =       D ˜   q , ω  N    I ˜   q , ω   N − α   f  ( t )  ,         D ˜   q , ω  0  f  ( t )     =    f ( t )      








where   N − 1 < α < N , N ∈ N   .





Next, we will establish some properties of fractional symmetric Hahn difference operators of the Riemann–Liouville type as follows.



Theorem 5.

For   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   ,


        D ˜   q , ω  α    I ˜   q , ω  α  f  ( t )  = f  ( t )  .      













Proof. 

For some   N − 1 < α < N , N ∈ N ,   we find that


       D ˜   q , ω  α   I  q , ω  α  f  ( t )  =   D ˜   q , ω  N    I ˜   q , ω   N − α     I ˜   q , ω  α  f  ( t )  =   D ˜   q , ω  N    I ˜   q , ω  N  f  ( t )  = f  ( t )  .     











The proof is complete. ☐





Theorem 6.

For   α ∈ ( 0 , 1 ) , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   ,


        I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )  = f  ( t )  + C   ( t −  ω 0  )   α − 1   ,   C ∈ R .      













Proof. 

Let   C  ( t )  =   I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )  − f  ( t )   . Taking    D ˜   q , ω  α   to both sides and using Theorem 5, we have


    D ˜   q , ω  α  C  ( t )  =   D ˜   q , ω  α    I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )  −   D ˜   q , ω  α  f  ( t )  =   D ˜   q , ω  α  f  ( t )  −   D ˜   q , ω  α  f  ( t )  = 0 .  











From


       ∫   ω 0   t     ( t − s )  ˜   q , ω    − α  ̲     ( s −  ω 0  )   α − 1     d ˜   q , ω   s      =     ( 1 −  q 2  )   ( t −  ω 0  )    ∑  k = 0  ∞    q  2 k      t −  σ  q , ω   2 k + 1    ( t )   ˜   q , ω    − α  ̲      σ  q , ω   2 k + 1    ( t )  −  ω 0    α − 1        =     q  α − 1    ( 1 −  q 2  )    ∑  k = 0  ∞    q  2 α k      1 −  q  2 k + 1    ˜   q    − α  ̲   ,     








and according to Definitions 3 and 4, we have


        D ˜   q , ω  α    ( t −  ω 0  )   α − 1        =      D ˜   q , ω     I ˜   q , ω   1 − α     ( t −  ω 0  )   α − 1        =      D ˜   q , ω       q    1 − α  2       Γ ˜  q   ( 1 − α )     ∫   ω 0   t     t − s  ˜   q , ω    − α  ̲      σ  q , ω   − α    ( s )  −  ω 0    α − 1     d ˜   q , ω   s        =      D ˜   q , ω        q    1 − α  2     ( 1 −  q 2  )   ( t −  ω 0  )      Γ ˜  q   ( 1 − α )      ∑  k = 0  ∞    q  2 k      t −  σ  q , ω   2 k + 1    ( t )   ˜   q , ω    − α  ̲      σ  q , ω   2 k − α + 1    ( t )  −  ω 0    α − 1          =      D ˜   q , ω        q     1 − α  2   −   ( α − 1 )  2     ( 1 −  q 2  )      Γ ˜  q   ( 1 − α )      ∑  k = 0  ∞    q  2 k α      1 −  σ  q , ω   2 k + 1    ˜   q , ω    − α  ̲          =    0 .     











Hence,   C  ( t )  = C   ( t −  ω 0  )   α − 1   .   ☐





Theorem 7.

Let   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   . Then,


        I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )  = f  ( t )  +  C 1    ( t −  ω 0  )   α − 1   +  C 2    ( t −  ω 0  )   α − 2   + … +  C N    ( t −  ω 0  )   α − N        








for some    C i  ∈ R , i = 1 , 2 , … , N   and   N − 1 < α < N   for   N ∈ N   .





Proof. 

By Theorem 2, we have


       I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )     =      I ˜   q , ω  α    D ˜   q , ω  N    I ˜   q , ω   N − α   f  ( t )        =      I ˜   q , ω   α − 1     D ˜   q , ω   N − 1     I ˜   q , ω   N − α   f  ( t )  −   q    α − 1  2       Γ ˜  q   ( α )      t −  ω 0    α − 1     D ˜   q , ω   N − 1     I ˜   q , ω   N − α   f  (  ω 0  )        =      I ˜   q , ω   α − 2     D ˜   q , ω   N − 2     I ˜   q , ω   N − α   f  ( t )  −   q    α − 2  2       Γ ˜  q   ( α − 1 )      t −  ω 0    α − 2     D ˜   q , ω   N − 2     I ˜   q , ω   N − α   f  (  ω 0  )          −   q    α − 1  2       Γ ˜  q   ( α )      t −  ω 0    α − 1     D ˜   q , ω   N − 1     I ˜   q , ω   N − α   f  (  ω 0  )           •     •     •          =      I ˜   q , ω   α − N + 1     D ˜   q , ω   α − N + 1   f  ( t )  −   q    α − N + 1  2       Γ ˜  q   ( α − N + 2 )      t −  ω 0    α − N + 1     D ˜   q , ω     I ˜   q , ω   N − α   f  (  ω 0  )          − … −   q    α − 2  2       Γ ˜  q   ( α − 1 )      t −  ω 0    α − 2     D ˜   q , ω   N − 2     I ˜   q , ω   N − α   f  (  ω 0  )          −   q    α − 1  2       Γ ˜  q   ( α )      t −  ω 0    α − 1     D ˜   q , ω   N − 1     I ˜   q , ω   N − α   f  (  ω 0  )  .     











Using Theorem 6, we obtain


       I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )  = f  ( t )  +  C 1    ( t −  ω 0  )   α − 1   +  C 2    ( t −  ω 0  )   α − 2   + … +  C N    ( t −  ω 0  )   α − N   .     











The proof is complete. ☐





Corollary 1.

Let   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   . Then,


        I ˜   q , ω  α    D ˜   q , ω  α  f  ( t )  = f  ( t )  −   ∑  k = 0   N − 1        ( t −  ω 0  )   α − N + k    q    α − N + k  2        Γ ˜  q   ( α − N + k + 1 )       D ˜   q , ω   α − N + k   f  (  ω 0  )        








where   N − 1 < α < N   for   N ∈ N .   






5. The Fractional Symmetric Hahn Difference Operator of the Caputo type


Finally, we introduce the fractional symmetric Hahn difference operator of Caputo types as follows.



Definition 5.

For   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   , the fractional symmetric Hahn difference operator of Caputo type of order α is defined by


        C    D ˜   q , ω  α  f  ( t )      : =       I ˜   q , ω   N − α     D ˜   q , ω  N  f  ( t )        =       q    N − α  2       Γ ˜  q   ( N − α )     ∫   ω 0   t     ( t − s )  ˜   q , ω    N − α − 1  ̲     D ˜   q , ω  N  f   σ  q , ω   N − α − 1    ( s )     d ˜   q , ω   s ,       








and     C    D ˜   q , ω  0  f  ( t )  = f  ( t )    , where   N − 1 < α < N , N ∈ N .   





Theorem 8.

For   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   ,


        C    D ˜   q , ω  α  f  ( t )     =        ( 1 −  q 2  )   q    N − α  2        Γ ˜  q   ( N − α )      ( t −  ω 0  )   N − α     ∑  k = 0  ∞    q  2 k      1 −  q  2 k + 1    ˜   q , ω    N − α − 1  ̲     D ˜   q , ω  N  f   σ  q , ω   2 k + N − α    ( s )   ,       








where   N − 1 < α < N , N ∈ N .   





Proof. 

For   t ∈  I  q , ω  T    and by Definition 5, we have


       C    D ˜   q , ω  α  f  ( t )     =        ( 1 −  q 2  )   q    N − α  2        Γ ˜  q   ( N − α )     ( t −  ω 0  )    ∑  k = 0  ∞    q  2 k      t −  σ  q , ω   2 k + 1    ( t )   ˜   q , ω    N − α − 1  ̲     D ˜   q , ω  N  f   σ  q , ω   2 k + N − α    ( s )          =        ( 1 −  q 2  )   q    N − α  2        Γ ˜  q   ( N − α )      ( t −  ω 0  )   N − α     ∑  k = 0  ∞    q  2 k      1 −  q  2 k + 1    ˜   q , ω    N − α − 1  ̲     D ˜   q , ω  N  f   σ  q , ω   2 k + N − α    ( s )   .      











The proof is complete. ☐





Next, we present some properties of fractional symmetric Hahn difference operators of Caputo type as follows.



Theorem 9.

For   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   ,


        C    D ˜   q , ω  α    I ˜   q , ω  α  f  ( t )  = f  ( t )  .      













Proof. 

For some   N − 1 < α < N , N ∈ N   and from Definition 5 and Corollary 1, we have


       C    D ˜   q , ω  α    I ˜   q , ω  α  f  ( t )     =      I ˜   q , ω   N − α     D ˜   q , ω  N    I ˜   q , ω  α  f  ( t )  =   I ˜   q , ω   N − α     D ˜   q , ω   N − α   f  ( t )        =    f  ( t )  −   ∑  k = 0   N − 1      q    k − α  2       Γ ˜  q   ( k − α + 1 )      ( t −  ω 0  )   k − α      D ˜   q , ω  k    I ˜   q , ω  α  f  (  ω 0  )   .     











From (7), we have


    ∑  k = 0   N − 1      q    k − α  2       Γ ˜  q   ( k − α + 1 )      ( t −  ω 0  )   k − α      D ˜   q , ω  k    I ˜   q , ω  α  f  (  ω 0  )   = 0 .  











It implies that


    C    D ˜   q , ω  α    I ˜   q , ω  α  f  ( t )  = f  ( t )  .  











The proof is complete. ☐





Theorem 10.

For   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   ,


       I  q , ω  α    C   D  q , ω  α  f  ( t )     =    f  ( t )  −   ∑  k = 0   N − 1       ( t −  ω 0  )  k     [ k ]  ˜  q     D  q , ω  k  f  (  ω 0  )   ,      








where   N − 1 < α < N , N ∈ N .   





Proof. 

From Definition 5, Lemma 1a, and Corollary 1, we have


      I  q , ω  α    C   D  q , ω  α  f  ( t )     =     I  q , ω  α    I  q , ω   N − α    D  q , ω  N  f  ( t )   =  I  q , ω  N   D  q , ω  N  f  ( t )        =    f  ( t )  −   ∑  k = 0   N − 1      q   k 2       Γ ˜  q   ( k + 1 )       D ˜   q , ω  k  f  (  ω 0  )     ( t −  ω 0  )  k        =    f  ( t )  −   ∑  k = 0   N − 1      q   k 2       [ k ]  ˜  q      D ˜   q , ω  k  f  (  ω 0  )     ( t −  ω 0  )  k  .     











The proof is complete. ☐





Corollary 2.

Let   α , ω > 0 , 0 < q < 1   and   f :  I  q , ω  T  → R   . Then,


        I ˜   q , ω  α    C    D ˜   q , ω  α  f  ( t )  = f  ( t )  +  C 0  +  C 1   ( t −  ω 0  )  + … +  C  N − 1     ( t −  ω 0  )   N − 1   ,      








for some    C i  ∈ R , i = 0 , 1 , … , N − 1   and   N − 1 < α < N , N ∈ N .   






6. Conclusions


Throughout the paper, fractional symmetric Hahn integral, Riemann–Liouville and Caputo fractional symmetric Hahn difference operators have been introduced. In addition, the properties of these fractional symmetric Hahn operators have been proven. This work might be able to used as a basis for related research, such as defining the Laplace transform for fractional symmetric Hanh calculus or investigating the fractional symmetric Hahn-convolution product and computing its fractional symmetric Hahn–Laplace transform. Finally, we hope to employ these properties to solve symmetric Hahn difference problems in future works.
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