. mathematics ﬁw\o\w

Article
On Fractional Symmetric Hahn Calculus

Nichaphat Patanarapeelert ! and Thanin Sitthiwirattham %*

1 Department of Mathematics, Faculty of Applied Science, King Mongkut’s University of Technology

North Bangkok, Bangkok 10800, Thailand; nichaphat.p@sci.kmutnb.ac.th
Mathematics Department, Faculty of Science and Technology, Suan Dusit University,
Bangkok 10300, Thailand

Correspondence: thanin_sit@dusit.ac.th

check for
Received: 14 August 2019; Accepted: 17 September 2019; Published: 20 September 2019 updates

Abstract: In this paper, we study fractional symmetric Hahn difference calculus. The new idea of
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1. Introduction

The Hahn difference operator, one type of quantum difference operator, has been studied by
many reseachers. It is used to construct families of orthogonal polynomials and to study certain
approximation problems (see [1-3]).

Hahn [4] is the first researcher who introduced the Hahn difference operator D, based on
the forward difference operator and the Jackson g-difference operator where

flgt +w) = (1) w

Dgwf(t) := TTE R t# wp =

1-q

Later, the right inverse of Hahn’s operator and its properties were presented (see [5,6]). There are
other works related to the Hahn difference operator such as the study of Hahn quantum variational
calculus [7-9], and the existence and uniqueness results for the initial value problems [10-12]
and boundary value problems [13,14].

Recently, Brikshavana and Sitthiwirattham [15] introduced fractional Hahn difference operators.
The boundary value problems for fractional Hahn difference equations were subsequently studied by
many researchers (see [16-19]).

In 2013, Artur et al. [20] introduced the symmetric Hahn difference operator D, as

_ flat+w) — f(7'(t —w))
@Ot (1 +g Yo

Dywf(t) for t # wp.

However, we observe from the literature that fractional symmetric Hahn difference calculus has
not been studied. In order to give a rigorous analysis of symmetric Hahn calculus, this paper is devoted
to presenting the new concepts of the symmetric Hahn difference operator, the fractional symmetric
Hahn integral, and the fractional symmetric Hahn difference operators of the Riemann-Liouville
and Caputo types. Particularly, the results from this study can be used as a tool in some applications
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such as approximation problems, and initial and boundary value problems associated with symmetric
Hahn operators. We first introduce some basic definitions and properties of Hahn’s difference operators
in Section 2. In Section 3, we present the fractional symmetric Hahn integral and its properties.
Finally, we propose the fractional symmetric Hahn difference operators of the Riemann-Liouville
and Caputo types and their properties in Sections 4 and 5, respectively.

2. Preliminary Definitions and Properties

In order to study the fractional symmetric Hahn difference calculus, we first introduce some
notations, definitions, lemmas as follows. (see [4-8,20,21]).
For0<g<1l,w>0,wy= {"Tq,wedeﬁne

1_q2k
[,l:]q _ 1—5]2 [k}qz, ke N
1, k=0,
__ k 1*q2i
_ Kok—1, -1, = , keN
[k]g! = ? ! ! glwz
1, k=0

The g, w-forward jump operator is defined by
0F (1) = "t + w[K],
and the g, w-backward jump operator is defined by
t— wlk]
Pho() = ———,
q
where k € N.
Letting n € Ny := {0,1,2,...}, a,b € R, we define the power functions as follows:

e  The g-analogue of the power function

n—1
(a— b)g =1, (a—b)g:=]](a—0bq"),
i=0
e  The g-symmetric analogue of the power function
—\0 — 2i+1
(a—b)q =1, (a—b)q =\|1(a—0bg""),
i=0
e  The g, w-symmetric analogue of the power function
0 T (e 2i+1
(@b =1 (a=b)y, =[] [a—2" ()]
i=0
In general, for & € R, we have
o 1— (L q’
(a—byg=a"]] (a) -, a#0,
i=01— (%) goti
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Since
AN " 2i4+1 M 2i4+1
(@a=b)g, = a—ogst(0)| = [T |(@a—wo)—(b—wo)q
9, q
i~0 i=0
i - zﬂ
= ((a—wo) = (b—wp))
q
) b— j

_ S (b ] T[T (E8) £

= el T =) ) e T () o
i=0 Hi:n [1 - (ﬂ*(do) q }
o 1— (i:za) g2t

= (a — WO)HH 0 - ,
01— (Z:ZS) g2(n+i)+1

so, we obtain
- — « o 11— (gizo) it
(a=0))gw = ((a—wo) = (b —wp) ) = (a—wp)* - —, 4 # wo.
i ( >q g 1_— (Z%g) g2t +1
In particular, if a # b = 0, we have ag = a7 = a*. If a # b = wo, we have (a :uo)iw = (a—wp)"*.

. . o Py —~—a
Furthermore, if 2 = b = 0, we define (0); = (0), = (0),, := 0 fora > 0.

Next, we define g-symmetric gamma and g-symmetric beta functions as

- g

]”:'-.q (x) - (1/:‘13)’(71 - (1_‘12):{71, X € R\ {0, _1, _2, ...}
[x —1],L xeN
B (x,y) = ffi(x)fq(]/)/
i Ii(x+y)

respectively.

Lemma 1. For m,n € Nyand a € R,

—gn

(@) (x=fu(®),, = (x—wo) (=",

« —
() (0f(x) = 0fe(x), , = 4" (x —wo)* (L= g"7"),.
Proof. For m,n € Ny and &« € R, we have

— k

- 44

(=g, = (6 w) — (o) — ) )
q

1- (Ug’“;(xc)uowo) ¥t

, V’iw(x)_wo i
i=01— <7q i ) q2(1+“)+1

= (x—wp)"

00 n ,2i+1

- DS o SRSl A
= (x—wo) gl_qan(i—&-a)—&-l

= (x—wo) (1 —q),.
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and

(Ol = )y, = () =~ @0) = () — ) )

=

Y

(G =wo\ oiyq
((0ge(x) —w )aﬁ 1 (0‘7‘“() “’0>q
it} —%0) ] 1o () =W\ 2(ita)t1
01— (gg% (x)_wo) RIS
o] 1iqn—mq2i+1

= (0"(x—wo))" ]

ol— qn—qu(i+u¢)+l

= " (= w0 (1=,

So, Lemma 1 (a) and Lemma 1 (b) hold. The proof is complete. O

Lemma 2. Let t,s € I, := {qkTer[k]q ke No} U{wo}, T > wp. Then,

o
(t—s)q,w =0
wheret > sand o & Ny .

Proof. Sincet,s € I‘{w, we have t = 07 (T), s = o/ ,(T) where m,n € N. For t > s, we find that

—_— —_— 14

(F=)go = (D) —u(D),,

1— q2i+n—m+l o

1— q2i+n7m+1+2a
The proof is complete. [

Definition 1 ([20]). For q € (0,1), w > 0, we let f be the function defined on I;/w C R. The symmetric
Hahn difference of f is defined by

Dpuf )= TGPt (o)

Dyf(wo) = f'(wo) where f is differentiable at wy.

Dgof is called q, w-symmetric derivative of f, and f is q, w-symmetric differentiable on I; w-
From the above definition, we note that
DY f(x) = f(x) and DY, f(x) = Dy D)5 f(x) where N € N.

Lemma 3 ([20]). Properties of symmetric Hahn difference operators
If f and g are q, w-symmetric differentiable on IqT, w- Then

(a) Dywlf(t) +&(t)] = Dgwf(t) + Dgwg(t),

(b) Dgwlf(1)g(t)] = f(Pgew(t)Dawg(t) + &(0gw(t)) Dawf(t),

o b [fB] _ 8ew(t)Dawf(t) = flpaw(D)Dyws(t)

@ D L] = B oty for 8leae(1))8 (00 (1)) 70
(d) Dgw[C] =0 where C is constant.
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Lemmad4. Let 0<g<1l, w>0,t¢€ IqT/w,andtx,ﬁ € R. Then,

(a) Dq,w(t - ﬁ)ia} = [’X]q (Pq,w(t> a 'B)):r;wl/

(0) Dyalh— 1)y = —[aly (B~ 0re() o -

[uny

Proof. By Lemma 1 and Definition 1, we find that

~ N N ) 1— (t:ﬂ? q2i+1
Dyt = IB)E‘U = Dy |(t—wo)" ITO 1 (ﬂ*wo q2(i+a)+1
= - t*(U(]
o [1— ( B—wo ) q2i+l
1 T (D)0
= ———————— ¢ (0g,0(t) —wp)* &
)~ gl {< el ol 1] (1 B SR
B~wo 2i+1
B - ( w(f)—wo) 1
~(pguo(t) wo"‘H( e\ >}
1 - (Pq,f(t)—OW(]) q2(1+ﬂl)+1
oo 1_ ﬁ*wo) el
q o « (f—wo
= (- w
(1—g2)(t — wo) {q ( 0) g (1 B (fiﬂ?) Fli+e)
) 1- (fa) e
o \1- (/f:i(‘jg) gli+atl)

- 1w )a—l{ I (1 - () 70
] 0 I, (1 _ (‘f:—;;’g ) qz(i+zx+l)>

L Tl (E2)2) )
12, (1 - (f%i‘f[?) qz(f*”‘))
_ o 1 /5:;50 2(i+1)
- (11 _f:) 7 e —1q2“ { 1 (1 - (gtwoo))qjﬁwm )

o B=wo \ ,2i
qz“H( (ﬁ(two%)q' )

=0 )q (i+a)

wo

(- () ) - (- (E8))
17q20<
. I 1— ﬁ:wo q2(1+1)
_ [a]q(tw)“‘lql‘“lljo( E’%;}ng”))
[P 1- (qu_wo‘%)

1
) ( q21+l )
) B—w i+a—
=0\~ (pq,w(o—owo) gD
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So, Lemma 4 (a) holds. Similarly to the above, we use Lemma 1 and Definition 1 to show that
~ — a a—1
Dyao (B~ geo(t))sy = — [l (B~ Dy -

Then, Lemma 4 (b) holds. [

Definition 2 ([20]). Let I be any closed interval of R containing a,b and wy and f : I — R be a given
function. The symmetric Hahn integral of f from a to b is defined by

/ahf(t)d},,wt = /a:f(t)ch,wt—/u:f(t)quwt,

where
Lo ()= [ fOpat = (1~ ) (x — ) Zqz"f(z"“( ), xel

Providing that the above series converges at x = a and x = b, f is called symmetric Hahn integrable
on [a,b]. In addition, f is symmetric Hahn integrable on I if it is symmetric Hahn integrable on [a, b] for all
a,bel

For N € N, we define an operator fé\,]w by

[A] 0, f(x) = f(x) and TN, f(x) = Ty s f(x),N € N.
From the symmetric Hahn derivatives, we have

[B] DywZywf(x) = f(x) and ZgwDgwf(x) = f(x) = f(wo)-

Lemma 5 ([20]). Properties of symmetric Hahn Integrals.
Let0<g<1l,w>0,abc IqT, w and f, g be symmetric Hahn integrable on IqT, w- Then,

(@) [ (Ot =0,

(6)  fy fOdgat = = [} F(Ddgat,

(©) [ f( gt = 7 F(Odgat + [ F(Ddgat, c€ 1T, a<c<b,

() J) [af(5) + Bg(D] dyot = a [} f(£)d wt+ﬁfg Vgwt, 4B ER,

(©)  J [f(Paw () Dawog(t)] dywt = [F(O3(1)]s — J. [8 (go(t)) Doof ()] dpot.

We next introduce the fundamental theorem and Leibniz formula of symmetric Hahn calculus.

Lemma 6 ([20]). The fundamental theorem of symmetric Hahn calculus
Let f : I — R be continuous at wy. Then

X

F(x) ::/ f(t)dgwt, x€1

wo
is continuous at wy and Dy, F(x) exists for every x € 05, (1) := {qt + w : t € I} where
Dy wF(x) = f(x).
In addition,

/ " Dyof (st = f(b) — f(a) foralla,b e 1.



Mathematics 2019, 7, 873 7 of 18

Lemma 7. The Leibniz formula of symmetric Hahn calculus
Let f: I, X I, — R. Then,

- t - Pw(t) -
where 1Dy, is symmetric Hahn difference with respect to t.

Proof. For t € I%‘r,w,

Dy, {/wtof(t,s) quws}
1 { [ g ®) s = [ fprato) d},ws}

Og,w (t) — Pqw (t) wo

Taw(t) ~ q,w (t) ~
L {l / F (00 (), 8) dpeos — / ’ f((fq,w(t),s)dq,wsl

g0 (t) = Pgw(t) | | o wo

g.0(t) - g0 (t) -
+ [/P t f(‘Tq,w(t)rS)dq,wS - /wi t f(Pq,w(t)rs) dq,wS]}

wo

g0 (t) -
= W /c:) [f(‘fq,w(t)rs) _f<Pq,w(t)/S)} dgw$

S (e mrn { (1= P)egalt) = o) 1 P (s, 357(0)

— (1= %) (pgaolt) = wo) ki 7 F (030 (8),025,(1)) }
=0

Pgw(t) ~
= /q th,wf(t,S) dq,ws

wo

- q{ koo 7 f(og,0 (1), 072 () — i 7 f (Uq,w(f)f%z,’i;(t))}

=0 k=0

O ,w(t) - ~
= /wq th,wa,S) dq,ws +f (Uq,w<t)rt) .
0

The proof is complete. [

Next, we give some auxiliary lemmas used for simplifying calculations.

Lemma38. Let0 < g <1,w > 0and f : I — R be continuous at wy. Then,

t r » » t t - -
/ f(s)dgwsdgur = ¢ / f(gs + w) dgwr dg ws.
wq J wy wyp Jqs+w
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Proof. From Definition 2, we find that
t T - .
/ f(s)dgwsdgwr
wp J Wy

-/ [(1 ~ )0 —aw) D f (ag,ﬁ;“(r))]ch,wr

wo

[e9) t »
= L) [ | tr=wo) £ (o2510) d,,,wr]

wo

ngk:
[1e

— q(l _ q2)2(t _ WO)Z q4m+2kf (O.q2Z+2k+2(t))

T
o
3
]

[}

g f (0’3]7(’}}""2({')) Y (U%H(t)) 4 gimt g (U,?,"J,%(t)) n }

ngk

= q(1—¢")*(t —wo)?

T
o

= (1)t~ wo>2{f (e20() + P+ (chu(D) +a* A+ 2+ ") f (05 (D) + }

= g2 - w0 Y gk 1), f (o220
k=0

= [ = pel)] f (Opels)) dyus

wo
t

= g { tf(aq,w(s)) Jq,wr—/

wo wo wo

0q,0(8)

f(04,0(5)) Jqlwr} dgws

t t ~ ~
= ‘1/ fgs + w) dgr dgws.
wq Jqs+w

In the next theorem we evaluate the multiple symmetric Hahn integrals as follows.

Theorem 1. For f : I,{ w — R, the multiple symmetric Hahn integral is given by

X T T, 5 ) )
f;wf(x) = / / 1 1f(Tn)dq,an...dq/wTqu/le
/ wo Jwo wp
! mo (b \n=t N
- — ( )/ t— n—1 i )
[n — 1]q|q 2 wo( T)q,w f (Uq,w (T)) q,wT, ( )

T(n+1
where n € N and (Z) = W

Proof. If n =1, fq,wf(x) = f:jof(T)Jq,wT'
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If n = 2, by using Lemma 8, we have

Ig0f (x)

"X ~ ~
= / f(t dq wqu wS = q/ / f(04,0(7)) dgws dgwT
wop Jwo U‘%“’(T)

0 [ [ = opue(2)] (7)) dyat

x  — 1

q( (x—1) ot (97 + w)) dg 0T

wo

We suppose that Theorem 1 holds for n = k and then prove that it is true for n = k + 1 as follows:

Iy f ()

"X

~ 1 k — (k=1 _ ~
Iﬁf“-’ - q(Z) / (x B T) q,w f (Ufllcxwl(T)) d‘?f‘*’T

N N = U
[kfjl] |q2 /wo ~/wo (S_T)q,w f( qu; ( )) dq/Wqu,ws
;
k [
07()( 1—g%)(x—wo) Y ¢° [U»?Z;H(X)—wo} y

k— ] =
L (e WWWMLM“M%%D @
= e 1w q,w qw .

From (2), by using Lemma 1b, we obtain

Iy f(x) =

1 k >
10 22w
TR (1-) )4k

(x — wo)kq (1 _Aqizﬂ):;lf ( llﬁ}zmﬂlﬂ( ))

co |
_ k+1
Nq q kq( 2 )(1 _ qZ)Z(x _ wo)k+1 Z Z qZIq(2m+l)k %
=0 m=0

g2 (i (2m+1)(k=1) o

—wo)q

HMg

(- @2, f (o2 ). ©

From (2), by using Lemma 1a, we obtain

I3 f(x)

Since

1 k1 X, — k -
— 4 /w =g f (0ho(D)) dyoT
o0 k
;q(kﬂ)(l — ) (x — wy Z U‘?{jl (%)), f ((rﬁ,”“(x))

TXURIETRL wwﬂgfm!ﬁﬂﬁdgﬁ“m)

4)
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l kL
[k]qqfk(l — ) Z q(2m+l)k(1 _ q2172m+1)q

m=0

m=0
_ (1 _ qZk) {]:j {1 el 1)} P 2)k]:1j§ {1 q21+6} + 201k 111 {1 q21+4}
+q21k ﬁ [1 _ q2i+2} }
i=0
_ (1 - qZk) {k—Z {1 qz(lﬂel)} Loa q2(172)k1:[ {1 q21+6}
i=0 i=0
4Rk (1 _ q2k+2) I:Z [1 q21+4} }
_ (1 _ qZk) {ﬁ [1 _ q2(1+i71)} 4o U = [1 _ q2i+8'
i=0 i=0 )
U2k tijz [1 B q2i+6} L (1 ( 2k+2) ’:_: {1 B q2i+4]: }
= (1 - qZk) {k:z [1 _ q2(z+i71)} Fo UK :j [1 _ q2i+8:
P2k (1 _ q2k+4) ( 2k+2) 1} [ 21+6} }
[}
[ J
[}
_ (1 _ qZk) {kz [1 _ qz(l—&-i—l)} b g (1 _ q2(1+k—1)) (1 _ q2(1+k—2)) o
i
(1 _ q2k+2) ) {1 _ q2(1+z’)} }
i=0
_ (1 . q2k+21)) (1 . q2k+2172)> (1 . q2k+2) (1 —q ) (1 _ qZk 2) (1 _ q21+4> <1 . qzl+2)
k-1

We find that (1) holds when n = k + 1.
Our proof is done using mathematical induction. [

3. Fractional Symmetric Hahn Integral

In Section 2, we have presented the multiple symmetric Hahn integral for integer order in
the form (1). We next apply this result for fractional orders that can be used to further define fractional
symmetric Hahn difference operators of Riemann-Liouville and Caputo types. We first introduce the
fractional symmetric Hahn integral as follows.
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Definition 3. Let a,w > 0, 0 < g < 1, and f be a function defined on IqT, w- The fractional symmetric Hahn

integral is defined by
- G gt — e
o o q2 . a—1 7
Zuf) = £ L 0950 £ (7519)) dys
(1- %)% (t — wy) 2% 241\ 2kt
= = q t O w (t) faw (t) 7
Ly(a) k;J ( ’ >”7“’ ( 7 )

and 0, f)(t) = f(1).

— _ — a1
By Lemma la, (f — 02k+1q cl](t))g =(t—w)* 11— qzk“):i. It implies that

qw
_ C PO ()t & — a1
Ig,wf(t) _ (1 q )qu(of; 0) k;OqZk (1 _q2k+1)q f(ggrlfjﬂé(t)).

Some properties of the fractional symmetric Hahn integral are given below.

Theorem 2. For a,w >0,0<g <1,and f: IqT,w — R,

T3 0) = T35 [ )] + 2HE0q (- .
q

Proof. We apply Lemma 4b and Lemma 5e to (5). Then, we get

Fllt) = fz(f;) /wt (=9 £ (25()) dyos
() t ) .
- _f“q(im, wof(PW (‘7‘?’“’(5)»Dq'w(t_Pw(S))qlwdq,ws

- 14

- f”>{ [ puaeyd ()], +

~ /wt Dyf (rt(s)) (= s)‘;wd“q,ws}

= T3 [Dawf )] + %q@) (= awn)*.

O

Theorem 3. For a,B,w >0,0<g<1, f:IqT,a, — R, and a € L{w/

@ Bl .
/ (= 8) oy T2 f(5) dyaus = 0.

wo

Q)

(6)
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Proof. From Definition 3, for n € Ny, we have

T () - AL (ag,w%—s):ff(qwlu)d},ws

rq ()
2\ ,(3) [ 2n+1 - — -1
_ (1—¢ )q(Z)N[‘Tq,'ZJJr (a) — Z qZk( 2141 (g 0.2k+2n+2(a)>L y
Iy(a) i qw
f (o35 (@)).
— a1
By using Lemma 2, we find that (J,%’Zfl (a) — 0’%’&*2"”({1)) o = 0. Therefore,
Tof (2 @) = 0. )

From Definition 2 and (7), we have

[ =9 Tuf (5) dys

wo

= (1-@)(a—w) Zcf"( Aw) [z

Tt (i @)] =0

q.w
O

Lemma 9 ([22]). For u,a, B >€ RY, the following identity is valid:

5 g (1= g R (1 = g ) B :(1—;@);‘*’“‘
= R R P el (1=

Theorem 4. For a,B,w >0,0<q<1,and f: Igw - R

T [Zhaf O] = Tho [ Tauf ()] = 2P (0).
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Proof. By Definition 3, for ¢ € Iqj: w, We have

G — g
Fa 7 7 | 4% P11
Iq,w-’[t‘?,wf(t) = Ig,a; fq(ﬁ) /wo (t—S)q’w f(aqw (S)> dqu‘|
G+ pt — el ), o~ Bl g
= E T P [ @0 =)y S () sy
(3)+(5)+ap
= I (1 (- ) x
g(@)L4(B)
c© o 1
Yy qRe2e () q2k+])q (1 = qz;,ﬂ)f f (aﬁjz"”*ﬁ( ))
k=0 h=0
q(“;ﬁ) (1 2)2(t )Dc+/3
= == U—9q — Wy X
Fq(ﬂé)Tq(ﬁ)
-1 —_ -1
2 Z G226 (1 2k+l)q (1- q2h72k+1)5—f ((T;,i(zjﬁﬁ(t))
=0 h=k
q(DH'ﬁ)
= (1 —¢%)2(t —w)*P x
Ly (a )Tq(ﬁ)

L Do e O e e D)

— atp-1
Using [21] (Theorem 2), Lemma 9, and Iz (a + ) = MW’ we obtain
—~ +B-1
p-1 — et —, pe1 (L)
Z qzkﬁ 2k+1)‘7 (1 — q2h—2k+1)l7 = (1- qz)q (1- qz)q— — “fﬁil
(1 - q2)q

_ T@T(B) g e
T pheip T

Therefore,
BT = T (1wt B g gL (e )
e Fq(tx—i—ﬁ) P q q,
(“3P) 00 atfo1
— Lu, 2 _ 2h 2h+1 2h+a+p
= 7 ) (t—wo) 3 g7 (t—0pi (1) [t ad0)
Ty(a+B) hg(’) ( q )q,w ( g, )
_ M/f (t’js)a+ﬁflf(aa+ﬁ—l(s))d~ s szﬂsf()
C Tyla+p) o 9 a0 guS =

Similarly to the above, by commuting the order of integrals, we have
ThoTf (1) =0 £0).
O

4. The Fractional Symmetric Hahn Difference Operator of the Riemann-Liouville Type

In this section, we introduce the fractional symmetric Hahn difference operator of
Riemann-Liouville as given in the following definition.
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Definition 4. For o, > 0, 0 < q < 1 and f defined on I qw, the fractional symmetric Hahn difference
operator of Riemann—Liouville type of order « is defined by

Dyof(t)
Dywf(t)

where N—1<a< N, NeN.

= DpoLpw"f(t),
f(#)

Next, we will establish some properties of fractional symmetric Hahn difference operators of the

Riemann-Liouville type as follows.

Theorem 5. For a,w >0, 0 < g < 1land f:Iqu —

Dy Tiuf (1)

R,

= f(®).

Proof. Forsome N —1 < a < N, N € N, we find that

lxwzg,wfa) = Dé\,]wj-é\,]ajajg,wf(

The proof is complete. [

Theorem 6. For a € (0,1), w >0, 0< q < 1and f:Iqu

2wDgwf(t)

Proof. Let C(t) = ng‘wf( ) — f(t). Taking Dj ,,

Dg,wc(t) = Dg,wzg,wbg,wf(t) -
From

t

o

<mehwwif%w

—X

(t - S)qw(s

= f() + C(t — wo)

Djf(t)

o
@) (e
q.w

) = Dy Zpwf () = f(b).

— R,
*1, CeR.
to both sides and using Theorem 5, we have

= Dgof(t) = Dgof(t) =

— wo)"‘_1 Jqlws

= Z ank 2k+1)q ,
and according to Definitions 3 and 4, we have
f)g‘ (t— wo)a—l
= f),wI (F— wp)* !
_ (%) D .
P R I e T ~
= Dyw _fq(l — ) /“’o (¢ s)q,w (Uq, (s) wo) dq""s]
:Dwﬁwm—ﬂﬂwmif% A )" (20—
q rq(l — 0( = q,w » oo
[ (59— (a—1)2 . B .
D q ( 2k 2k+1
" Tq(l —a) kzoq ( e )q,wl




Mathematics 2019, 7, 873 15 of 18

Hence, C(t) = C(t —wp)*~ 1. O
Theorem 7. Let a,cw >0,0<g<land f: I;w — R. Then,
I8 DY o f (1) = F(£) + Cit — wp)* ™ + Cat — wp)* 2 + .. + Cn(t —wp)* N
forsome C; € R,i=1,2,.,Nand N—1<a < NforNe N

Proof. By Theorem 2, we have

jg,wbg,wf(t) = j{(qx,wDé\{wiLﬁ;a (t)
a—1
e 2) 1 AN_1AN_
= DD T ) - s ()T DR wo)
a—2
_ j’tX*ZDN*Z:Z’N*IX (t) _ ‘7( 2) (t—w )0472 DN—Zj-Nfzx (w )
- qw “qw *qw f (lX _ 1) 0 qw +qw 0
q
ﬂl(agl) -1 JN—14N—«
_fq(a) (t _C‘JO) Dq,w Iq,w (WO)
°
.
°
(aflgﬂrl)
—  Fa-N+Ipa—N+1gp) _ _ q F— N FN—a g,
q.w qw f( ) l"q(oc “N+2) ( 0) qwtq,w f( 0)
q(agz) a—2 AN—2FN—a
- ‘-*m(t*wo) Dy " Lyw " f(wo)
g(o —
q(a;l) a—1 mN—14N—a
_fq(a) (t —wo) Dq,w Iq,w (aJo).

Using Theorem 6, we obtain
T8 D o f(8) = F(B) + Co(t — wo)* '+ Cot — wo)* *+... +Cn(t — wp)* N,
The proof is complete. [

Corollary 1. Let x,w >0,0<g <1land f: Iquw — R. Then,

o N=1 (§ _ on)a—N+k(* 5 o
BByt 0 = £ = ¥ U 0 [P e

where N—1 <a < N for N e N.

5. The Fractional Symmetric Hahn Difference Operator of the Caputo type

Finally, we introduce the fractional symmetric Hahn difference operator of Caputo types as
follows.
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Definition 5. For a,«w >0,0< g <1land f: IqT, w — R, the fractional symmetric Hahn difference operator
of Caputo type of order w is defined by

“Dgof(t) = I5"Diuf(t)

"2 t o~ N-a-1 _
_ q- 2 =l =N N—a—1
= B e Dpf (507710 s

and D), f(t) = f(t), where N—1 <a <N, N € N,

Theorem 8. Fora,w >0, 0<qg<1land f: IqT,w — R,

(1—g?)gC2"
I,(N—«)

N—ua—1

(= w)V ™ Y g (1—q?), Dyl f (2N ) s
k=0

Dy f(t) =
where N—1<a < N,NeN.

Proof. Fort € IqT/ « and by Definition 5, we have

i L= ) = PR = ]
CDS‘,wf(t) = (fq(qN)ﬁa)(two) Z‘IZk(t*‘Tgﬁrl(t)Lw Dé\,]wf(‘fgﬁN lx(S))
k=0 ,
1 - 2™ L —  Nea-1. .
= T L (g O g ()

The proof is complete. [

Next, we present some properties of fractional symmetric Hahn difference operators of Caputo

type as follows.
Theorem 9. For a,w >0,0<g<land f: I%w — R,
S8, T8 f() = (1),
Proof. For some N —1 < a < N,N € N and from Definition 5 and Corollary 1, we have
“Df Tyuf(t) = I "DyuZinf(t) = Iyo Dy f(h)

N-1 q(kgﬂ)

= fiH- Y

L a—arn 0 DT )]

From (7), we have

It implies that

The proof is complete. [
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Theorem 10. For a,w >0, 0 < g <1land f: I%w —+ R,

L Dhuf®) = (0= ¥ == D f(wo)],
k=0 q
where N—1<a <N, NeN.
Proof. From Definition 5, Lemma 1a, and Corollary 1, we have
T8, Dyuf(t) = Ty |IN"Diuf(H)] = ZN,Dy.f(1)
N=1 ®
g2 ~k k
= t) — —— |D t—
£ = ¥ gy [Dhof@)] (¢ - )

NZLg@) oy k
f(B) = ¥ T [DEf(wo)] (2 = wo)®,
k=0 [k]q
The proof is complete. [
Corollary 2. Let x,w >0,0<g<1land f: I{{w — R. Then,
I, CD o f(£) = f(£) + Co+ Ci(t — wo) + ... + Cn—1(t — wo)N 7,
forsome C; €R,i=0,1,.,N—1and N-1<a <N,NeN.

6. Conclusions

Throughout the paper, fractional symmetric Hahn integral, Riemann-Liouville and Caputo
fractional symmetric Hahn difference operators have been introduced. In addition, the properties of
these fractional symmetric Hahn operators have been proven. This work might be able to used as
a basis for related research, such as defining the Laplace transform for fractional symmetric Hanh
calculus or investigating the fractional symmetric Hahn-convolution product and computing its
fractional symmetric Hahn-Laplace transform. Finally, we hope to employ these properties to solve
symmetric Hahn difference problems in future works.
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