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Abstract: In this article, the boundedness of the generalized parametric Marcinkiewicz integral

operators Mg) ¢1p 15 considered. Under the condition that () is a function in L1(S" 1) withq € (1,2],
appropriate estimates of the aforementioned operators from Triebel-Lizorkin spaces to L” spaces
are obtained. By these estimates and an extrapolation argument, we establish the boundedness
of such operators when the kernel function 2 belongs to the block space Bg'vfl (8"~1) or in the
space L(logL)"(S"1). Our results represent improvements and extensions of some known results in

generalized parametric Marcinkiewicz integrals.

Keywords: L? boundedness; rough kernels; Marcinkiewicz integrals; Triebel-Lizorkin spaces;
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1. Introduction

Throughout this work, we assume that R” (n > 2) is the n-dimensional Euclidean space and
x' = x/|x| for x € R"\ {0}. In addition, we assume that S"~! is the unit sphere in R", which is
equipped with the normalized Lebesgue surface measure do.

For p = 7 +iv (7,v € R with T > 0), let K ;, be the kernel on R” defined by

Kopn(u) = [ul”" Q" )h(|ul),

where /1 is a measurable function on R and Q) is a homogeneous function of degree zero on R" with
Q€ LY(8" 1) and

/ Q(u)do(u) = 0. (1)
o
For a suitable function ¢ : Rt — R, we consider the generalized parametric Marcinkiewicz
integral operator Mg,)q;,h, 0 given by
1/r
(1’) . o0 l B , r ﬂ
Mg 000 = ([T [ £ = o Kt )

wherer > 1and f € S(R").

If p(t) =t,h =1,p =1, and r = 2, then the operator Mg,{/),h,p’ denoted by Mg, reduces to
the classical Marcinkiewicz integral operator. The operator Mq was introduced by Stein in [1] in
which Stein established the L? (1 < p < 2) boundedness of M, provided that Q € Lip,(S"1)
with 0 < & < 1. This result was discussed and improved by many mathematicians. For example,
the authors of [2] proved that, if O € C'(S"!), then the L boundedness of M, is satisfied for all

p € (1,00). Later on, Al-Qassem and Al-Salman found in [3] that Mg, is bounded on LP(R") for
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1 < p < oo whenever () € Bt(lo/fl/ 2) (8"~1) with g > 1. Moreover, they proved that the condition

Qe Béo’fl/ 2) (8" 1) is optimal in the sense that the operator M may lose the L2 boundedness when

1
Q) belongs to the space Q) € B,go’ 2 S)(S”*l) for some 0 < &€ < 1/2. Walsh in [4] obtained that M@
is bounded on L?(R") if Q € L(logL)'/2(S"~1). Furthermore, he established the optimality of the
condition Q € L(logL)/2(S"~1) in the sense that the exponent 1/2 in L(logL)'/2(S"~1) cannot be

replaced by any smaller number.

(2
Ot1,0°

In fact, he proved the LP(R") (1 < p < co) boundedness of Mg,)t,l,p provided that p > 0 and

Hormander in [5] started studying the parametric Marcinkiewicz integral operator M

Q € Lip,(S"1) with a > 0. Subsequently, the investigation of the L boundedness of the parametric
Marcinkiewicz integrals under very various conditions on (), ¢, and & has attracted the attention of
many authors. For a sampling of studies of such operators, the readers are referred to [6-14] and the
references therein.

(2)
O,¢,h,0
the investigation to determine the boundedness of the generalized parametric Marcinkiewicz integrals
()
Qe
they showed that, if h = 1, Q € L1(S"!) forsome g > 1and 1 < r < o, then

Although some open problems related to the boundedness of the operators M remain open,

has been started. Historically, the operator M was introduced by Chen, Fan and Ying in [15];

(r) <
|MErpaf | gy = CIS - @)
holds forall 1 < p < oco. However, Le in [16] improved this result. As a matter of fact, he found that the
last result is still true for all p € (1,c0) under the conditions that Q € L(logL)(S"!),1 < r < o0 and
h € Taxr 2} (RT), where T's(R™) is the collection of all measurable functions /1 : [0,00) — C satisfying

2k+1 sdt 1/s
1]y (r+) = sup (/zk |h(t)] t) < 0.

For the significance and recent advances on the study of such operators, readers may
consult [14,17-20].
For s > 1, we let £5(R™) denote the set of all measurable functions 4 : [0,00) — C that satisfy
the condition
2k+1 dt
Ly(h) = sup ( [ 1m0l tog(2+ m(n)))* ) <o,
kez \/2* t
In addition, we let A*(R™) denote the set of all measurable functions / : [0,00) — C that satisfy
the condition -
Ny(h) = Y 2Kdy (h) < oo,
k=1
where di(h) = sup2~/|E(j, k)| with E(j,k) = {t € (2,21 : 21 < |n(t)| < Zk} for k > 2 and
jez
E(,1) = {t € (2/,27"1] : [h(t)| < 2.
It is obvious that I's (RT) C NF(RT) C £f(R") forany s > 1, B > 0; and also £7F(RT) C
NBRY) foralls > 1,8 > 0.
For v > 0, let L(logL)"(S" 1) denote the space of all measurable functions Q) on §" ! that satisfy

1] [OQ(w)] (log" (2 + [Q(w)]) do(w) < eo.

logL)V (Snil) - /Snfl

It is worth mentioning that BL(IO’J) (8"1) (for g > 1and & > —1) is denoted for the special class of

the block spaces, which was introduced by Jiang and Lu in [21].
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Let us recall the definition of the Triebel-Lizorkin spaces. Fora« € Rand 1 < p,r < oo with
(p # o), the homogeneous Triebel-Lizorkin space F ;r(R”) is defined by

1/r
<22W|‘I’]-*f|r> <o,

.o
B () = § F €S R Ifl ) = ‘ ,
’ jez

LP (RH)

where S’ denotes the tempered distribution class on R”, ‘/P\](C ) = ®(27J7) for j € Z and ® is a radial
function satisfying the following conditions:

@ 0<P<T;

b) supp@c {g:h<|gl < zi;
© @) >c>0if3 <7 <3
d Y ®277) =1 ({#0).

JEZ

The following properties of the Triebel-Lizorkin space are well known:

(i) S’'(R")isdensein P;,,(R”);

0 .0
(i) F,o(R")=LF(R")forl < p < oo and Fyyr(R") = BMO;
(i) F,, (R") CE, (R")ifr; <ry;

pr2

) (E,,(RM) = Fp(R").

In this work, we let H; (d # 0) to be the class of all smooth functions ¢ : (0,0) — R satisfying
the following growth conditions:

POl <CE,  1g"B <G, G < [g/()] < Cut' !

for t € (0,00), where the positive constants Cy, C, C3, and Cy are independent of the variable ¢.

It is worth mentioning that, when d = 0, the class H; is empty. Some model examples for the
class H; are t% with d > 0 and # with [ < 0.

Here, and henceforth, we let p’ denote the conjugate index of p defined by 1/p +1/p’ = 1.

Our main results are formulated as follows:

Theorem 1. Let Q) € L7 (S 1) for some 1 < q < 2 satisfy the condition (1), and h € Ts(R™) for some

. 0
1 <'s < 2. Suppose that ¢ € H, for some d # 0. Then, for any f € F, .(R"), there exists a positive constant
Cp (independent of O, ¢, h, r, s, and q) such that

[ME s ey < Cola =176 = D7 Iy Wl 110 gy @)
for1 <p <rand
HM((;,)qb,h,P(f)HLV(R”) < Cplg =17 (s = )7 1Ol gagsr 1Al vy HfHFgﬂR”) @
forr < p < co.

Theorem 2. Assume that ¢ and Q) are given as in Theorem 1. Suppose that h € T's(R™) for some s > 2. Then,
there is a constant C, > 0 such that

| ME () < Cplq =171 a1y Iy me) Il e ®

LP(R") )
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forl<p<ruwithr <s' and2 < s < oco; and

Cp(q = 1)1 agse 1Ml ||f|| 0 (6)

MG )] @

LF’(R")_
fors' < p <ocowithr >s"and2 <'s < oo.

By the conclusions in Theorems 1 and 2 and the extrapolation arguments used in [18,22,23], we get
the following results.

Theorem 3. Assume that ¢ € H4 for some d # 0 and () satisfies (1).
1_
() IfQe B‘;O’F 1)(S”’l)for some q > 1and h € N'V/"(RT), then

HMﬂfPhP(f)H -

<G (1 190 o1 ) (4N ) Ifl o
q T

LP(R") )(Sn—l)

forr < p < oo

(i) IfQ e BSO’O)(S”_l)for some q > 1and h € NY(R™T), then

MG 0 gy = o (1 120 gm0 ) A+ MU 50

LP(R")

forl<p<r;
(iii) If Q € L(log L)/"(S" 1) and h € NV/7(R*), then

M0 ) oy = o (1 10 gagyrrsny ) L+ Nar ) I

forr < p < oo;
(iv) IfQ € L(log L) (8" 1) and h € N'(R"), then

[ME 0Py < G (LH 10N agysr) L+ MO o

for 1 < p <r, where Cy, is a bounded positive constant independent of h, Q) and ¢.

Theorem 4. Let Q) satisfy the condition (1), h € Ts(R™) for some s > 2 and ¢ € H 4 for some d # 0.
1
(i) IfQ e B‘go" 1)(S”’l)for some q > 1, then

HMOWP(f)H <Cp <1 + ||Q||B;O,}1)(Sn])> 17l (m+) Hf”ﬁf,/,,(nn)

LP (R")

forl<p<ruwithr <s and2 <s < oo;andfors' < p < ocowithr >s" and2 < s < 0.
(i) If Q € L(log L)V/7(S"1), then

[ME 0Dl gy < G (1O agyrso)) Wil ey 10
forl <p<ruwithr <s'and2 <s < co;and fors’ < p < cowithr >s"and2 < s < oo.
We point out that our results generalize what Al-Qassem found in [18]; and also extend and

improve ([24], Theorems 1 and 2). Precisely, the results in [18] are acheived when we take ¢(t) = t in
our results. However, when we take r = 2, we directly obtain the results in [24].
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2. Preparation

In this section, we establish some lemmas used in the proof of our results. Let us start this section
by introducing some notations. Let § > 2. For a suitable mapping ¢ : Rt — R, Q:8""! = Randa
measurable function /1 : R* — C; the family of measures {0 : t € R*} and the corresponding
maximal operators U(*), ol and Mq 6 on R" are defined by

S Fto0ns = £ [ F@(u Ko,

‘7(*),4;,}1 (f) = sup|loagn: = fl,
teRT
and
9k+1 dt
Magnef(u) = sup ' | loagnel * f(u)]—,
kez /0 t

where |0y 4,1, is defined in the same way as 0 ¢ ..+, but with replacing Q by [Q)| and 1 by |h|. We write
Y = min {r?,r~7} and H‘70,47,h,t H for the total variation of oy ¢ j, -

We shall need the following lemma which can be derived by applying the same arguments (with
only minor modifications) used in the proof of ([24], Lemma 4).

Lemmal. Let§ > 2, h € Ts(R") for somes > 1and Q) € L9 (S"~1) for some q > 1. Suppose that ¢ € H,
for some d # 0. Then, there exist constants C and a with 0 < 2aq’ < 1 such that, for all k € Z,

HUQ,q),h,t <C, @)
9k+1

R 2 dt g
[ [oagn@] 5 < caney a6 1alys) 1A ) (®)
ok

where the constant C is independent of {, k and ¢.

By using ([9], Lemma 2.4) and following the same approaches employed in ([8], Lemmas 2.4 and
2.5) we immediately get the following lemma.

Lemma 2. Let 0 > 2, ¢ € H for somed # 0, Q) € L1 (S"~1) for some 1 < q < 2, and h € Ts(R™) for some
s > 1. Then, there is a constant C such that

IMoyg,no()lLr Ry < Cp(In0) [|Qf Lg(gn1) |1l m+) 1 lLr(re), )

loe,en (e ey < Cp 1 agsny 1llrymey [1f 1 mo) (10)
foralll < p <ocowithl <s < 2;and

1690 (D) ILprey < Cp 1O a1y 1l mety 1 Fllr e (11)
forall s < p < cowiths > 2.

By applying the same procedures (with only minor modifications) as those in [18], we obtain the
following:
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Lemma3. Let 6 >2,Q € L9 (S" 1) forsome 1 < q < 2and h € Ts(R") for some 1 < s < 2. Let ¢ € Hy
for some d # 0 and r > 1 be a real number. Then, there is a positive constant C,, such that the inequalities

9k+1
rdt
E / ’Unqzht*gk T
keZ
LP(R™)
1/r
< Cp(lne)l/r ||Q||Lq sn-1) |h||rs R+) (2 |8K] ) forr<p<oo (12)
kez LP(R")
and
9k+l . dt T
Z / "TQq)ht*gk T
kez
LP(R")
1/r
< Co(O) [ a(gr1y 1hllry ) <Z |gk|r> forl<p<r (13)
keZ 1P (RM)

hold for arbitrary functions {gx(-), k € Z} on R™.

Proof. Let us first prove the inequality (12). On one hand, if p = r, then Hoélder’s inequality and (9)

lead us to
11t
pk+1 T
rdt
)3 / g g T < kIR 120 g
kezZ
LP(R")
9k+1 t
dl dt
< O[] lse— e @wr 1060)] ) oS s
keZR" ok 11‘5” 1
p/r
1 1
< (i) [l Il ) / (ng |dx) . (14)
keZ

Hence, (12) is true for the case p = r. On the other hand, if p > 7, then, by duality, there exists a
non-negative function A € L(P/ r (R™) with [|A[[ Y (RY) < 1 such that

9k+1 1/r ’

Z / ‘U(hpht*gk

kezZ

dt 8 dt
T T
e - [T / [0 g * )| TARx. (15)

R» k€Z

LP(R")
By Holder’s inequality, we obtain

(r/r (r/7") r dl

oo ge(x)| < CIHILEL 1015, / [ 1gx =9 w10 (1) do(w) T

1tS" 1
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Thus, by a change of variable, Holder’s inequality and (9), we reach that

9k+1 1/r ’
rdt
Z / ‘Uﬂzpht*gk n
keZ
LP(R™)
(r/ (r/ ~
< CHhHrr ;ﬂ ”Q”Lrl rsnl /<Z|gk )Mﬂ,qa,h,e/\(_x)dx
keZ
(r/7") (r/7")
< ClIEEL Il e, Hmewe o
Lp/1)(R7
/r)+1 (r/7") ~
< Co(ind) HI R IOl (N F—
L7/ (Rr) L(p/1)" (Rm)

where A(—x) =

A(x). Therefore, (12) is satisfied.

Now, consider the case 1 < p < r which gives ' < p’. Again, by the duality, there exist functions

{ = {x(x,t) defined on R" x RT with ‘

1/r
r dt
Z/“Tﬂgbht*gk T
keZ
Let Y({) be given by
Y(0)(x)

- < 1 such that

H HngLr’([gk/ngrl]’%)

i

pk+1

_/Z/ T, ht * Sk(X ))ék(x,t)?dx,

R" keZ

(16)

LP(R")

pk+1

/‘Uﬂzpht*gk(x t) ot

keZ

As (p'/1') > 1, we conclude that there is a function ¢ € L(¥'/ ")’ (R") such that

pk+1
' dt
H(Y(@)m R E/ / ‘Uﬂ¢ht*§k x,t) Tﬂ(x)dx
kEZgn i
pk+1
"/r) / * 1 dt
< ClOl gy LR [ oo @ oo || Z [ oS
S ok LW/’/)(R”)
"/r)+1 "/r)+1
< Cp(6) Gy IR 11 o
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Hence, by Holder’s inequality and (16), we obtain that

9k+1 1/r
rdt
Z / ‘Uﬂzp,ht Sk|
keZ
LP(RM)
1/r
< GOV <Zlgk!’>
keZ LP(R")
1/r
< CpIb)[|Rflr g+y 19 La(sn1) <Zlgkr> (17)
keZ LP(R?)

forall 1 < p < r. Therefore, the proof of Lemma 3 is complete. []

In the same manner, we obtain the following:

Lemma 4. Let h € T5(R") for some 2 < s < oo; and let Q), 0, ¢, and r be given as in Lemma 3. Then,
a positive constant Cy, exists such that
(@) Ifr < s, we have

<=

9k+1
rdt
2 / ‘UQ,¢,ht*gk T
keZ
LP(RH)
1/r
< C (ln9>1/r HQHM gn-1) |h||rb R+) (Z |8k ) forl<p<r. (18)
kez LP(R?)
(i) If r > s', we have
1
pk+1 T
r dt
E / ‘Ua,zp, % 8k T
keZ
LP(R")
1/r
< Cpm)"Q pagsny 1Bl v+ <Z |8kr> fors' <p < oo, (19)
keZ LP(R?)

where {x(+), k € Z} are arbitrary functions on R™.

Proof. Let us first consider the case 1 < p < r with r < s’. As above, by the duality, there are functions

P = Pr(x,t) defined on R"” x RT with ‘ H H%HU’([BKGHH,%) L (&) < 1 such that

1

1/r gk+1

rdt dt
Z/“T(hpht*gk " = /Z/ ot * Sk( ))llfk(x/f)?dx
kEZ R" keZ
LP(R")
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<k§ |8k] >1/’

Z/)Umpht*lpk X, t)

keZ

< C,In(0)V/"

CIN N , (20)

LP(R")

where

Asr <s' <s, then, by Holder’s inequality, we have that

/

r "/r)
0'0[4),}1,11 * ll)k(x, t) S C ||Q||Lr1 Srn 1 ”hHD R+ /Gk /Sn 1
dl
x |pe(x = (N u, )| do(u )
/ pk+1
r 7’
S C ||Q||L1 gn— 1 ||hHFS R*) /9 /S"_l |Q u
< |pe(x— ¢ (Y u, )| do(u & l 1)

Again, since (p'/1') > 1, we deduce that there is a function v € L'/ v (R") such that

pk+1

' (Rm) —Z//’(Tﬂ(pht*l/’kx”

KeZgn o

’ ﬂv(x)dx.

|@wn |, t

Hence, by a simple change of variables, Holder’s inequality, ([9], Lemma 2.5) and (21), we get that

r/

1/7 r (r'/r) "
|@@N" | ey < Sl mo IR ) \a 0001 0| 1
9k+1

X /|1Pk -
k
cZ L /) (Rn)

/r)+1
S CPHQHL’; Srn 1)||h||rs RJr ||U|| //r/ (R")'

Therefore, by (20) and the last inequality, we reach (18) for any 1 < p < r with r < s’. Now,
we consider the case s’ < p < co with s’ < r. Thanks to (11), we get that

g Foecesd], = oo ()],
< G llQlLagsn-)lI1llp, m+) ?{‘GJIZ7|gk| - (22)
foralls’ < p < coand s > 2. This implies
HH”‘fﬂmhﬁkt*gHL°°([1,9],dtf)’loo(z) - < CpllQllpacsm)lhllr re+)
x H||8k||z°°(z)HLp(Rn)- (23)
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Here, we follow the same above procedure; by Holder’s inequality, we get

5/ /
G * 3| < CIQIEEL I e /M L, 10w

/

8k(x —¢ () dv(u)T.

N

X

By duality, there is a function ¢ € L(/ )’ (R") with Hq0|| (v (m < 1 such that

18
7

0
s dt rdt
t) / /"T(whakt*gk( x) ?q)(x)dx
an kezZ

P(R") 1

6
). / “70,¢,h,9kt*gk
kez

'/s) _
< CIOI gyl | Z|gk I 19— 2)dx

R k€Z
/ ! !
< CIn(0) 011 g1 111 ) || 1 il [Ea¥St|
kez , r’/a)( ny
L(P/S)(R”)
l/
'/s)+1 AN
< CIn(0) 015 g1 I ) <2|gk|5> : (24)
keZ
LP(R™)

where ¢(x) = ¢(—x). Thus, when we define the linear operator H on any function w = gi(x) by
H(gk(x)) = 0q ookt * gk (x), then, by interpolation (23) and (24), we directly obtain that

i

pk+1

1

rdt rdt

) / ‘Uﬂqb,ht*gk I Z/“Tﬂ(phﬂkt*gk n
keZ kez ®")
LP(R™

LP(R")
1
(Z |gk|r>
keZ

foralls’ < p < coand s > 2. This ends the proof of Lemma 4. [

< Cp(n6)' " |10 g(so1) 11l

LP (R™)

3. Proof of the Main Results

Proof of Theorem 1. The proof of this theorem depends on the arguments used in [9,18]. Let us first
assume that ¢ € H, for some d # 0, Q € L7 (S""1) for some q € (1,2] and h € I's(R") for some
s € (1,2]. Thanks to Minkowski’s inequality, we have that

’ 0 o | ) rd 1/r
Mo F) ) < k;) (/0 t F"/Zikiltdu'ﬁiktf(x—¢(|u|)u ) Koy (1) du :)
T o0 r 1/r
- 2T2_ : (/0 ‘UQ/(P,h,t * f(x) dtt) . (25)

Let 6 =275 Fork € Z, let {®;}*,, be a smooth partition of unity in (0, c) adapted to the interval
Tip = [0, 9=kd+I4]] In fact, we require the following:
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0< P <1, Y D) =1,
k

supp ®r C Zyp, and

d* Dy (t) ‘ Cs

< —.
dats -t

Let ¥ (7) = @¢(|Z|). Then, for f € S(R"), one can deduce that

MG o f(3) < 5 Zgw,, (26)

where

0

[e) 1/r
rdt
gg,)(p,h,jf(X) = (/ ‘-7'—0,¢,h,j,9(x/t>’ t) ,

Fagnjo(xt) =Y (Yerj*oapn:* f) (X)X[ek,gm) (f).
keZ

Notice that, we prove Theorem 1 for the case s € (1,2] once we show that

(r)
Hgﬂf‘l’rhff (f) LP(R")
< 2= (s =) IO ygsen) Ml ey 10 @7)
pr
forr < p < o0, and
(r)
Hg0r¢fh'f<f)HLv(Rn)
< g =1)7 =) IOl Il 110 g, (28)
Fpr(R")

for1 < p <randforsome( < e < 1.
Let us prove the inequality (27). First, we consider the case p = r = 2. In this case, we have
HfHPO r = [|f1lr2(rm)- Thus, by Plancherel’s theorem, (8), and the factIn6 < C (s — D lg-1)"

with é, g € (1,2], we get that

gk+1

2 X 2dt | |50 2
9808/ = E [ | [ lonant@ T [f@)] a2
k+]9 ok
2
< o) e I T [ (j0%e ) |70 4
keZ
k+/9
2
< Cln0) |0usrsy IR @ 2 L [ |F@)] g
keZ “ Pk+j0

< Cs-1)'@g-1n! HQHm(snfl) ||h|\r5(R+)2 i ”f”%Z(R")'

where By = {{ € R" : |{| € Ty} and 0 < 17 < 1. Therefore,

HQQWJ L2(R")

< =172 = )20 aqsnn) el ) 110 (29)
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On the other hand, by Lemma 3, we directly get that

(r)
Hng‘P'hJ (f )‘ LP(R")
< CO-1 =0 s il 110 e (30)
prr
forr < p < o0, and
(r)
Hgﬂr‘l’rhrf(f )HU’(R”)
< CO=1 =) IO Ml ey 11 0r g (31)
P

for 1 < p < r. Consequently, interpolating (29) with (30) and (31), we achieve (27) and (28). O

Proof of Theorem 2. The proof of Theorem 2 can be obtained by applying the above approaches
except we need to invoke 6 = 27" instead of = 275, and Lemma 4 instead of Lemma 3. [J
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