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Let H be a real Hilbert space. Let C be a nonempty closed convex subset of H with inner product
(-,-) and norm || - || respectively and let 7 be a self-mapping of C. We use F(7T ) to denote the set of
fixed points of 7 (i.e., F(T) = {x € C: Tx = x}).

Recall that 7 is said to be a k-strict pseudo-contraction if there exists a constant « € [0, 1) such that

[ Tx = Tyl* < [lx —y|* +«[|(I-T)x— (I-T)yl*> Vx,y€C. 1)

Please note that the class of x-strict pseudo-contractions strictly includes the class of nonexpansive
mappings which are self-mappings 7 on C such that

[Tx—Tyll <llx—yl, Vx,y € C. 2)

In particular, 7 is nonexpansive mapping if and only if 7 is a 0-strict pseudo-contraction.

Iterative methods for finding fixed points of nonexpansive mappings are an important topic in
the theory of weak and strong convergence theorem, see for example [1-3] and the references therein.

Over recent decades, many authors have constructed various types of iterative methods to
approximate fixed points. The first one is the Mann iteration introduced by Mann [4] in 1953 which is
defined as follows:

Xp41 = &nXp + (1 - D‘n)Txn/ n=>0, 3)

where xy € C is chosen arbitrarily and &, € [0,1], 7 : C — C is a mapping. If 7 is a nonexpansive
mapping, the sequence {x, } be generated by (3) converges weakly to an element of F(7).
It is well known that in an infinite-dimensional Hilbert space, the normal Mann’s iterative
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algorithm [4] is only weakly convergent.

It is clear that strict pseudo-contractions are more general than nonexpansive mappings,
and therefore they have a wider range of applications. Therefore, it is important to develop the
theory of iterative methods for strict pseudo-contractions. Indeed, Browder and Petryshyn [5] proved
that if the sequence {x,} is generated by (3) with a constant control parameter «, = « forall n € N.
Then the sequence {x, } converges weakly to a fixed point of the strict pseudo-contraction T. Moreover,
many mathematicians proposed iterative algorithms and proved the strong convergence theorems for
a nonexpansive mapping and a x-strictly pseudo-contractive mapping in Hilbert space to find their
fixed points, see for example [6-9].

To prove the strong convergence of iterations determined by nonexpansive mapping, Moudafi [1]
established a theorem for finding fixed points of nonexpansive mappings. More precisely,
he established the following result, known as the viscosity approximation method.

Theorem 1. Let C be a nonempty closed convex subset of a real Hilbert space H and let S be a nonexpansive
mapping of C into itself such that F(S) is nonempty. Let f be a contraction of C into itself and let {x,} be a
sequence defined as follows:

x1 € C is arbitrarily chosen,
{ / )

xn+l == 71-‘3&, an + 1insnf(xn)rvn 6 NI

where {e,} is a sequence of positive real numbers having to go to zero. Then the sequence {xy} converges
strongly to z € F(S), where z = Pps) f(z) and Pr(s) is a metric projection of H onto F(S).

The Moudafi viscosity approximation method can be applied to elliptic differential equations,
linear programming, convex optimization and monotone inclusions, it has been widely studied in the
literature (see [10-12]).

To construct an iterative algorithm such that it converges strongly to the fixed points of a finite
family of strict pseudo-contractions by using the concept of the viscosity approximation method (4) and
Manns iteration (3), Yao et al. [13] proposed the intermixed algorithm for two strict pseudo-contractions
as follows:

Algorithm 1. For arbitrarily given xg € C, yo € C, let the sequences {x, } and {y, } be generated iteratively by
{ Xpa1 = (1= Bu)xn + BuPclanf (yn) + (1 — k — an)xn + kTx,], n >0, )
Yni1 = (1= Bu)yn + BuPclang(xn) + (1 —k — an)yn +kSyu], n >0,

where {a,} and {B,} are two sequences of real number in (0,1), T,S : C — C are a strict
A-pseudo-contractions, f : C — H is a pj-contraction and g : C — H is a pp-contraction, k € (0,1 — A)
is a constant.

Then they proved the strong convergence theorem of the iterative sequences {x,} and {y,}
defined by (5) as follows.

Theorem 2. Suppose that F(S) # @ and F(T) # @. Assume the following conditions are satisfied:
(C1) r}ggoan =0and )_ a, = oo,

n=1

(C2) By € [¢1,82) € (0,1) foralln > 0.
Then the sequences {xp} and {yn} generated by (5) converge strongly to Pgi.(r)f(y*) and

Priy(5)8(x*), respectively.
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If putting C = H and B, = 1in (5), we have
(6)

{ Xp+1 = @nf(yn) + (1 —k —ay)xy + kTxy, n >0,
Y1 = &ng(xn) + (1 —k — an)yn +kSyn, n >0,

which is a modified version of viscosity approximation method. Observe that the sequence {x, } and
{yn} are mutually dependent on each other.
Let B : C — H. The variational inequality problem is to find a point u* € C such that

(Bu*,v—u*) >0, (7)

for all v € C. The set of solutions of (7) is denoted by VI(C,B). It is known that the variational
inequality, as a strong and important tool, has already been studied for a wide class of optimization
problems in economics, and equilibrium problems arising in physics and several other branches of
pure and applied sciences, see for example [14-17].

Recently, in 2018, Siriyan and Kangtunyakarn [18] introduced the following modified generalized
system of variational inequalities (MGSV), which involves finding (x*,y*,z*) € C x C x C such that

(x* — (I —AMDqp)(ax* + (1 —a)y*),x —x*) >0, VxeC,
(y* — (I — ApDyp)(ax* 4+ (1 —a)z*),x —y*) >0, Vx € C, 8)
(z* — (I = AsD3)x*,x —z*) >0, Vx e C.

where D1, D,,D3: C — H, A1, Ay, A3 > 0and a € [0,1].
If putting a = 0, in (8), we have

(x* = (I—AMDy)y*,x—x*) >0, VxeC,
(y* — (I —ApDp)z*,x —y*) >0, Vx €C, )
(z* = (I —AszD3)x*,x —z*) >0, Vx eC.

which is generalized system of variational inequalities modified by Ceng et al. [19],
To find an element of the set of solutions of modified generalized system of variational inequalities
problem (8), Siriyan and Kangtunyakarn [18] introduced the following iterative scheme:

Xn41 = Puxn + B Txn + ByPc(I — AD)yn,

Yn = anyf(xn) + (I — anA) Gxy, (10)

where D,D1,Dy,D3 : C — H be d,dq,dy, ds-inverse strongly monotone mappings, respectively,
G : C — Cis defined by

G(x) = PC(I — AlDl) ({le + (1 — {Il)Pc(I — )\2D2) (ax + (1 — IZ)Pc(I — )\3D3)x)) ,

and a € [0,1). Under some suitable conditions, see more details [18], they proved that the sequence
{x,} converges strongly to xog = Po(I — A + 7f)xo and (xo, yo, zo) is a solution of (10) where yy =
Pe(I— AaD») (axo + (1- lZ)Zo) and zg = Pc(I — A3D3)xp.

Moreover, they proved Lemma 3 in the next section which involving MGSV and the set of solution
of fixed point of nonlinear equation related to a metric projection onto C. This lemma is very important
to prove our main result in Section 2.

By using the concept of (5), we introduce a new iterative method for solving a modified generalized
system of variational inequalities as follows:
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Algorithm 2. Starting with x1,wy € C, let the sequences {x, } and {w, } be defined by

{ Xp41 = OnXn + UnPC(I - AlBl)xn + }inPC(“nf(wn) + (1 - “n)Géxn)
Wyt+1 = OnWn + N Pc(I — AyBo)wy + unPe(ang(xn) + (1 — ocn)G%wn).

By putting By = B, = 0, we get

Xp 41 = OnXn + nXn + pnPc(anf(wy) + (1 — an)Géxn)
Wp+1 = Spwy + NnWn + FnPC(“ng(xn> =+ (1 - ‘Xn)G%w”)'

which is a modified version of (5).

Under some extra conditions in Theorem 3, we prove a strong convergence theorem for solving
fixed-point problems of nonlinear mappings and two variational inequality problems by using
Algorithm 2 which is an approximate MGSV. Moreover, using our main result, we obtain additional
results involving the split feasibility problem (SFP) and the constrained convex minimization problem.
Finally, we give a numerical example for the main theorem.

1. Preliminaries

We denote the weak convergence and the strong convergence by ' —" and “ —”, respectively.
For every x € H, there exists a unique nearest point Pcx in C such that ||x — Pcx|| < ||x — y|| for all
y € C. Pc is called the metric projection of H onto C.

Definition 1. A mapping f : C — C is called contractive if there exists a constant & € (0,1) such that

1f(u) = f)|| < &llu -],

forallu,v € C.

A mapping f : C — H is called a-inverse strongly monotone if there exists a positive real number
a > 0 such that

(fu— fo,u—v) > affu— fol

forall u,v € C.

The following lemmas are needed to prove the main theorem.

Lemma 1 ([20]). Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,} C H with
Xp — X, the inequality
liminf ||x, — x|| < liminf ||x, —y||,
n—00 n—oo

holds for every y € H with y # x.

Lemma 2. Let H be a real Hilbert space. Then, for all x,y,z € Hand «, B,y € [0,1] witha + B+ =1,
we have

(@) [lax + By +vz)1* = allx| + Bllyl* + vl|zl|* — apllx -yl — ayllx — 2| = Brylly - =I7,
i) |x +y[l* < x> +2(y, x +y), Vx,y € H.
Lemma 3 ([18]). Let C be a nonempty closed convex subset of a real Hilbert space H and let

Dy,Dy,D3 : C — H are three mappings. For every A,Ay,A3 > 0 and a € [0,1]. The following
statements are equivalent
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(i) (x*,y*,z*) € C x C x C is a solution of problem (8)

(ii) x* is a fixed point of the mapping G, i.e., x* € F(G), defined the mapping G : C — C by
G(x) = Pc(I — ADq) (ax+ (1 —a)Pc(I — AyDy) (ax + (1 —a)Pc(I — A3D3)x)),Vx € C, where
y* =Pc(I — AyDy) (ax* + (1 —a)z*) and z* = Pc(I — A3D3)x™.

Lemma 4 ([21]). Let {s,} be a sequence of nonnegative real numbers satisfying
Spi1 < (1 —ay)sy + 6,4, V>0,

where .y, is a sequence in (0,1) and {6, } is a sequence such that
(i) E;}il &y = 0,

é
(i1) limsupn%oo“—" <0 or Yoo |0n] < oo

n
Then limy, 0 s, = 0.

Lemma 5 ([22]). Foragivenz € Handu € C,u = Pcz < (u—z,v—u) > 0,Vv € C.
Furthermore, Pc is a firmly nonexpansive mapping of H onto C, ie., |Pcx — Pcy|> < (Pcx — Pcy, x —
y),¥x,y € H.

Lemma 6 ([23]). Let C be a nonempty closed convex subset of a real Hilbert space H and let T : C — C bea
Ke-strictly pseudo-contractive mapping with F(T) # @. Then, the following statements hold:

(i) F(T) = VI(C,I - T),
(ii) For every u € Cand v € F(T),

IPc(I = A(I = T))u —o| < u—of,
forue Candv e F(T)and A € (0,1 —x).

2. Main Result

In this section, we introduce a strong convergence theorem for solving fixed-point problems of
nonlinear mappings and two variational inequality problems by using Algorithm 2.

Theorem 3. Let C be nonempty closed convex subset of a real Hilbert H. Fori = 1,2,let B; : C — H be
wj-inverse strongly monotone mapping with a = min{ay, ay} and let f, g : H — H be ay and ag-contraction
mappings with a = max{ays,ag}. For i = 1,2 and j = 1,2,3 let D]i : C — Hbe d;'-—inverse strongly
monotone, where /\;: € (0,2w;) with w; = jr:r{igla{d;-}. Fori = 1,2, define G; : C — C by Gj(x) =
Pc(I = AiDY)(ax + (1 —a)Pc(I — ALD5) (ax + (1 — a)Pc(I — ALDY)x)), Vx € C. Let the sequences {x, }
and {wy, } be generated by x1,w, € C and by

{ Xp+1 = OnXn + nPc(I — v1B1)xn + unPe(anf(wn) + (1 — an) Gixn) 1)

Wy+1 = OnWy + N Pc (I — y2Ba)wn + unPe(ang(xn) + (1 — an) Gowy, )

where {0n} , {1n}, {pn}, {an} C [0,1] with 6, + 1y + py = 1 and v € (0,2a) with y=min{y1,72}.
Assume the following conditions hold:

(i) F; = F(G)NVI(C,B;) # @ fori=1,2,

[ee]
(ii) ) ap = coand lim &, =0,
n=1 n—o0
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(ii)) 0 < 0 < 8y, Y, fin < 0 for all n € N and for some 6,0 > 0,

(i) Y [6pg1 = Onl <00, Y |1ng1 — | < 00, ) |ayy1 — an| < co.
n=1 n=1 n=1
Then {x,} converges strongly to x; = Pr, f(x3), where y; = Pc(I — AD})(ax} + (1 — a)z}) and
z} = Pc(I — ALDY)xt and {wy} converges strongly to x5 = Pr,g(x}), where y5 = Pc(I — A3D2)(ax} +
(1—a)z3) and z; = Pc(I — A3D3)x;.
Proof. The proof of this theorem will be divided into five steps.

Step 1. We will show that {x, } is bounded.

First, we will prove that I — B; is nonexpansive with v = min{vy1, 7}, fori = 1,2 we get

I(I—Bj)x — (I —vBj)w|* = ||x —w — v(Bx — Bw)||?
=|x— w||2 — 2v(x — w, B;jx — B;w)
+9°|Bix — Bw||?
< |Jx — w|* — 2a7||Bix — Biw|?
+7%||Bix — Biw||?
= |lx —wl|* = y(2a — )| Bix — Bjw||?

< Jlx — w|.

Thus, I — ¢B; is a nonexpansive mapping, fori = 1and i = 2.
Let ¥ € 1 and @ € F,. Then we have

X041 — || = 6020 + 1uPc(I — v1B1)xn + pnPe(anf (wn) + (1 — an)Gixs)
— (On + n + pn) X
< Onllxn — %|| + 1al|Pc(I — y1B1)xn — || + pin || Pc (o f (win)
+ (1= an)Grxy) — X

< (1= pn)llxn — X[ + pnllan (f(wn) — %) + (1 — an) (Gr2n — 2) |
< (1= pn)llxn — X[ + pnenl| f(wn) — || + pn(1 — an) |l xn — X||
< (T = pn)llxn — 2| + pnanallwn — @ + pnan | f(@) — ||
+ pn(1—an) | xn — X||
= (1= pnaen)||xn — Z|| + pnanallwy, — @ + pnan || f(@) — £||. (12)
Similarly, we get
w1 — @ < (1 — pnan)|[wn — D + pnanallxn — || + pnonl|g(%) — @ (13)

Combining (12) and (13), we have

%1 = &l + w1 = @ < (1= pnan) [l[xn = %[ + [lwn — @[]
+ pntn [[| X0 — X|[ + [|wn — @]
+ e [[lg (%) — @l + | f (@) — %]]]
= (1= pnan(1 = a)) [llxn = %[l + [[wn — @]
+ it [[[8(%) — @] + || f(@) — %[}
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By induction, we can derive that

(%) — @] + [If (@) — %

[xn — %[ + [|wn — @[ < max{|x1 — %[ + ||lw; — @||, IF T

for every n € N. This implies that {x, } and {w,, } are bounded.

Step 2. Claim that lim |xn1 — xnl| = Jlim [wny1 —wnl =0.

7 of 18

b

First, we let U, = Pc(anf(wn) + (1 — ay)Grxn) and Vi, = Pe(ang(xy) + (1 — an)Gowy). Then,

observe that

|[Un — Uy—1]| = |[Pc(anf(wn) + (1 — an)Gran) — Pe(an—1f(wn—1)
+ (1 —ay-1)Grxp—1) ||
< an| f(wn) = f(wn—1) | + |an — an—1[|| f(wn-1)||
+ (1 = &) [|Grxn — Gra, 1|
+ lan — an—1|[|Grap 1]
< apallwy — wy 1| + an — ay1| [[[f(wn—1) | + |G -1]l]
+ (1 —an)[lxn — xp1]l-

By the definition of x, and (14) we obtain

1Xn41 = xnll = 10nxn + 72 Pc(I — y1B1)xXu + pnUn — 6p—1X51

— n—1Pc(I = 71B1) X1 — pn—1Un—1||

< Onllxn — xp1ll + [6n — Sn—1lllxn—1ll + 1l Pc(I — y1B1)xn
= Pc(I = v1B1)xu—1l| + [0 = tta—1[||Pc(I = v1B1)xp—1]]
+ pn || Un — U1 || + [ — -1 [[[ U1 ||

= (=) llxn — xp—1ll + 160 — Sn—alllxn—1ll
+ |11n — Hu-1l[Pc(I — v1B1)xn-1 ||
+ pnlon — a1 | [|| f(wn—1) || + | Grxn—1]l]
+ (1= an) |20 — xp1ll + [0 — 1 [ | U1 |

+ pntena|w, — wy_1|.
Using the same method as derived in (15), we have

wn1 — wall < (1= pn)||wn — wu—1ll + |60 — Sn—rl|wn—1 |
+ 111 = -1l [[Pc(I = y2B2)wy 1|
+ tnlon — an—1] [lg(xn—1) || + [[Gawy—1l]
+ pn (1 — an) [wn — wu—1 |l + [pn — pu—1l[ Vi1l

+ pnanal|xy — x|
From (15) and (16), then we get
1 = 5l + 2001 = 0l < (1= ) [ = a1+ fn = 0]
+[0n = Su—1| [lxn—1ll + llwn—1][]

+ 110 = a1l [IPc (I = y1B1) xp—1]|
+ ||Pc(I = y2B2)wy—1][]

(14)

(15)

(16)
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+ | — | 1 Un—a [ + (| Vi1 [l]

+ pntena [||wn — wy 1 || + lxn — x5 -1[]
+ nlon — ana|[|| f(wn—1) || + [[Gran—1
+ g (xn—1) | + [[Gowp—1l]

+ n (1= an) [llxn — Xp—1ll + [[wn — wp—1l]
< (1= anf(1 = a)) [llxn = xnal + lwn — wy 1]

+ 160 = On—1 [llxn—1l + [lwn-1l[]

+ 110 = 11 lllIPc(I = 7y1B1) x|

+ |Pc(I — 72B2)wy, 1]

+ |pn = 1| 1 Un-1ll + [[ Vi [l]

+ 0lan — an—1|[|| f(wn-1)[| + [|Grx—1|
+ g (xn-1) [l + |Gewy-1]]]-

Applying Lemma 4 and the condition (ii), (iii) and (iv) we can conclude that

[%p21 — xn]| = 0 and ||wy 11 — wy|| = 0 as n — oo.

Step 3. Prove that nlgn |Uy — Pc(I — y1B)Uy|| = nlgn U, — G U,|| = 0.
To show this, take i, = a, f(wy) + (1 — &) G1x,, Vn € N. Then we derive that
041 — &> = (160 (xn — £) + 112 (Pc(I = 11B1)xn — £) + pn (U — %)
< Sullxn — Z|1* + 7| Pc(I — 71B1)xn — %||?
— Suttu|xn — Pe(I = 1B1)xu||* + pu ||l — %2
< (1 — ) [[xn — sz — Ontpn |0 — Pc(I — 'YlBl)anz
+ pnllan (f (wn) — Grxw) + (Grxn — )|
< (1= ) [[xn — fHZ — Outfnllxn — Pc(I — ')’1Al)xn||2
+ pn [HGlxn — %% + 2000 (f (wn) — Gy, fiy — x>}
< lxn — JZHZ — Outul|xn — Pc(I — 'YlBl)xn”z
+ 2pnan || f(wn) — Grxn |||, — ||,

which implies that

Sutfn |0 — Pe(I = 11Bu)xul|* < [0 — %[> = [|xn41 — £
+ 2pnan || f (wn) — G |||, — %||
< lxn = g |l [lxen — 2| + [0 — []]
+ 2unan || f(wn) — Grxnl| [ — |-

Then, we have
|y — Pc(I — y1B1)xu|| — 0 as n — oo.
Observe that

Xpy1 — Xn = Mu(Pc(I = y1B1)xn — xn) + pin(Un — x).

8 of 18

(17)

(18)
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This follows that

|| U — X || < 9ul|Pe(T — y1B1)xn — X || + 12041 — xn-

From (17) and (18), we obtain

Observe that

Ity — xp]] = 0 as n — oo.

U = Pe(I = 1 By)Unl| < [[Un = xnl| + [[xn — Pe(I = 71B1)xn]|

by (18) and (19), we obtain

U

+ [|[Pc(I = v1B1)xn — Pc(I — 1 B1)Un||
< Uy = xull + [0 — Pc(I = v1B1)xn || + [|xn — Unl|
= 2||Uy — x| + [[xn — Pc(I — 71B1)xal|,

— Pc(I—7By)Uyl| — 0 as n — oo.

Applying the same arguments as for deriving (20), we also obtain

Vi

Consider

— Pc(I — y2B2)Vy|| = 0 as n — oo.

%1 = Unll < (%01 = x| 4 [0 = Un][-

From (17) and (19), we have

Since

lxp1 — Uyl] = 0 as n — oo.

120 = Grull < llxn = xniall + X1 — Unll + [[Un — Grxa|
< e = x| + 1Xng1 — Unll + [0 — Gyl

= Hxn - xn—&-lH + ||xn+1 - unH

+ [lanf (wn) + (1 — an) Grxn — Gra||

= |lxn — Xpq1ll + X041 — Unll + el f(wn) — Grxa].

From (17), (21) and condition (ii), we get

Consider

||Un - GlunH

From (19) and (22), we have

|xn — Grxy|| = 0 as n — co.

< |[Un = xall + [[xn = Grxa|| + |G1xn — G1Uy||
< Uy — xn || + |20 — Grxul| + || — Uy ||
<2||Uy — x| + [0 — Grxn].

Uy — G Uy|| — 0 as n — oo.

90f18

(19)

(20)

(21)

(22)

(23)
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Applying the same method as (22), we also have

Vi — GoVi|| = 0 as n — oo.

Step 4. Claim that lim sup(f(x3) — x7, Uy — x7) < 0, where x] = P, f(x3).

n—oo

First, take a subsequence {Uj, } of {U,} such that

limsup(f(x;) — x7, Uy — x7) = lim (f(x3) — x7, Uy, — 7). (24)

n—sc0 k—rco

Since {x;,} is bounded, there exists a subsequence {x, } of {x;,} such that x,, = £ € Cask — co.
From (19), we obtain U,;, — % as k — co.

Next, we need to show that £ € F; = F(Gy) N VI(C, By). Assume £ ¢ F(G;). Then, we have
% # Gp£. By the Opial’s condition, we obtain

liminf ||U,, — £ < liminf||U,, — G12||
k—o0 k—o0
< liminf ||Uy, — GiUy, || 4+ liminf |Gy Uy, — G 2|
k—o0 k—o0

< liminf ||U,, — %]
k—roc0

This is a contradiction.
Therefore

£ € F(Gy). (25)

Assume £ ¢ VI(C, By), then we get £ # Pc(I — A1Bq)%.
From the Opial’s condition and (20), we have

liminf || Uy, — #|| < liminf ||Uy, — Pc(I — 1B1)%||
k—o0 k—o0
< liminf||Uy, — Pc(I — 71 B1) Uy, ||
k—o0
+liminf | Pe (I = y1B1) U, — Pe(I = 11B1)2|

< liminf ||Uy,, — 2|
k—o0

This is a contradiction.
Therefore

£ € VI(C, By). (26)
By (25) and (26), this yields that
2 € Fi = F(G1) N VI(C, By). 27)
Since U, — £ as k — oo, (27) and Lemma 5, we can derive that
tim supf(x3) — xf, Uy — ) = fim (£(x3) — ¥, Uy, — x)

= (f(x2) —x1, & —x7)
< 0. (28)
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Following the same method as for (28), we obtain that

limsup(g(x]) — x5, V;y — x5) < 0. (29)

n—oo

Step 5. Finally, prove that the sequences {x,} and {w;,} converge strongly to x] = Pz, f(x3) and
x3 = Pr,g(x]), respectively.

By firm nonexpansiveness of Pc, we derive that

= (@ (f(wn) = x7) + (1 = &) (G1xn — x7), Un — X7)

= a (f(wn) — x}, Up — x5) + (1 — @) (Gyx — x5, Uy — x7)

= an(f(wn) = f(x2), Un — x7) + an(f(x2) — 27, Un — x7)
+ (1= an) || Grxw — 27 ||| Un — 27|

wna||wn — ||| U — 27| + an (f (x2) = x1, Un — x7)

+ (1= an)[[xn — 27 ||| Un — 27|

IN

And * * *
< 5 {llon =1+ | = 3717} + an(f(05) = 21, Un = xf)
(1 - a)
+ = Ll = 1P + 1t — 117}
0na (1—ay)
= S0 lfon — x5+ = [ — 2
apa  (1—ay)
+ (224 S22 u, e
+ @ (f(x5) — x5, Uy — 27)
ana (1—ay)
= 2% o — x3 2 4+ =52 [ — x{ |2
1-— 1-—
() - e
+ a(f(x5) — x5, U — 17),
which yields
U = 52 < 2, — g2 = 2
14 ay(1—a) 1+ay(1—a)
Xn *\ Nk _aX
+ 1—i—zxn(1—a) <f(x2) xlluﬂ x1>' (30)

From the definition of x,, and (30), we get

%041 = 231> < Sullxn — 25112 + 17l | Pe(I = 71 B1)xn — 2|1+ | Ue — 712

ana
< (1= )l = 3P+ g R o — w3 P
+ T () = X, U — )
1+0€n(17ﬂ) 2 17 1
,”n(l_“n) k2
+1+an(1—a)”xn xll

Unly (2 — Cl) €112 HUnlknad * 12
= 1—7 —_ _ —
(1- 220 CD Y ey — 1+ 2y )
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T o ) =31, U = x0). )

Similarly, as derived above, we also have

2—a) Unlnd
_ 2 < 1_Vn“n( a2 nén %12
HwnJrl xz” = 1+lxn(1 _a) Hwn xZ” + 1 +‘xn(1 )H n xl”
‘Z/lnﬂén * * *
_ Hnfn - —x). 2
T+ an(1—a) (g(x7) —x3, Vi — x3) (32)

From (31) and (32), we deduce that

i1 = 2511 + [0 — 3 2

a2 —a * *
< (1= 22 CY (o =12 + o — 3317

14+ay(l—a
e =y =i+ lln = 2517)
=y (FO8) =3 U = x0) + () — 23, Vi — 3)
- (1 N 1;11“:”((21_—2) 1 +ZZT¥Q— 11)) (0 = 2§12+ flwn = 37
e gy (FO8) = xi U = xf) + (g(xh) = 25, Va = 13))
— (1 38O L, — P+ o — 5317
et =y () =3 U =) + (g(x0) =33, Vi — 1)),

Applying the condition (if), (28), (29), and Lemma 4, we can conclude that the sequences {x, }
and {w,} converge strongly to x] = Pr, f(x3) and x; = Pr,g(x]), respectively. This completes
the proof. O

Corollary 1. Let C be nonempty closed convex subset of a real Hilbert H. Fori = 1,2,1let T; : C — C be
a x;-strictly pseudo-contractive mapping with F(T;) # @ and let f, ¢ : H — H be ay and ag-contraction
mappings with a = max{as,ag}. Fori = 1,2 and j = 1,2,3 let Dj : C — H be di-inverse strongly
monotone, where /\;: € (0,2w;) with w; = jI:l}ing{d;-}. For i = 1,2, define G; : C — C by Gj(x) =

Pc(I— AiD)(ax + (1 — a)Pe(I — ALDb) (ax + (1 — a)Pc(I — ALDY)x)), Vx € C. Let the sequence {x,}
and {wy, } be generated by x1,w, € C and by

(33)

Xp+1 = OnXn + nPc(I — y1(I — T1))xn + pnPe(anf(wy) + (1 — an)Grxy)
Wyt1 = OnWn + N Pc(I — 2 (I — To))wy + pnPe(ang(xn) + (1 — ay) Gowy,)

where {8, } , {tn}, {pn}, {an} C [0,1] with 6y + n + pn = 1, v € (0,2a) with & = min{ 1_2K1, 1_2K2} and
v = min{vyy, 72 }. Assume the following conditions hold:

(i) Fi = F(Gl’) N F(Tl‘) #Qfori=1,2,

(o)
(ii) Y ap = coand lim &, =0,
n=1 n—oo

(iii) 0 < 0 < 8y, 1n, pn < 0 for n € N and for some 6,0 > 0,

[ee] (e} [ee]
(iv) Z |0n41 — On| < 00, Z |1 — 1| < o0, Z |@p 1 — an| < 0.
n=1 n=1

n=1
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Then {x,} converges strongly to x} = Pr, f(x3), where y; = Pc(I — A1D})(ax} + (1 — a)z}) and
z} = Pc(I — ALD3)xt and {w,} converges strongly to x5 = Pr,g(x}), where y5 = Pc(I — A3D3)(ax; +
(1—a)z}) and z§ = Pc(I — A3D3)x%.

Proof. From Theorems 3 and 6, we have the desired conclusion. [

3. Application

In this section, we obtain Theorems 4 and 5 which solve the split feasibility problem and the
constrained convex minimization problem. To prove these theorems, the following definition and
lemmas are needed.

Let H; and H; be real Hilbert spaces and let C, Q be nonempty closed convex subsets of H; and
Ho, respectively. Let A1, A : Hi — H> be bounded linear operator with A}, A3 are adjoint of A and
Ay, respectively.

3.1. The Split Feasibility Problem

The split feasibility problem (SFP) is to find a point x € C and Ax € Q. This problem was introduced
by Censor and Elfving [24]. The set of all solution (SFP) is denoted by I = {x € C; Ax € Q}. The split
feasibility problem was studied extensively as an extremely powerful tool in various fields such as
medical image reconstruction, signal processing, intensity-modulated radiation therapy problems and
computer tomograph; see [25-27] and the references therein.

In 2012, Ceng [28] introduced the following lemma to solve SFP;

Lemma 7. Given x* € Hy, the following statements are equivalent:

(i) x* €I;

(ii) x* = Pc(I — AA* (I — Pq)A)x*, where A* is adjoint of A;

(iii) x* solves the variational inequality problem (VIP) of finding x* € C such that (y — x*,Vg(x*)) > 0,
forally € Cand Vg = A*(I — Pg)A.

By using these results, we obtain the following theorem

Theorem 4. Let H1 and Hy be a real Hilbert spaces and let C, Q be a nonempty closed convex subsets of a real
Hilbert space H1 and H, respectively. Let By, By : H1 — Ho be bounded linear operator with B}, B are adjoint
of By and By, respectively and Ly, L are spectral radius of Bf By and B3 By, respectively with L = max{L, Ly }.
Let f,g : H — H be ay and ag-contraction mappings with a = max{ag,ag}. Fori=1,2and j = 1,2,3 let
D; :C — H be d}—inverse strongly monotone, where A; € (0,2w;) with w; = jg}i&{d}}. Fori=1,2, define
Gi:C — Cby Gi(x) = Pc(I — AiDi)(ax + (1 —a)Pc(I — AbD5) (ax + (1 — a) P (I — ALDi)x)), Vx € C.
Let the sequences {x, } and {wy, } be generated by x1,w; € C and by

{ Xpi1 = OnXn + nPc(I — Y1V 1) X0 + unPe(anf(wn) + (1 — ay) G1xy) (34)

Wy = OnWy + N Pe(I — 12V S2)wn + pnPe(ang(xn) + (1 — an) Gowy)

where V1 = B (I — Pg)B1x, V32 = B3 (I — Pg)Box forall x € Hy, {6n},{nn}, {pn}, {an} € [0,1]
with 8, + 1y + uy = Land y € (0, %) with v = min{yy, 2 }. Assume the following conditions hold:

(i) F; = F(G;) NT; # @ whereTi{x € C;B;x € Q} fori =1,2,

[ee)
(ii) Z &y, = oo and lim «, =0,
=1 n—oo
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(ii)) 0 < 0 < 8y, Y, pin < 0 for all n € N and for some 6,0 > 0,
() Y [6ns1 = On| <00, Y [ng1 — n| <00, ) g1 — tn| < 0o,
n=1 n=1 n=1

Then {x,} converges strongly to x} = Pr, f(x3), where y; = Pc(I — A1D})(ax} + (1 — a)z}) and
z} = Pc(I — ALDY)xt and {wy} converges strongly to x5 = Pr,g(x}), where y5 = Pc(I — A3D3)(ax; +
(1—a)z}) and z§ = Pc(I — A3D3)x%.

Proof. Letx,y € H;.
First, we will show that V3 is Lil—inverse strongly monotone.
Consider,

IVS1(x) = VS1(y)|I*> = [|B (I = Pg)Bix — B (I — Pg)Buy|[?
= (Bi{(I — Pg)B1x — B{(I — Pg)Byy, B{ (I — Pg)Byx
— Bi(I - Pg)Buy)
= ((I = Pg)Bi1x — (I = Pg)Byy, B1B{ (I — Pg)B1x
— B1B{ (I — Pg)B1y)
< L||(I = Pg)Byx — (I — Pg)Byy||*.

From the property of Pc, we have

I(I = Pg)B1x — (I — Pg)Byy||> = (I — Pg)B1x — (I — Pg)Buy, (I — Pg)Byx

— (I = Pg)By)

= ((I = Pq)Bix — (I — Pq)B1y, Bix — Byy)
— ((I—Pg)Byx — (I — Pg)Byy, PoByx
— PoBy)

= (Bj(I — Pg)B1x — B{ (I — Pg)B1y, x —y)
— ((I—Pg)Byx — (I — Pg)Byy, PoByx
— PoByy)

= (B (I — Pg)B1x — B{ (I — Pq)B1y,x1 — ¥)
— ((I = Pg)Byx, PgB1x — PoByy)
+ ((I — Pg)B1y, PaB1x — PoByy)

< (A7(1— Pg)Byx — B; (I - Pg)Byy, x — y).

Since VS (x) = Bj (I — Pg)B;x, we get
1
(VS1(x) = VSi(y), x =y} = [V (x) = Vi (y)l* (35)

Then V3 = Bj (I — Pg)Byx is Lil—inverse strongly monotone.
Using the same method as (35), we have

(Va(x) = V9a(y),x = 9) 2 1-[V3a(x) ~ V() .

Then V3, = B; (I — Pg)Byx is le-inverse strongly monotone.
By using Theorems 3 and 7, we obtain the conclusion. []



Mathematics 2019, 7, 916 15 of 18

3.2. The Constrained Convex Minimization Problem

Let C be closed convex subset of H. The constrained convex minimization problem is to find
u* € Csuch that

S(u*) = min (u), (36)
ueC

where S : H — R is a continuous differentiable function. The set of all solution of (36) is denoted by I'y.
It is known that the gradient-projection algorithm is one of the powerful methods for solving the
minimization problem (36), see [29-31].
Before we prove the theorem, we need the following lemma.

Lemma 8 ([32]). A necessary condition of optimality for a point u* € C to be a solution of the minimization
problem (36) is that u* solves the variational inequality

(VS(u*),x —u*) >0,Vx € C. (37)
Equivalently, u* € C solves the fixed-point equation
u* = Pc(u* — AV (1)),
for every constant A > 0. If, in addition, 3 is convex, then the optimality condition (37) is also sufficient.
By using these results, we obtain the following theorem.

Theorem 5. Let C be nonempty closed convex subset of a real Hilbert H. Fori=1andi=2let S;: H —
R be continuous differentiable function with V<3; is L%_—inverse strongly monotone with L =max{Ly, L, }.
Let f,g : H — H be ag and ag-contraction mappings with a = max{ay,ag}. Fori =1,2and j = 1,2,3
let D;- :C — H be d;—inverse strongly monotone, where )\;- € (0,2w;) with w; = jﬂi?a{d;}' Fori=1,2,
define G; : C — C by G;(x) = Pc(I — AL Di)(ax + (1 —a)Pc(I — AyD})(ax + (1 — a)Pc(I — ALDi)x)),
Vx € C. Let the sequences {x, } and {wy } be recursively defined by x1,w; € C and by

{ Xpi1 = OnXn + 1P (I — 11 VS1) % 4 pnPe (a0 f(w,) + (1 — a,) Gix) 38)

Wy1 = OnWy + N Pe(I — 72 VS2)wn + unPe(ang(xn) + (1 — an)Gowy )

where {6y}, {nn}, {pn},{an} C[0,1] with 6, + 0y + pn = 1, v € (0,2a) with aczmin{Lil, le} and y =
min{7y1,v2}. Assume that the following conditions are satisfied:

(i) F; = F(G;) N ng #Qfori=1,2,

(e}
(ii) Z &y, = oo and lim a, =0,
=1 n—00

(ii)) 0 < 0 < 8y, i, fin < 0 for all n € N and for some 6,0 > 0,

[ee] (e} [ee]
() Y 01— n] <00, Y [ipug1 = 1n| < 00, ) |y — n| < co.
n=1

n=1 n=1
Then {x,} converges strongly to x} = Pr, f(x3), where y; = Pc(I — A1D})(ax} + (1 — a)z}) and
z} = Pc(I — ALD3)xt and {w,} converges strongly to x5 = Pr,g(x}), where y3 = Pc(I — A3D3)(ax} +
(1—a)z}) and z§ = Pc(I — A3D3)x%.

Proof. By using Theorems 3 and 8, we obtain the conclusion. [
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4. A Numerical Example

In this section, we give an example to support our main theorem.

Example 1. Let R be the set of real numbers, C = [—50,50] x [—50,50], H = R2. Let T, T, : C — C
be defined by Tix = {max{0,12 — x1}, max{0,12 — xp}}, and Trx = {max{ 18;"1 ,0}, max{ 18;‘1,0}}
for every x = (x1,x2) € C. Foreveryi = 1,2 let B; : C — H be defined by B;(x) = x — T;x, for
every x = (x1,xp) € C. Let f,g : R — R? be defined by f(x) = (3,%) and g(x) = (71 2), for all
x = (x1,x) € R?. Foreveryi=1,2,j =1,2,3 let Di : C — H be defined by D} (x) = ("3 ,0),Di(x) =
(35,0, D3(x) = (37,0, D3(x) = (0,55%), DI(x) = (0, 5),D}(x) = (0, %), dfine Gy, G :
C — Cby Gy(x) = Pc(I — D7) (5x + 1Pc( 3D3)(3x + 1PC(1 1D})x)) and

Ga(x) = Pc(I —0.75D?)(3x + 1PC(I—025D2)( x + 1PC(1—03D2) x)).

Let the sequences x, = (x}, x2) and w, = (w), w?) be generated by x,,w, € C and by

Xnt1 = 5n+2x”+5n PC(I*OSBl)xn+5n PC( f(wn)Jr(l*&)Glxn)/

(39)
Wyl = 55 72Wn +3 5n PC(I — 0.7B2)wn +3 5n+2 PC(sng(xn) (1- %)Gan)/

for all n € N. Then the sequence x, = (x},x2) converges strongly to (6,6) and w, = (w}, w?) converges

strongly to (6,6).

Solution. By the definition of T, B;, f, g, D;-, G, foreveryi=1,2,j=1,2,3wehave (6,6) € F(G;) N
VI(C, B;). From Theorem 3, we can conclude that the sequences {x, } and {w, } converge strongly to
(6,6).

The following Table 1 and Figure 1 show the numerical results of the sequences {x, } and {w, }
where x1 = (20,20), w; = (20,20) and n = N = 30.

Table 1. The values of {x,} and {w, } with initial values x; = (20,20), w; = (20,20) and n = N = 30.

no = (x,27) wy = (wy, wy)

1 (20.000000, 20.000000)  (20.000000, 20.000000)
2 (14.570064, 15.803571)  (14.166667, 11.644491)
3 (10.882109, 12.554478)  (10.857685, 9.291785)

15 (5.976595, 5.983309) (5.970351, 5.980201)

28  (5.987723,5.984952) (5.984472, 5.986233)
29 (5.988190, 5.985531) (5.985060, 5.986751)
30 (5.988622, 5.986069) (5.985605, 5.987233)

---X |

sTh o=

ST o=
L L

Figure 1. The convergence of {x,} and {wy,} with initial values x; = (20,20), w; = (20,20) and
n =N = 30.
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5. Conclusions

From the above numerical results, we can conclude that Table 1 and Figure 1 show that the
sequences {x, } and {wy, } converge to (6,6) and the convergence of {x, } and {w, } can be guaranteed
by Theorem 3.
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