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Abstract: The inverse problem is one of the four major problems in computational mathematics.
There is an inverse problem in medical image reconstruction and radiotherapy that is called the
multiple-sets split equality problem. The multiple-sets split equality problem is a unified form of
the split feasibility problem, split equality problem, and split common fixed point problem. In this
paper, we present two iterative algorithms for solving it. The suggested algorithms are based on the
gradient method with a selection technique. Based on this technique, we only need to calculate one
projection in each iteration.
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1. Introduction

The inverse problem is one of the four major problems in computational mathematics. The rapid
development of the inverse problem has been a feature of recent decades; it can be found in computer
vision, machine learning, statistics, geography, medical imaging, remote sensing, ocean acoustics,
tomography, aviation, physics, and other fields. There is an inverse problem in medical image
reconstruction and radiotherapy that can be expressed as a split feasibility problem [1-9], split equality
problem [10-13], and split common fixed point problem [14-19].

In this paper, we focus on a unified form of the split feasibility problem, split equality problem,
and split common fixed point problem that is called the multiple-sets split equality problem.

Let Hy, Hy, H3 be three real Hilbert spaces. r, t are positive integers, {C;}/_; and {Qj}]t»:1 are two
families of closed and convex subsets of H; and Hj, respectively. A : Hy — Hs, B : Hy — Hj are two
bounded and linear operators. Then the multiple-sets split equality problem (MSSEP for short) can be
formulated as . t

finding x € (\Ci, ye()Qj such that Ax=By. (1)
i=1 j=1

It reduces to the split equality problem if = t = 1; moreover, it is the split feasibility problem if
H; = Hj and B is the identity operator on Hp. In addition, it is the split common fixed point problem
ifwetakex € Citox = Pe,x,y € Qjtoy € PQ], where Pc,, PQ]. are the metric projections on C;, Q;.

In the problem (1), without loss of generality, we may assume thatt > r and let C, 11 = C,4p =
-+ = C; = Hj. Then the problem (1) can be described equivalently as:

¢ ¢
finding x € ()Ci, ye()Q;j such that Ax=By. (2)
i=1 j=1
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LetS;=C;xQ; CH=H; xHp,ie A={1,2,---,t},G = [A,—B] : H— Hj, G* be the adjoint
operator of G where Hy x Hj is the Cartesian product of H; and Hj. Then the original problem (1) can
be modified as

t
finding w = (x,y) € (S such that Gw =0. (3)
i=1

Assume the problem (3) is consistent and let () denote its solution set, that is, () is not empty. We
consider the proximity function

1 1
f(w) = 32wl - ool + 3 Gul,

where a;,i =1, - -, t are positive real numbers and Psz.,i =1,---,t are metric projections from H onto
S;. Since C; and Q; are closed convex, so are S;, and then Ps, are well defined. Then problem (3) can be
transformed into the minimization problem

o5 T .

Note that the proximity function f(w) is convex and differentiable with gradient
Vf(w) = Zi_a:(I - Ps))w + G*Guw,

where [ is the identity operator on H. The gradient function V f(w) is L-Lipschitz continuous with
Lipschitz constant [20]
L =20 + |G|

To solve the minimization problem (4), a classical method is the gradient algorithm, which takes
the iterative issue

Wpi1 = Wp — YnV f(Wn), (5)
where 7, is the iterative step size in step n.

Note that in iteration (5), we need to calculate projections for ¢ times in each step. On the other
hand, notice that w* € Q if and only if g(w*) = 0, where

s(w) = 3|[w—Ps,, 0| + |Gull,
in which
i() € {if max [l — Pswl]}
Then we consider the iterative issue

Wp41 = Wy — 'ang(wn)- (6>

In iteration (6), we only need to implement a projection once in each step. Motivated by this point,
we present Algorithms 1 and 2 in Section 3 to solve problem (3).

The general structure of this paper is as follows. In the next section, we go over some preliminaries.
In Section 3, we present the main algorithms and their convergence. In Section 4, several numerical
results are shown to confirm the effectiveness of the suggested algorithm. In the last section, there are
some conclusions.

2. Preliminaries

For convenience, note that H is a real Hilbert space and I denotes the identity operator on H. By
xp — x* and x, — x*, the strong and weak convergence of sequence {x, } to a point x*, respectively,
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and wy (x,) denotes the set of weak cluster points of the sequence {x,}. Ps is the projection from H
onto its closed and convex subset S.

Lemma 1 ([21]). Let S be a closed, convex, and nonempty subset of H, then forany x,y € Handz € S,

(i) (x — Psx,z — Psx) < 0;
(ii) || Psx — Psy|[* < (Psx — Psy, x —y);
(iii) (x — Psx, x —z) > ||x — Psx||%.

Lemma 2 ([22]). Let {an}, {an}, {un} be sequences of non-negative real numbers with
{an} C[0,1], X5 qan =00, X5 juy < co.
Let {t,} be a sequence of real numbers with limsup, _,  t, < 0and
Ay < (1 —ap)ay + anty + uy.
Then limy,_y00 4, = 0.

Lemma 3 ([23]). Let S be a closed and convex subset of H, and T : S — S be non-expansive, and {x,} C S.
If xy, — xand limy o0 ||Xn — Txy|| = 0, then Tx = x.
Lemma 4 ([24]). Let S be a closed, convex, and nonempty subset of H and {x, } be a sequence in H. If

(i) limy 00 || Xy — x|| exists for each x € S;
(ii) wy(xn) C°S;
then {x, } converges weakly to a point in S.

3. Main Results

Assume that the problem (3) is consistent and let () denote its solution set. That is, ) is not empty
and Q:={we H:weN_,S;,Gw=0}

Remark 1. w, is a solution of the problem (3) if and only if the equality (8) holds.
On the one hand, if |[wy, + §, — zx|| = 0, then take z € Q). We have

0 = (wy+4gn—2znwy—2z)
= (wn+ G'Gw, — PSi(n)wn,wn —z)
= (wy — Psi(n)wn,wn —z) + (Gwy,, Gw, — Gz)

v

llwn — PSi<n)wn||2 + [|Gwn ||

The first equality is from ||wy, + g4 — zx|| = 0, the second one is from the definition of g, and z,,
and the last inequality is from Lemma 1(iii) and Gz = 0. Then

|lw, — P5i<n)wn|| =0 and |Gwy| =0,
which implies that
|wy — Ps,wy|| =0,i € A and ||Gw,|| = 0.
Hence w,, € ﬂlt»:l S; and Gw,, = 0. Namely, w;, € Q.

Conversely, if w;, is a solution of the problem (3), that is w, € ﬂle S; and Gw, = 0, then
gn = G*Gw, =0and z, = PS,-(n>wn = Wy, SO Wy + gn — zn = 0. That s, [|[w, + gn — zn|| = 0.
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Next we discuss the convergence of the iterative sequence {w, } generated by Algorithm 1 if it
does not terminate in finite steps.

Algorithm 1: Gradient method 1
Take wy € H arbitrarily and compute

Zy = Psmwn/ (7)
n = G*Gwy,

where n > 0 and
i(n) € {i ma}\x lwn — Psl.wn||,A ={1,2,---,t}}.
ic

If
[wn +qn — zall =0, (8)

then stop. w;, is the solution (based on Remark 1). Otherwise, calculate

Wy1 = Wy — Ty (Wn + Gn — Zn), 9)
where
[wn — za||* + || Gwa?

T, = A
! " 2flwn + g — za|?

7

in which A, € (0,4).

Theorem 1. If0 < liminf, ;00 Ay < limsup,,_, Ay < 4, taking initial point wy € H arbitrarily, then the
sequence {wy, } generated by Algorithm 1 converges weakly to a solution of the problem (3).

Proof. First, we show the boundedness of {w;, }. Take z € (). Based on the inequality in the process of
Remark 1, we get

lwns1 —zl> = [lwn — 2z — Tu(wn + Gn — za) ||
= |lwn —z||* = 2Tu(wn + Gn — zn, W — 2) + T ||Wn + g — za||?
(lwon = znll* + |Gwal*)*
||wn + qn _Zn||2

Az (lwn = za* + [| Gwn|*)?
4 fwn+qu—zal?
B &) (lwn = za||* + |Gy ||*)?

4 |[wn 4 qn — zn | .

IN

[wn — 2| = An

+

= Jwn — 2|~ A(1 (10)

This implies that lim,,_,« ||wy, — z|| exists. Thus the sequence {w, } is bounded and so are the sequences
{Gwy} and {Ps,w,},i € A.

Next we show that wy, (wy,) C Q.

Since limy, ;o ||w, — z|| exists and

Ay Ulwn — za[* + |G |)?

An (1 —
0 ) ot 4n = 2P

< [lwn — 21 = wns1 — 2],

together with the boundedness of the sequence {w, + g, — z,} and the definition of A, it follows that

(R e [
n— lwn + qn — za|
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which implies that

lim ||wy, —z,|| =0 and lim |Gwy| = 0.
n—00 n—oo
Hence,
lim ||w, — Pswy|| =0,i € A and  lim ||Gw,| = 0.
n—00 n—oo

Since {w,} is bounded, let w* be a weak cluster point of {w,} with subsequence {w,,} weakly
convergent to it.

lim |wy, — Pswy,|| =0,i € A and lim ||Gwy,|| = 0.
n—o0 n—o0

By Lemma 3, we get w* € (), and by the arbitrariness of w* € wy (wy,), we deduce that wy,(w,) C Q.
Moreover, the conditions in Lemma 4 have also been satisfied, and the sequence {w, } generated by
the Algorithm 1 converges weakly to some solution of the problem (3). The proof is completed. [J

There is only weak convergence in Theorem 1. Next, we show a strong convergence theorem for
solving the problem (3).

Next, we discuss the convergence of the iterative sequence {w, } generated by Algorithm 2 if it
does not terminate in finite steps.

Algorithm 2: Gradient method 2
Take u € H and initial point wy € H. Compute

ZTl = PS( )wn/
i(n 11
Sy (11)
where
i(n) = {i|max ||w, — Ps,wy|, A ={1,2,--- ,t}}.
iEA
If
Hwn +qn — Zn” =0,
then stop. w;, is the solution (by Remark 1). Otherwise, calculate
W1 = apit + (1 — ay) (wy — To(wn + gn — zn)), (12)

where &, € (0,1), n > 0 and

[wn = za > + || Guwn|?
2||wy + qn — zu|?

T, = Ay

in which A, € (0,4).

Theorem 2. Suppose that limy, 0o &y = 0, Z}_yxy = 00, and 0 < liminf, . Ay < limsup,,_,  An < 4.
Taking u € H and initial point wy € H arbitrarily, then the sequence {wy, } generated by the Algorithm 2
converges strongly to z = Pqu.

Proof. Let u, = wy, — Ty(wn + gn — 2 ), for n > 0. From the process (10) in Theorem 1, we get

A
it =22 < w2 = An(1 = 22

(lwn = za|I* + | Gwa*)*
|wn + qn — zal|?
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by the definition of A, thatis, ||u, — z|| < ||w, — z||. Thus

lwny1 —z|| lanu + (1 — ay)uy — z||
anllu—z| + (1 —an)||un — 2|

nlu = z[| + (1 = an)[Jwn — ]|

ININ A

max{|wy —z||, [|u - z[|}-
By induction, we derive
[wn1 =zl < max{[jwo — z[|, [Ju —z[|},

which means that the sequence {w, } is bounded and so are the sequences {Gw; } and {Ps.w,},i € A.
By a simple derivation,

lwnr =zl = [lan(u = 2) + (1 = an) (un — 2)|1?
< (1= ) ||Jun — 2||% + 200 (4 — 2, Wy 41 — 2).
Then by (13),
[wnr —zlP < (1 —an)||wp — 2| + 20 (4 — 2, w511 — 2)
Any (Jwn — ZnHZ + ||GwnH2)2
—(1—ap)A,(1——
(1= an)An(1 =) Ton+ 20— 2]
= (1—an)||wy —z|* +an2(u — z,w, 41 — 2)
_ 2 22
_ (1 “n))\n(l _ ﬁ) (lwn — zn || +_||Gw;1H ) ). (14)
&n 4 lwn + qn — zn||
Let
On = [|wn *Z||2f
(1—an) Ay (lwn = 2zn|1* + || Gwa*)?
Op =2{(u—2z,w —zy— — A, (1= — .
n < n+1 > Ay, ”( 4 ) ||wn+Qn_Zn||2
Then the inequality (14) equals
01 < (1 - “n)en + aybp, (15>
and also
0<6,11< (1 - “n)gn + apbu,n > 0.
It follows that
on < 2(u —z,wpi1 —z) < 2|u —zl|[wy41 —z|.
So

limsup d,, < .
n—oo

Next, we show that limsup, ., 6, > —1. Otherwise, if limsup,,_, ., 6, < —1, then by the definition of
the supremum, there exists m such that §, < —1 for all n > m. It follows that for all n > m,

01 < (1 - an)gn + &0y
= 9n+0¢n(5n_6n>
< 0, —ay,.

Thus
Opi1 < O — X1, ;.
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Hence, taking lim sup as n — o in the above inequality, we obtain

0 <limsup6,;; <0y —limsupX! a; = —oo,
n—oo

which is a contradiction. Therefore, limsup,_, . d, > —1, and it is finite. By the boundedness of {d, },
we can take a subsequence {1y} of {n} such that

limsupd, = lim dy,
n—c0 k=0
= lim [2(u —z, wy, 41 — 2)
k—oc0
), oy Ul = 2+ |G )
, .
Ky ¢ 4 ‘|w”k+q”k _Z”kH2

Since the sequence {w,, 1} is bounded, there exists a subsequence of {w,, 11}. Without loss of
generality, we may assume it’s {w,, 1} itself, such that limy_, . (u — z, w,,, 1 — z) exists. Consequently,
the following limit exists:

lim — (1 _ “”k)A ( i /\"k ) (Hwnk _ZﬂkHZ + HGwnkHZ)z
n
ko0 Xy ¢ 4 l[wn, + G, — Zne||?

Together with the definitions of ;, and A, it shows that

(1w, = 20 )% + [ G |2 _

llm 2 0/
k—o0 ||wnk + qn, — Zn, H
which yields
Jim @y, — 2|l =0 and  lim [|Gwy,[| =0.

Following the proof procedure of Theorem 1, we conclude that wy, (wy, ) C Q. Since

[wner = wn |l = a1+ (1 =ty ity — 20, |

IN

“nkHu - wnk” + (1 - lxnk)”unk - wl’lkH

“WHM - w'flkH + (1 - “nk)TnkHwnk + Iny — anH
[wn, — zne[|* + [| G, ||*
Hwnk J’_qﬂk _an”

"‘VlkH” - wnkH +(1- “nk)/\”k

— 0,

assume that wy, 1 — w* € Q. Then

limsupd, = Lm Jy,
n—o0 k—o0

= lim 2(u -z, wy 41 — 2)
k—o00
_ (1 — D‘”k)/\ (1 _ M) (Hwnk B anHZ + HGwﬂkHZ)z]

Xy i 4 ”wﬂk + ng — Zny ||2

< lim 2(u —z,wy, 1 —2)
k—o0

= 2(u—z,w" —z)

< 0,

due to the fact that z = Pou and Lemma 1. Finally, applying Lemma 2 to (15), we conclude that
wy — z. The proof is completed. O
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4. Numerical Experiments

In this section, we provide several numerical results of the MSSEP (2) to confirm the effectiveness
of the suggested Algorithm 1. The whole program was written in Wolfram Mathematica (version 9.0).
All of the numerical results were carried out on a personal Lenovo computer with Intel(R)Core(TM)
i5-6600 CPU 3.30 GHz and RAM 8.00 GB.

The MSSEP with C; = {x € R?|||x — ( —1,1) ={x € R?||x—(L1)] £5},C3 =

{x € R[|lx—(0,-3) <5}, Q1 ={y € R3|||y (1, } Q2 = {y € R¥||ly — (0,0,0)]| <5},
20 1

Q;={y € R3||ly—(1,0,0)| <5}, A = =132 3 |,A={1,23}, 71, =06 We
100

choose two initial values xg = (2,2), yp = 2, 2,2 and xp = (20,20), yo = (10,10,10) and take the
iterative steps n as the transverse axis and || Ax — By/|| as the vertical axis in the figures below (Figures 1
and 2). We considered using the Algorithm 1 to solve this MSSEP.

log([|Ax,~By, ||

Ne
,‘.Oi"ﬂ . I I I I 1 1
[ .g.: 50 100 150 200 250 300
P ey
-10F 'é"..
-15 - K&c.
[ 'w‘:
"y
-20 - %.
\..‘o
25 .'«.g.
e
Figure 1. xo = (2,2),y0 = (2,2,2).
log(||Ax,~By, [)
T I T T N SR N SO SO B
500 600 700

Figure 2. xo = (20,20),yo = (10, 10, 10).

The figures above confirm the effectiveness of the proposed Algorithm 1 and also show that there
is an approximately linear downward trend after finite steps, which means the convergence rate of the
proposed Algorithm 1 may be fast enough.
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