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Abstract

:

This paper analyzes Cournot duopoly games that are constructed based on Cobb–Douglas preferences. We introduce here two models whose dynamic adjustments depend on bounded rationality, dynamic adjustment, and tit-for-tat mechanism. In the first model, we have two firms with limited information and due to that they adopt the bounded rationality mechanism. They update their productions based on the changing occurred in the marginal profit. For this model, its fixed point is obtained and its stability condition is calculated. In addition, we provide conditions by which this fixed point loses its stability due to flip and Neimark–Sacker bifurcations. Furthermore, numerical simulation shows that this model possesses some chaotic behaviors which are recovered due to corridor stability. In the second model, we handle two different mechanisms of cooperation. These mechanisms are dynamic adjustment process and tit-for-tat strategy. The players who use the dynamic adjustment increase their productions based on the cooperative output while, in tit-for-tat mechanism, they increase the productions based on the cooperative profit. The local stability analysis shows that adopting tit-for-tat makes the model unstable and then the system becomes chaotic for any values of the system’s parameters. The obtained results show that the dynamic adjustment makes the system’s fixed point stable for a certain interval of the adjustment parameter.
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1. Introduction


Back to 1838 where Cournot introduced the first mathematical model which describes the competition among firms, several studies of economic market structures have become in the foci of mathematicians and scientists. In [1], an excellent book of the theory of duopolistic market by Cournot appeared. In such competition, full rationality, cognitive and computational skills are important for those firms to identify the demand curve of the produced commodity and therefore they can expect the next step of the production by their competitors. According to the availability of such skills, firms may be able to solve a one period optimization problem. Recent studies have argued that reducing the rationality in terms of computational and informational capabilities leads to the appearance of dynamic adjustment processes such as bounded rationality and hence complex dynamic phenomena such as bifurcation and chaos can arise [2,3,4,5,6]. It is important to highlight Puu’s work in [7]. In [7], unimodel reaction functions have been incorporated with consumer’s Cobb–Douglas preferences to construct a duopolistic model. With these assumptions, Puu has shown that the behavior of the firms’ outputs is evolved through a chaotic scenario which in turn leads to chaos. Studies carried out by Puu have made researchers to investigate several decisional and adjustment mechanisms—as, for example, we mention bounded rationality, Puu’s incomplete information and tit-for-tat strategy. Players adopting bounded rationality use local knowledge to improve their output by marginal profit. This mechanism requires players not to have any knowledge about the demand and cost functions [8]. The players need only to check whether the market will respond to small changes in the quantities produced by estimating the marginal profit. This mechanism has been used by many authors in literature and mainly when a continuous time scenario was used [9]. It has been reported that production decisions may not be revised at every time instant and consequently discrete time decisions are more realistic than continuous one [8]. An alternative mechanism for the one discussed above is called Puu’s incomplete information. Puu has shown that this mechanism has a realistic advantage in that firms require to know only the profit and their quantities produced in the previous two time steps. They do not need the form of the profit to get estimation of the amount of production needed in the next time step. This mechanism has a serious problem related to the instability of the equilibrium point in the case of duopoly. Many authors have modified this mechanism to overcome this criticism—see, for example [10]. On the other hand, interaction between past decisions and market mechanisms has been investigated in literature. In [11], a monopolistic dilemma has been described due to unknown demand function. Indeed, when the demand function is unknown, a monopolistic player uses a gradient based rule in order to decide the amount of quantity produced in the next time step depending on the variation occurred in profits. Increasing demand may cause criticism to duopolistic players and this made Rotemberge and Saloner [12] introduce a cartel that may help to drop price in the case of increasing demand. In [13], we have shown that log-convex demand function can cause such an unusual behavior in the price. Cooperative cases among duopolistic firms have been studied in literature ([14,15]). In [14], a cooperation scenario among duopolistic firms under iso-elastic demand function has been introduced and studied. The tit-for-tat and adjustment mechanisms have been used to claim that complex dynamic behaviors of such games can be found even when cooperation is available. The main interest for researchers in those games is that whether Nash equilibrium or Cournot equilibrium is going to reflect rationality among cooperative firms or not. Here, we should differentiate among two important concepts which are rationality and Pareto optimality. Nash equilibrium appeared in duopolistic rational games is not Pareto optimal as rationality contradicts Pareto optimality in cooperative games. In other words, Pareto optimality can not be achieved by firm interest’s maximization. Recently, it has been reported in ([15,16]) that cooperative solution can be obtained. For instance, in a prisoner’s dilemma, which is a short game, Nash equilibrium is Pareto optimal because of the cooperation obtained. However, this may not be guaranteed in the case of Cournot repeated games as cooperation among competitors (firms) may be impossible to achieve. Recent studies have argued that the tit-for-tat strategy may achieve cooperation among firms in repeated games [14]. For more studies in this direction of research, readers are advised to see [17,18].



Literature reports an extensive consideration of Cournot duopoly games that were derived from Cobb–Douglas or other types of utility functions. For instance, in [19], the duopoly manufacturing game has been introduced and studied using the bounded rationality mechanism. The continuous delayed Bertrand game has been studied by Ma et al. in [20]. The complex dynamics of a Cournot duopoly game defined by a piecewise map have been investigated in [21]. In [22], two models of noncooperative oligopoly derived from Cobb–Douglas have been studied. It has been proved that Cobb–Douglas–Cournot–Nash equilibrium existed. The long-run equilibrium for an oligopoly model that is based on Cobb–Douglas has been investigated in [23]. There are other directions of research on the behavior of Cournot duopoly games that should be highlighted here. In [24], the synergies between evolutionary games and networks and their effects on cooperation between firms have been discussed. One of the factors that might affect the overall firm’s performance is the union members. This factor has been determined and studied in [25]. A decomposition mechanism with weighted degrees has been introduced in [26] to investigate the invaders impacts on cooperative communities.



The main purpose of this paper is to investigate the dynamic characteristics of Cournot duopoly games whose preferences are derived from Cobb–Douglas utility function. The firms in these games adhere different kind of mechanisms to modify their productions in a dynamic way. Those mechanisms are bounded rationality, dynamic adjustment process, and tit-for-tat mechanism. The current paper is divided into two parts. The first part handles a Cournot duopoly competition between firms on which bounded rationality is used and cooperation among competitors is disregarded. The system constructed due to adopting such mechanism is studied in detail focussing on its stability and other complex dynamic characteristics. In the second part, cooperation among firms is considered using dynamic adjustment process and the tit-for-tat mechanism and hence the characteristics of the cooperative systems are investigated in detail. A brief description of the paper is given as follows. Section 2 introduces the first model in this paper. The characteristics of this model are investigated in Section 3. In the Section 4, the cooperative models are presented and their complex characteristics are illustrated. Finally, conclusions are obtained in Section 5.




2. Model 1


In this section, we assume that the market structure consists of two firms whose preferences are based on Cobb–Douglas. It takes the form   U =  q  1  α   q  2  β   , where   q 1   and   q 2   denote the quantities produced by each firm. This unconstrained utility function is strictly concave if   0 < α < 1  ,   0 < β < 1   and   α + β < 1  . It is concave when   0 < α < 1  ,   0 < β < 1   and   α + β = 1  . Both firms want to maximize their preferences according to the budget constraint    ∑  i = 1  2   p i   q i  = 1  , where    p i  , i = 1 , 2   is a commodity price supplied by firm i. With these assumptions, the following maximization problem is given:


  M a  x   q 1  ,  q 2    U −  p 1   q 1  −  p 2   q 2  + 1 ,  



(1)




where    p i  =   ∂ U   ∂  q i      is the solution of Equation (1). Now, the first step to build our dynamical model is to assume that both firms play in the market based on the variation occurred in their marginal profits. Profit is described by    π i  =  p i   q i  −  c i   q i  , i = 1 , 2  , where   c i   is a fixed marginal cost. According to this utility function, the profits take the following form:


      π 1  =  ( α  q  1   α − 1    q  2  β  −  c 1  )   q 1  ,        π 2  =  ( β  q  1   α    q  2   β − 1   −  c 2  )   q 2  .     



(2)







Cournot duopoly competition has been intensively studied in literature ([27,28,29,30,31,32]). In literature, complex dynamic characteristics of such competition are the most highlighted ones. Here, we suppose that a dynamic competition is taken place between two firms according to discrete time scale,   t ∈  Z +   , Thus, the profits in Equation (2) can be rewritten in the form:


      π  1 , t   =  ( α  q  1 , t   α − 1    q  2 , t  β  −  c 1  )   q  1 , t   ,        π  2 , t   =  ( β  q  1 , t   α    q  2 , t   β − 1   −  c 2  )   q  2 , t   .     



(3)







In such competition, information each player knows about its opponent is important. Each player may know some information so that he/she may expect the next decision of its opponent. For instance, knowing the profit function of your competitor or some knowledge about it makes you use some kinds of expectations against his/her decision. In literature [5,6,7,8], different kinds of those expectations have been studied. Naive expectations, rational expectations or adaptive expectations, or, alternatively, using weights of previous decisions to set the quantities at time   t + 1   are examples of those expectations. When there is a lack of information about profits, each player estimates the marginal profit in order to follow the steepest slope of the profit function. Considering such expectations helps to only get correct estimates of the slope (the partial derivatives of the profit computed at the current state of production) and does not help solving the optimization problem   max  p  i , t + 1    (  q  1 , t + 1   ,  q  2 , t + 1   )   . This means that, if the marginal profit at time t is positive(or negative), the player will increase (or decrease) the quantity produced at time   t + 1  . Based on this discussion, the following adjustment mechanism is used:


   q  i , t + 1   =  q  i , t   +  k i   ϕ i  , i = 1 , 2 ,  



(4)




where    k i  > 0   captures the speed at which firm i adjusts its quantity with respect to the consequent marginal change in its profit and    ϕ i  =   ∂  π i    ∂  q  i , t      . Therefore, the following dynamical model is given:


      q  1 , t + 1   =  q  1 , t   +  k 1   [  α 2   q  1 , t   α − 1    q  2 , t  β  −  c 1  ]  ,      q  2 , t + 1   =  q  2 , t   +  k 2   [  β 2   q  1 , t  α   q  2 , t   β − 1   −  c 2  ]  .     



(5)







The system (5) admits a unique fixed point given by:


       q ¯  1  =   (   c 1  μ  )   1  ( α + β − 1 )    ,       q ¯  2  =  (    c 1   β 2     c 2   α 2    )    (   c 1  μ  )   1  ( α + β − 1 )    ,     μ =  α 2    (    c 1   β 2     c 2   α 2    )  β  .     



(6)








3. Local Analysis


Studying the complex behavior of system (5) requires investigation of the local stability of the fixed point (6). To do that, we get the following proposition.



Proposition 1.

The system (5) has a unique positive fixed point (6) that is locally asymptotically stable provided that:   k <  [ 2 +  k 2   α 2   β 2    q ¯   1   2 α − 2     q ¯   2   2 β − 2   ]    [  ( 1 − α )   α 2    q ¯   1   α − 2     q ¯   2  β  +  ( 1 − β )   β 2    q ¯   1  α    q ¯   2   β − 2   ]   − 1    ,   α + β < 1  .





Proof. 

The proof of the above proposition is straightforward. We recall the Jacobian matrix of system (5),


  J =      1 − k  α 2   ( 1 − α )    q ¯   1   α − 2     q ¯   2  β      k  α 2  β   q ¯   1   α − 1     q ¯   2   β − 1         k α  β 2    q ¯   1   α − 1     q ¯   2   β − 1       1 − k  β 2   ( 1 − β )    q ¯   1  α    q ¯   2   β − 2        ,  



(7)




where    k i  = k  ,   i = 1 , 2  . This matrix gives the following characteristic equation:


   λ 2  − T r  λ + D e t = 0 ,  



(8)




where


     T r = 2 − k [  α 2   ( 1 − α )    q ¯   1   α − 2     q ¯   2  β  +  β 2   ( 1 − β )    q ¯   1  α    q ¯   2   β − 2   ] ,       D e t = 1 − k  [  α 2   ( 1 − α )    q ¯   1   α − 2     q ¯   2  β  +  β 2   ( 1 − β )    q ¯   1  α    q ¯   2   β − 2   ]  +  k 2   α 2   β 2   ( 1 − α − β )    q ¯   1   2 α − 2     q ¯   2   2 β − 2       



(9)







According to Jury conditions [28], the fixed point is locally stable provided that:


      ℓ 1  : = 1 + T r + D e t > 0 ,        ℓ 2  : = 1 − T r + D e t > 0 ,        ℓ 3  : =  D e t  < 1 .     



(10)







Substituting (9) in (10) gives


      ℓ 1  = 4 − 2 k  [  α 2   ( 1 − α )    q ¯   1   α − 2     q ¯   2  β  +  β 2   ( 1 − β )    q ¯   1  α    q ¯   2   β − 2   ]  +  k 2   α 2   β 2   ( 1 − α − β )    q ¯   1   2 α − 2     q ¯   2   2 β − 2   ,        ℓ 2  =  k 2   α 2   β 2   ( 1 − α − β )    q ¯   1   2 α − 2     q ¯   2   2 β − 2   ,       k  [  α 2   ( 1 − α )    q ¯   1   α − 2     q ¯   2  β  +  β 2   ( 1 − β )    q ¯   1  α    q ¯   2   β − 2   ]  < 2 +  k 2   α 2   β 2   ( 1 − α − β )    q ¯   1   2 α − 2     q ¯   2   2 β − 2   .     



(11)







One can see that    ℓ 2  > 0   under the condition   α + β < 1  , the other two conditions, with simple calculations, yield   k <  [ 2 +  k 2   α 2   β 2    q ¯   1   2 α − 2     q ¯   2   2 β − 2   ]    [  ( 1 − α )   α 2    q ¯   1   α − 2     q ¯   2  β  +  ( 1 − β )   β 2    q ¯   1  α    q ¯   2   β − 2   ]   − 1     and then the proof is completed. To confirm these results, the next subsection provides numerical simulation to validate the obtained results above and to investigate the complicated behavior of system (5). □





Proposition 2.

The fixed point (6) of system (5) loses its stability via period-doubling bifurcation (Flip bifurcation) only if    β 4    ( 1 − β )  2  +   ( 1 − α )  2     c 1 4   β 8     c 2 4   α 6    > 2  ( 1 − α − β − α β )     c 1 2   β 6     c 2 2   α 2     .





Proof. 

The Jacobian (7) has the following eigenvalues:


      λ  1 , 2   =  1  2   q ¯  1    q ¯  2     [ 2    q ¯  1    q ¯  2  −  α 2   ( 1 − α )  k   q ¯  1  α − 1     q ¯  2  β + 1   −  β 2   ( 1 − β )  k   q ¯  1  α + 1     q ¯  2  β − 1   ± ,       ± k   q ¯  1  α − 1     q ¯  2  β − 1      β 4    ( 1 − β )  2    q ¯  1 4  − 2  ( 1 − α − β − α β )   α 2   β 2    q ¯  1 2    q ¯  2 2  +  α 4    ( 1 − α )  2    q ¯  2 4     ] .      



(12)







Using (6), the part under the square root of the above eigenvalues is reduced to


   β 4    ( 1 − β )  2  − 2  ( 1 − α − β − α β )     c 1 2   β 6     c 2 2   α 2    +   ( 1 − α )  2     c 1 4   β 8     c 2 4   α 6    ,  








which is positive under the condition    β 4    ( 1 − β )  2  +   ( 1 − α )  2     c 1 4   β 8     c 2 4   α 6    > 2  ( 1 − α − β − α β )     c 1 2   β 6     c 2 2   α 2      where   α + β < 1  . Therefore, both eigenvalues are real. Thus, if the second or the third condition of (11) is not satisfied, then the fixed point loses its stability via flip bifurcation. □





Proposition 3.

The fixed point (6) of system (5) loses its stability via Neimark–Sacker bifurcation only if    β 4    ( 1 − β )  2  +   ( 1 − α )  2     c 1 4   β 8     c 2 4   α 6    < 2  ( 1 − α − β − α β )     c 1 2   β 6     c 2 2   α 2     .





Proof. 

Similar to the above proof. □





Numerical Simulation and Global Analysis


Some simulations are carried out here to detect the regions identified by the conditions (11) on where the fixed point may lose its stability. By simulations, we investigate deeply the complex dynamic behavior of system (5) and in particular we illustrate the stabilization of the system’s fixed point. Such numerical simulations suggest to be cautioned when we try to make predictions on the future evolution of the economic competition and therefore global analysis should be performed. It is known that local stability analysis is discussed in some neighborhoods of the fixed point and therefore global analysis is necessary in order to get satisfied with the obtained trajectories. Let us set the parameter values to    q 0  , 1 = 0.1 ,  q 0  , 2 = 0.1 , α = 0.01 , β = 0.01 ,  c 1  = 0.003  , and    c 2  = 0.003  . At those parameter values, the fixed point (6) becomes   ( 0.03109806837 , 0.03109806837 )   and the Jacobian (7) takes the form:


  J =      1 − 0.9550432398 k     0.9646901412 k       0.9646901412 k     1 − 0.9550432398 k       



(13)




and then the fixed point is locally stable if   k < 21.15194258  . This is clear in Figure 1a where the point is stable when varying the parameter k until k approaches the value of   k = 21.15194258   on where birth to period 2-cycle arises. After that high period, cycles exist and then a route to chaos appears, and the system becomes chaotic. This is observed from Lyapunov exponent diagram shown in Figure 1b.



The stability analysis around the local fixed points doesn’t give any information about the size and shape of basin of attraction of different attractors of the corresponding system and therefore we here give some global analysis in order to explore some complex characteristics about those attractors. At the same parameter values but increasing the parameter k to   21.348  , a stable period 2-cycle exists. Those period 2-cycles are   ( 0.02837 , 0.02837 )   and   ( 0.0344 , 0.0344 )  . This stable period cycles is given in Figure 2a where its basin of attraction and phase portrait are plotted together. This stable period 2-cycle appears near the fixed point until k goes to   26.47  , where a stable period 4-cycle exists. Its basin of attraction with the phase portrait is given in Figure 2b.



Simulation shows that there are no stable cycles with period 6 and the system jumps instead to a stable period 8-cycle when varying the value of the parameter k to 27.74 with the other parameter values are fixed. This cycle is presented in Figure 3a with its basin. Increasing k slightly to   27.965   gives birth to a stable period 16-cycle as shown in Figure 3b. After that, no other period cycles are obtained and the system starts to behave chaotically. To understand that, we increase the parameter   k = 28   and keep the other parameter values fixed. We get a chaotic behavior of the system around the fixed point as shown in Figure 4a. This chaotic behavior consists of an 8-band of chaotic attractors. This situation is called corridor stability which refers to small perturbations in nonlinear dynamic systems may be recovered as long as they are confined within a basin of attraction of the stable fixed point. Increasing k a little gives birth to a 4-band of chaotic attractors as shown in Figure 4b. This 4-band is reduced to only 2-band when k reaches   28.4  . The phase portrait of this 2-band is given in Figure 4c. This 2-band of chaotic attractors is reduced to only one chaotic attractor as   k = 29.5   as given in Figure 4d. It continues to appear until   k = 31.7155   and then the systems turn to a stable period 3-cycle at   k = 31.7156  . The basin of attraction of these period cycles is given in Figure 5a. Then, the behavior of the system (5) will continue changing between a stable 3-cycle, and a one piece of chaotic attractor until k approaches 33; then, the behavior becomes entirely chaotic with only one piece of chaotic attractor. We give examples of those chaotic attractors in Figure 5b,c. Figure 5d gives the time series of the chaotic attractor given in Figure 5c.



The readers should be aware that the above obtained results are for very small values of equal costs and for small parameter values of  α  and  β . Now, we focus on the situation when the summation of  α  and  β  is almost close to 1. Let us set the parameter values to    q 0  , 1 = 0.1 ,  q 0  , 2 = 0.1 , α = 0.6 , β = 0.3 ,  c 1  = 0.3  , and    c 2  = 0.1  . Figure 6a shows that the fixed point becomes locally stable with respect to k, but, when k reaches   28.1  , it becomes unstable due to Neimark–Sacker bifurcation. Increasing this parameter to 29 gives birth to two stable spirals around the fixed point. After that, these two stable spirals turn to a stable period 2-cycle when we increase k to   29.9  , and the other parameter values are fixed. Figure 6c presents this cycle with its basin of attraction around the fixed point. In Figure 6d, we plot the time series for this stable period 2-cycle. One can observe from the numerical simulation that the system starts to form closed sets as k increases until it reaches   46.3  , where we get a one piece chaotic attractor. Figure 7 gives some behaviors of the system at different values of k.



To end this part of the analysis, several numerical simulation experiments are carried out to investigate more the complex behavior of system (5). We observe that, when   α + β   gets near 1, the stability region of the fixed point becomes larger in comparison with summation near zero. In addition, the fixed point loses its stability via only two types of bifurcations that are flip and Neimark–Sacker bifurcations.





4. Model 2


In this section, we discuss a different case. We consider the cooperation that might occur between the two firms. Cooperation among firms can be carried out using several mechanisms. In [14], two important mechanisms have been used to identify the cooperation among firms. Those two mechanisms are adopted in this paper. Another important mechanism that has been used for that purpose is called the weighted mechanism [27]. This section is divided into two parts: the first part studies the cooperation between two firms who revise their beliefs due to the dynamic adjustment, which is described in the following subsection. The second part introduces a cooperation between two firms whose mechanisms are tit-for-tat strategies.



4.1. Dynamic Adjustment


Here, we assume that the two firms supply the market with quantities produced according to the following dynamical system:


      q  1 , t + 1   =  ( 1 − k )   q  1 , t   + k  q c  ,        q  2 , t + 1   =  ( 1 − k )   q  2 , t   + k  q c  ,     



(14)




where   k ≥ 0   is an adjusting parameter and   q c   is the solution of the following optimization problem:


   max   q  1 , t   =  q c  ,  q  2 , t   =  q c     (  π 1  +  π 2  )  ,  








which is given as follows:


   q c  =    c  α ( α + β )     1  α + β − 1     



(15)




and we assume that both firms have the same marginal costs,    c 1  =  c 2  = c  . Using the profits (2), the cooperative profit is given by


   π c  =  ( α + β )     c  α ( α + β )      α + β   α + β − 1    − 2 c    c  α ( α + β )     1  α + β − 1    .  



(16)







Using the system (14) and the point (15), one can get the following system:


      q  1 , t + 1   =  ( 1 − k )   q  1 , t   + k    c  α ( α + β )     1  α + β − 1    ,        q  2 , t + 1   =  ( 1 − k )   q  2 , t   + k    c  α ( α + β )     1  α + β − 1    .     



(17)







Proposition 4.

The system (17) has a unique fixed point    (  q 1  ,  q 2  )  =  (   (  c  α ( α + β )   )   1  α + β − 1    ,   (  c  α ( α + β )   )   1  α + β − 1    )   , and it is locally asymptotically stable provided that   0 < k < 2  .





The proof of the above proposition is straightforward. The Jacobian matrix takes the form:


       1 − k    0     0    1 − k      .  



(18)







It is easy to check that the conditions (10) give   0 < k < 2  , which completes the proof.



Numerical Simulation


Here, we carry out some numerical simulation to validate the results given in Proposition 4. Let us assume that    (  q  1 , 0   ,  q  2 , 0   )  =  ( 0.1 , 0.2 )  , α = 0.3 , β = 0.1 , c = 0.1  . Figure 8a shows the behavior of system (17) when varying the parameter k in the interval   ( 0 , 2 )  . The figure shows that the fixed point is locally stable for any value of k until k reaches the value   1.98   on where the fixed point becomes unstable due to bifurcation occurred. Increasing the value of the parameter k above this point gives birth to fluctuations around the fixed point as shown in Figure 8b. Figure 8c shows the time series for the fluctuations given in Figure 8b.





4.2. Tit-for-Tat Mechanism


With this mechanism, each firm agrees to cooperate as long as its profit does not contradict the cooperative profit. This means that, if    π  i , t   >  π c   , each firm will probably reduce its output to keep the cooperation between each other. On the other hand, cooperation cannot be achieved if    π  i , t   <  π c    because it indicates that one of the firms is non-cooperative. According to these thoughts, the following system is given:


   q  i , t + 1   =  q  i , t   +  k i   (  π c  −  π  i , t   )  .  



(19)







Using the profits (3) and and the cooperative profit (16) in the matrix (19), the following dynamical system is obtained:


       q  1 , t + 1   =  q  1 , t   + k   ( α + β )     c  α ( α + β )      α + β   α + β − 1    − 2 c    c  α ( α + β )     1  α + β − 1    −  α  q  1 , t   α − 1    q  2 , t  β  −  c 1    q  1 , t           q  2 , t + 1   =  q  2 , t   + k   ( α + β )     c  α ( α + β )      α + β   α + β − 1    − 2 c    c  α ( α + β )     1  α + β − 1    −  β  q  1 , t  α   q  2 , t   β − 1   −  c 2    q  2 , t        .  



(20)







It is difficult to analytically calculate the fixed point of the above system and instead we do some numerical simulation to investigate its stability.



Numerical Simulation


Let us assume the following parameter values:    (  q  1 , 0   ,  q  2 , 0   )  =  ( 0.1 , 0.1 )  , α = 0.03 , β = 0.01 , c = 0.005  . The simulation shows that the fixed point of system (20) is unstable as the parameter k varies and bifurcation is obtained. This is clear in Figure 9a and the phase space in Figure 9b at those values. Several numerical simulation experiments have been performed for different values of the parameter k. They show that any increase in this parameter yields negative values for the system’s variables which have no economic meanings. Setting the parameter values to   α = 0.3 , β = 0.1 , c = 0.003   also gives an instability situation of the fixed point of system (20). In addition, the positivity of the quantities’ trajectories can not be preserved and therefore negative trajectories appear. Figure 9c,d present this observation.






5. Conclusions


In this paper, we have recalled the Cobb–Douglas utility function to study three different Cournot duopoly models. Indeed, we have focused on the complex dynamic behaviors of those models and the influences their parameters can cause to destabilize their fixed points. As mentioned in the beginning of the paper, we have used bounded rationality for the non-cooperative game’s model and dynamic adjustment process and tit-for-tat mechanism for a cooperative game’s model. The obtained results have shown that the bounded rationality adopted by the competed firms in the first model gives a better stability region for the fixed point than those in the cooperative case. On the other hand, when cooperation may exist between firms as in the second model, the dynamic adjustment process gives better results for the fixed point than the tit-for-tat strategy. The fixed point for the tit-for-tat model was always unstable for any values for the model’s parameters. Finally, our obtained results may confirm that cooperation based on Cobb–Douglas preferences does not give any advantages for both firms, and still non-cooperative games based on Cobb–Douglas give better stability results.
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Figure 1. (a) bifurcation diagram of   q  1 , t    and   q  2 , t    when varying k; (b) Lyapunov exponent with respect to k. 
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Figure 2. (a) Basin of Attraction of period 2-cycle at   k = 21.348  ; (b) Basin of Attraction of period 4-cycle at   k = 26.47  . 
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Figure 3. (a) Basin of Attraction of period 8-cycle at   k = 27.74  ; (b) Basin of Attraction of period 16-cycle at   k = 27.965  . 
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Figure 4. (a) Basin of Attraction of 8-band chaotic attractors at   k = 28  ; (b) Basin of Attraction of 4-band chaotic attractors at   k = 28.1  ; (c) phase portrait of 2-band chaotic attractors at   k = 28.4  ; (d) phase portrait of 1-band chaotic attractor at   k = 29.5  . 
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Figure 5. (a) Basin of Attraction of period 3-cycle at   k = 31.7156  ; (b) Basin of Attraction of chaotic attractor at   k = 33  ; (c) Basin of Attraction of chaotic attractor at   k = 40.1  ; (d) time series for both variables for the chaotic attractor in (c) at   k = 40.1  . 
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Figure 6. (a) bifurcation diagram of   q  1 , t    and   q  2 , t    when varying k; (b) phase portrait of two spirals at   k = 29  ; (c) Basin of Attraction of period 2-cycle at   k = 29.9  ; (d) time series for both variables for the stable period 2-cycle in (c) at   k = 29.9  . 
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Figure 7. (a)   k = 34   and   k = 34.5  ; (b)   = 34.7   and   k = 34.9  ; (c)   = 35   and   k = 36  ; (d)   = 40   and   k = 46.3  . 
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Figure 8. (a) bifurcation diagram when varying the parameter k; (b) the fluctuations around the fixed point at   k = 1.999  ; (c) time series for the fluctuations in (b). 






Figure 8. (a) bifurcation diagram when varying the parameter k; (b) the fluctuations around the fixed point at   k = 1.999  ; (c) time series for the fluctuations in (b).



[image: Mathematics 07 01079 g008]







[image: Mathematics 07 01079 g009 550] 





Figure 9. (a) bifurcation diagram when varying the parameter k; (b) the phase portrait at   α = 0.03  ,   β = 0.01 , c = 0.005 , k = 0.13  ; (c) bifurcation diagram when varying the parameter k; (d) the phase portrait at   α = 0.3 , β = 0.1 , c = 0.003 , k = 0.13  . 
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