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Abstract: In this paper, a new modified roller coaster surface according to a modified orthogonal
frame is investigated in Euclidean 3-space. In this method, a new modified roller coaster surface is
modeled. Both the Gaussian curvature and mean curvature of roller coaster surfaces are investigated.
Subsequently, we obtain several characterizations in Euclidean 3-space.
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1. Introduction

In differential geometry, the search for certain classes of surfaces with particular features in
three-dimensional Euclidean space, such as ruled and developable surfaces which are 1-parameter
smooth families of straight lines, has a significant role in the field of civil engineering and architecture
(CAD) [1–6]. Moreover, the work path and workspace of robotic and/or mechanic operations
are formed by these spatial curves and surfaces during the generation process [7–9]. One aim of
classical differential geometry is the investigation of several classes of surfaces with specific properties,
for example, ruled surfaces and revolution surfaces. Thus, it is reasonable to make use of differential
geometry to understand these surfaces and spatial curves.

Circular surfaces are also regarded as anessential topic in different areas, such as ruled surfaces.
There are two kinds of circular surfaces in investigations: canonical circular surfaces and non-canonical
circular surfaces. A canonical circular surface is characterised by a circle crosscut and in which the
normal of the circle plane is usually parallel to that of the crosscut. There are several names for the
canonical circular surface, including tube surface [10–12], pipe surface [13], and canal surface [14–17].
Moreover, Stasiak et al. [18] designed DNA molecules. A noncanonical circular surface is defined by a
non-circular crosscut and the normal of the circle plane is usually not parallel to that of the crosscut.
An arbitrary end-effector point P produces a RR circular surface, where R indicates the revolute joint.
Hunt [19] studied the algebric equation of a generally RR circular surface and as specified that the
diametrical parts along the generally RR circular surface could take the shape of a banana, boomerang,
or circle, depending on the values of construction parameters of the RR mechanism. For a general
RR circular surface, the spine curve is a circle; however, the normal of a circle plane is generally not
parallel with the normal of a crosscut. Cui et al. [20] studied noncanonical circular surfaces.

Roller coasters may appear to be comparatively simple mechanics structures when compared
with modern railroad or cars, butthey are excellent illustrations for the use of spacial curve geometries.
The geometric definition of the curve of a roller coaster path, beginning with the description of a
moving referential, is the path used in this implementation and is described by the sweep of the normal
and binormal vectors [21].

A circular surface is a map
M : I × R/2πZ → E3
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defined by
L(t, θ) = β(t) + r(t)(c1(t) cos θ + c2(t) sin θ), (1)

where β,c1, c2:I→E3 and r:I→E>0 [22]. The curve β a base curve and a double of curves c1, c2 a director
frame. The standard circles

θ 7→ β(t) + r(c1(t) cos θ + c2(t) sin θ).

are called generating circles. A roller coaster surface is defined as

M(t, θ) = β(t) + r(cos θT(t) + sin θ(cos ϕ(t)N(t) + sin ϕ(t)B(t))), (2)

where −ϕ(t) is the primitive function of the torsion τ(t).
Although channel surfaces are well known, roller coaster surfaces have not been studied

extensively. Recently, Tuncer et al. [23,24] studied circular surfaces and roller coaster surfaces through
theuse of unit quaternions. Abdel-Baky et al. [25] researched local singularities of a space-like
circular surface.

In this paper, a modified roller coaster surface according to modified orthogonal frame
isinvestigated in Euclidean 3-space. According tothis method, a novel, modified roller coaster is
modeled. Both the Gaussian curvature and mean curvature of roller coaster surfaces are investigated.
As a result, we obtain severalcharacterizations in the Euclidean 3-space.

2. Preliminaries

Let β = β(s) : I ⊂ R→ E3 be an arbitrary curve of arc-length parameter s. Let {t(s), n(s), b(s)}
be the moving Frenet frame throughout β. As such, the Frenet derivative formulas are given by

t′(s) = κn,
n′(s) = −κt + τb,
b′(s) = −τn,

(3)

where the functions κ and τ are thecurvature and torsion of β, respectively,

g(t, t) = 1, g(n, n) = 1, g(b, b) = 1,
g(t, n) = g(t, b) = g(n, b) = 0.

(4)

Let βi(i = 1, 2, 3) be coordinates in E3. Let β(s) be an analytic curve, where s runs through some
interval and β(s) be an analytic in s. We assume that β is non-singular, i.e.,

3

∑
i=1

(
dβi
ds

)
2
,

is notzero. Therefore, we can parametrize β by its arc length s. Accordingly, we only consider β in the
following form:

β = β(s) = (β1, β2, β3), s ∈ I,

where β(s) is analytic in s. We assume that the curvature function has discrete zero points or κ(s) isnot
identically zero. As such, we have an orthogonal frame {T, N, B} described by

T =
dβ

ds
, N =

dT
ds

, B = T×N.



Mathematics 2019, 7, 195 3 of 10

The relations between those and the classical Frenet frame {t, n, b} at non-zero points of κ are

T = t,
N = κn,
B = κb.

(5)

Thus,N(s0) = B(s0) = 0 when κ(s0) = 0 and squares of the length of N and B vary analytically
in s. By the definition of {T, N, B} or Equation (5), a simple calculation shows that

T′(s) = N,
N′(s) = −κ2T + κ′

κ N + τB,
B′(s) = −τN + κ′

κ B,
(6)

where

τ(s) =
det(α′, α′′ , α′′′ )

κ2 , (7)

The Equation (6) corresponds to the Frenet-Serret equation in the classical case. Moreover,
{T, N, B} satisfies:

g(T, T) = 1, g(N, N) = g(B, B) = κ2,
g(T, N) = g(T, B) = g(N, B) = 0,

(8)

where g(, ) denotes the inner product of E3. We note that the essential quantities in Equations (6) and
(7) are κ2 and τ(s) which are analytic in s [26–28].

The unit normal vector field N be on a surface P defined by

N =
Ps ∧ Pθ

‖Ps ∧ Pθ‖
, (9)

where Ps =
∂P(s,θ)

∂s . Also, the first I and second fundamental forms I I of the surface P are defined by

I = Eds2 + 2Fdsdθ + Gdθ2,
I I = eds2 + 2 f dsdθ + gdθ2,

where
E = 〈Ps, Ps〉, F = 〈Ps, Pθ〉, G = 〈Pθ , Pθ〉, (10)

e = 〈Pss, N〉, f = 〈Psθ , N〉, g = 〈Pθθ , N〉. (11)

Additionally, the invariant functions of the Gaussian curvature K and the mean curvature H of
the surface are described by

K = eg− f 2

EG−F2 ,

H = Eg−2F f+Ge
2(EG−F2)

,
(12)

respectively.

Definition 2.1. [29] Let first fundamental form {E, F, G} of a surface evolution satisfies following,

∂E
∂t

=
∂F
∂t

=
∂G
∂t

= 0. (13)

Accordingly, the surface evolution P(s, v, t) and its flow ∂P
∂t are inextensible.
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3. New Modified Roller Coaster Surface in Space

In this section, we introduce the first new modified roller coaster surface by rotating the orthogonal
modified frame. We also express this new surface and its properties. In addition, we obtain new roller
coaster surfaces by translating the orthogonal modified frame. As a result, these new roller coaster
surfaces are called new modified roller coaster surfaces.

To separate a roller coaster surface according to the modified orthogonal frame from that of the
Frenet- Serret frame, in the rest of the paperwe shall use notation as a modified roller coaster surface.

In terms of the modified orthogonal frame (T(s), N(s), B(s)) the parametric expression of the
modified roller coaster surfaces can be given by Equation (5)

P(s, v) = β(s) + r(cos vT(s) +
sin v

κ
(cos ϕ(s)N(s) + sin ϕ(s)B(s))). (14)

Proposition 3.1. In terms of the modified orthogonal frame (T(s), N(s), B(s)), the parametric expression of
the modified roller coaster surfaces can be given as follows:

K = 1
Γη (λ1([(1− rκ sin v cos ϕ)′ + rκ sin vϕ′ sin ϕ− rκ2 cos v

+rκτ sin v sin ϕ] + κ2λ2[1− r sin vκ cos ϕ + (r cos v− rϕ′

κ sin v sin ϕ

− rτ
κ sin v sin ϕ)′ + rκ′

κ cos v− sin v rκ′ϕ′

κ2 sin ϕ− rκ′τ
κ2 sin v sin ϕ

− rτ2

κ sin v cos ϕ− rτϕ′

κ cos ϕ sin v] + κ2λ3[rτ cos v− rτϕ′

κ sin v sin ϕ

− rτ2

κ sin v sin ϕ + (sin v rτ
κ cos ϕ + rϕ′

κ cos ϕ sin v)
′
+ rκ′τ

κ2 sin v cos ϕ

+ rκ′ϕ′

κ2 cos ϕ sin v])(−rλ1 cos v− r sin vλ2κ cos ϕ− rλ3κ sin v sin ϕ)

− 1
ηΓ2 ([−rκλ1 cos v cos ϕ] + [−rκ2λ2 sin v− rκλ2 ϕ′ cos v sin ϕ

−rκτλ2 cos v sin ϕ] + [rκλ3 ϕ′ cos ϕ cos v + rτλ3 cos v cos ϕ])2,

(15)

where
λ1 = r2

κ cos2 v sin ϕ− r2 ϕ′

κ2 cos v sin v
− r2τ

κ2 cos v sin v,
λ2 = − r

κ cos v sin ϕ + cos vr2 sin v cos ϕ sin ϕ

− r2τ
κ sin2 v cos ϕ− r2 ϕ′

κ cos ϕ sin2 v,
λ3 = r

κ cos v cos ϕ + r2 cos v sin v sin2 ϕ

− r2τ
κ sin2 v sin ϕ− r2 ϕ′

κ sin2 v sin ϕ,
η = [r− r2κ sin v cos ϕ]

2
+ [r2κ cos v

−r2 ϕ′ sin v sin ϕ− r2τ sin v sin ϕ]
2

+[r2τ sin v cos ϕ + r2 ϕ′ cos ϕ sin v]2

−[−r sin v + r2κ cos ϕ]
2

λ1 = r2

κ cos2 v sin ϕ− r2 ϕ′

κ2 cos v sin v
− r2τ

κ2 cos v sin v,
λ2 = − r

κ cos v sin ϕ + cos vr2 sin v cos ϕ sin ϕ

− r2τ
κ sin2 v cos ϕ− r2 ϕ′

κ cos ϕ sin2 v,
λ3 = r

κ cos v cos ϕ + r2 cos v sin v sin2 ϕ

− r2τ
κ sin2 v sin ϕ− r2 ϕ′

κ sin2 v sin ϕ,
η = [r− r2κ sin v cos ϕ]

2
+ [r2κ cos v

−r2 ϕ′ sin v sin ϕ− r2τ sin v sin ϕ]
2

+[r2τ sin v cos ϕ + r2 ϕ′ cos ϕ sin v]2

−[−r sin v + r2κ cos ϕ]
2
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and

Γ =

√√√√√√√ [ r2

κ cos2 v sin ϕ− r2 ϕ′

κ2 cos v sin v− r2τ
κ2 cos v sin v]

2

+[−r cos v sin ϕ + r2κ cos v sin v cos ϕ sin ϕ− r2τ sin2 v cos ϕ− r2 ϕ′ cos ϕ sin2 v]2

+[r cos v cos ϕ + r2κ cos v sin v sin2 ϕ− r2τ sin2 v sin ϕ− r2 ϕ′ sin2 v sin ϕ]
2
.

Proof. We have the natural frame {Ps, Pv} of the surface P(s, v) given by

Ps = [1− rκ sin v cos ϕ]T + [r cos v
+r sin v( cos ϕ

κ )
′
+ rκ′

κ2 sin v cos ϕ

− rτ
κ sin v sin ϕ]N + [ rτ

κ sin v cos ϕ

+r sin v( sin ϕ
κ )
′
+ rκ′

κ2 sin v sin ϕ]B,
Pv = [−r sin v]T + [ r

κ cos v cos ϕ]N
+[ r

κ cos v sin ϕ]B.

The quantities E, F, G are calculated to be

E = [1− rκ sin v cos ϕ]2

+[−rϕ′ sin v sin ϕ + rκ cos v− rτ sin v sin ϕ]2

+[rϕ′ cos ϕ sin v + rτ sin v cos ϕ]2,
F = −r sin v + r2κ cos ϕ,
G = r2.

The standard unit normal vector field N given by

N =
1
Γ
(λ1T + λ2N + λ3B),

where

λ1 = r2

κ cos2 v sin ϕ− r2 ϕ′

κ2 cos v sin v− r2τ
κ2 cos v sin v,

λ2 = − r
κ cos v sin ϕ + r2 cos v sin v cos ϕ sin ϕ− r2τ

κ sin2 v cos ϕ− r2 ϕ′

κ cos ϕ sin2 v,

λ3 = r
κ cos v cos ϕ + r2 cos v sin v sin2 ϕ− r2τ

κ sin2 v sin ϕ− r2 ϕ′

κ sin2 v sin ϕ,

and

Γ =

√√√√√√√ [ r2

κ cos2 v sin ϕ− cos v r2 ϕ′

κ2 sin v− cos v r2τ
κ2 sin v]

2

+[−r cos v sin ϕ + r2 cos vκ sin v cos ϕ sin ϕ− r2τ sin2 v cos ϕ− r2 ϕ′ cos ϕ sin2 v]2

+[r cos v cos ϕ + r2 cos vκ sin v sin2 ϕ− r2τ sin2 v sin ϕ− r2 ϕ′ sin2 v sin ϕ]
2
.
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Components of second fundamental form are

e = λ1
Γ ([(1− rκ sin v cos ϕ)′ − rκ2 cos v + rκϕ′ sin v sin ϕ + rκτ sin v sin ϕ]

+ κ2λ2
Γ [1− rκ sin v cos ϕ + (r cos v− rϕ′

κ sin v sin ϕ− rτ
κ sin v sin ϕ)

′

+ rκ′
κ cos v− sin v rκ′ϕ′

κ2 sin ϕ− sin v rκ′τ
κ2 sin ϕ

− rτ2

κ sin v cos ϕ− rτϕ′

κ cos ϕ sin v] + κ2λ3
Γ [rτ cos v

− rτϕ′

κ sin v sin ϕ− rτ2

κ sin v sin ϕ + (cos ϕ rτ
κ sin v + cos ϕ

rϕ′

κ sin v)
′

+ rκ′τ
κ2 sin v cos ϕ + rκ′ϕ′

κ2 cos ϕ sin v],
f = λ1

Γ [−r cos vκ cos ϕ] + λ2
Γ [−rκ2 sin v− rκ cos vϕ′ sin ϕ

−r cos vκτ sin ϕ] + λ3
Γ [rτ cos v cos ϕ + rκϕ′ cos ϕ cos v],

g = − λ1
Γ [r cos v]− λ2

Γ [rκ sin v cos ϕ]− λ3
Γ [rκ sin v sin ϕ].

On the other hand,
η = [r− r2 sin vκ cos ϕ]

2
+ [r2κ cos v

−r2 sin ϕϕ′ sin v− r2 sin ϕτ sin v]2

+[r2τ sin v cos ϕ + r2 ϕ′ cos ϕ sin v]2

−[r2κ cos ϕ− r sin v]2.

So, the proof is complete. �

Corollary 3.2. Assume the spine curve of a modified roller coaster surface is a unit speed curve β : I → E3

with nonzero curvature. Then, the mean curvature of modified roller coaster surface P(s, v) is given by

H = 1
2η (([1− rκ sin v cos ϕ]2 + [rκ cos v− rϕ′ sin v sin ϕ

−rτ sin v sin ϕ]2 + [rτ sin v cos ϕ + rϕ′ cos ϕ sin v]2)(−1
Γ (rλ1 cos v

−rκλ2 sin v cos ϕ− rκλ3 sin v sin ϕ)− 2
Γ (−r sin v + r2κ cos ϕ)(−rκλ1 cos v cos ϕ

−rκ2λ2 sin v− rκλ2 ϕ′ cos v sin ϕ− rκτλ2 cos v sin ϕ + rτλ3 cos v cos ϕ

+rκλ3 ϕ′ cos ϕ cos v) + r2

Γ (λ1(1− rκ sin v cos ϕ)′ − rκ2λ1 cos v
+rκϕ′λ1 sin v sin ϕ + rκτλ1 sin v sin ϕ + κ2λ2 − rκ3λ2 sin v cos ϕ

+κ2λ2(r cos v− rϕ′

κ sin v sin ϕ− rτ
κ sin v sin ϕ)

′
+ rκ′κλ2 cos v

−rκ′ϕ′λ2 sin v sin ϕ− rκ′τλ2 sin v sin ϕ + [rτκ2λ3 cos v− rτϕ′κλ3 sin v sin ϕ

−rτ2κλ3 sin v sin ϕ + κ2λ3(
rτ
κ sin v cos ϕ + rϕ′

κ cos ϕ sin v)
′
+ rκ′τκλ3 sin v cos ϕ

+rκκ′ϕ′λ3 cos ϕ sin v)).

(16)

Corollary 3.3. Assume the spine curve of a modified roller coaster surface is a unit speed curve γ : I → E3

with nonzero curvature. If ∂P
∂t is inextensible, then

∂
∂t ((1− rκ sin v cos ϕ)2 + (rκ cos v− rϕ′ sin v sin ϕ

−rτ sin v sin ϕ)2 + (rτ sin v cos ϕ + rϕ′ cos ϕ sin v)2) = 0,
∂
∂t (−r sin v + r2κ cos ϕ) = 0,
∂
∂t (r

2) = 0.

(17)

Corollary 3.4. Let a modified roller coaster surface P(s, v) and P(s, v) be a parallel surface of P(s, v) in
Euclidean 3-space. Then, the equation of P(s, v) is givenby

P(s, v) = β(s) + r(cos vT(s) + sin v
κ (cos ϕ(s)N(s)

+ sin ϕ(s)B(s))) + δ( 1
Γ (λ1T + λ2N + λ3B),

(18)
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where δ is a constant.

4. Application

First, let us regarda unit speed circular helix by

β = β(s) = (a cos
s
d

, a sin
s
d

,
bs
d
),

where d =
√

a2 + b2 ∈ R. By using this curve, we obtain a new modified roller coaster surface and its
parallel surface:

For ϕ = π
8 , v = π

4 , r = 1
2 : Figures 1 and 2.
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5. Conclusions

In the literature, we examined the surface of a roller coaster, which has been been studied
extensively. The surface of a roller coaster is a similar surface to the tangent surface that can
be developed.

In this paper, new roller coaster surfaces according to the modified orthogonal frame are
introduced in Euclidean 3-space. Results are provided in relationshipto these new modified roller
coaster surfaces. In addition, these concepts are applied to exampleswith figures.

As a result, we obtain new roller coaster surfaces by translating the orthogonal modified frame.
Accordingly, these new roller coaster surfaces are called new modified roller coaster surfaces.

According to this method, a new roller coaster is modeled. In light of these results, we will study
this concept in the Minkowski space.
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