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Abstract: We generalize a family of optimal eighth order weighted-Newton methods to Banach
spaces and study their local convergence. In a previous study, the Taylor expansion of higher order
derivatives is employed which may not exist or may be very expensive to compute. However,
the hypotheses of the present study are based on the first Fréchet-derivative only, thereby the
application of methods is expanded. New analysis also provides the radius of convergence,
error bounds and estimates on the uniqueness of the solution. Such estimates are not provided
in the approaches that use Taylor expansions of derivatives of higher order. Moreover, the order of
convergence for the methods is verified by using computational order of convergence or approximate
computational order of convergence without using higher order derivatives. Numerical examples are
provided to verify the theoretical results and to show the good convergence behavior.
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1. Introduction

In this work, we generate a sequence {x, } for approximating a locally unique solution « of the
nonlinear equation
F(x) =0, (1)

where F is a Fréchet-differentiable operator defined on a closed convex subset D of Banach space
By with values in a Banach space B,. In computational sciences, many problems can be written in
the form (1). See, for example [1,2]. The solutions of such equations are rarely attainable in closed
form. This shows why most methods for solving these equations are usually iterative in nature.
The important part in the construction of an iterative method is to study its convergence analysis.
In general, the convergence domain is small. Therefore, it is important to enlarge the convergence
domain without using extra hypotheses. Knowledge of the radius of convergence is useful because it
gives us the degree of difficulty for obtaining initial points. Another important problem is to find more
precise error estimates on ||x,, 11 — x| or ||x, — «||. Many authors have studied convergence analysis
of iterative methods, see, for example [1-7].
The most widely used iterative method for solving (1) is the quadratically convergent
Newton’s method
Xpi1 = Xn — F'(xn) " 'F(xn), n=0,1,2,..., ()
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where F/(x)~! is the inverse of first Fréchet derivative F/(x) of the function F(x). In order to
accelerate the convergence, researchers have also obtained modified Newton’s or Newton-like methods
(see [4,6,8-17]) and references therein.

There are numerous higher order iterative methods for solving a scalar equation f(x) = 0
(see, for example [2]. Contrary to this fact, higher order methods are rare for multi-dimensional cases,
that is, for approximating the solution of F(x) = 0. One possible reason is that the construction of
higher order methods for solving systems is a difficult task. Another factual reason is that not every
method developed for single equations can be generalized to solve systems of nonlinear equations.
Recently, a family of optimal eighth order methods for solving a scalar equation f(x) = 0 has been
proposed in [16], which is given by

f(xn)
Yn = Xn f/(xn)/
Zn = 474(xn/ ]/n)/ 3
flzn, Yn] f(zn)
Zn,Yn) = flzn, %n] flzn, xu]’

Xn+1 =2n — 2f]

where ¢4 (x,, yn) is any optimal fourth order scheme with the base as Newton’s iteration v, and f[-, -]
is Newton’s first order divided difference. In particular, they have considered the following optimal
fourth order schemes in the second step of (3):

Ostrowski method (see [12]):

1

n=—Yn— nj- 4
I o~ ) ) @

Ostrowski-like method (see [12]):

2 1
e (f[yn/xn] - f/(xn))f(yn). ©)
Kung-Traub method (see [15]):
_ f'(xn) f(yn)

T ©

Motivated by the above methods defined on the real line, we propose the methods that follow but
for Banach space valued operators. It can be observed that the above family of eighth order methods
can be easily extendable for solving (1). In view of this, here we study the method (3) in Banach space.
The iterative methods corresponding to the fourth order schemes (4)—(6) in the Banach space setting
are given as

Yn = Xp — F,(xn)ilp(xﬂ)r

Zn = Yn — (2F[3/nrxn] - F/(xn))ilF(]/n)/ ()

xn—i—l - TS (xn/ yl’l/ Zi’l)/

Yn = Xn — F/(xn)_lF(xn)/
Zn = Yn — (ZF[yn,xn]_l - F/(xn)_l)F(?/n)f 8)

Xn+1 = ‘PS(xn/ Yn, Zn)
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and

Yn = Xy — F'(x) "1 F(xn),
Zn = Yn — F[]/n/xn]ilF/(xn)F[yn/xn]ilF(yn)/ )

Xp+1 = TS(xn/ Yn, Zn)-

In above each case, we have that
1FS(JCn/]/n/ Zn) =Zn— (ZF[Zn/]/n] - F[Zn/ xn])ilF[Zn/yn]F[Zn/ xn]ilF(zn)- (10)

Here F[-,-] : D x D — L(By, By) is a first order divided difference on D x D satisfying F[x, y](x —
y) = F(x) — F(y) for x # y and F[x,x] = F/(x) if F is differentiable, where L(By, B;) stands for the
space of bounded linear operators from B; into B,. Methods (7)—(9) require four inverses and four
function evaluations at each step.

The rest of the paper is summarized as follows. In Section 2, the local convergence, including
radius of convergence, computable error bounds and uniqueness results of the proposed methods,
is presented. In order to verify the theoretical results of convergence analysis, some numerical examples
are presented in Section 3. Finally, the methods are applied to solve systems of nonlinear equations in
Section 4.

2. Local Convergence

Local convergence analysis of the methods (7)—(9) is presented by using some real functions and
parameters. Let Ag : [0, +00) — [0, +00) be a continuous and increasing function satisfying A¢(0) = 0.
Suppose that equation

Ao(t) =1 (11)
has positive solutions. Denote by ¢ the smallest such solution. Let A : [0,0) — [0, +0o0),  : [0,0) —

[0,+00), A1 : [0,0) X [0,0) — [0,4+00) and u;1 : [0,0) X [0,0) — [0,+0o0) also be continuous and
increasing functions satisfying A1(0,0) = 0. Define functions g; and /; on the interval [0, ¢0) by

YA((1-6)t)do
gu(t) = DA and py(t) = ga(6) — 1.

We have that h1(0) = —1 < 0 and hy(t) — +oo as t — ¢~ . By applying the Bolzano’s theorem on
function /1, we deduce that equation /11 (t) = 0 has solutions in the interval (0, 0). Let 71 be the smallest
such zero.

Moreover, define function p and &, on the interval [0, ¢) by

p(t) =2M (g1 (D)t £) + Ao(t)
and
hp(t) =p(t) -1

We get 11,(0) = —1 < 0 and hy(t) = +o0ast — ¢ . Let r, be the smallest solution of equation
hy(t) = 0in the interval (0, ¢). Furthermore, define functions g, and /; on the interval [0,7,) by

1
Jo n(6g1(t)t)do >g1(t)

$(t) = <1 + (1—p(t)(1— Ag(t))

and
ha(t) = g2(t) — 1.
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We obtain /1;(t) = —1 < 0 and hy(t) — 40 ast — r,. Let r, be the smallest solution of equation

hy(t) = 0in the interval (0, 7,). Define functions g and &, on the interval (0,7,) and functions ¢ and ¢
on the interval [0, 7,), respectively by

q(t) = 2A1(82()t, g1()F) + A (g2(H)E 1),
ha(t) = 4(t) =1,
() = A(82(t), ),
9t = o) — 1.
We get 114(0) = ¢(0) = —1 < Oand hy(t) = +ooast = r,, P(t) = +ooast — r,. Letry, ry be the

smallest solutions of equations /4(t) = 0, ¢(t) = 0 in the intervals (0,7;), (0, 0), respectively. Finally,
define functions g3 and k3 on the interval [0, 09) by

B 1 (g2(0)t, g1(H)1)
o0 = (14 T s )20

and
ha(t) = g3(t) — 1,

where g9 = min{ry, ry}. We have that 13(0) = —1 < 0 and h3(t) — +o0ast — g, . Let r3 be the
smallest solution of equation hi3(t) = 0 in the interval (0, 0p). Set

r=min{r;} i=123.. (12)

to be the radius of convergence for method (7). Then, for each t € [0,7), it follows that

0<gi(t) <1, (13)

0<p(t) <1, (14)

0<¢g() <1 (15)
and

0<q(t) <1. (16)

Let U(a,b) and U(a, b) stand, respectively for the open and closed balls in By with center a € D
and of radius b > 0.

The local convergence analysis of method (7), method (8) and method (9) is based on the
conditions (A):

(a1) F : D C By — Bj is continuously Fréchet differentiable and D is a convex set. The operator
F[-,-] : D x D — L(Bjy, By) is a divided difference of order one satisfying

Flx,yl(x —y) = F(x) = F(y) for x #y
and
Flx,x] = F'(x).

(a2) There exists &« € D such that F(a) = 0and F'(«)~! € L(By, By).
(a3) There exists function Ag : [0, +00) — [0, +00) continuous and increasing with A¢(0) = 0 such that
foreachx € D
IF () 7H(F' () = F'(a)) | < Ao(flx — ).

Set Dy = D N U(«, 0), where ¢ is given in (11).
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(a4) There exist continuous and increasing functions A : [0, 0) — [0, +00), A1 : [0,0) X [0,0) — [0, +00),
#:[0,0) = [0,+c0) and u1 : [0,0) x [0,0) — [0, +0o0) such that for each x,y € Dy

IF" ()71 (' (x) = F' )| < Alllx = wl)),
I (a) " (Flx, y] = F'(a)) | < M(lly = all, lx = ),
IF" ()1 ()| < el = wll)

and
IF' (@) "' Fl, | < pa(flx — aell, Iy — ).

(as) U(a,r) € D where r is given in (12) for method (7), by (30) for method (8) and by (31) for
method (9).
(a¢) There exists R > r such that

1
/ Ao(6R)d6 < 1.
0
SetD; =DnN U(D&, R).
Next, we first present the local convergence analysis of method (7) based on the conditions (A).

Theorem 1. Assume that the conditions (A) hold. Then, sequence {x, } generated for xy € U(a,r) — {a} by

method (7) is well defined in U (a, 1), remains in U(w,r) foreachn =0,1,2...... and converges to a so that
[yn —all < g1 (llxn — al)llxn —all < Joxn —alf <7, (17)
120 = ol < ga(lloen — al)[[xn — ] < [|ln — ] (18)

and
161 = al] < ga(llxn — al) |20 — al| < [0 — ], (19)

where the functions g; are defined previously. Moreover, the solution « of equation F(x) = 0 is unique in D;.

Proof. We shall show assertions (17)—(19) using mathematical induction. Let x € U|x, ¢). Then, using
(a3) and (12), we have that

IF ()7 (F'(x0) — F'(@)) | < Aollx — a] < Ao(r) < 1. (20)
By the Banach perturbation Lemma [2] and (20), we deduce that F/(x)~! € L(B,, B;) and

1

F) WP )| < —or—.
PG @l < T

(21)

In particular for x = x, yo is well defined by the first substep of method (7) and (21) holds for
x = X, since xog € U[a, r). We get by the first substep of method (7) for n = 0, (a3), (a4), (13) (for i = 1)
and (12) that

o — &l = llxo — & — F'(x0) ' F(x0)|
= [ o) @I ) (B a4 B0 — @) — F'(x0)) xg — )|

_ Jo M= 0)]lxo —a])de
= Tl —al)
= g1(llxo — al})|lxo — al| < |lxo —al| <7, 22)

[lx0 — a]|
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s0 (17) holds for n = 0 and yo € U(a, 7). We must show the existence of (2F[yo, xo] — F'(x0)) ! which
shall imply that z is well defined. Using (12), (14), (a3) and (a4), we get in turn that

IF"(a) " 2(Flyo, x0] — F'(a)) + (F'(a) = F'(x0))) | < 2IIF'(a) " (Flyo, x0] — F'()) |
+[[F' () 71 (F' () = F'(x0))|
< 2M1(llyo — all, llxo — af]) + Ao ([Jx0 — a[])
< 2M1(g1(flxo — al) lxo — ]l [l xo — &)
+ Ao(l[xo — alf)
= p(llxo—al) <p(r) <1,

so (2F[yo, xo] — F'(x0)) ! exists and

N 1
||(2F[]/O/x0] F (xO)) F (“)H 1_— P(”XO — “H) (23)
We can write )
F(x) = F(x) — F(a) = /0 F'(a+6(x — ) (x — a)de. (24)
Notice that ||a + 6(x —a) — a|| = 0]|x — a|| < r for each 6 € [0,1]. Using (a4) and (24), we get
! 1 !
IF'@) @I < [ p(6]lx =l o] — o] 5)

Then, by (12), (13) (for i = 2), (21), (22), (23), (25) and the second substep of method (7), we obtain in
turn that
120 = &l < llyo — [l + [ (2F[yo, xo] — F'(x0)) "' F'(a) | | F' (&) "' F (o)
Jo #(6llyo — all)d8llyo — |
(1= p(llxo —af)) (1 = Ao(lxo — «]))

Jo 1(®g1(lx0 — al))llxo — a]))d6
=710 = D)1 = (g a5 170 = #Dllxo —a

= &2(Ilxo — [} lxo — al| < [lxo —all <7,

< llyo — ol +
(26)

§(1+

which shows (18) for n = 0 and zg € U(«, 7). We must show the existence of F[zg, xo] ~' which shall
also imply that x; is well defined. Using (12), (15) and (a4), we obtain in turn that

1" ()~ (Flz0, 0] — F'(@))[| < A1(llz0 — all, lx0 — all) < Ax(82(llx0 — all)llxo — al, [lxo — acl])
= ¢llxo—af < o(r) <1,

so F|zg, xo] ! exists and

1

|0 — all)”
Then, using the last substep of method (7), (10), (12), (13) (for i = 3), (18), (23), (26) and (27), we get

in turn that

[Elz0, 3] ' F @)l < 7= (27)

i (llzo — all, llyo — ) fy #(6llz0 — | )d6]lzo — o
(1 —q(xo—a)) (1 — A (z0 — ], %0 — a]]))
(g2 (10 — ) llxo — all, g1 (lx0 — &l}) 0 — &) ) 28)
(1 —q([lxo — &) (T — A1(g2(llxo — al) Txo — all, xo — 1))
x g2(||x0 — al])[|x0 — al,

l1 —all < flzo —all +

§(1+
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which shows (19) for n = 0 and x1 € U(a, 7). The induction is completed if xy, yx, zx, Xx1 replace xo,
Yo, 20, X1 in the preceding estimates, respectively. Then, from the estimate

1 — ol < cflxe —af <7, (29)

where ¢ = g(|lxx —«f)) € [0,1), we deduce that limg ,oxy = a and x; € U(a,r).
LetQ = fol F'(a+ 6(y* — a))d6 for some y* € Dy such that F(y*) = 0. By (a3) and (a6), we have in
turn that

1
IF'()~H(Q — F'(@)) < /O Aol +0(y" — ) — af[)d6
1 1
< [ Aotelle—y*l)de < | ro(oR)d0 <1,
0 JO
implies that Q! exists. Then, from the identity 0 = F(y*) — F(a) = Q(y* — a), we conclude that
a=y*. O

Next, we shall show the local convergence of method (8) in an analogous way but functions g7, ¢,
g3 shall be replaced by 3>, ¢1, §3 and which are given by

gm=0+w&éﬁﬁfmw
ha(t) = 2(t) — 1
p1(t) = M(g1(t)t 1),
i(t) = a(t) — 1,

%, (Dt
)= (1 i D gy O
ha(t) = g3(t) — 1

We shall use the same notation for r; as in (12) but notice that 7, and 73 correspond to the smallest
positive solutions of equations 1 (t) = 0 and h3(t) = 0, respectively. Set

7 = min{ry, 72,73} (30)
The local convergence analysis of method (8) is given by the following theorem:

Theorem 2. Assume that the conditions (A) hold. Then, the conclusions of Theorem 1 also hold for method (8)
with functions o, g3 and 7 replacing g, g3 and r, respectively.

Proof. We have that
lyn — all < g1([ln — al)lloen =l < flxn —afl <7
as in Theorem 1 and using the second and third substep of method (8) we get (as in Theorem 1) that

u(llxn —all) fo (Ollyn — al))d0lyn — «|l
(1 =21 (llyn — all, xn — al]))?

lzn — |l < [lyn — afl "'

< &a(llxn = alDllxn — afl < [lxn —af



Mathematics 2019, 7, 198 8 of 14

and
) (@21 — al]) 0 — all 1l — )l — )
lns =l < (V4 Tt a0 = M@ o — ol T = ol Ton =2

x ga(llxn — al))[lxn ]
< ga(llxn — ) — ]l < xn .

O

We define
- [l (0t f 1(t)t)de

gz()_(1+2(10—/\1( (t)t t)) = 1—A(t) )si(0)
at) = 8a(t) —

Denote by 7,, 73, the smallest positive solutions of equations /15 () = 0 and 13(t) = 0. Set
7= mil‘l{ﬁ, 132, 1=’3} (31)
Then, we have:

Theorem 3. Assume that the conditions (A) hold. Then, the conclusions of Theorem 1 also hold for method (9)
with functions g, g3 and T replacing ¢, g3 and v, respectively.

Proof. Notice that from the second and third substep of method (9) we obtain

zn = all < lyn = all + [12F[ym, xa] 7 F (@) |[[|F' () " F (ya) |

Jo 1@l = a6y~ Jy ully —alde
(1=l = ol Tew —=al)) * (= Ro (e =) "

< & (llxn —al)llxn —af| < flxn —af| <7

< lyn —all +2 —af

and
11 G20l — al)lln — g1 (1 — )l — )
X —all < (14 =
01 =0 < (14 == a0 = M G o — )T = &l T 2T
x 82(l0n — ) 0 — a].
O

Remark 1. Methods (7)—(9) are not effected, when we use the conditions of the Theorems 1-3 instead of stronger
conditions used in ([16], Theorem 1). Moreover, we can compute the computational order of convergence

(COC) [18] defined by
coc — ln(W—all)/ln(llxn—vcl) (32)
200 — af [[xn-1 — ]|

or the approximate computational order of convergence (ACOC) [9], given by

ACOC = ln(”)(,m—)an)/ln(Mn—xnﬂ). (33)
[[xn — xp—1]| %01 — xn—2]
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In this way, we obtain in practice the order of convergence.

3. Numerical Examples

Here, we shall demonstrate the theoretical results which we have shown in Section 2. We use the
divided difference given by Fx,y] = (F'(x) + F'(y)) or F[x,y] = fol (F'(y + t(x —y))dr.

Example 1. Suppose that the motion of an object in three dimensions is governed by system of
differential equations

fi(x) = fA1(x)—1=0,
foly) —(e=1)y—-1=0,
fi(z) =1=0. (34)

with x, y, z € D for f1(0) = f2(0) = f3(0) = 0. Then, the solution of the system is given for v = (x,y,z)"T
by function F := (f1, fa, f3) : D — R3 defined by

_ X e—1 2 T
F(u) = (e 1, —5 Y +y,z) . (35)
The Fréchet-derivative is given by
e* 0 0
F'(u) = 0 (e—1)y+1 0f. (36)
0 0 1

Then for & = (0,0,0)T we have that A(t) = et, Ag(t) = (e — 1)t, A1(s,t) = =, u(t) = 2 and
pi(s, t) = ST_t The parameters r1, 1, 3, 72, 3, T2 and 73 using methods (7)-(9) are given in Table 1.

Table 1. Numerical results for Example 1.

Method (7) Method (8) Method (9)

11 =0.324947 7y = 0.324947 1 = 0.324947
rp = 0.119823 7, = 0.107789 7, = 0.083622
r3 = 0.115973 73 = 0.103461 75 = 0.080798
r=0115973 7=0.103461 7 = 0.080798

Theorems 1-3 guarantee the convergence of (7)-(9) to « = 0 provided that xg € U(a,r).
This condition yields very close initial approximation.

Example 2. Let By = C[0, 1], be the space of continuous functions defined on the interval [0,1]. We shall
utilize the max norm. Let D = U(0,1). Define function G on D by

Gl92)(x) = ¢p(x) — 10 /O ' x0gn(0)%d6.
We get that
1
G/ (¢2(8))(x) = £(x) =30 [ x092(6)¢(0)do, for each ¢ € D.

Then for & = 0 we have that A(t) = 30t, Ag(t) = 15t A1(s,t) = S, u(t) = 1.85 and py (s, t) = L.
The parameters 11, 13, 13, Fo, T3, T2 and ¥3 using (7)—(9) are given in Table 2.
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Table 2. Numerical results for Example 2.

Method (7) Method (8) Method (9)

rp = 0.033333 r; =0.033333 r; = 0.033333
rp =0.013431 7, =0.011013 7, = 0.008039
r3 = 0.013389 73 =0.010972 73 = 0.008015
r =0.0133889 7 =0.010972 7 = 0.008015

It is clear that the convergence of (7)—(9) is guaranteed to « = 0 provided that xy € U(a, 7).
Example 3. Let us consider the function H := (f1, fo, f3) : D — R3 defined by
H(x) = (10x; +sin(x; + x;) — 1, 815 — cos®(x3 — x) — 1, 12x3 +sin(x3) — 1), (37)
where x = (x1, x2, x3)7.

The Fréchet-derivative is given by

10 + cos(x1 + x7) cos(xq + x7) 0
H'(x) = 0 8+sin2(x; —x3) —2sin(xp — x3)
0 0 12 4 cos(x3)

With the initial approximation xo = {0,0.5,0.1 }T, we obtain the solution & of the function (37)
a = {0.06897...,0.24644 ...,0.07692...}T.

Then we get that A(t) = 0.269812t, Ag(t) = 0.269812t, A1 (s, t) = =, u(t) = 13.0377 and p1 (s, t) = 5t
The parameters 11, 19, 13, 72, 73, T2 and 73 using methods (7)—(9) are given in Table 3.

Table 3. Numerical results for Example 3.

Method (7) Method (8) Method (9)

11 = 2.470865 r; = 2470865 1, = 2.470865
1 = 0288117 7, =0.612891 7, = 0.639134
r3 = 0.254805 73 = 0473734 753 = 0.461618
r=0254805 F7=0473734 7 =0.461618

4. Applications

Lastly, we apply the methods (7)—-(9) to solve systems of nonlinear equations in R™.
The performance is also compared with some existing methods. For example, we choose
Newton method (NM), sixth-order methods proposed by Grau et al. [12] and Sharma and Arora [15],
and eighth-order Triple-Newton Method [14]. These methods are given as follows:

Grau-Grau-Noguera method:
Yn =xn — F'(x,) "1F(x),

Zn =Yn — (2Fyn, xn] = F'(x2))

Xp41 =2Zn — (2F[yn, xn] - F/(xn)) F(zy). (38)

This method requires two inverses and three function evaluations.
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Grau-Grau-Noguera method:

Yn =xn — F'(x,) "1F(x),
zn =Yn — (2F[yn, xn) "t = F'(x0) V) Fyn),
Xni1 =2n — (2F[yn, xu) 71 — F'(x0) 1) F(zn). (39)

It requires two inverses and three function evaluations.

Sharma-Arora Method:

Yn =xn — F'(x,) " 1F(x),
Zp =Yn — (31 — ZF/(xn)ilF[]/n/xn])F/(xn)ilF(yﬂ)/
Xpi1 =2n — (31 _ ZF’(xn)_lF[yn,xn})F/(xn)_lF(Zn)- (40)

The method requires one inverse and three function evaluations.

Triple-Newton Method:

Yn =Xn — F'(x,) " (x),
Zy =Yn — F/(yn)ilp(yﬂ)'
Xp1 =2n — F'(z0) " E(z0). (41)

This method requires three inverses and three function evaluations.
Example 4. Let us consider the system of nonlinear equations:

xip1—1=0,1<i<m-—1,
xile—l:O,i:m.

m—times m—times

with initial value xo = {2,2, , 2}T towards the required solution & = {1,1, , 13T of the systems

form =8, 25, 50, 100.
Example 5. Next, consider the extended Freudenstein and Roth function [19]:

F(x) = (fi(x), fo(x), .-, fin(x))T,

where
) m
fzi_l(x) = X1+ ((5 — le‘>X2i - 2)x2i —13, fOT i=1,2,..., E,
. m
fai(x) = x0i—1 4 (14 x9i)x0; — 14)xp; — 29, fori =1,2,..., 5
with initial value xy = {3,6, mi-t-i'-nes, 3,6} towards the required solution x* = {5,4, mi-t-i’-nes, 5,4}T of the

systems for m = 20, 50, 100, 200.

Computations are performed in the programming package Mathematica using multiple-precision
arithmetic. For every method, we record the number of iterations (1) needed to converge to the
solution such that the stopping criterion

[|F(xa)l] <107
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is satisfied. In order to verify the theoretical order of convergence, we calculate the approximate
computational order of convergence (ACOC) using the formula (33). For the computation of divided
difference we use the formula (see [12])

F[x/]/]ij _ ﬁ(xlr """ 1 XjrYjtts e /ym) _fi(xll ---- s X1, Yjreeees /yM), 1< l,] <m.

X =Y

Numerical results are displayed in Tables 4 and 5, which include:

e  The dimension (m) of the system of equations.
e  The required number of iterations ().

e The value of ||F(x,)|| of approximation to the corresponding solution of considered problems,
wherein N(—#) denotes N x 107",

e  The approximate computational order of convergence (ACOC).

Table 4. Comparison of performance of methods for Example 4. Approximate computational order of

convergence (ACOC).
Methods  (2) (38) (39) (40) 41) (7) 8) (C)]
m=38
n 10 4 4 4 3 3 3 3
[[F(xn)||  926(—253) 1.30(—304) 8.01(—206) 1.18(—168) 2.80(—126) 6.07(—258) 1.00(—185) 4.15(—171)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000
m =25
n 10 4 4 4 3 3 3 3
[[F(xn)||  1.64(—252) 229(—304) 1.42(—205) 2.10(—168) 4.95(—126) 1.07(—257) 1.77(—185) 7.33(—171)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000
m =50
n 10 4 4 4 3 3 3 3
[[F(xn)||  2.31(—252) 3.24(—304) 2.00(—205) 2.96(—168) 7.01(—126) 1.52(—257) 2.50(—185) 1.04(—170)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000
m = 100
n 10 4 4 4 3 3 3 3
[[F(xn)||  3.27(—252) 4.58(—304) 2.83(—205) 4.19(—168) 9.91(—126) 2.15(—257) 3.54(—185) 1.47(—170)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000

Table 5. Comparison of performance of methods for Example 5.

Methods (2) (38) (39) 40) 41) (7) 8) 9

m =20

n 10 3 4 4 3 3 3 3

[|F(x)]] 6.42(—327) 1.15(—63) 1.49(—278) 7.64(—234) 1.42(—162) 3.71(—246) 2.82(—184) 1.41(-197)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000

m = 50

n 10 3 4 4 3 3 3 3

[|F(xn)]] 1.01(—326) 1.82(—63) 2.35(—278) 1.21(—233) 2.25(—162) 5.87(—246) 4.46(—184) 2.24(—197)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000

m = 100

n 10 3 4 4 3 3 3 3

[|F(2n)]] 1.43(—326) 257(—63) 3.32(—278) 1.71(—233) 3.18(—162) 831(—246) 6.31(—184) 3.16(—197)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000

m = 200

n 10 3 4 4 3 3 3 3

I[F(xa)||  2.03(—326) 3.64(—63) 470(—278) 241(—233) 450(—162) 1.17(—245) 892(—184) 4.47(—197)
ACOC 2.000 6.000 6.000 6.000 8.000 8.000 8.000 8.000
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From the numerical results shown in Tables 4 and 5 it is clear that the methods possess stable
convergence behavior. Moreover, the small values of ||F(x;,)||, in comparison to the other methods,
show the accurate behavior of the presented methods. The computational order of convergence also
supports the theoretical order of convergence. Similar numerical tests, carried out for a number of
other different problems, confirmed the above conclusions to a large extent.
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