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Abstract: The purpose of this paper is to establish fixed point results for a pair a,-dominated
multivalued mappings fulfilling generalized locally new a.-ip-Ciri¢ type rational contractive
conditions on a closed ball in complete dislocated metric spaces. Examples and applications are
given to demonstrate the novelty of our results. Our results extend several comparable results in the
existing literature.
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1. Introduction and Preliminaries

Let H: S — S be a mapping. A point w € S is called a fixed point of S if w = Sw. In literature,
there are many fixed point results for contractive mappings defined on the whole space. It is possible
that H : S — S is not a contractive mapping but H : Y — S is a contraction. Shoaib et al. [1],
proved the result related with intersection of an iterative sequence on closed ball with graph. Recently
Rasham et al. [2], proved fixed point results for a pair of multivalued mappings on closed ball for new
rational type contraction in dislocated metric spaces. Further fixed point results on closed ball can be
observed in [3-6].

Many authors proved fixed point theorems in complete dislocated metric space. The idea of
dislocated topologies have useful applications in the context of logic programming semantics (see [7]).
Dislocated metric space [8] is a generalization of partial metric space [9], which has applications in
computer sciences. Nadler [10], started the research of fixed point results for the multivalued mappings.
Asletal. [11] gave the idea of a.-1 contractive multifunctions, a.-admissible mapping and got some
fixed point conclusions for these multifunctions. Further results in this direction can be seen in [12-15]).
Recently, Senapati and Dey [16], introduced the concept of a pair of multi 8.-admissible mapping and
established some common fixed point theorems for multivalued B.-y-contractive mappings. Recently,
Alofi et al. [17] introduced the concept of a-dominated multivalued mappings and established some
fixed point results for such mappings on a closed ball in complete dislocated quasi b-metric spaces.
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In this paper, we establish common fixed point of a-dominated multivalued mappings for new
Ciri¢ type rational multivalued contractions on a closed ball in complete dislocated metric spaces.
Interesting new results in metric space and partial metric space can be obtained as corollaries of our
theorems. As an application is derived in the setting of an ordered dislocated metric space for multi
=-dominated mappings. The notion of multi graph dominated mapping is introduced. Also some
new fixed point results with graphic contractions on closed ball for multi graph dominated mappings
on dislocated metric space are established. New definition and results for singlevalued mappings are
also given. Examples are given to show the superiority of our result. Our results generalize several
comparable results in the existing literature.We give the following concepts which will be helpful to
understand the paper.

Definition 1. Let M be a nonempty set and let d; : M x M — [0, 00) be a function, called a dislocated metric
(or simply dj-metric), if for any c, g,z € M, the following conditions satisfy:

(i) Ifdi(c,g) =0, thenc=g;
i) dic,g) =di(g c);
(iii) di(c,g) < di(c,z) +4di(z,8) —di(z,z).

The pair (M, d;) is called a dislocated metric space. It is clear that if d;(c,g) = 0, then from (i), c = g. But if
c =g di(c,g) may not be 0. For c € Mand e > 0, B(c,e) = {g € M : d;(c,g) < ¢} is a closed ball in
(M, d;).We use D.L. space instead by dislocated metric space.

Example 1. [3] If M = R U {0}, then d;(c, §) = ¢ + g defines a dislocated metric d; on M.

Definition 2. [3] Let (M, d;) be a D.L. space.

(i) Asequence {c,} in (M, d;) is called Cauchy sequence if given € > 0, there corresponds ng € N such that
for all n,m > ny we have d;(cy, cn) < €or nrgrgoo di(cn,cm) = 0.

(i) A sequence {cy,} dislocated-converges (for short d; -converges) to c if nlg{}o dj(cn,c) = 0. In this case c is
called a d;-limit of {c, }.

(iii) (M, d;) is called complete if every Cauchy sequence in M converges to a point ¢ € M such
that dy(c,c) = 0.

Definition 3. [1] Let K be a nonempty subset of D.L. space M and let c € M. An element gy € K is called a
best approximation in K if

dl (C/ K) = dl (C/ gO)/ where dl (C/ K) = in1f<dl (C/ g)
g€
If each ¢ € M has at least one best approximation in K, then K is called a proximinal set.
We denote CP(M) be the set of all closed proximinal subsets of M. Let ¥ denote the family of all
nondecreasing functions ¢ : [0, +00) — [0, +-00) such that }_ 7 ¢"(t) < 4o for all t > 0, where ¢" is
the n'" iterate of ¢. if p € ¥, then y(t) < t forall t > 0.

Definition 4. [16] Let S, T : M — P(M) be the closed valued mulifunctions and p : M x M — [0, +o0) be
a function. We say that the pair (S, T) is B.-admissible if for all c,g € M

B(c,g) > 1= B«(Sc,Tg) > 1, and B.(Tc,Sg) > 1,

where B« (Tc,Sg) = inf{B(a,b) :a € Tc,b € Sg}. When S = T, then we obtain the definition of a-admissible
mapping given in [11].

Definition 5. Let (M,d;) be a D.M. space, S,T : M — P(M) be multivalued mappings and
a: M x M— [0,+00). Let A C M, we say that the S is a.-dominated on A, whenever w.(c,Sc) > 1 for
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all c € A, where (¢, Sc) = inf{a(c,b) : b € Sc}. If A = M, then we say that the S is w.-dominated on M.
IfS, T : M — M be self mappings, then S is a-dominated on A, whenever a(c,Sc) > 1 forall c € A.

Definition 6. [1] The function Hy, : P(M) x P(M) — R™, defined by

Hy (A, B) = max{supd,(a, B), supd;(A,b)}
acA beB

is called dislocated Hausdorff metric on P(M).

Lemma 1. [1] Let (M, d;) bea D.L. space. Let (P(M), Hy,) is a dislocated Hausdorff metric space on P(M).
Then for all H,U € P(M) and for each h € H there exists u, € U satisfies d;(h,U) = d;(h,uy,) then
Hdl (H, U) Z dl(l’l, uh).

Example 2. Let M = R. Define the mapping « : M x M — [0, o0) by

a(c,g>={ lfe>g }

% otherwise
Define the multivalued mappings S, T : M — P(M) by
Sc={[c—4,c—3]ifce M}
and,

Tg={[g—2g—-1]ifge M}.

Suppose ¢ = 3and g = 2. As 3 > 2, then «(3,2) > 1. Now, a,(53,T2) = inf{a(a,b) :a € S3,b € T2} =
3 # 1, this means a,(S3,T2) < 1, that is, the pair (S, T) is not a,-admissible. Also, 0.(S3,52) # 1 and
(T3, T2) # 1. This implies S and T are not a,-admissible individually. As, a.(c, Sc) = inf{a(c,b) : b € Sc} > 1,
forall c € M. Hence S is a.-dominated mapping. Similarly a, (g, Tg) = inf{a(g,b) : b € Tg} > 1. Hence it is
clear that S and T are o, -dominated but not «-admissible.

2. Main Result

Let (M,d;) bea D.L.space,co € Mand S, T : M — P(M) be the multifunctions on M. Let¢; € Scy
be an element such that d;(co, Sco) = d;(co,c1). Let c € Tey be such that d;(c1, Te1) = dj(cq, c2).

Let ¢c3 € Scp be such that dj(cp,Sco) = dj(cp,c3). Continuing this process, we construct a
sequence ¢, of points in M such that cy,11 € Sco, and ¢4 € Tepyy1, where n = 0,1,2,....
Also dl(CZn/ SCZH) = dl(CZn/ C2n+l)/ dl(c2n+1/ TCZn—H) = dl(C2n+1,C2n+2). We denote this iterative

sequence by {TS(c,)}. We say that {TS(c,)} is a sequence in M generated by c.

Theorem 1. Let (M, d;) be a complete D.L. space. Suppose there exist a function o : M x M — [0, 00). Let,

r>0,co € By (co,7)and S, T : M — P(M) be a a.-dominated mappings on By (co,r). Assume that for some
Y € Yand

di(c,Tg) +d;(g,Sc) d;(c,Sc).d; (g, T
Dl(C,g):maX{dl(C,g), l( g)z l(g ) l(a—i_?il(lc(g) g)

(di(c,Se),di(g,Tg)},
where a > 0 the following hold:
Hy,(Se, Tg) < ¢(Di(e,g)), @
forallc,g € By (co,7) N{TS(cn)}, with either a(c,g) > 1ora(g,c) > 1. Also
n

) ¥'(d;(co, Scg)) < rforalln € NU{0}. 2)
i=0
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Then {TS(cu)} is a sequence in By (co, ), «(cn,cpy1) > 1 foralln € NU{0} and {TS(cy)} — c* €
By, (co, 7). Also if a(cy,c*) > 1or a(c*,cy) > 1foralln € NU{0} and the inequality (1) holds for c* also.
Then S and T have common fixed point c* in By (co, 7).

Proof. Consider a sequence {TS(cp) }. From Equation (2), we get

n

C(),C] E dl C(),Cl < T.

i=0

It follows that O

c1 € By (co, 7).

Letcs, -+ ,cj € By (co,r) for some j € N. If j = 2i + 1, where i = 0,1,2,...,%. SinceS, T : M —
P(M) be a a,-dominated mappings on By, (co, 1), 50 & (c2i, Scai) > 1and a.(coiq1, Teziy1) > 1. Now by
using Lemma 1, we obtain,

di(coit1,C2i12) < Hg(Scoi, Teitq)

d; (c24, Tepiy1) +dj (cpi41, Sca;
S tp(max{dl (CZi/ C2i+1)/ l( 2i 21+1) 5 l( 2i+1 21),

dy (cai, Scai) Ay (€241, Tepi)
a+dj (¢, 2i1)
dy (2, €2i42) +dj (c2i1,C2i11)

,dj(ci, Scai), di(caiv1, Teaiv1) }

< (max{d;(czi, c2i11), 3 ,
dy (c2i, C2i41) -d1 (C2i41,C2i42)
,di(co;, Coiv1),d1(Coia1, Co;
PR - 1(c2i, €2i41),d1(C2i1, C2i2) }
< p(max{d;(czi, c2i41),
dy (c2i, C2iq1) +dj (C2i1,€2i42) — dp (i1, C2i1) +di (C2i1,C2i41)
2 7
dy (c2i, C2it1) -d1 (C2iq1,C2i42)
44, (Cor,Caia) ,di(c2i, €2i1),d1(C2i41, C2it2) }
dj (c2i, €2i+1) + dp (C2i41, C2i42
< p(max{d;(cz, c2i41), 1 (e2ir i) 21( ARAC S ),

dy (c2i, €2iq1) -d1 (C2iq1,C2i42)
a+dp (cai,c2it1)
< (max {d;(cai, c2i11),d1(Cait1, C2i42) }) -

,di(c2i, €2i1), d1(C2i41, C2i2) }

If max{d;(cai, c2i1), di(c2it1, C2iv2) } = di(Caiv1, 2i42), thendi(caiva, 2ir2) < Y (di(c2it1, 2i42))-
This is the contradiction to the fact that (t) < t for all ¢ > 0.
So max{d;(czi, c2i+1), di(cai+1,c2i42)} = di(c2i, caiv1)- Hence, we obtain

di(coit1,C2ivn) < P(di(cai coig1))- 3)
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As . (c2i,Scp;) > 1and cp; 1 € Scai, 50 a(cpi, €oi41) > 1. Similarly we can get . (co; 1, Tepi 1) > 1

and cp;_1 € Tcpi—1, 50 a(cpi—1,¢;) > 1. Now by using inequality (1), and Lemma 1, we have
di(cai,ci41) < Hg (Tegi—1,Scpi) = Hy, (Scai, Tepi—q)
dj (c2i, Tegi—1) + dj (c2i—1, Sc2i)

2 7
dy (coi, Sco;) -dy (21, Tepi—1)
,d;(co;, Sco;),di(co—1, Teai—
a—f—d, (CZirCZi—l) l( 2i 21) l( 2i—1 2i 1)}

dC',C'+d C2i_1,C2;
< p(max{di(cai, c2i-1), 1 (cair €21) + 1 (€ai1, Cai1)

2 7

dy (coi, C2iq1) -y (C2i—1,2)
a+dj (cai, C2i—1)
< ¢(max{d;(cai, c2i—1),di(C2is C2it1), di(C2i—1,C2i) })-

< p(max{d;(czi, c2i-1),

,di(c2i, Civ1), di(C2i—1,€2i) }

If max{d;(cai, c2i-1),di(cai, €2i+1)} = di(c2i, C2i41), then
di(c2i, c2i1) < P(di(cais c2i41))-
This is the contradiction to the fact that ¢(¢) < t forall t > 0. If
max{d;(cai, c2i-1),di(cai-1,21)} = di(cai-1,c21),
then
d(c2i c2i1)) < P(di(cai1,€2i))-
As ¢ is nondecreasing function, so
Y(di(cai, c2i41)) < 2 (di(caimr, c2i)),
by using the above inequality in inequality (3), we obtain
di(cai1, caiva) < 92 (di(cai1, c2i)),
continuing in this way, we obtain
di(cais1, i) < ¥ (di(co,c1)).
Now, if j = 2i, wherei = 1,2, ... % Then, similarly, we have
dy(cai, ¢2i41) < % (di(c1,co))-
Now, by combining inequalities (4) and (5), we obtain

di(cj,cjy1) < ¥ (d)(c1,c0)) for some j € N.

Now,
di(co,cjr1) < dilco,c1) + - +di(cj cji1)
< dj(co,c1) + .+ 9/ (di(co,c1)), by (6)
i
dl(COICj—H) < Z d[ co,c1)) <r. by (2)

4)

©)

(6)
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Thus ¢j;1 € By (co, 7). Hence ¢, € By (co,7) for all n € N therefore {TS(cn)} is a sequence
in By (co,7). As S, T : M — P(M) be a semi a.-dominated mappings on By, (co, ), 50 &« (cn, Scn) > 1
and a4 (cy, Tcy) > 1, for all n € N. Now inequality (6) can be written as

di(cn, cny1) < " (d)(co,c1)), foralln € N. (7)

Fix ¢ > 0 and let n(e) € N such that Y ¢(d;(co,c1)) < e. Letn,m € N with m > n > n(e),
k>n(e)
then, we obtain,

m—1

m—1 .
g) di(ci,civ1) < Y ¢ (di(co 1))

i=n

< Y (o)) <e

k>n(e)

IN

di(cn,cm)

Thus we proved that {TS(cp) } is a Cauchy sequence in (Bg (co, 7),d;). As every closed ball in a
complete D.L. space is complete, so there exists ¢* € By (co, r) such that {TS(c,)} — c*, thatis

lim d;(c*,c,) = 0. (8)

n—o0

By assumption, if a(c*,cpp41) > 1 for all n € N U {0}. Since a.(c*,Sc*) > 1 and
s (con+1, Teant1) > 1. Now by using Lemma 1 and inequality Equation (1), we have

dl(C*,SC*) < dl(C*,C2n+2) erl(C2n+2, SC*)
< di(c”, can+2) + Hy (Tean41, Sc™)
S dl (C*/ C21’l+2) + Hd[ (SC*/ TC2n+l)
< di(c, cont2) +P(Dy(c”, cont1))
dy(c*,c +d; (c ,Sc*
< di(c*, canv2) + p(max{d;(c*, c2n11), it 21:2) t(C2ni1 )

2 7
dy (c*,S¢*) .d; (cans1, Cons2)
a+dp(c*, 1)

,di(c*,5c*),di(cons1, Con42) }-

Letting n — oo, and using the inequalities (7) and (8), we can easily get that
di(c*,Sc*) < o (d;(c*,Sc*)) and hence d;(c*, Sc*) < 0 or ¢* € Sc*. Similarly, by using,

di(c*, Tc*) < di(c*, cong1) +4dj(cons1, Ic*),

we can show that ¢* € Tc*. Hence S and T have a common fixed point c* in By (co,7).
Since a«(c*,Sc*) > 1and (S, T) be the pair of sub a,-dominated multifunction on By (co, ), we have
ay(c*, Tc*) > 1so a(c*,c*) > 1. Now,

di(c*,c*) < di(c*, Tc*) < Hy (Sc*, Tc")
dy (c*, Tc*) 4+ d; (¢*, Sc*)

2 4
,dp(c*,Sc*),dy(c*, Tc*) }.

< plmax{d,(c", "),

dy (c*,Sc*) .d; (c*, Tc*)
a+ dl (C*/ C*)

This implies that d;(c*, ¢*) = 0.
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Theorem 2. Let (M, d;) be a complete D.L. space. Suppose there exist a function & : M x M — [0, 00). Let,
r>0,co € By (co,7)and S, T : M — P(M) be the semi a.-dominated mappings on By (co, ). Assume that
for some p € ¥ and Dj(c, ) = max{d,(c,g),d;(c,Sc),d;(g, Tg)}, the following hold:

Hy,(Sc, Tg)} < ¢(Di(e,g)), ©

forallc,g € By (co,7) N {TS(cn)} with either a(c,g) > 1ora(g,c) > 1. Also

n

ZlPi(dl(Co,cl)) <rforalln € NU{0}.
i=0

Then {TS(cy)} is a sequence in By (co,r) and {TS(cn)} — c* € By, (co, 7). Also, if the inequality (9) holds
for ¢* and either a(cp, c*) > 1or a(c*,c,) > 1 foralln € NU{0}. Then S and T have a common fixed point
c* in By, (co,r) and d;(c*,c*) = 0.

Theorem 3. Let (M, d;) be a complete D.L. space. Suppose there exist a function « : M x M — [0, 00). Let,
r>0,co € By (co,7)and S : M — P(M) be a semi a.-dominated mappings on By (co,r). Assume that
for some p € ¥ and

d; (c,Sg) +d; (g,Sc) di(c,Sc).di(g,S8)
2 " oa+di(cg)

Di(e,g) = max{d(c,g), (di(c,Se),di(g,58)},

where a > 0 the following hold:
Hy (S¢,Sg) < ¢(Di(c8)), (10)

forallc,g € By (co, ) N{S(cn)} witha(c,g) > 1. Also

n .

Y ¢'(di(co,c1)) < rforalln € NU{0}.

i=0
Then {S(cn)} is a sequence in By, (co,r) and {S(cu)} — ¢* € By, (co, 7). Also, if the inequality (10) holds for
c* and either a(cy,c*) > 1or a(c*,cy) > 1foralln € NU{0}. Then S has a fixed point c* in By, (co, ) and
di(c*,c*)=0.

Definition 7. Let M be a nonempty set, < is a partial order on M and A C M. We say that a < B whenever
forall b € B, we have a < b. A mapping S : M — P(M) is said to be semi dominated on A if a < Sa for each
a€ ACM.IfFA=M,thenS: M — P(M) is said to be dominated.

Theorem 4. Let (M, <,d;) be an ordered complete D.L. space. Let, v > 0, cg € Bdl(co, r) and
S, T : M — P(M) beasemi dominated mappings on By (co, ). Assume that for some € ¥ and

d (¢, Tg) +d; (g,Sc) dj(c,Sc).di (g Tg)

Di(c,g) = max{di(c,g), 5 et d(og) eSO AR T
where a > 0 the following hold:
Hy,(S¢, Tg) < ¢(Di(c,8)) (11)
forallc,g € By (co,7) N {TS(cn)} with either c X g or g = c. Also
Y ¢'(di(c1,c0)) < r foralln € NU{0}. (12)

i=0
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Then {TS(cy)} is a sequence in By (co,7) and {TS(cn)} — ¢* € By (co, 7). Also if the inequality (11) holds
for ¢* and either ¢, = c* or ¢* < ¢, foralln € NU{0}. Then S and T have a common fixed point c¢* in
By, (co,7) and dj(c*,c*) = 0.

Proof. Let w : M x M — [0, +c0) be a mapping defined by a(c,g) = 1 for all ¢ € By, (co,r) with
either ¢ < g, and a(c,g) = 0 for all other elements ¢,g € M. As S and T are the semi dominated
mappings on By, (co,7),80c X Scand ¢ <X Tcforallc € By, (co, 7). This implies that ¢ < b forall b € Sc
and ¢ < eforall ¢ € Tc. So, a(c,b) = 1forall b € Sc and a(c,e) = 1 for all ¢ € Tc. This implies
that inf{a(c,g¢) : ¢ € Sc} = 1, and inf{a(c,g) : g € Tc} = 1. Hence a4 (c,Sc) = 1, ax(c, Tc) = 1 for

all ¢ € By (co,7).5S0,S,T: M — P(M) are the semi a.-dominated mapping on By, (co, 7). Moreover,
inequality (11) can be written as

Hy, (Sc, Tg) < ¢(Di(c, ),

for all elements c,g in By (co,7) N {TS(cy)}, with either a(c,g) > 1 or a(g,c) > 1. Also,
inequality (12) holds. Then, by Theorem 1, we have {TS(c,)} is a sequence in By (co,7) and
{TS(cn)} — c* € By, (co, 7). Now, ¢, c* € By, (co, r) and either ¢, < ¢* or ¢* =< ¢, implies that either
a(cp,c*) > 1ora(c*, c,) > 1. So, all the conditions of Theorem 1 are satisfied. Hence, by Theorem 1,
S and T have a common fixed point c* in By, (co,7) and d;(c*,c*) = 0. O

Example 3. Let M = Q1 U {0} and let d; : M x M — M be the complete dislocated metric on M defined by
di(c,g) =c+gforallc,g € M.
Define the multivalued mapping, S, T : M x M — P(M) by,
c 2.
Se — [g,gc]zfce[o,ﬂﬂM
[c,c+1]ifce (7,00)NM

and,

Tc—{ [2/20]1}(06[0,7}0M }
[c+Lc+3lifce (7,00)N M

1

Considering, co = 1,7 = 8, then By (co,7) = [0,7] N M. Now we have dj(co, Sco) = d;(1,51) = d;(1, H=4%
So we obtain a sequence {TS(cn)} = {1,3, 15, 5, ...} in M generated by co.Let (t)

w(og) = { lifc,g €[0,7]

% otherwise.
Now take 8,9 € M, then, we have

Hy (S8, T9) = 20 > p(Dy(M, g)) = 19.
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So, the contractive condition does not hold on whole space M. Now for all ¢,§ € By, (co,r) N {TS(cu)} with
either a(c,g) > 1ora(g,c) > 1, we have

Hgy, (Sc,Tg) = maxqsupd(a,Tg),sup d;(Sc,b)
aeSc beTg

{supat (o [£.5]) - mop ([55] )
- maX?f (5[5 3ngdf ([53]-9)}

= maX

IN

5cg l6c +15¢ 4c 5g¢ _
P (max{c+g,3(1+c+g) a3 4}> =¢(Di(c, g))-

So, the contractive condition holds on By, (co,7) N {TS(cu)}. Also,
n 40 4.
E d[ CQ,Cl gz(g) <8=r.

Hence, all the conditions of Theorem 1 are satisfied. Now, we have {TS(cn)} is a sequence in By (co,7),
a(cn,cuy1) = Land {TS(cn)} — 0 € By (co, 7). Also, a(cy,0) > 1 0r a(0,cy) > 1 foralln € NU{0}.
Moreover, 0 is a common fixed point of S and T.

3. Fixed Point Results for Graphic Contractions

In this section we presents an application of Theorem 3 in graph theory. Jachymski [18], proved
the result concerning for contraction mappings on metric space with a graph. Hussain et al. [19],
introduced the fixed points theorem for graphic contraction and gave an application. A graph K is
connected if there is a path between any two different vertices (see for detail [20,21]).

Definition 8. Let M be a nonempty set and K = (V(K), F(K)) be a graph such that V(K) = M, A C M.
A mapping S : M — P(M) is said to be multi graph dominated on A if (c,g) € F(K), for all g € Sc and
c e A

Theorem 5. Let (M, d;) be a complete D.L. space endowed with a graph K. Suppose there exist a function
a:MxM—[0,00). Let, v >0,co € By (co,7),S,T: M— P(M) and let for a sequence {TS(cy)} in M
generated by co, with (co, ¢1) € F(K). Suppose that the following satisfy:

(i) Sand T are graph dominated for all c,g € By, (co,7) N{TS(cn)};
(ii)  there exists € ¥ and

dy(c,T¢)+d;(g,5¢) d;(c,Sc).d;(g,T
Dz(c,g)zmaX{dz(c,g), 1 g)2 1(8,50) I(HZ,(’C(?) g),dz(c,SC),dz(g,Tg)},
where a > 0, such that
Hg,(Sc, Tg) < ¢(Di(c,8)), (13)

forallc,g € By (co,7) N{TS(cn)}, and (c,g) € F(K) or (g,c) € F(K);
(iii) Yo '(d(co, Sco)) < rforalln € NU{0}.



Mathematics 2019, 7, 307 10 of 14

Then, {TS(cu)} is a sequence in By (co,7), (cn,cny1) € F(K) as the sequence {TS(cn)} — c*. Also,
if (cu,c*) € F(K) or (c¢*,cn) € F(K) for all n € N U {0} and the inequality (13) holds for all
c,8 € By (co,7) N{TS(cn)} U{c*}.Then S and T have common fixed point c* in By (co, 7).

Proof. Define, a : M x M — [0, 0) by

1, ifc,g € F(K
a(c,g>={0 S )

otherwise.

As {TS(cn)} is a sequence in ¢ generated by ¢y with (¢o c¢1) € F(K), we have a(cg,c1) > 1. Let,
a(c,g) > 1, then (c,g) € F(K). From (i) we have (¢,Sc) € F(K) for all g € Sc this implies that
a(c,g) = 1forall g € Sc. This further implies that inf{a(c,g) : ¢ € Sc} = 1. Thus S is a a,-dominated
multifunction on By (co, 7). Also if (c,g) € F(K), we have a(c,g) = 1 and hence a.(c,Sc) = 1.
Similarly it can be proved (g, Tg) = 1. Now,condition (ii) can be written as

Hy,(Se, Tg) < ¢(Di(e,g)),

forall c,g € By (co,7) N {TS(cn)} with either a(c,g) > 1 or a(g,c) > 1. By including condition (iii),
we obtain all the conditions of Theorem 1. Now, by Theorem 1, we have {TS(c,)} is a sequence in
By, (co,7), a(cn, cny1) > 1, thatis (cn,cpy1) € F(K) and {TS(cn)} — ¢* € By (co, 7). Also, if (cn, c*) €
F(K) or (c*,cny) € F(K) foralln € NU {0} and the inequality (13) holds for all ¢,g € By (co,7) N
{TS(cn)} U{c*}. Then, we have a(c,,c*) > 1 or a(c*,c,) > 1foralln € NU {0} and the inequality
(1) holds for all ¢, g € By, (co,7) N {TS(cn)} U {c*}. Again, by Theorem 1, S and T have common fixed
point c* in By (co, 7). O

4. Fixed Point Results for Singlevalued Mapping

In this section, we will give some new definition and results without proof for single-valued
mappings which can easily be proved as corollaries of our theorems. Recently, Arshad et al. [22] has
given the following definition for dislocated quasi metric space.

Definition 9. Let (M, d;) bea D.L.space, T : M — M be a self mapping, A C Mand o : M x M — [0, +o0)
be a function. We say that

(i) T is a-dominated mapping on A, if a(c, Tc) > 1 forall c € A.
(ii)) (M, d) is a-regular on A if for any sequence {c,} in A such that a(cy,cy41) > 1 foralln > 0 and
h > uU€eA

as n — oo we have w(cy, u) > 1 foralln > 0.

Theorem 6. Let (M, d;) be a complete D.L. space. Suppose there exist a function « : M x M — [0, 00). Let,
r>0,co € By, (co,7)and S, T : M — M be two a-dominated mappings on By (co,1). Assume that for some
P €Y and

di(c,Tg)+d;(g,Sc) d;(c,Sc).d; (g, T
Dy(c,g) = max{d;(c, g), ! g)2 1(8,5¢) l(a+zil(lc(§) 8)

,dl(C, SC), dl (gr Tg)},

where a > 0, the following hold:
di(Se, Tg) < ¢(Di(c,8)),

(D
forallc,g € By, (co, r) with either a(c,g) > 1or a(g,c) > 1. Also

¥'(d;(co,Sco))} <1, foralln € NU{0}.

M-

i=0
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If (M, d,;) is a-regular on By (co, 1), then there exists a common fixed point c* of S and T in By, (co,r) and
di(c*,c*) =0.

By putting D;(c, g) = d;(c, ), we obtain the following result of [22] as a corollary of Theorem 7.

Theorem 7. [22] Let (M, d;) be a complete D.L. space. Suppose there exist a function o : M x M — [0,00).

Let, v > 0, co € By (co,7) and S, T : M — M be two a-dominated mappings on By, (co, ). Assume that
for some 1 € ¥, the following hold:

di(Se, Tg) < p(di(c,8)),
forall c,g € By (co,r) with either a(c,g) > 1ora(g,c) > 1. Also

n

Y ¥'(dy(co, Sc)) < rforalln € NU{0}.

i=0
If (M, d,) is a-regular on By (co, 1), then there exists a common fixed point c* of S and T in By, (co,r) and
di(c*,c*)=0.

We have the following new result without closed ball in complete D.L. space for a-dominated
mapping. Also we write the result only for one singlevalued mapping.

Theorem 8. Let (M, d;) be a complete D.L. space. Suppose there exist a function & : M x M — [0, c0),
S : M — M be a a-dominated mappings on M. Assume that for some ¢ € ¥, the following hold for either
a(c,g) > 1lora(g,c)>1:

di(Sc,Sg) < p(Di(c,8)),

If (M, d;) is a-regular on M, then there exists a fixed point c* of S in By, (co, ) and d;(c*,c*) = 0.

Recall that [3] if (M, <) be a partially ordered set. A self mapping f on M is called dominated if
fc X cfor each cin M. Two elements ¢, g € M are called comparable if c < g or g < ¢ holds.

Theorem 9. Let (M, =,d;) be a an ordered complete D.L. space, S, T : M — M be dominated maps and cy be
an arbitrary point in M. Suppose that for some ¢ € Y and for S # T, we have,

d;(Sc, Tg) < ¢(Dy(c,g)) for all comparable elements c, g in B(co,7) ,

Also
¢! (d;(co,Sco))} < rforalln € NU{0}.

M-

i=0

If for a nonincreasing sequence {c, } in B(co, 1), {cn} — u implies that u < ¢,,. Then there exists c* € B(co,r)
such that d;(c*,c*) = 0and c* = Sc* = Tc*.

By putting D;(c,g) = d;(c,g) and ¢(t) = kt, we obtain the main result Theorem 3 of [3] as a
corollary of Theorem 10.

Corollary 1. [4] Let (M, <, d;) be a an ordered complete D.L. space, S, T : M — M be dominated maps and
co be an arbitrary point in M. Suppose that for k € [0,1) and for S # T, we have,

d;(Sc, Tg) < kd;(c,g) for all comparable elements c, g in B(co, 1),

and d;(co, Scg) < (1 —k)r.
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If for a non-increasing sequence {cy } in B(co, ), {cn} — u implies that u < c,,. Then there exists c* € B(co, 1)
such that d;(c*,c*) = 0and c* = Sc* = Tc*.

Definition 10. Let M be a nonempty set and K = (V(K), F(K)) be a graph such that V(K) = M, A C M.
A mapping S : M — M is said to be graph dominated on A if (c,Sc) € F(K), forall c € A.

Definition 11. Let (M, d;) be a complete D.L. space endowed with a graph K and S, T : M — M be two graph
dominated mappings on By (co, r), for any r > 0, co be any arbitrary point in M. Let {c, } be a Picard sequence
in M with initial guess co, P € Y and

d (c,Tg) +d; (g Sc) d(c,Sc).d; (8, Tg)

Di(c,g) = max{d(c,g), . e S e s (g T,

where a > 0. If the following condition holds:

di(Se, Tg) < ¢p(Di(c,g)), (14)

for all c,g € By (co,7) N {cn} with either (c,g) € F(K) or (g,c) € F(K). Then the mappings
S, T : M — M are called Ciri¢ type rational y-graphic contractive mappings on By, (co,r) N {cn}.
If g(t) = k(t) for some k € [0,1), then we say that S,T : M — M are Ciric type rational G-contractive
mappings on (By, (Mo, 7) N {cn}).

Theorem 10. Let (M, d;) be a complete D.L. space endowed with a graph K and S, T : M — M are the Cirié
type rational 1p-graphic contractive mappings on By (co,7) N {cy }. Suppose that (co, ¢1) € F(K) and

h
Y ¢ (d;(co, Sco)) < r, forall h € N U {0}.

i=0
Then, {cn} is a sequence in By (co,7), (cu,cny1) € F(K) and {c,} — c*. Also, if (cu,c*) € F(K) or
(c*,cn) € F(K) foralln € N U {0} and the inequality (4.1) also holds for ¢*. Then, S and T have a common
fixed point c* in By, (co, ).

Theorem 11. Let (M, d;) be a complete D.L. space endowed with a graph K and S, T : M — M are the Cirié
type rational K-contractive mappings on By (co,r) 0 {cn }. Suppose that (co, c1) € F(K) and

h
Z '(dy(co, Sco)) <, forallh € NU{0}.

Then, {cy} is a sequence in By (co,7), (cn,cny1) € F(K) and {cn} — c*. Also, if (cu,c*) € F(K) or
(c*,cn) € F(K) foralln € N U {0} and the contraction also holds for c*. Then, S and T have a common fixed
point c* in By, (co, 7).

Theorem 12. Let (c,d;) be a complete D.L. space endowed with a graph K. Let, r > 0, co € By, (co,r) and
S, T : M — M. Suppose that the following satisfy:

(i) Sand T are graph dominated on B, (co,7);
(ii)  there exists P € Y, such that

d;(Sc, Tg) < y(di(c,8)),

for allc,g € By, (co,r) and (c,g) € F(K) or (g,c) € F(K);
(i) Yo w'(d(co, Sco)) < rforalln € N U{0}.
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Then, there exist a sequence {c,} in Bgy/(co,r) such that (cy,c,11) € F(K) and
{en} — ¢ € By/(co, 7). Also, if (cy,c*) € F(K) or (c*,cy) € F(K) for all n € NU {0}, then S
and T have common fixed point c* in By, (co, ) and d;(c*,c*) = 0.

Theorem 13. Let (M, d;) be a complete D.L. space endowed with a graph K and S : M — M be a mapping.
Suppose that the following satisfy:

(i) S isagraph dominated on M;
(ii)  there exists € Y such that

dy(Sc,5g) = ¢(di(c,g)),
forallc,g € Mand (c,g) € F(K) or (g,c) € F(K).

Then, there exist a sequence {c,} such that (cy,cy+1) € F(K) and {c,} — c*. Also,
if (cp,c*) € F(K) or (¢*,cy) € F(K) for all n € N U {0}, then S has a fixed point ¢* in M
and d;(c*,c*) = 0.

Now, we present only one new result in metric space. Many other results can be derived as
corollaries of our previous results.

Theorem 14. Let (M, d) be a complete metric space endowed with a graph K and S : M — M be a mapping.
Suppose that the following satisfy:

(i) S isa graph dominated on M;
(ii)  there exists k € [0,1) such that
d(Sc,Sg) <kd(c,g),

forallc,g € Mand (c,g) € F(K) or (g,c) € F(K).

Then, there exist a sequence {c,} such that (cy,c,+1) € F(K) and {c,} — c*. Also,
if (cn,¢*) € F(K)or (c*,cn) € F(K) foralln € NU {0}, then S has a fixed point ¢* in M.
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