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1. Introduction

Throughout this article, E will be supposed to be a real Banach space and E* stands for its
topological dual. Recall the normalized duality mapping J : E — 2F" as follows

Jxi={g € E: (x,9) = |x[ llgll = ]} vx € E.

The duality | will be reduced to the identical operator in setting of Hilbert space. Set USg =
{x € E:||x|]| = 1}. E is said to be a smooth space if lim;_,o(|x/t + y|| — @) exists for all x,y € USE.
If E is smooth, then normalized duality is a single-valued operator. For the rest of this paper, we shall
invoke j the normalized duality with the single-valued. E is said to be a uniformly smooth Banach
space if the above limit is uniformly achieved for all x,y € USE.

Let C be a closed nonempty and convex set in E. Invoke that the operator f is said to be

J-Lipschitzian continuous in the set C if

1f(x) = fFWIl <dllx—yll, YxyeC,

where ¢ is a real number in [0, +-00). The existence of solutions of many abstract problems is equivalent
to the existence of a fixed point of a Lipschitzian continuous mapping. Therefore, existence results
of Lipschitzian continuous mappings are significant in mathematical sciences. If f is 5-Lipschitzian
continuous with § < 1, then f is called a J-contraction. Each contractive operator equation f : C — C
has a unique solution in C according to the famous Banach contractive mapping principal. Invoke that
the mapping f is said to be a nonexpansive mapping when § = 1. For the rest of the paper, we use
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Fix(f) to denote the set of fixed points of f. Invoke that the mapping T is said to be asymptotically
nonexpansive [1] when

IT"x = T"y|| < (0, +1)|lx—y||, Vx,yeC,n>0.

Here {6,} is in the interval [0, +o0) with lim, 060, = 0. If the operator T is continuous

and satisfies
limsup sup ([|[T"x = T"y|| — |x —y[}) <0, (1)

n—oo  x,yeC
then the operator T is called an asymptotically nonexpansive operator, which is in the intermediate
sense; see [2]. It is easy to conclude that the family of asymptotically nonexpansive mappings, which
is in the intermediate sense, as special cases, includes the one of contractive operators, the one of
nonexpansive operators and the one of asymptotically nonexpansive operators. For the rest this
paper, set
¢ = max{ sup (| T"x — T"y|| - [x — y]|), 0}. 2)
x,yeC

Thenc, >0Vn >0, ¢, = 0 (n — o), and (1) become the inequality
IT"x —T"y|| < ||x =yl +cn, Vx,y€C,Vn>0.

Solutions of nonlinear equations containing nonexpansive operators, asymptotically
nonexpansive operators, and asymptotically nonexpansive operators in the intermediate sense recently
attracted much attention from many authors; see [3-14] and the references therein.

Invoke that an operator T with range R(T) and domain D(T) is called a pseudocontractive
operator if

lx—yll < lx—y+r(I=T)x— (1= T)y)l, ¥x,y € D(T), r >0.

From the result of Kato [15], we know that the definition of pseudocontractive operators is equivalent
to: for each x,y € D(T), (Tx — Ty, j(x —y)) < ||x — y||*>. Here j(x — y) € J(x — y) is the single-valued
normalized duality. One can clearly see the situation the family of pseudocontractive operators is
an important and significant generation of nonexpansive operators. Moreover, methodology shed
on pseudocontractive operator is from their counterpart: accretivity (monotonicity in Hilbert spaces);
see [16-22] and the references therein.

Let the Banach space E be smooth. Let By, B : C — E be two mappings. The general system of
variational inequalities (GSVI) is to find (x*,y*) € C x C such that

(x* —y* + mBy*, j(x —x*)) >0, VxeC, 3)
(y* — x* 4+ upBox*,j(x —y*)) >0, VxeC,

where 1 and pp are two positive real constants. When E become H the real Hilbert space, the GSVI (3)
becomes the GSVI considered in [23], which includes as special cases the problems arising, especially
from linear or nonlinear complementary problems, and quadratic convex programming. It has no
doubt the system of variational inequalities has played a crucial role on both theoretical and applied
sciences. The literature on the variational inequalities is vast and some efficient methods have received
great development. People extend them in various ways and extended them to develop new iterative
algorithms for solving other relevant problems; see, e.g., [23-26]. It is worth emphasizing that an
important method of solving the variational inequality is to transform it into a fixed-point problem.
In 2017, Cai, Shehu and Iyiola [24] proposed and analyzed a generalized viscosity numerical algorithm
for approximating solutions of the GSVI (3) in uniform spaces.

In the present paper, we introduce a relaxed Mann-like iteration method for the approximation
of solutions of the GSVI (3) in both 2-uniformly smooth and uniformly convex Banach setting. The



Mathematics 2019, 7, 424 3of16

relaxed Mann implicit iteration method presented in this paper is from both the Mann iteration and
the Korpelevich’s extragradient iteration.

2. Preliminaries

Throughout this present paper we get x, — x (resp., X, — x) to indicate that the sequence {x,}
converges weakly (resp., strongly) to x. We invoke C to be a convex nonempty closed set in E. Invoke
that j(x — y) stands for the single-valued normalized duality for any x,y € E. A mapping A: C — E
is said to be

(a) accretive if (Ax — Ay, j(x —y)) > 0,Vx,y € C.

(b) a-strongly accretive if (Ax — Ay, j(x —y)) > a||x — y||? for some & € (0,1), Vx,y € C.

(c) B-inverse-strongly accretive if (Ax — Ay, j(x —y)) > B||Ax — Ay||? for some B > 0, Vx,y € C.

(d) A-strictly pseudocontractive if ||x — y||? — A|[(I — A)x — (I — A)y||*> > (Ax — Ay, j(x —y)) for
some A € (0,1), Vx,y € C.

Definition 1. Fix a convex and closed set C in a space E and {S,}5_, : C — C stands for a self-operator
sequence of continuous pseudocontractive. We say {S, }5_ : C — C is a family of {-uniformly Lipschitzian
pseudocontractive operators when Sy, is ¢-Lipschitz continuous, where £ > 0 is a real constant.

For a linear operator A, we say it is strongly positive when

“;(” > x|, [IbA —al| = sup |{(bA — al)x,j(x)}], b € [~1,1], a € [0,1],
[lx]| <1

where ¥ > 0 and j(-) is the single-valued duality mapping.

We say a Banach space E is strictly convexify # x = |y +x|| < 2forany x,y € USg. We say itis
uniformly convex if there exists > 0 such that for any x,y € USg, [y —x|| > € = |y +x| <2-29,
for each € € (0,2]. one knows that a uniform space is the reflexive. Also, in the setting of reflexive
spaces, E is strictly convex if and only if E* is smooth as well as E is smooth if and only if E*
is strictly convex. A Banach space E is called to have a Gateaux differentiable norm if the limit
lim;—e0 t(|| 2y + x|| — ||x||) exists for each x,y € USE and in this case we call E is smooth; E is called to
have a uniformly Gateaux differentiable norm if the above limit is achieved uniformly for any x € U.
Moreover, it is called to have a uniformly Fréchet differentiable norm if the above limit is attained
uniformly for x,y € USg and in this case we call E uniformly smooth. The norm of E is said to be the
Fréchet differentiable if for each x € U, the above limit is uniformly achieved for y € U. The modulus
of smoothness of E is defined by

{||x+y||—2+||x—y|\

5 cxy €E x| =1, T =yll},

¢(7) = sup

where the function ¢ maps [0, %) [0, c0). Invoke that E is uniformly smooth if @ —+0asT — 0. Letg
(9 > 1and q < 2) be a fixed real number. E is said to be g-uniformly smooth if ct7 > o(7), VT > 0,
¢ > 0. One has ||y + x||7 < 2(]|x||7+ ||xy||7) — ||x — y||7, where ¥ > 0 in the setting of g-uniformly
smooth spaces. The best number « in this inequality is named to be the g-uniformly smooth number of
E; see [26].

For q > 1, one can define the generalized duality mapping ], by

Jo(x) = {p € E* : {x,9) = |[x||", llgll = |x[77"}, VxeE.

It is known that Vp € E, J(p) = \Iﬁ\\(f’)z' If the setting is Hilbert, then | become I, the identity.

Recall that the following statements hold:



Mathematics 2019, 7, 424 40f 16

(1) ] is norm-to-weak™ continuous and single-valued in setting of smooth spaces;

(2) ] is norm-to-norm uniformly continuous on bounded sets and single-valued in setting of
uniformly smooth spaces;

(3) 2-uniformly smooth spaces are: Hilbert spaces, the Sobolev spaces Wj,, and L spaces, where
p=2

(4) LP with p > 1, is uniformly convex and uniformly smooth.

Proposition 1 ([27]). Fix a convex nonempty closed set C in a Banach space E. Let Sg,S1,... : C — C be
a self-mapping sequence. Suppose that Y > sup{||(Sp — Sy—1)x| : x € C} is a fixed real number. Then
{Sny}, wherey € C, converges in norm. If the mapping is defined by Sy = lim, .o Syy for ally € C, then
sup{||Sx — Syx|| : x € C} — 0asn — oo.

Proposition 2 ([28]). Fix a convex nonempty closed set C in a Banach space E. Every continuous and strong
pseudocontraction self-mapping T : C — C has a fixed point. Furthermore, it has only a unique fixed point.

Fix a set D in the set C and let projective mapping Il map C into D. Then I1 is named as a sunny
if T1[#(x — I1(x)) + II(x)] = I1(x), whenever t(x — II(x)) +II(x) € C forall x € C and for all t > 0.
A projective mapping IT of C into itself is named a retraction once I'llTx = ITx. Set D is called is called
a sunny nonexpansive retract of set C if there is a C-D's sunny nonexpansive retraction.

In a setting of smooth Banach spaces, | is called a weakly sequentially continuous mapping if
{j(x4)} converges weakly* to j(x) for each {x,} C E, here, x, — x. From [29], any space with a
weakly continuous duality mapping satisfies the Opial inequality. In addition, if a space with the
Opial inequality and a uniformly Gateaux differentiable norm, then it enjoys duality mappings are
weakly continuous.

Proposition 3. Fix a convex nonempty and closed set C in a smooth Banach space E, set D as a nonempty
subset of C. IfI1: C — D be a retraction, one has (i) I is both nonexpansive and sunny; (ii) (x —y, j(IT(x) —
M(y))) > [IT1(x) = TI(w)|%, Vx,y € C; (Gii) for any x € C,y € D, (x —T1(x),j(y - T1(x))) < 0.

One knows that any sunny nonexpansive retraction coincides with the metric projection in setting
of a Hilbert space.

Proposition 4. Fix a convex nonempty and closed set C in a reflexive Banach space E. If E has a uniformly
Gdteaux differentiable norm and the set D is a nonexpansive retract in C, it is a sunny nonexpansive retract of C.

Proposition 5 ([30]). In the setting of 2-uniformly smooth Banach space,
I+ yl? = 2(y, j(x)) < 1xlI? +2[xy]|?,
where « is the 2-uniformly smooth constant of E.

In particular, if the duality pairing (-, -) become the inner product, j = I the identity mapping
of E,and x = v/2/2 in setting of Hilbert space.

For obtaining our theorem, we need to invoke some lemmas in the sequel. The following lemma
is obvious.

Lemma 1. Let j be the normalized single-valued duality mapping on a real Banach space E. For any given
x,y € E, it holds |x||* +2(y,j(x +y)) > ||x +y|/*

Lemma 2 ([31]). Fix a convex nonempty and closed set C in a smooth Banach space E. Let Ilc : E — C be
a nonexpansive sunny retraction and B : C — E be an accretive mapping. Then VI(C,B) = Fix(ITc(I —
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AB)) YA > 0, where VI(C, B) denotes the set of solutions to the VI of approximating x* € C such that
(Bx*,j(x —x*)) > 0Vx € C.

Using Propositions 3 and 5, respectively, we immediately obtain the lemmas.

Lemma 3. Fix a convex nonempty and closed set C in a smooth Banach space E. Let B, By : C — E be two
nonlinear mappings. Let I1c : E — C be a nonexpansive sunny retraction. For given x*,y* € C, (x*,y*)
solves the GSVI (3) iff x* € GSVI(C, By, By) where GSVI(C, By, By) stands for fixed-point set of G :=
Hc(l — }l]Bl)Hc(I — ]/lsz) and y* = Hc(I — ]lsz)X*.

Lemma 4. Fix a convex nonempty and closed set C in a 2-uniformly smooth Banach space E. Let the accretive
mapping A : C — E be a-inverse-strongly. Then, for any given A > 0, ||x — y|* + 2A(k*A — &) || Ay —
Ax|? > (T = AA)y — (I — AA)x||*. In particular, if 0 < A < &, then I — AA is nonexpansive.

Using Lemma 4, we immediately obtain the following lemma.

Lemma 5. Fix a convex nonempty and closed set C in a 2-uniformly smooth Banach space E. Let I1c : E — C
be a nonexpansive sunny retraction. Let the accretive mappings B1,By : C — E be a-inverse-strongly
and B-inverse-strongly accretive. Let the mapping G : C — C be defined as G := Ic(I1c(I — pupB) —
1B (I — p2By)). Ifa > «%puy > 0and B > k*uy > 0, then G : C — C is a nonexpansive operator.

Proposition 6 ([32]). Fix a convex nonempty and closed set C in a uniformly convex Banach space E and set T
an asymptotically nonexpansive self-mapping in the intermediate sense on C. Given any bounded subset K C C.
For every e > 0 and every n > 2 it is an integer Ne > 1 and d¢ > 0, where both N¢ and J¢ are independent of n,
such that if zq, 2y, ..., zn € K, k > Ng, and if ||z; — sz — ||Tkzl- — Tkzj|| <O forl <i,j<mn,then

n n
ITEY Aizi) = Y ATz < e
i3 i3

forall A := (Ay, Ay, ..., Ay) such that A; > 0 fori=1,2,.,nand Y ; A; = 1.
One can make use of Proposition 6 to prove the lemmas below. We omit the proof.

Lemma 6. Fix a convex nonempty and closed set C in a uniformly convex Banach space and set T a uniformly
continuous self-mapping on C, which is asymptotically nonexpansive in the intermediate sense. If {xn }5_,
converges in weak topology to x and if || X — Txy|| — 0as m — oo, then Tx = x.

Lemma 7. Fix a convex nonempty and closed set C in a smooth Banach space E. If the accretive operator
A : C — E is weakly continuous along segments (i.e., A(ty +x) — Axast — 0), then the VI of approximating
x* € C such that (Ax*,j(x — x*)) > 0Vx € C. This is equivalent to the dual VI of approximating x* € C
such that (Ax,j(x —x*)) > 0Vx € C.

Lemma 8 ([33]). Fix two bounded sequences {x, } and {wy, } in a Banach space E and set {, } a sequence in
[0,1] with 1 > limsup,,_, ., Bn > Iiminf, e Bn > 0. We suppose X1 = Bn(Xn — wy) + wy, Vn > 0 and
limsup, . (|[wyt1 — wal| = ||xns1 — x4]|) < 0. It follows wy, — x, — 0as n — oo.

Lemma 9 ([34]). Assume that linear bounded operator F is strongly positive on a smooth Banach space E. If
q > 0and ||F||! > p >0, then, 1 — py > |1 — pF|.

Lemma 10 ([34]). If Banach space E is a both smooth and uniformly convex, then for r > 0, there exists a convex,
strictly increasing, continuous function g : [0,2r] — R, g(0) = 0 such that Vx,y € {x € E : ||x|| < r},
gUlx =yl +2{(x,j(y)) < llx[*+ [ly]I*.
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Lemma 11 ([35]). Fix a convex nonempty and closed set C in a reflexive Banach space E and set T : C — E a
nonexpansive non-self-mapping. Suppose that E enjoys a weakly sequentially continuous duality mapping. If
ITxy, — xu|| = 0as n — oo and x,, — x, then x € Fix(T).

Lemma 12 ([36]). Let {a,} be a sequence in [0, +o0) such that 0 < a,41 < vy + spty + (1 —sp)a, Vn >0,
where {s, }, {tn} and {v,} satisfy the assumptions: (i) limsup,,_, . t, < 0; (ii) {sy} C [0,1], Ly_osn = oo;
(iii) vy, > 0Vn >0, Y 57 oV < co. Then limy, o0 a, = 0.

3. Main Results

In this part, we analyze a relaxed Mann implicit iteration method for approximating solutions
of the GSVI (3) with the hierarchical variational inequality (HVI) constraint for countable many
uniformly Lipschitzian pseudocontractions and an asymptotically nonexpansive mapping, which is in
the intermediate sense in a real Banach space.

Theorem 1. Fix a convex nonempty and closed set C in a 2-uniformly smooth and uniformly convex Banach
space E. The space is assumed to enjoy a weakly sequentially continuous duality mapping. Let I1c : E — C
be a nonexpansive sunny retraction. Let the accretive mappings By, By : C — E be a-inverse-strongly and
B-inverse-strongly accretive. Let linear bounded operator F : E — E be strongly positive with coefficient
¥ > 0. Let T : C — C be uniformly continuous and asymptotically nonexpansive mapping in the intermediate
sense, and {Sy}7"_ be a countable family of (-uniformly Lipschitzian pseudocontractions on C such that
Q = Ny Fix(S,) N GSVI(C, By, By) NFix(T) # @ where GSVI(C, By, By) is the fixed-point set of the
mapping G := Ic(I — p1By)Tc(I — p2By) with 0 < py < 3 and 0 < pp < Kﬁz Suppose Y ;g cn < 00,
where cy, is defined by (2). For arbitrarily given xo € C, let {x,, } be the sequence generated by

Xpn+1 = (1 - ,BVI)HC(Tnyn — ‘XnFTnyn) + ,annr

zy = T (un — p2Bouin), (4)
Yn = c(zn — p1B1zn),

Uy = YnXn + (1 - 'Yn)Snun/ Vn >0,

where {an },{Bn} and {yn} are the real sequences in the interval [0, 1] satisfying:

(i) limyeoay = 0and Y5 gy, = 00;
(ii) limsup, ., By < landliminf, ;e Bn > 0;
(iii) limsup,,_, vn < 1, iminf, ;e v, > 0and imy eo [Yn — V1| = 0.

Suppose ;7o sup,cp ||Snx — Spp1x|| < oo, where D is a bounded set in C, and let S : C — C be
a noneslf mapping defined by Sx = limy,_,e Spx for all x € C, and assume that Fix(S) = o Fix(5,).
Therefore, {x, } strongly converges to x* € Q) provided limy,_sco | T"yn — T" 1y, || = 0. In this case,

(a) x* € Qsolves the VI: (F(x*),j(x* —x)) <0, Vx € ()
(b)  (x*,y*) solves the GSVI (3) with y* = Ilc(x* — upBox™).

Proof. From lim,_,c &, = 0, one may assume a, < ||F|~! ¥n > 0. By Lemma 9 we get 1 — &,y >
|I = anF||. Since 1 > limsup, _,, y» > liminf, 7,4 > 0, one supposes, without loss of generality,
that {y,} C [a,b] C (0,1) for some a,b € (0,1). Also, since G : C — C is defined as G := I (I1c(I —
#2B2) — w1 BiI1c(I — 12By)), where 0 < pyx? < a and 0 < ppx? < B, according to Lemma 5 G is
nonexpansive. For each nn > 0, one has a unique u,, € C such that

Un = ’)/n(x;/l _ Sn“n) + Snun. (5)

As a matter of fact, we consider F,x := v, (x, — Spx) + Spx Vx € C. Since mapping S, : C — Cis
a continuous pseudocontractive, one gets (1 — ;) ||x — y||? > (Fux — Fuy, j(x —y)), Vx,y € C. Also,
from {y,} C [a,b] C (0,1) weget0 < 1—1, < 1foralln > 0. Thus, F, is a continuous and strong
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pseudocontraction of C into itself. By Proposition 2, we know that for each n > 0 there exists a unique
element u, € C, satisfying (5). Therefore, it can be readily seen that the relaxed Mann implicit scheme
(4) can be rewritten as

Up = YnXn + (1 - ')’n)snun/
Yn = Guy, (6)
Xp1 = (1= Bu) (T Yy — anFT"yn) + Buxn, V1 >0,

Next, we divide the rest of the proof into several steps. [

Step 1. One proves that {x, }, {yn}, {zn}, {tn}, {T"yn} and {F(T"y,)} are bounded. Indeed, take an
arbitrary p € Q = N, Fix(S,) N GSVI(C, By, By) NFix(T). So Syp = p, Gp = p and Tp = p. Since
each S, is pseudocontractive on C, it follows that

lun = pI* < vallxn = pllllp — wnll + (1= va) 10 = plI,
which hence yields
[un —pll < llxn —pll, Vn>0. (7)
Then we observe
lyn — pll = [[Gun — p|| < [lxn —pl- (8)
Combining (6) and (8), we have
(1= Bu) ITTc (I — anF)T"yn — pll + Bullxn — pll
(1= Bu)lI(I = anF)T"yn — (I — anF)pl| + an(1 — By
i+ [1— a1~ Bl — pl + (1 — B) 7 LR
e+ max{ | p — x|, IE21.

%01 =P
|)I\F(P)Il + Bullp — xall

VANVANRVANRVAN

By induction, we obtain 0 < ||x, — p|| < Y gcn + max{w, llxo — p||}, Vn > 0. It directly follows
that {x, } is a bounded vector sequence. This is also true for the sequences {y,}, {un}, {T"y,} and
{F(T"yn)} (due to (2), (7), (8) and the Lipschitz continuity). Since {5, } is ¢-uniformly Lipschitzian,
we easily know that [|Syuy|| < ||Suun — pll + |Ipll < ¢||un — p|| + ||p|l, which implies that {S,u,}
is bounded. Additionally, by using Lemma 3 and p € O C GSVI(C, By, By) we know that (p,q)
solves the GSVI (3) where g = I1¢(I — ppBy)p. Since z, = IIc(I — paBy)uy, Vn > 0, by Lemma 4
we get lzull < [T1c(I - p2Ba)ttn — e (I — paBa)pl + lgll < s — pll + q]l. This shows that {z,}
is bounded.

Step 2. We prove ||x, — x,41]| — 0 and |lyn — ynr1ll — 0 as n — oo. Indeed, one put x,.1 =
(1 —Bn)wn + Bnxn Vn > 0 with wy, = I1c(I — oy F)T"y,. From (6) and (2) we get

[ewns1 = wall < (I = a1 F) T yin — (I — anF) Tyl
< AT ynia — Tyl + ana [F(T" i) [+ Ty — Tyl + | E(T )|

9
< Nynsr = vll + st + 1Ty — Ty + o a [ET i) |+ s BT )
< a1 — tnll 4 cn1 + @t [F(T" i) |+ 1Ty — T | + au | F(T"y0) |-

Since simple calculations show that
[lun — “n+1||2
= Tn+1 <un+1 — Un, Xn4+1 — xn> + (1 - 'Yn+1)[<sn+1un+l - Snun—i-l/ Upy1 — un>
+ (Snttyy1 — Sulin, Upy1 — un)] + (Yng1 — Yn)(Xn — Sulkn, Upp1 — Un) (10)

< Yusallxn = X1 [ [wng1 = wnll + (1= Y1) ISn1tnr1 — Sntbnsa || [ttn1 — |
+ [[tns1 — tnl?] + 170 = Vg1 ||| Snttn — Xnl| 14w — s,
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it follows from (10) that

_ _ lln=Snttnll | 1=7Yni1 .
lxn — xuq1ll + |vn — Va1l n%:l - %Hnl [Snttns1 — Spy1tinil] (11)

-5
1Sy iattr1 — Sutta || + [varn — 2=l e, — ).

luni1 —unl <
<

Also, since D := {u, : n > 0} C Cis bounded, one gets } ;° ysup,.p [|Sy+1% — Spx|| < co. Hence
we have

Z ”Snun—l—l - Sn—l—l“n—H” < 0. (12)
n=0
Therefore, from (9) and (11) we deduce that

-S
allwn — wasa || < allxn — Xpga ]|+ Susrtinss — Snthnsa || + alyurs — | Ee=Sutnl

+acu1 + [T yn — Tl + asu i [|[F(T"ypin) || + asul|[F(T"yu) [,

which immediately attains

lwn — wpia || = [0 — x4l
< l||Sn+1”n+l = Spttpy1 |+ [vng1 — 'YMM + Cn+1 (13)
+ 1Ty — Tyl + an | F(T"yn) || + angt [|F(T" P yga) |-

Since limy, 00 ¢ = 0 (due to (2)) and lim, 0 || 7"y — T" 1y || = 0 (due to the assumption), from (12)

and conditions (i), (iii) it follows that limsup,,_, . (||wy11 — wx|| — |[Xp41 — xx|]) < 0. Hence, by
condition (ii) and Lemma 8, we get lim,,_,c0 ||y, — x| = 0. Consequently,
’111_1}010 1% — Xnta | =,}§I;o(1—ﬁn)||xn—wn|| =0. (14)

Again from (6) and (11) we conclude that

allyns1 = ynll = all Gun 1 — Guall < aflun —uniq |

15
< [[Snt1ttns1 = Sntpra || + allxnr — xnll + alvnrr — valllxn — Suun|| =0 (1 — o0). (15)
Step 3. One proves lim, e ||xy — Gxy|| = 0. Indeed, since w, = Ilc(I — a,F)T"y,, according to
Proposition 3, we have that for each p € (),
(Tl (I — anF)T"yy — (I — anF) Ty, j(p — wy)) > 0. (16)
From (16), we have
2||wy — PHZ =2(c(I — anF)T"yn — (I — &nF)T"yn, j(wn — p))
+2<(I - “nF)Tnyn - P/j(wn - p)>
< 2((I = anF)(T"yn — p), j(wn — p)) + 20a(F(p), j(p — wn))
< (1= an?)?IT"yn = pl* + |lp — wall* + 2an (F(p), j(p — wn)).
It follows from (2) that
lwn = pl* <26 (E(p),j(p —wn)) + (1 = an?)*[ T"yu — plI? (17)
< cnllyn = pll+cn) + (1= an?)lp = yaull* + 20 (F(p), j(p — wn)).
From (4) and (17), we get
1 = P2 < (1= Bu) (1= )y — pIP + Bl — pI? )

+en2llyn = pll +cn) + 200 (1 = Bu)(F(p), j(p — wn))-
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We now note that ¢ = Ilc(p — p2Bap), zn = e (up — uaBouy) and y, = Ilc(zy — p1B1zs). Then
yn = Guy. By using the Lemma 4,

120 = q11* < llun — p — p2(Batty — Bap)|* < [lun — pl|* — 2u2(B — x*a) | Baun — Bopl>,  (19)
and

lyn = pI* < llzn — q = w1 (Bizn — Ba) > < l|zu — ql* — 2m1 (& — 1) [ Biza — Bagl”.  (20)
Substituting (19) for (20), we obtain from (7) that

yn = pII? +2p2(B — k%p2) || Bastn — Bap|® +2p1 (a« — k%p1) || Bazos — Bag||* < xa — p[%. (21)

Combining (18) and (21), we get

Ip = x|

< (1= Bu) (X = an¥){ll2n = plI* = 2p2(B — 1% p2) | Bartn — Bop||* + Bullp — xu?
+2p1 (K1 — )| Bizw — B1q[|?) + 20| E(p) [l p — wall + e (2]lyn — pll + 1)

= 1= (1= B)Flp — 2l = 2(1 = Bu) (1 — an7) [p2(B — 1 pi2) || Bartn — Bopl|?
+ p1(w = 1) [ Bizn — B1g|?] + cu(2llyn — pll +cn) + 22 [ F(p) [ p — wall,

which immediately yields

2(1 = Bu)(an¥ — 1) [p2(B — x?2) || Boun — Bop||* + pr (& — 6%p1) || Bz — Bag?]
> [ltng1 = plI* = llxn = pI? = cu(2llyn = pll + cn) = 2au | E(p) [l — wall
> —cn(2llyn = pll +cn) = 20nl[E(P) |l p = wnll = (p = [12nll + P = Xnra [Dl]20 = Xnpa -

Since liminf, 0 (1 — By) > 0 (due to condition (ii)), u1 € (0,:3), p2 € (0, g), lim, e ¢y = 0 and
limy, 0 &, = 0, we obtain from (14) that

Jim [Batty — Bapl| = lim |[By2, — Bug] = . @)
On the other hand, from Lemma 10 and Proposition 3 we have

2llg—zall> 2 < (j(zn —q), un — u2Bautn — (p — p2B2p))
= 2p2(Bap — Boutn, j(zn — q)) + {j(zn — q), ttn — p)
< Nun = plI* + llzn — ql1* = g1(ltn — 20 — (p — q) I1)] + 22| B2p — Boutu |||z — g1,

which implies that

20 = ql1> + g1(llun — 20 — (p = @)II) < lluw — plI> + 2p2[|Bap — Bastall| 20 — 4. (23)
In the same manner, one reaches

lyn = PI* + 82(l120 =y + (p = D)) < llzn = 4lI* + 21(1B1g = Bazalllyn — plI- (24)

Substituting (23) for (24), we deduce from (7) that

lyn = plI? + &1(ll#n =20 = (P =) ) + 82(llz0 — yn + (P = D) (25)
< |lxa = plI* +2p1[1B1g — Bazulllyn — pll + 242/ Bap — Baunlll|zn — q]|-
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Combining (18) and (25), we have

21 —pl> < (1 =Bu)A —an¥)[llxn — plI> + Bullxn — plI?
= 81(llun —zu = (p = ) = &2(llzn — yu + (p — 7))
+2p1([B1g — Bizu||[lyn — pll + 212 B2p — Baun {120 — 9]
+cn(2llyn — pll + cn) + 20 |[F(p) ||l p — wall

=1 —an(1 = Bu)Vlxn = plI* = (1 = Bu) (1 — an¥) x

x [81([[un —zn — (P — D)D) + &2(llzn —yu + (p — 9)])]
+ 2p2||Bap — Bounl|||zn — gl + 2p1[|B1g — Bazal|llyn — p||
+cn(2llyn — pll + cn) + 20| F(p) ||l p — wall,

which hence yields

(1=Bn) (X —an¥)[g1(ln — 20 — (p — D)) + &2(l1z0 —yu + (p — D)[])]
<|lp = xull® = lp = xps1l* + 2p2[|Bap — Bautnll[| 20 — 4]
+2p1]|B19 — Bizu|[lyn — pll + cn(2llyn — pll + cn) + 20| [F(p)[|[lp — wal
< (Ip = xull +1Ip — xn1 D Ixn — xn411l + 2p2|Bap — Bautu ||[|zn — 4|
+cn(2llyn — pll + cn) + 2an||[F(p)|[lp — wnll + 2p1(|B1q — Bizal|lyn — plI-

Since lim inf, (1 — Bx) > 0 (due to condition (ii)), lim, e ¢, = 0 and lim, 0 &, = 0, we conclude
from (14) and (22) that g1 (||un — 20 — (p —q)||) = Oasn — oo and g (||zn —yu + (p — q)||) — O as
n — oo. Using the properties of g; and g», we obtain

lim g — 20— (p— )| =0 and  lim [|z0 —yu + (p— )] = 0. (26)

n—oo
It follows that
[un — Gunll = un —yull <llza —un — (@ =pP) +lza —yn+ (p—q)| =0 (n > 00).  (27)

Also, according to (5) we have |lu, — p||> < yn{xn — p, j(un — p)) + ||un — p||>(1 — ¥n), which together
with Lemma 10, yields

2)jun = plI* < 2000 = p,j(un = p)) < Ip = xull + Ip = unll? = g0 — uul])-

Therefore, we get ||p — yu||> < ||p — un > < |lp — xn||*> — g(||xn — n|), which together with (18), yields

%01 = pIP < Bullxn — plI> + (1= Bu) (1 — anP)[[lxn — plI*> = g(l|xn — n )]
+cn(2l|yn — pll + cn) + 200 (1 = Bu)(F(p), j(p — wn))
<1 —an(1 = Bu)¥lxn = plI* = (1= Bu) (1 = anT)g([[xn — unll)
+ cn2llyn — pll + cn) + 2an|[F(p)[[p — wnl-

Thus, we have

(1= Bu) (1 = an¥)g([lxn — unl)
< llp = xull®> + cn(@llp = yull +cn) + 22 [E(p) | |p — wall = xns1 — plI?
< (Ip = 2l +1lp = xusa D120 = xnga [l + 20 [[E(p) [P = wnll + n 2llyn = pll +cn)-

Since liminf, ;e (1 — Br) > 0 (due to condition (ii)), lim, e ¢, = 0 and lim, . &, = 0, we obtain
from (14) that lim,—e0 §(||xn — tn||) = 0. We obtain

nli_{lgonxn_”nn =0. (28)
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From (27) and (28) it follows that ||x, — yu|| < ||xn — unl|| + ||un — Gun|| — 0, and
1xn = Gxn|| < ||lxn —yull + |Gun — Gxal] < ||xn —yull + [un —xall >0 (1 —00).  (29)

Step 4. One proves that ||Tx, — x,|| — 0 and ||Syxy, — x,|| = 0 as n — co. By (5) and (28), we
obtain that

b
lxn = nll < 3= lxn =l = 0 (1 — o). (30)
n

Since {S,}5 : C — C is f-uniformly Lipschitzian, we deduce from (28) and (30) that

[Snxn — xull < ||Snxn — Snttnl| + [|Sntin — tnl| + [[un — x|

31
S(£+1)||xn—un“+Hsnun_”n”—>O (n_>°°) ( )

Since 1 > limsup, ., By and liminf, o B, > 0, One supposes, without loss of generality, that
{Bn} C [c,d] C (0,1) for some ¢, d € (0,1). From x,, 11 = Bnxn + (1 — Bn)IIc(I — &y F) T"y,, we obtain

120 =Tyl < llxn = xnga [ + 10001 = Tyl < 100 = X1 [+ Bullxn = Tyl + (1 = B)an [F(T"yn) |-

Then we have (1 —d)||x, — T"yul| < ||xn — 241l + (1 — d)an||F(T"yx)]||. Hence we get

1
lyn = T"yull < llyn = 2nll + [0 = Tl < llyn = 2ull + 7= 0w = xnsa || + an |E(T"yn) |
Consequently, from (14), (29) and lim;, . &, = 0, it follows that
Jim ||lx; — T"yu|| =0 and  lim [y, — T"ynl| = 0. (32)

We also note that ||y, — Tyull < lyn — Tl + | T"yn — T" yull + [| T 1y — Tyn||. By the assumption
limy, 00 || Ty, — T"yy|| = 0, (32) and the condition that T : C — C is uniformly continuous, we get

Tim |y — Tyul = 0. (33)

In addition, noticing that ||x, — Tx,|| < ||xy — yul| + [|Tyn — Txu|| + ||yn — Tyx||, we deduce from (29),
(33) and the uniform continuity of T that

Tim [|x, — T, | = 0. (34)

Step 5. We claim that |x, — Sx,|| — 0 asn — oo where S := (I +1—S)~!. Indeed, we first
observe that for all x,y € C, limy— ||Spx — Sx|| = 0 and limy_e ||Sny — Sy|| = 0. Since each
Sn is pseudocontractive, we get (Sx — Sy, j(x —y)) = limy—e(Spx — Spy,j(x —y)) < [|x —y||
Thus, S is pseudocontractive. Also, since {S,}$> , is {-uniformly Lipschitzian on C, we get
|Sx — Syl = limy—e0 [|Sux — Suy|| < £||x —y|| Vx,y € C. This means that S is /-Lipschitzian. Noticing
the boundedness of {x,} and putting D := conv{x, : n > 0} (the closure of convex hull of the
set {x, : n > 0}), we have Y. ; sup,.p [|Snx — S,_1x|| < co. Therefore, by Proposition 1 we get
limy; ;0 SUP,cp [|SuX — Sx|| = 0, which immediately yields

lim ||S,x, — Sxy|| = 0. (35)
n—o0
Thus, combining (31) and (35) implies

0 < ||xn — Sxnl|| < ||xn — Suxull + |Snxn — Sxnl| = 0 (1 — o0). (36)



Mathematics 2019, 7, 424 12 of 16

Next, putting S := (2I — S)~!, one sees that S is nonexpansive, and Fix(S) = Fix(S) =
Ny—o Fix(Sx) (see [16]).
From (36) it follows that

= =1 = =1
[xn = Sxull = 1ISS “xu — Sxul| < (IS "xn — x| (37)
= [[(2I — S)xy — xu|| = ||xn — Sxn|| = 0 (1 — o0).
Step 6. One proves that
limsup(F(x*),j(x* —w,)) <0, (38)

n—oo

where x* = Tlq(I — pF)(x*) with p € (0,||F||"1). There is a sequence {wy,} such that
limsup, , (F(x*),j(x* —wy)) = lim;_ o (F(x*),j(x* —wy,)). Now we show that Il (I — pF) is
a contraction. For all x,y € C, we get by Lemma 9

Mo (I = pF)(x) = Ha(I = pF) ()| < [|(I = pF)(x) = (I = pF) ()|l < (1 = 70)llx — ¥

Since 0 < p < ||F||~! < 471, we know that Il (I — pF) is a contractive operator with the contractive
coefficient 1 — yp € (0,1). Banach’s mapping principle tell us that I (I — pF) has a unique fixed point,
say x* € C, i.e., x* =IIn(I — pF)(x*). Since {w, } C C is bounded, one supposes that w,, — z € C.
Since limy, ;0 ||Xn — Ty, || = 0 (due to (32)) and lim, 00 &y = 0, it follows that

lxn —wnll - < llxn = T"yull + | T"yn — (I — anF) Ty || (39)

< lxn = Tyl + an [E(T"yu)[| = 0 (1 = o).
Hence, from w,, — z € C it follows that x,, — z € C. Note the situation both G and S are
nonexpansive operators and that T is an asymptotically nonexpansive operator in the intermediate

sense. Since (I — G)x, — 0 and (I — S)x, — 0 (due to (29) and (37)), by Lemma 11 we have
that z € Fix(G) = GSVI(C, By, B;) and z € Fix(S) = Fix(S) = N5, Fix(Sy). From (34), we have
that lim; o ||y, — Txy,|| = O for the subsequence {x,,} of {x,}. It follows from Lemma 6 that
z € Fix(T). Then, z € Q = N, Fix(S,) N GSVI(C, B, B) N Fix(T). Since duality mapping j(-) is
weakly sequentially continuous and w;,;, — z, we obtain

lim sup(F(x"), j(x" — w,)) = lim (F(x"), j(x" — wy,)) = (F(x"), j(x" ~2)) <0,

n—c0 i—oo

which implies that (38) holds.

Step 7. One proves that x, — x* as n — oo. Indeed, putting p = x* in (18) and using (8), we have

" = xnga[® < Bull® — 2l + (1= Bu) (1 — @ ¥) " — xul|?
+ cn(2[|xn — x| + cn) + 200 (1 = B ) (F(x*),j(x* — wn))
— [1— a1 — Bl — X2+ (1 = B - 2(F(x"), j(x* — 00))
(2l — 2 + ).

(40)

Since Y ;> o an = 0o, liminf, ;0 (1 — B) > 0 (due to conditions (i), (ii)), and Y ;- cn < oo (due to the
assumption), we deduce from (38) that Y ;" o a, (1 — By)y = 00, Yoo cn(2||xn — x*|| + 1) < o0 and
limsup, .., %(F(x*),j(x* —wy)) < 0. We can employ Lemma 2.12 to the relation (40) and get that
Xy — x* as n — co. This completes the proof.

From [37], we give an example to illustrate the partial condition of Theorem 1 to be satisfied.
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Example 1. Let H = R with the inner product {a,b) = ab and induced norm || - || = |-|. Let C = H,and T
be defined as Tx := % sinx Vx € C. It is not hard to see that for all x,y € C,

3
IT"x — T"y|| = ZH sin T" " x — sin T" " 1y||

e
S .

<C)lx -yl

= (1400 x—y],

with 0, = (3)". Then T : C — C is an asymptotically nonexpansive mapping with {60, }. We take S, := T"
and obtain

sup [|Spx — S,_1x|| = sup || T"x — T" x|

xeD xeD

3
<) lsup | Tx —x|| Vn>1,
4 xeD

for any bounded subset D of C. Therefore, it follows that

[ee)

oo 3 -
Y sup [[Sux — Sp-1x|| < Z(Z)” Lsup ||Tx — x| < 0.
D

n=1x€eD n=1 xe

In addition, for any sequence {y,} C C, we get
3.
1Ty = Tyl < ()" 1Ty — Tyul
3 . .
= ()" sin Tyn — sinya|
< 2(2)" 0 (11— oo).

It is easy to see that Fix(T) = {0}. We define Sx := 0 Vx € C. It is clear that Sx = limy, e Spx Vx € C and
Fix(S) = Ny—o Fix(Sy).

The following results can be easily obtained by virtue of the argument techniques in Theorem 1,
and hence we omit the details.

Theorem 2. Fix a bounded, convex, nonempty, and closed set in a 2-uniformly smooth and uniformly convex
Banach space E. We suppose E has a weakly sequentially continuous duality mapping. Let Ilc : E — C
be a nonexpansive sunny retraction. Let the accretive mappings By, By : C — E be a-inverse-strongly and
B-inverse-strongly. Let linear bounded operator F be a strongly positive on E with coefficient ¢ > 0. Let T be
an asymptotically nonexpansive self-mapping on C with a sequence {6, } C [0,00) satisfying Y "0y < 0,
and {S,}>_, : C — C be a countable family of {-uniformly Lipschitzian pseudocontractive mappings such
that Q) := ;o Fix(S,) N GSVI(C, By, By) NFix(T) # @ where GSVI(C, By, By) is the fixed-point set of
the mapping G = Ilc(I — p1B1)IIc(I — paBo) with 0 < py < Zand 0 < pp < g For arbitrarily given
xo € C, let {x,} be the sequence given by

Uy = 'Yn(xn - Sn”n) + Spup,

zn = Hc(un — p2Batin),

Yn = HC(ZH - ,ulBlZn)/

Xp+1 = (1= Bu)c(T"yy — anFT"yn) + Buxn, Yn >0,
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where {ay }, {Pn} and {7y, } are the sequences in [0,1] satisfying the following conditions:

(i) limyeoy = 0and Y5 g, = 00;
(i) 1> limsup, . By > liminf, e B > 0;
(iii) 1 > limsup,_, yn > iminf, .o v > 0 and imy, e0 [Y441 — Yu| = 0.

Assume that Y37 qsup,cc [|Sni1X — Spx|| < oo, and let S be a mapping of C into itself defined by
Sx = limy 00 Spx for all x € C, and suppose that Fix(S) = Mo Fix(Sy). Then {x, } converges strongly to
x* € Q provided T" 1y, — T"y,, — 0as n — co. In this case,

(a) x* € Qsolves the VI: (F(x*),j(x* —x)) <0, Vx € ()
(b)  (x*,y*) solves the GSVI (3) with y* = ¢ (I — paBy)x*

Proof. Since the set C is bounded, one gets diam(C) = SUP, ycc ||x — y|| < oo. Please note that T is
an asymptotically nonexpansive mapping equipped {6,} C [0, o) satisfying Y ;> 76, < co. Then,
we deduce that for all x,y € C,

[T = T"y[| < (1 +6n)llx =yl = llx = yll + Oullx — yll < [lx =yl + 6, diam(C).

Hence, we get ¢, := max{0, supxlyec(HT”x —T"y|| — |lx —y|)} < 6,diam(C), which immediately
attains ) ;” (¢, < oo. Therefore, by Theorem 1 we derive the result. [J

Theorem 3. Fix a convex, nonempty closed set in a real Hilbert space H. Let the monotone mappings
By,By : C — H be a-inverse-strongly and B-inverse-strongly. Set F : C — H a x-Lipschitzian and
17-strongly monotone with constants x,n > 0 such that T = 1 — /1 — p(2y — px?) € (0,1], where 0 <
p < 12{—'27 Let T be an asymptotically nonexpansive mapping equipped with an asymptotic sequence {60y }. Let
{Su}y : C — C be a countable family of (-uniformly Lipschitzian pseudocontractions such that Q) :=
Np—o Fix(S») NGSVI(C, B, By) NFix(T) # @ where GSVI(C, By, By) is the fixed-point set of the mapping
G := Pc(I — u1By)Pc(I — ppBy) with py € (0,2a) and py € (0,2p). For any given xo € C, let {x, } be the
sequence given by

Uy = ’)/n(xn -5 un) + Sply,

= PC(“n ,MZBZMn)

= Pc(zn — p1Biza),
(

xn+1 1—Bun)Pc(T"yy — anpFT"yn) + Buxn, Yn >0,

where {ay }, {Pn} and {7y, } are the sequences in (0, 1] satisfying the following conditions:
(i) limyeoay = 0and Y ;" gy = 00;

(ii) limy oo 22 = 0;

(iii) 1 > limsup,,_,, By > liminf, e B > 0;

(iv) 1> limsup, . s > liminf, ;e vy > 0and limy, e |Yn+1 — vn| = 0.

Assume that Y7° 1 sup,..p ||Sux — Sp—1x|| < co for any bounded subset D of C, and let S : C — C bea
mapping defined by Sx = limy, e Spx for all x € C, and suppose that Fix(S) = N~ Fix(Syn). Then {x,}
converges strongly to x* € Q provided limy_,co || T"* 1y, — T"yy|| = 0. In this case,

(a) x* € Qsolves the VI: (F(x*),x* —x) <0, Vx € ()
(b)  (x*,y*) solves the GSVI (3) with y* = Pc(x* — upByx*).
4. Conclusions

In this paper, we studied a relaxed Mann implicit iteration method for the solution of a GSVL
It deserves mentioning that our iteration involves an infinite family of operators and there is no
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commutative condition to be required. With the aid of the projection, we established a convergence
result in setting of 2-uniformly smooth and uniformly convex spaces.
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