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Abstract: The purpose of this paper is to introduce a new type of operators in graphical metric spaces
and to prove some fixed point results for these operators. Several known results are generalized
and extended in this new setting of graphical metric spaces. The results are illustrated and justified
with examples.
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1. Introduction

Recently, Shukla et al. [1] generalized the notion of metric spaces for sets equipped with a graphical
structure and presented the notion of graphical metric spaces, which are equipped with a weaker
type of triangular inequality satisfied by a graphical metric for only those points which are situated
on a path in a graph associated with the space. By introducing a new type of mappings associated
with the graphical metric space, Shukla et al. [1] generalized the famous Banach contraction principle
(BCP) and extended several known results of Ran and Reurings [2], Kirk et al. [3], Edelstein [4] and
Jachymski [5].

On the other hand, Presi¢ [6,7] generalized the BCP in product spaces.

Theorem 1. Let (X, d) be a complete metric space and T: X* — X (k > 0 an integer). Assume there are
nonnegative constants q1,qa, . .., gx with q1 + q2 + - - - + q < 1 such that

k
d(T(&1,82, -, 8k), T(E2, 831 8ks1)) < Y 9id (Eir Cita) @
i=1

forall §,82,...,Cke1 € X. Then, there is a unique point x € X such that T(x, x, ..., x) = x. Furthermore,
for &1,82,...,8k € X with &y = T(En,Cptts .-, Cnik_1) (n € N), the sequence {G,} converges and

Jim 2o =T (fim o Jim - fim 2

The map satisfying Label (1) is said to be a Presi¢ operator.
Ciri¢ and Presi¢ [8] considered a weaker contractive condition than the condition (1).
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Theorem 2. Let (X, d) be a complete metric space and T: X*¥ — X (k > 0 an integer). Assume that there is
A € [0,1) such that

d(T(G1,82,-+-,8k), T (82,83, ..., Ckp1)) < Amax{d(&;, Giy1) : 1 <1 <k},

for all &1,8,...,8ki1 € X. Then, there is a point ¢ in X so that T(E,E,...,5) = &. Moreover,
for arbitrary &1,8a,...,8r € Xand form € N, &ox = T(Cn,Cns1,---,Cnik_1), the sequence {C,}
converges and nlg‘f(}o Cn=T (V}l_r& gn,}}grgo Cnyee ,nh_r)rolo Cn) . If in addition, we have on the diagonal /\ C xk,
d(T(p,p,...,p),T(v,0,...,v)) < d(p,v) for p,v € X, with p # v, then § is the unique element so that
(3: T(C,C,..-,C).

Presi¢ type operators have several applications to solve problems in applied mathematics—see,
for example, [6,7,9-14]. Recently, many authors worked on the result of Presi¢ in various
directions—see [8,15-23]. Ran and Reurings [2] and Nieto and Lopez [24,25] gave fixed point results in
metric spaces via a partial order. These results were generalized by Malhotra et al. [17] (see also [15,26])
and Shukla et al. [22] in product spaces. The cyclic operator was considered by Kirk et al. [3].
Shukla and Abbas [23] extended the result of Kirk et al. [3] by defining the class of cyclic-Presi¢
operators. An interesting generalization of Banach’s result in the spaces endowed with graphs was
given by Jachymski [5] which unifies the results of Ran and Reurings [2], Nieto and Lopez [24,25] and
Edelstein [4]. Recently, Shukla and Shahzad [27] and Shahzad and Shukla [10] extended these results
for single-valued and set-valued mappings in product spaces endowed with a graph—see also [28-32].

Here, we initiate the notion of (G, G')-Presi¢-Ciri¢ operators in graphical metric spaces and prove
some related fixed point theorems. The results of this paper generalize and unify the theorems of
Presi¢ [8], Presi¢ and Ciri¢ [6,7], Luong and Thuan [15], Ran and Reurings [2], Nieto and Lopez [24,25],
Kirk et al. [3], Shukla and Abbas [23], Shukla and Shahzad [27] and Shukla et al. [1] in graphical metric
spaces. We also give examples illustrating and justifying the presented results.

2. Preliminaries

Given a nonempty set X, we define: A = {(1,1): # € X}. Consider a directed graph G where
V(G) (resp. E(G)) is the set of vertices (resp. edges) such that V(G) = X, E(G) 2 A and G has no
parallel edges, hence X is endowed with G = (V(G), E(G)). The conversion of the graph G is G~1.
In addition, V(G~!) = V(G)and E(G™") = {(x,y) € X x X: (y,x) € E(G)}. G is denoted as the
undirected graph. Consider V(G) = V(G) and E(G) = E(G) UE(G™).

If £,7 € V(G), then a path in G from ¢ to i of length | € Nis {&;}\_ of I + 1 vertices so that
¢o = ¢, = nand (§;_1,¢) € E(G) fori = 1,2,...,1. A graph G is called connected if, there is
a path between any two vertices. The graph G is weakly connected if, considering all of its edges
as undirected, there is a path from each vertex to each other vertex. G is weakly connected if G
is connected.

Consider: ({Pr)g iff there is a directed path from ¢ to 7in G. u € ({Pn)¢ if p is contained in some
directed path from ¢ to 7 in G. A sequence {¢, } in X is called G-termwise connected if (¢, PG, +1)¢ for
eachn € N.

From now, we suppose that the graphs are directed where the sets of vertices and edges
are nonempty.

Definition 1 (Shukla et al. [1]). Let X be a nonempty set endowed with a graph G and d.: X x X — R be
a function such that forall ¢, 1, u € X,

N
[U
Q

(GPn)g, u € (&Pn)¢ implies ds (¢, 1) < do(, 1) +do(p, 1)
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Here, d; is called a graphical metric on X.
There are several interesting examples and properties of graphical metric spaces—see [1].

Definition 2 (Shukla et al. [1]). Let {&,} be a sequence in a graphical metric space (X, d.). Then,

1. {&n} converges to x € X if, given € > 0, there is ny € N so that d;(&y, x) < € for each n > ng. That is,
nlgr.}o ds(&,,x) = 0.

2. {&n} is Cauchy sequence if, for ¢ > 0, there is ny € N so that d;(Gn, Em) < € for all n,m > ng. That is,
482 =0

3. (X,dg) is complete if every Cauchy sequence in X is convergent in X. Let G’ be another graph with
V(G') = X, then (X,d;) is G'-complete if each G'-termwise connected Cauchy sequence in X is
convergent in X.

Let X be a nonempty set and T: X — X (k > 0 an integer). An element ¢ € X is a fixed point
of Tif T(E,¢,...,¢) = ¢. Denote by Fix(T) the set of all fixed points of T. Let 1,82,..., 8 € X. {Cn}
givenas ¢,k = T(Cn, i1, - - -, Cnak_1) is called a Presi¢-Picard sequence (in short, a PP-sequence)
with initial values &1, &y, . . ., Gk, (see [27]).

3. Main Results

We first introduce a new class of operators in graphical metric spaces.
Suppose X is endowed with the graph G and PX(G) is the set of all paths {¢;}¥_, of k vertices so
that (ékr T(él,é’z, R ,gk)) S E(G), that is,

Pi(G) = {{gi 10 (G0 €i1), (G T(E1, 62+, 6k) €E(G), i=1,2,... k- 1}-
We now define (G, G')-Presi¢-Ciri¢ operators on a metric space endowed with a graph.

Definition 3. Let (X, d.) be a graphical metric space and T: X¥ — X (k > 0 an integer). Let G’ be a subgraph
of G such that E(G") D A. Suppose that there is A € [0,1) such that, for every path {g,}{j} in G', the
following holds:

dG(T(glr G2renns gk)r T(éZ/ 83reees €k+1>) <A lng?<xl{d0(gir giJrl)}‘ (2)
Then, T is a (G, G')-Presi¢-Ciri¢ operator.
We suppose that G’ is a subgraph of G so that E(G') 2 A.

Definition 4. Let (X,d.) be a graphical metric space and T: X* — X (k > 0 an integer). Then,
the mapping T is called a dg-edge preserving in G’ if, for every path {g; i‘ill in G' such that
deo(T(C1,--- ), T(G2 - Cisn)) < max {do(&y iva) }, we have

(T(C1,--/Ek), T(G2 -, Gk41)) € E(G').
Lemma 1. Let (X,d;) be a graphical metric space, k a positive integer and T: X¥ — X be
a (G, G")-Presi¢-Ciri¢ operator. If {Ci}i-‘zl € P%(G/ ) and T is d-edge preserving in G', then the PP-sequence
{&n} with initial values {1,8&»,...,Crisa G'-termwise connected sequence.

Proof. Suppose that {¢;}5_, € PK(G’), then by definition of PX(G'), we have

(8, 8iv1), (Ce, T(Z1,82,- .-, Ck)) € E(G) fori=1,2,...,k—1. 3)
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Now, consider the PP-sequence {{,} with initial values 1,3, .. ., {x. Then, we know that the value
of &xy1 is given by &y = T(&1, 82, - - -, Ck), and so, by Label (3), we get (x, &x11) € E(G'). Therefore,
{Cl}fill is a path in G'. Since T is a (G, G')-Presi¢—Ciri¢ operator, we obtain by (2) that

da(T(G1, -+, Ck), T(G2, -+, Chy1)) < /\fg?gk{dc(éi/ Siv1)} < gfg{{dc(éir Cit1)}-

As T is ds-edge preserving in G, we obtain

(8kt1,8r2) = (T(E1,- -, Ck), T(82, ..., 8ks1)) € E(G).

The above inclusion shows that {Cl}f;z is a path in G/, hence, again by (2), we obtain
do(T(G2, -, Ck1), T(G3/ -/ Ckr2)) < /\zgflr.?k)jrl{dc(ffuffwrl)} < zggﬁl{dc(ffuézﬂ)}

As T is d.-edge preserving in G’, we obtain

(8k42,Chq3) = (T(G2, -, 8j41), T(E3, ..., 8ky2)) € E(G).

By repeating the same arguments, the PP-sequence {¢,} with initial values {i,¢p,..., 8k is
a G'-termwise connected sequence. [

We now prove the following theorem which ensures the convergence of a PP-sequence generated
by (G, G')-Presi¢-Ciri¢ operator in a graphical metric space.

Theorem 3. Let (X,d;) be a G'-complete graphical metric space, k a positive integer and T: X* — X be
a (G, G")-Presi¢-Ciri¢ operator. Suppose that:
() PKG) # @
(I) T is de-edge preserving in G';
(IlI)  if a G'-termwise connected PP-sequence {&,} converges in X, then there exist yu € X limit of {&, } and
no € N such that (&, u) € E(G') or (u,&n) € E(G') for each n > ny.

Then, for every path {; 5‘6:1 in P%(G’), the PP-sequence with initial values &1, &, ..., & is G'-termwise
connected and converges to both p and T(p, ..., p) for some p € X.

Proof. Since PX(G') # @, suppose that {¢;}%_, € PK(G’), then by Lemma 1 the PP-sequence {{,}
with initial values &1, ¢, ..., ¢ is a G'-termwise connected sequence, i.e., (¢;, & 1) € E(G) for all
ieN

Let 6, = ds(&n,&yi1), n € Nand

_ 5 O Ok
p—max{/\l/k,/\z/k,...,)t}.

We claim that
6n < pA"*foralln € N. (4)

It will be done by mathematical induction. By the definition of p, our claim holds forn =1,2,... k.
We now suppose the induction hypothesis:

Opyi SP)L("+i)/k,i:0,1,...,k—1. (5)
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The sequence {¢,} is G'-termwise connected, for each n € N, so {&,1;}%_, is a path in G'. By (2),
we obtain

Ontk = dc(§n+kr §n+k+1)
dC(T(ngl gnJrl/ sy gnJrkfl)/ T(‘:nJrlr gl’H—Z/ Ry §n+k)>

= Aoggg‘_l{dc(gnﬂx Cntit1)}
- )‘Og&"_l{fsnﬂ}-
Using (5), we get
Otk < Aoé?gak)il{p/\(mi)/k} — pAogr?gk)il{A(nH)/k}
S
= p)L(n+k)/k'

Hence, (4) is proved.
We claim that {¢,, } is Cauchy. Let n,m € N with m > n. Since {¢,} is a G'-termwise connected
sequence, we find from (GM4) and (4) that

da(Cn,Cm) < da(Cn,Cuv1) +dc(Cnr1,Gnt2) + - +da(Cm—1,Cm)
m—n—1

m—n—1
= Z dc(§n+ir§n+i+1>: Z Onti
i=0

i=0

IN

m—n—1
Z p/\(ifl-‘v—i)/k
i=0

IN

oAk i 2i/k
i=0
pAn/k
1 Al/k

As ks fixed and A € [0,1), we obtain from the above inequality that

lim de(&n,&m) = 0.

n,m—00

Hence, {&,} is a G'-termwise connected Cauchy sequence. The G'-completeness of (X, d.) yields
that {,} converges to some point in X. Using condition (III), there is p € X and 1y € N so that
(&n,p) € E(G') or (p,&n) € E(G') for each n > ng and

nlgrolo dc(Cn,p) = 0.

Suppose that (¢, u) € E(G’) for all n > ng (proof for the case (u,&,) € E(G') will be same). Since
E(G') 2 A, {¢n} is G'-termwise connected and (&, p) € E(G') for all n > ny, the following sequences

{Gnre e s Ck—1,03 G015+, Cugk—1,0,0%, -+ AGnsk—1,0,---, 0}, {0, -, 0,0}

are the paths of length k + 1 in G'. In addition, T is (G, G’)-Presi¢-Ciri¢ operator; therefore,

da(T(Cns- s Cnik—1), T(Cnv1r - Cnyk—1,0)) < A max  {da(&i Giv1), da(Gnik—1,0)}

n<i<n+k—2

< max  {dc(&i, Civ1), da(Cnak—1,0)}

n<i<n-+k—2
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for each n > ng. As T is d;-edge preserving, we have

(T(En, s Epgk—1), T(Enst, - -+, Engk—1,p0)) € E(G') for each n > ny.

Similarly,

(T(gn—i-l/ sy gnJrkfl/ P)/ T(‘:n+2r ey (:nJrkfl/ O, p)) ’
(T(Cnt2r - s Cnk—1,0:0), T(Gnt3s - -1 Cnrk—1,0,0,P))
o (TCnrk—1,0,---,0), T, -, 0))

are the members of E(G’) for each n > ny. By (GM4), we obtain

de (Cnsie T(0,---,0)) = A (T (GnsCntrs-- - Cnvk—1), T(ps- -, p))

< Ao (T (Gn Gnv1re - Cnrk—1) T (Cnt1s- s Crgk—1,0))
+do (T (Cn+1s -+ Gnk—1,0) , T(Cns2s -+, Cnik—1,0,P0))
+ o+ do (T (Cnik-1,0,---,0), T, -, 0))

N

for all n > ng. Using (2), we find that

de (gn+kr T(p, . ,p)) <  Amax {dc(gn/ gn+1)/ .. ~/dc(§n+k711 P)}
+A max {dc(gn-&-l/ §n+2)/ sy dc(én-&-k—h P)}
+---+ Adc((’:nJrkflr P)

As n}}llgoo ds(&n, &) = nlg}go dg(&y,u) = 0, we find that

Ji . Gt T, ) =0

Thus, {§,} converges to both p and T(p,...,p). O

Theorem 3 ensures the convergence of a PP-sequence, but cannot ensure the existence of a fixed
point of the (G, G’)-Pregi¢-Ciri¢ operator. In the following, we explain this fact.

2n
V(G)=Xand E(G) =AU{(C,n) € 2y x 2n: 1 < C}.
Consider d.: X x X — Roas

Example 1. Let X = 2y U {0}, where 2 = {1: ne N} and G and G’ be the graphs given as G = G/,

0, ifd=mn,
dG(gln) = 677/ ngln S leg # 17’
%, otherwise.

Note that (X, d.;) is a G-complete graphical metric space, but it not a metric space. Choose T: X* — X as

T((;I;U) _ {617' lf(:,i’] € 2Nr

%, otherwise.

Notice that T is a (G, G")~Presi¢-Ciri¢ operator with A = 1/4.
If p,g € Nwith p < q, we have {leleq} is a path of length 2, and for this path we have

(;},T (217], ;q)) € E(G). Hence, P2(G) # @.
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Note that any path {1, 2, C3} of length 3 in G must be one of the following form:

1 1 1 1 1 1 1 1 1
207 2p7 2P [\ 2P7 2729 [ 7| 2P" 20725 |7
where p < g < s. In each case, we have (T (¢1,&2), T (G2,83)) € E(G). Hence, T is d.-edge preserving.
Finally, any G-termwise connected, PP-sequence {y } in X which converges to some yu, is either a constant
1 1
sequence, or a subsequence of the sequence (7 therefore, we have at least one value of z (: 2) € X so that
(III) of Theorem 3 is verified. Note that, for each path {‘:j}]z':l in P2(G), the PP-sequence with initial values

. ) . 1 11 ) )
1, Go is G-termwise connected and is convergent to 5 and T (2, 2) ; however, T has no fixed point.
The above example suggests that to prove the existence of fixed point of a (G, G')-Presi¢-Ciri¢

operator in a graphical metric space, we must apply some additional condition to Theorem 3. Hence,
inspired from Shukla et al. [1], we introduce the following property:

Definition 5. Let (X, d.) be a graphical metric space, k a positive integer and T: X*¥ — X be a mapping.
Hence, the quadruple (X,d;, G', T) has property (S) if:

whenever a G'-termwise connected PP-sequence {&, } has two limits p and v,

where p € X,v € T(XY), then p = v. (Sx)
Consider {1 = {¢ € X: (¢, T(¢,...,&)) € E(G")}.

Remark 1. The property (Sy) is a k-dimensional version of the property (S) used by Shukla et al. [1].
In particular, the property (S1) is equivalent to the property (S).

The following result provides a sufficient condition on the existence of a fixed point of
a (G, G')-Presi¢-Ciri¢ operator in a graphical metric space.

Theorem 4. Suppose that all the conditions of Theorem 3 are satisfied. If, in addition, (X, ds, G', T) has the
property (Sy), then T has a fixed point.

Proof. It follows from Theorem 3 that there exists a PP-sequence {{, } with initial values {1, &, ..., &k
and p € X such that {¢,} is G'-termwise connected and is convergent to both p and T(p,...,p).
Asp € X,wehave T(p,...,p) € T(X*), hence by the property (Si), we get T(p, .. .,p) = p. Thus, p is
a fixed pointof T. O

Example 2. Consider X = [0,1] and G given by V(G) = X and
E(G) =AU{(§n) € XxX:¢ne(01],5<n}.
Let G =G. Taked.: X x X = Ras

0/ lfg = 17/

do(8,1) = 1n<€1,7>, if¢,ne (0,1, #n,

1, otherwise.
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Then, (X, d;) is a G-complete graphical metric space. Put k = 2. Take T: X> — X as

T(& ) = max { /&, 7} -

Then, T is a (G, G')-Presié-Ciri¢ operator with A = 1/2. All conditions of Theorem 4 are fulfilled, and so,
by Theorem 4, T must have a fixed point. Indeed, Fix(T) = {0,1}.

T is not a G-Presic¢ operator (in the sense of Shukla and Shahzad [27]) with respect to the usual metric
defined on X.

The fixed point of a (G, G')-Presi¢-Ciri¢ operator satisfying conditions of Theorem 4 may not be
unique. The above example verifies this fact.

Theorem 5. Assume that all conditions of Theorem 4 hold. If, in addition, {1 is weakly connected (as a subgraph
of G') and

A(T(E,,8), T, ) < (&) forall (&) € [ (@1 x &) NE(G)] \ A
then T has a unique fixed point.

Proof. The existence of a fixed point p follows from Theorem 4. Suppose that v is a fixed point
of T and pjé v. Since p,v €Fix(T), E(G’) D A and r is weakly connected, we get p,v € ¢ and
(p,v) € E(G"), hence

d(p,v) =d(T(p,...,p), T(v,...,v)) <d(p,v).

This contradiction proves the result. [

Remark 2. Ifin Theorem 5, Fix(T) is assumed weakly connected and the following

d(T(,...,8),T(n,...,n)) <d(&n) forall (& 1) € [(Fix(T) x Fix(T)) N E(a)] \ A
holds instead as we have assumed, then the conclusion remains the same.

Remark 3. Let (X,d.) be a metric space and T: X¥ — X. Let G’ be a subgmph of G such that E(G') 2 A.
Then, T is called a (G, G')-Presic operator if there are q; > 0 such that Y-X_; q; < 1 and for each path {&;}**]
in G/, the following holds:

k

de(T(E1,82, -, Ck), T(82,83, -, Ces1)) < Y qide(Eis Ci)- (6)

i=1

Clearly, each (G, G')-Presi¢ operator is a (G, G')-Presi¢-Ciri¢ operator. In addition, if T is a d-edge preserving
in G, (p,v) € E(G'), then, since E(G") D A, we obtain from (GM4) that

QU

Ae(T(p,..,0), T(0,...,0)) < do(T(p,....0), T(ps-..,p,0))

+de(T(p,...,p,v),T(v,...,p,0,0)) +---
+d.(T(p,v,...,v),T(v,...,v))
< dc(P/U)"‘% 1d(p,0) + -+ + q1dc(p,v)

k
= ;qz (Pl )
< ds(p,v)
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forall p,v € 1. We conclude the same when (v, p) € E(G').

We next derive generalizations and extensions of many known results.
The following is a graphical metric version of results of Shukla and Shahzad [27] and its proof
follows directly using Remarks 2 and 3.

Corollary 1. Let (X, d;) be a G'-complete graphical metric space and T: X¥ — X be a (G, G')-Presi¢ operator.
Assume that

()  PKG) # @
(I) T is dg-edge-preserving in G';
(IlI)  if a G'-termwise connected PP-sequence {&, } is convergent in X, then thereis u € X of {&, } and ng € N
so that (&n, u) € E(G') or (1, &n) € E(G') for each n > ny.

Then, for every path {&;}%_, in PX(G'), the PP-sequence with initial values &, &, ..., Cx is G'-termwise
connected and is convergent to both p and T(p, .. .,p), for some p € X. If in addition, (X,d., G', T) has the
property (Sy), then T has a fixed point. Furthermore, if Fix(T) is weakly connected (a subgraph of G'), then such
fixed point is unique.

Corollary 2 (Ciri¢ and Presi¢ [8]). Let (X,d) be a complete metric space and T : X* — X be a mapping so
that there is A € [0,1) so that

d(T(81,82,-+-,8k), T (82,83, -+, Ckp1)) < Amax{d(&;, Giy1) 1 1 <11 <k},

for all ¢1,82,...,8kp1 € X.  Then, there is ¢ in X such that T(E,¢,...,¢) = . Moreover,
for arbitrary G,8a,...,86c € X and for n € N, ¢ = T(En,Cpt1s---,Cpnik_1), {Cn} converges
and 711135)10@‘,1 = T(Jijrgo@n,’}iigoﬁn,...,y}ggogn). If, in addition, on the diagonal A C Xk,
d(T(p,p,...,p), T(v,v,...,v)) < d(p,v) for p,v € X, with p # v, then § is the unique point satisfying
¢=T(, ¢ -, 0)

Proof. Take the graphs G and G’ as G = G’ where V(G) = X and E(G) = X x X. All the conditions
of Theorem 5 hold, and the proof follows directly. [

Next, we give a result for cyclic contractions in product spaces (see [23]). The following definition
generalizes the definition of cyclic-Pre$i¢ operator given by Shukla and Abbas [23].

Definition 6. Let X be any nonempty set and T: X* — X. Take Ey, Ey, .. ., E, nonempty subsets subsets of
p
X. Then X = U E; is a cyclic representation of X with respect to T if

j=1
1. E;j=1,2,...,parenonempty sets;
2. T(E1 X Ey X «-+ X Ek) C Exy1, T(Ez X E3 X --+ X Ek+1) C Exyn, ..., T(El’ X Ejyq X -+ X
Eitx-1) CEiyg, -, where E, ;= E;forall j € N.
IfY C X, then T: Y* — Y is said to be a cyclic-Presi¢-Ciri¢ operator in the case that

4
(CPC1) Y= E; is a cyclic representation of Y with respect to T;

j=1
(CPC2) there is A € [0,1) so that
d(T(C1, G2,/ Ck), T(C2, 830/ Ciern)) < A max {d (G, Giv1) } @)

forall 571 S E]‘,Cz S Ej+1/-~-/€k+1 S Ej+kr (] = 1121'-'/pEp+j = E]'fOTj € N).
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The following is a generalized form of the main result of Shukla and Abbas [23] (in view of (7)).

P

Corollary 3. Let Eq, E, ..., Ey, be closed nonempty subsets of a complete metric space (X,d) and Y = | E;.
j=1
/ p
Let T: Y* — Y be a cyclic—Presi¢~Ciri¢ operator, then T has a fixed point p € N E;. If, in addition,
j=1

d(T(E,...,¢),T(n,...,n)) <d(&,n) forall §,n €Fix(T) with § #

P
and Fix(T) C () E;, then p is unique.
j=1

Proof. Take the graphs G and G’ by V(G) = X, E(G) = X?and V(G') = X,
E(G") =AU{(C,n) € X*: { € By € By, 1 < i<k},

where E,;; = E; for all j € N. Since each E; is closed, Y is G’-complete. The condition (CPC2) shows
that T is a (G, G')-Presi¢-Ciri¢ operator, while (CPC1) ensures that T is d.-edge preserving in G’. Since
each E; is nonempty, P;(G’ ) # @. Furthermore, since E(G) = X2, (X,d., G', T) has the property (Sx).
Proposition 2.1 of [23] shows that the condition (III) of Theorem 3 is satisfied. Hence, by Theorem 4, T

has a fixed point p € Y as the limit of a G’-termwise connected sequence, and so, by Proposition 2.1
P P
of [23], we have p € m E;. Finally, if Fix(T) C m E;, then Fix(T) is weakly connected (a subgraph of
j=1 j=1
G'), therefore the proof follows from Theorem 5. []

In the next definition and corollary, we generalize the results of Ran and Reurings [2] and Nieto
and Lopez [24,25] in product spaces.

Definition 7. Let X be a nonempty set equipped with a partial order “ T " and a metric d. A sequence {&,} in
X is nondecreasing with respect to “* T " if §1 T ¢ T ... C ¢y T - . Asubset A C X is called well-ordered
ifECnory C & forall &y € A. The map T: X* — X is said nondecreasing with respect to “ C ” if,

for any finite nondecreasing sequence {¢; i‘ill, we have T(&1,82,...,8x) © T(E2,83,...,8ky1). Such T is

called an ordered Presic-Ciri¢ type operator if:

(OPC1) T is nondecreasing with respect to ”“ T ”;
(OPC2) thereis A € [0,1) so that

d(f(&1, 62+, Ck), f(82,G3, -+, Cky1)) < Alrg%({d(ﬁifﬁﬁl)} 8)

forall 51,(;(2,...,(:](_;,_1 € X with 61 C (:2 cC...C §k+1.

Corollary 4. Let (X, C,d) be an ordered complete metric space and T: X* — X. Suppose that

(A) T is an ordered Presié-Ciri¢ type contraction;

(B) thereare &1,8p, ..., 0k € Xsothat &y T &H -  C &G T T(E, 8, ..., 8);
(C) if a nondecreasing sequence {&, } is convergent to ¢ € X, then &, C & or & T &

Then, T has a fixed point p € X. If, in addition,

d(T(E,...,¢),T(n,...,n)) <d(&n) forall §,n €Fix(T) with § # 1,

then Fix(T) is well-ordered iff p is unique.



Mathematics 2019, 7, 445 11 of 12

Proof. Consider graphs G and G’ such that V(G) = X, E(G) = X x X and V(G') = X,
E(G) ={(x,y) e Xx X: xCy}.

Then, X is G’ complete. (OPC1) implies that T is a (G, G')-Presi¢-Ciri¢ operator and (OPC2) shows
that T is ds-edge preserving in G’. Condition (B) ensures that Tk(G') # @. Since E(G) = X x X,
(X,ds, G/, T) has the property (Si). Condition (C) shows that condition (III) of Theorem 3 holds. Hence,
by Theorem 4, T has a fixed point p € X. Finally, if Fix(T) is well-ordered, then Fix(T) is weakly
connected (a subgraph of G’,) so, from Theorem 5, the fixed point p is unique. If Fix(T) is a singleton,
then it is well-ordered. O
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