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Abstract: The basic idea underneath the generalized intuitionistic fuzzy soft set is very constructive in
decision making, since it considers how to exploit an extra intuitionistic fuzzy input from the director to
make up for any distortion in the information provided by the evaluation experts, which is redefined
and clarified by F. Feng. In this paper, we introduced a method to solve decision making problems
using an adjustable weighted soft discernibility matrix in a generalized intuitionistic fuzzy soft set.
We define the threshold functions like mid-threshold, top-bottom-threshold, bottom-bottom-threshold,
top-top-threshold, med-threshold function and their level soft sets of the generalized intuitionistic fuzzy
soft set. After, we proposed two algorithms based on threshold functions, a weighted soft discernibility
matrix and a generalized intuitionistic fuzzy soft set and also to show the supremacy of the given
methods we illustrate a descriptive example using a weighted soft discernibility matrix in the generalized
intuitionistic fuzzy soft set. Results indicate that the proposed method is more effective and generalized
over all existing methods of the fuzzy soft set.

Keywords: generalized intuitionistic fuzzy soft set; adjustable approach; soft discernibility matrix;
multi-criteria decision making

1. Introduction

The real world is full of imprecision, vagueness and uncertainty. In our daily life, we deal mostly
with unclear concepts rather than exact ones. Dealing with imprecision is a big problem in many areas
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such as economics, medical science, social science, environmental science and engineering. In recent
years, model vagueness has become interested in many authors. Many classical theories such as fuzzy
set theory [1], probability theory, vague set theory [2], rough set theory [3], intuitionistic fuzzy set [4]
and interval mathematics [5] are well known and effectively model uncertainty. These approaches show
their inherent difficulties as pointed out by Molodtsov [6], because of intensive quantity and type of
uncertainties. In Reference [6], Molodtsov defines the soft set which is a new logical instrument for
dealing uncertainties.

Soft set theory attracts many authors because it has a vast range of applications in many areas like
the smoothness of functions, decision making, probability theory, data analysis, measurement theory,
forecasting and operations research [6-10]. Nowadays, many authors work to hybridize the different
models with soft set and achieved results in many applicable theories. Maji defines the fuzzy soft set
and intuitionistic fuzzy soft set [11,12]. Then the further extensions of soft sets like the generalized
fuzzy soft set [13], the interval-valued fuzzy soft set [14], the soft rough set [15], the vague soft set [16],
the trapezoidal fuzzy soft set [17], the neutrosophic soft set [18], the intuitionistic neutrosophic soft set [19],
the multi-fuzzy soft set [20] and the hesitant fuzzy soft set [21] are introduced. Agarwal defines the
generalized intuitionistic fuzzy soft set (GIFSS) [22] which has some problems pointed out by Feng [23]
and redefined GIFSS.

In Reference [24], Coung defines the picture fuzzy set which is an extension of the fuzzy soft set
and intuitionistic fuzzy set. In Reference [25], Sing defines the correlation coefficients of PFS and their
applications in clustering analysis. In Reference [26], Son and Thong define time arrangement gauging
and climate estimating with the help of novel fuzzy calculations based on the PFS domain. A novel fuzzy
derivation framework on PFS to enhance the inference performance of the traditional fuzzy inference
system is proposed by Son [27]. A novel picture fuzzy clustering technique is applied for complex data
and particle swarm optimization by Thong [28]. Wei [29] defines the picture fuzzy aggregation operators
method and uses them to multi attribute decision making (MADM) for ordering enterprise resource
planning (ERP) structures. Wei [30], in the light of the picture fuzzy weighted cross-entropy a basic
leadership technique is researched and used it to order the choices. In Reference [31], Garg defines
aggregation operations on picture fuzzy soft set (PFSS) and used them to multi criteria decision-making
(MCDM) problems. In Reference [32], Yang defined the picture fuzzy soft set and applied them to decision
making problems. In Reference [33], Jabir khan defines the generalized picture fuzzy soft set and applied
them to decision making problems. For more about decision making, we refer to References [34-38].

The soft matrix and its operations in a soft set are defined by Cagman [39]. The notion of soft
discernibility matrix (SD.M) is given by Feng and Zhou, which not only provide the best choice but also
an order relation among all alternatives [40]. In [41], Feng defines an adjustable approach for the fuzzy soft
set and an adjustable approach for the intuitionistic fuzzy soft set is defined by Jiang [42]. In Reference [32],
an adjustable SDM is define dfor picture fuzzy soft sets.

The idea of GIFSS is very encouraging in decision-making since it considers how to capitalize an
additional intuitionistic fuzzy input from the director to minimize any possible perversion in the data
provided by evaluating specialists. First, Skowron and Rauszer [43] initiated the concept of discernibility
matrix and extensively used in rough sets to solve attribute reduction, and its influence is significant and
easy to understand. Also, in our daily life decision making problems, different attributes are not of equal
importance. Some are more important than others, therefore, the decision maker assigns different values
(weights) to different attributes and imposes different threshold functions when we need a restriction to
a positive membership function and negative membership function. In this paper, we use an adjustable
perspective to GIFSS and get level soft sets. Then each GIFSS can be seen as a level soft set and composed
a crisp soft set, therefore, for solving decision making problems we apply WSDM.
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The purpose of this paper is to use weighted soft discernibility matrix (WWSDM) for GIFSS using
an adjustable perspective to solve decision making problems. In the literature, the GIFSS set is defined
and applied for decision making problems using intuitionistic fuzzy weighted averaging operators.
This technique can not only give the best alternative but also an order relation of all alternatives easily
by scanning the WSDM at most one time. In this paper, Sections 1 and 2 consists of an introduction
and preliminaries which include the basic definition related to fuzzy sets, intuitionistic fuzzy set and
SDM. Section 3 is devoted to the threshold functions and their level soft sets. In Section 4, two algorithms
are proposed basis on WSDM to solve decision making problem using GIFSS. Section 5 consists
of a case study of scholarship for a doctoral degree. Finally, comparison and conclusion are given in
Sections 6 and 7.

2. Preliminaries

In this section, we present the basic definitions of fuzzy set, intuitionistic fuzzy set, soft set, generalized
intuitionistic fuzzy soft set, soft discernibility matrix and weighted soft discernibility matrix.

Throughout this paper, finite set y = {l1,03,...,0,} and p = {€1,€2,...,em} represents the set of
n alternatives and m attributes (parameters). The abbreviations IFS, IFSS, GIFSS, SDP, SDM and
WSED M represents the intuitionistic fuzzy set, intuitionistic fuzzy soft set, generalized intuitionistic fuzzy
soft set, soft discernibility parameters, soft discernibility matrix and weighted soft discernibility matrix,
respectively. Moreover, the abbreviation “w.r.t.” is used for “with respect to.”

A fuzzy set is defined by Zadeh [1], which handles uncertainty based on the view of
gradualness effectively.

Definition 1 ([1]). A membership function &z : ¥ — [0,1] defines the fuzzy set A over the Y, where & 4(¢)
particularized the membership of an element £ € Y in fuzzy set A.

Like a membership degree on an element in a fuzzy set, human intuition suggests that there is a
non-membership degree of an element in a set. In Reference [4], an IFS defined by Atanassov to sketch
the imprecision of human beings when needing the judgments over the elements.

Definition 2 ([4]). An IFS A over the universe Y is defined as

A={,E500te P},

where ¢ 4 Y —[0,1] and ¢ e Y — [0,1] are the degree of positive membership and degree of negative membership,
respectively. Furthermore, it is required that 0 < ¢ 1 +9 4 < 1.

A soft set is defined by Molodtsov [6], which provides an effective framework to dealings with
imprecision with the parametric point of view, that is, each element is judged by some criteria of attributes.

Definition 3 ([6]). Let Y be a universal set, P a parameter space, A C P and P(Y) the power set of Y. A pair
(F, A) is called a soft set over Y, where F is a set valued mapping given by F : A — P(P).

In [12], Maji defines the IFSS as follows.

Definition 4 ([12]). Let Y be a universal set, P a parameter space, A c Pand IF (37) the set of all IFSs of ).
A pair (F, A) is called an IFSS over Y, where F is a set valued mapping given by F : A — IF(D).
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The idea of GIFSS is very encouraging in decision-making since it considers how to capitalize an
additional intuitionistic fuzzy input from the director to minimize any possible perversion in the data
provided by evaluating specialists. First Agarwal [22], defines the GIFSS, but it has some problems,
therefore, in Reference [23], Feng redefines the GIFSS as follows.

~

Definition 5 ([23]). Let Y be a universal set, A C P a parametric set. By a GIFSS we mean a triple (F, A, p),
where (F, A) is an IFSS over Y and p : A — IF(A) isan IFS in A.

where (F, A) is called basic intuitionistic fuzzy soft set (BIFSS) and p is called the parametric intuitionistic
fuzzy set (PIFS).

In [40], Q. Feng defines the SD.M for soft sets which provide not only the best alternative but also an
order relation among all the alternatives.

Definition 6 ([40]). Let (F, A) be a soft set over ). F determined the partition U|IND(F, A) = {N;:i < |Y|}
of V. The SDM is defined as M = (M(N;, Nj))i,j§|)>\' where M(N;, N;) is called the SDPs among N; and N;
and defined as

M(N;,Nj) ={E'UE :i,j < |D|}.

In which
Ei = {6; : .7:-(51',617) =1and ]:'(Kj,ep) =0, Wi € N;, Vf] S N]}
and

The symbol e; (or e{,) represents the elements in N; (or Nj) have the value 1 at the attribute €y, that is,
.7:"(&,6,,) =1,¢; € N; (or j:(éj,é‘p) =1, f] S N])

The WSDM is defined as follows.

Definition 7 ([40]). Let (F, A) be a soft set over Y. F determined the partition U|[IND(F, A) = {N;:i < ||}
of V. The WSDM is defined as M = (M(N;, Nj)); j<|p|, Where M(N;, N;) is called the SDPs among N; and N;
and defined as

M(N;, Nj) ={E'UE :i,j < |V[}.

In which
B = {e)%: F(ti,ep) = Land F(l;,e,) =0, ¥E; € N, VU € N}
and
B = {e): F(tj,ep) = 1and F(l;,e,) = 0, V4j € Ny, Ve; € Ni}.
The symbol e;*‘ai (or e;*d]j ) represents the elements in N; (or N;) have the value 1 at the parameter €y, that is,

]:"(Ki,ep) =1, Ei S Ni (or f'(Zj,ep) =1, f] S N])

In [40], Q. Feng also give some properties of SDM and WSDM.
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Proposition 1 ([40]). Let (F, A) be a soft set over Y, where Y = {41, 4,, ..., €y} and ¢(N;, Nj) = |[M(N;, Nj)|.
Then the SD.M has the following characteristics:

M(N;,N;) =@ (Vi < n);
M(N, Ny) = M(N, N, (% < n);
) =0(Vi<n)
) = 9NN (4] < )
) = [M(Ny, N))| = [E] + ||
=2m (m € N*)and |E| = |E1 | then the elements of N; and N; have same rank (order);
If(p(N,,N) =2m+1(m € N*), then |E'| # |E/|, that is, |E'| < |E/| or |E'| > |E/| and there is an order
relation between the elements of N; and N;.

NG ey
=9
S 2z
N Z Z
Z H

3. Threshold Functions and Level Soft Sets

Definition 8. Let ' = (F, A, p) bea GIFSS over Y and A C D be a set of attributes. For a triple (k,1,«), where
(k,1),a € [0,1)?, the (k, 1, a)-level soft set of T"is a crisp soft set L(T; (k,1,a)) = (]:—(k,l)r A, i) defined by

1. L(Tk1) = (]:'(k,l),/l) is a (k, 1) level-soft set of an IFSS defined by
Fn(e) = LIF(e)ik 1) = {£ € V[T (0) = kand 82 (¢) <1}, forall e € A.
2. pu is an a-level soft set of an IFS defined by

po = L(p;a) = {e € f\|§p( > wand 85y < v}, wherea = (u,0).

Example 1. Department appointment to higher positions in an institute and an applicant may be evaluated by
criteria such as “creativity” and “managerial skills” and so forth.

Suppose that there are five candidates y = {l1,02,03,04,05} for senior positions and A =
{€1,€2,€3,€4,€5, €4} is acriteria for evaluating candidates, where each €; stands for “creativity”, “managerial skills”,
“intuition”, “research productivity”, “ability to work under pressure” and “knowledge”, respectively. Suppose that

Fler) = {(0.8,0.1)/¢4,(0.6,0.2) /£5,(0.7,0.3) /£3,(0.8,0.1) /£4,(0.5,0.4) / {5},
Fley) = {(0.6,0.2)/¢1,(0.7,0.2) /45, (0.8,0.1) /£3,(0.9,0.1) / £4,(0.6,0.3) / {5},
Fles) = {(0.4,0.4)/¢1,(0.4,05)/0,(0.6,0.3)/¢3,(0.6,0.2) /£4,(0.7,0.2) / {5},
Fleg) = {(0.7,0.2) /1, (0.5,0.1) / £5,(0.7,0.1) /€3, (0.5,0.3) / £4,(0.2,0.6) / {5},
Fles) = {(0.6,0.1)/¢1,(0.6,0.2)/5,(0.2,05)/¢3,(0.7,0.2) /£4,(0.7,0.1) / {5},
Fleg) = {(0.7,0.3)/£1,(0.5,0.3) /£, (0.7,0.1) / £3,(0.6,0.2) /4, (0.3,0.5) / {5}

In addition, ¢ is the PIFS which is given by
p=1{(04,02)/€e1,(0.8,0.2)/€e,(0.5,0.3)/€3,(0.6,0.2) /€4,(0.7,0.1) /€5, (0.4,0.4) / €6 }.

The tabular representation of GIFSS (F, A, p) is shown in Table 1.
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Table 1. The GIFSS (F, A, p).

Yy €1 € €3 €4 €5 €6

0 (0801) (0602 (0404) (0702 (0.60.1) (0.7,03)
6 (0602) (0702 (0405) (0501) (0.602) (0.503)
6 (0703) (0801) (0603) (0701) (0205) (0.7,0.1)
4 (0801) (0901) (0602 (0503) (0702 (0.602)
65 (0504) (0.603) (07,02 (0206) (0.701) (0.3,05)
o (0402 (0802) (0503) (0602 (0.7,01) (0.404)

6 of 21

Now we take k = 0.6, 1 = 0.3 and « = (0.5,0.3), then we have the following:

L(F(€1);0.6,03) = {4, 03,04},
L(F(e);0.6,03) = {l1,lr,03,04,05},
L(F(e3);0.6,03) = {l3,04,05},
L(F(ey);0.6,03) = {l1,43},
L(F(e5);0.6,03) = {l1,05,04,05},
L(F(e6);0.6,03) = {l,43,04},

and
E(ﬁ,05,03) = {Gz, €3,€4, 6’5}.

Hence the (0.6,0.3,(0.5,0.3))-level soft set of T = (F, A, p) is a soft set L = (I,0.6,0.3,(0.5,0.3)) =
(F0603), A D(0503)), Where the set valued mappings Fgep3) : A — P(V) and po503) : A — P(A) are
defined as ﬁ(o.@o.s) (€) = L(F;0.6,0.3) forall e € Aand P0503) = L£(0;(0.5,0.3)), where P(Y) and P(A)
are power sets of Y and A, respectively. The tabular representation of (0.6,0.3, (0.5,0.3))-level soft set is given in
Table 2.

Table 2. (0.6,0.3, (0.5,0.3))-level soft set of I

Y € e € € € €

64 1 1 0 1 1 1
6 1 1 0 0 1 0
651 1 1 1 0 1
64 1 1 1 0 1 1
6 0 1 1 0 1 0
p 0 1 1 1 1 0

Now we show some properties of (k, 1, w)-level soft sets.

Theorem 1. Let [ = (]:', A,p) be a GIFSS over Y and A C P a set of parameters. Let E(f; k1,11, 1) and
L (T ko, 1, ap) are (ky,1y,a1) and (ko lo, a)-level soft sets of T', respectively, where ki,11,ks, 1, € [0,1] and
ay,ap € [0,1)% Ifky > ko, I > Iy and ap C ay, then we have

L(f/ kl/ ll/ (Xl) g E(f/ k2/ 12/ “2)'

Proof. To complete the proof, we need to show

1. Lk, h) C LTk, 1),
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2. L(prar) C L(p;az2).
Let L(I3ky, 1) = (Fgy ), A), where F 1y(€) = {€ € VIEz((6) 2 ki and 9z (£) < I} and

A

L(F3ka, 1) = (Figy 1), A), where Fi, 1y (€) = {£ € DGz () = k2 and 90 (£) < I} foralle € Aare
the (k1,11) and (kp, I)-level soft sets of an IFSS.
Since k; > ky and I, > I, then for all € € A we have the following

{EEﬁIZﬁ@(f)Zhandﬂ ( )<ll}
ﬁ( ) (€)
‘C( kl,l])

C {LeDI5p)(0) = kyand 85, (0) < b}
S Flho(€)
g ﬁ(f, kg, lz)
Let oy = (uq,v1) and ay = (up,v2). Since ap C a7y, therefore, uy < uj and v; > v1. We have
{e € fl|§p( >uyand 85 <v1} C {e€ fl|§p(e) > up and Y5y < v}
L(p;a1) S L(p;az)
Hence we have £(T;ky, 11, a1) C L(T;kp, o, ). O

Theorem 2. Let '} = (F, A, p) and T
LetE(I},k l,) and L(T2;k,1,a) are (k,1,a
IfTy C Ty, then we have L(T'1;k,1,a) C

= (G, A, o) be GIFSSs over Y and A C P a set of parameters.
w)-level soft sets of I'y and T5, respectively, where (k,1),a € [0,1]2,
(T k1, a).

Proof. Let E(fl;k,l,tx) = (f(k,l),fl,ﬁ,x) and [,(fz;k,l,uc) = (Q(k,z),A,ﬁa)- Obviously, A C A. In the
following we will prove that

1. L([y;k1) C LTk 1),
2. L(p;a) C L(G;a).
Let L(I;k1) = (Fp,A), where Fp(e) = {€ € DGp(0) = k and 8z (¢) < I} and

L(Tyk, 1) = (g(k,l),A), where gk,l)( ) ={l € y|§g o) =k and 19@( y(0) < I} foralle € A are
the (k,I)-level soft sets of an IFSS. Assume that ¢ € .7:"(,(,1)( €). Since ]:(kl €) ={( ¢ y|§f( )( ) >
kand 8z (¢) <1}, then we have (;‘]:-(e)(ﬁ) > kand 8, (¢) <1.Since I'; C I',, we have

8o(e)(0) = Cp(e) () and By (€) < Bz (£).

Hence ¢ € QA(k/,)(e), where QA(k/l)(e) ={l¢e 37|§G(€)(£) > kand 19@(5)(6) < 1}, because §g(€)(€) >
7 e) () > kand L (0) < B2 (¢) < 1. This completes the first part, that is,

E(fl;k,l) - L(fz;k,l).
Now, since p C 7, then forall € € A we have the following

Co(e) < Co(e) and V() 2 V()

Let o« = (u,v) and
L(p;a) = {e € A|Gye) > uand 05y < v},
and
L(G;0) ={e€ fl\gﬁ( > uand 05y < v}
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Assume that € € £(p; a), then we have ¢;) > u and 8 < v. Hence € € L(0;a), because Gy (c) >
Cp(e) = tand Uy(e) < F5(¢) < v, and we have

L(p;a) C L(0; ).

Consequently, L(T;k 1) C L(TykLa). O

~

Definition 9. Let ' = ( F,A,p) bea GIFSS over Yand A C P bea set of attributes. Then the threshold function
p: A= [0,1% ie, p(e) = (k(e),I(€)), Y5 = (u¢,v¢)andk( €),l(e), p, Uy € [0,1] for all € € A. The level
soft set of T w.r.t. ¢ is a crisp soft set L(T;¢) = (Fy, A, py) defined by L(T;p(e)) = (]:"l/,(e), A), where for all
cec A

Fyle) = LIE@;p(e)) = (£ € D|ep (0) = K(e) and 8, (1) < 1(e)}

and
oy = L(p;p) = {e € Algse) = uy and 95 < vy}

Definition 10. Let ['= (F, A, p)bea GIFSS over Y and A C P be a set of attributes. Then mid-level threshold

function midg : A — [0,1)?, i.e., midp(e) = (kmidf (.e),lmidf (€)) and midy(p) = (umidf,vmidf)for alle € A,
where 1
midg y Z g]—' Cl nd lmidf(e) = 7 Z 19]:-(5') (e)/
| | ey | | ey
Upid. €) and v, B5(
midy = ‘.A| eg gp midy = |A| eg

L(T; mid) is a notation used to represents the corresponding level soft set of T and is called the mid-level soft set of T

Definition 11. Let [' = (F, A, p) be a GIFSS over Y and A C P be a set of attributes. Then top-bottom-level
threshold function tbs : A — [0,1]2,i.e., thp(€) = (kig (€), ltp (€)) and tby(0) = (uspy, Vs, ) forall e € A, where

kip.(€) = Max e 8 #(e) (€) and Iy, (€) = Min e 0 p () (0),

Ugpy = Maxec 46p(€) and vy, = min, . ;85(€).

L(T; tb) is a notation used to represents the corresponding level soft set of T and called the top-bottom-level soft set
of T

Definition 12. Let T = (F, A, p) be a GIFSS over 3 and A C P be a set of attributes. Then top-top-level
threshold function tty : A — [0,1], ie., ttp(€) = (ktt.(€), 1t (€)) and ttp(0) = (usy, vny.) forall € € A, where

ket (€) = Max ;e S #(e) (€) and Iy (e) = max,;c 0z (e (0),

Ut = maxee/iéﬁ(e) and Oty = maxeeﬁﬂﬁ(e).

L(T; tt) is a notation used to represents the corresponding level soft set of I and called the top-top-level soft set of T
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Definition 13. Let T = (F, A, p) be a GIFSS over Y and A C P be a set of attributes. Then bottom-bottom-level
threshold function bbg : A — (0,12, i.e., bbg(€) = (kb (€), vy, (€)) and bb(p) = (uppy, Vb, ) for all € € A, where

kbbf(e) = mineeyé’]}(e) (f) and lbhf(e) = mingej,ﬁﬁ(e) (f),

Upp,, = mineeﬂgﬁ(e) and Uppy. = mineeﬂﬁp(e).
L(T;bb) is a notation used to represents the corresponding level soft set of I and is called the bottom-bottom-level

soft set of T.

Definition 14. Let ' = (F, A, p) be a GIFSS over Y and A C P be a set of attributes. Then med-level threshold
function med : A — [0,1]?, that is, medp(€) = (Kimed;. (€), Lned, (€)) and medp () = (Umedy, Umed;.) for all
€ € A, where for all e € A, if we align ascendingly (or descendingly) the value of membership function of all
elements of BIFSS, kyeq, (€) represents the median, namely

G0 () 1D isodd
kmedf (6) = (g}"(e) (é ))

Cﬁ(e)(f(%‘ﬂ)))/z if | V| is even,

2
l

if we align ascendingly (or descendingly) the value of non-membership function of all elements of BIFSS, Lyeq. (€)
represents the median, namely

ﬂf()(e(,T)) if | V| is odd,
lmed ( ): (0]-' (6 %))
B2 (e )(6(% ))/2, if || is even,

if we align ascendingly (or descendingly) the value of membership function of all elements of PIFS, ty,eq.. represents
the median, namely Eae) ('5(\\41))/ if | A| is odd,

umedf(":) = (gp ( |A\))+
Cace) (€ UE‘*‘H)))/Z’ if | A| is even,

and if we align ascendingly (or descendingly) the value of non-membership function of all elements of PIFS, vy,eq.
represents the median, namely

Bp(e) (€ (\A\2+1)) if | A| is odd,
Urmed;. (6) = (19/3( )(e(IJZA;\))+

0@()(6(4 /2, if |Al is even.

L(T; med) is a notation used to represents the corresponding level soft set of I and called the med-level soft set of T

Example 2. Let us consider the GIFSS T = (F, A, p) in Example 1. The threshold functions mentioned above and
their level soft sets with tabular representation (Tables 3—-7) are given as follows.
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i.

iil.

10.

mid. = {(0.68,0.22)/¢1,(0.72,0.18) /€y, (0.54,0.32) /3, (0.52,0.26) /€4, (0.56,0.22) /s, (0.56,0.28) /€5 },
mid(p) = (0.57,0.23).
The mid-level soft set is given as
L(Fymid) = {{l1,0s}/e1,{ls,0s}/ €2, {3, ls, ls} /€3, {l1, 03} /€4, {1, {2, L, (5} /€5, {3, (s} /€6, },
L(p,mid) = {ey € €5}
thy = {(0.8,0.1) /€1, (0.9,0.1) /€, (0.7,0.2) /€3, (0.7,0.1) /€4, (0.7,0.1) /€5, (0.7,0.1) /e5},
thy (p) = (0.8,0.1).

The tb-level soft set is given as

L(F;tb) = {{l,la}/e1,{ls}/ €2, {ls5}/€3,{ls}/€a,{ls} /€5 {ls}/ €6},

Lp,tb) = {}.
ttr = {(0.8,0.4) /€1, (0.9,0.3) /€2,(0.7,0.5) /€3, (0.7,0.6) /€4, (0.7,0.5) /€5, (0.7,0.5) / es },
tt(9) = (0.8,0.4).
The tt-level soft set is given as

L(F;tt) = {{l1,ls}/e1,{ls}/€r,{ls}/e3,{l1,03}/€s,{ls, L5} /€5, {tr, (3} / €6},
Lp,tt) = {e}.

bbe = {(0.5,0.1) /ey, (0.6,0.1) /€3, (0.4,0.2) /€3, (0.2,0.1) /€4, (0.2,0.1) /€5, (0.3,0.1) /&5 },
bbs(p) = (0.4,0.1).
The bb-level soft set is given as

5

L(F;bb) = {{l1,la}/e1,{ls3, s}/ €2, {ls, l5}/€3,{la, U3}/ €s,{l1,05} /€5, {l3}/€6},
L(p,bb) = {es).

medy = {(0.7,0.2) /€1,(0.7,0.2) /€5, (0.6,0.3) /€3,(0.5,0.2) /€4, (0.6,0.2) /€5, (0.6,0.3) /€ },
med;.(p) = (0.55,0.2).

The med-level soft set is given as

L(F;med) = {{la, 03,05} /€1, {3, Ly, U5}/ €2, {l1, 02, l3}/€3,{l1, Lo, l3} /€4, {¥1, €2, by, U5}
/€s5,{01,03,4s} /€6, },

L(p,med) = {ep,€3,€4}.

Table 3. Level soft set £(I; mid)

61 0 0 1 1 0
6 0 0 0 0 1 0
6 0 1 1 1 0 1
64 1 1 1 0 1 1
6 0 0 1 0 1 0
p 0 1 0 1 1 0
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Table 4. Level soft set £(I'; tb)

OO =R OO
ol o, O OC O
Ol RO O OO
(=N NeNel Nl
[=RENoNeNeNol

Table 5. Level soft set £(I'; tt)

64 1 0 0 1 0 1
6 0 0 0 0 0 0
6 0 0 0 1 0 1
64 1 1 0 0 1 0
6 0 0 1 0 1 0
p 0 1 0 0 0 0

Table 6. Level soft set £(I'; bb)

641 0 0 0 1 0
6 0 0 0 1 0 0
6z 0 1 0 1 0 1
64 1 1 1 0 0 0
6 0 0 1 0 1 0
p 0 0 0 0 1 0

Table 7. Level soft set £(I'; med)

6 1 0 0 1 1 1
6 0 1 0 1 1 0
6 0 1 1 1 0 1
64 1 1 1 0 1 1
6 0 0 1 0 1 0
p 0 1 0 1 1 0

Remark 1. In GIFSS we do not define bottom-top (bt) threshold function because in this function we consider a
lower bound of membership function and an upper bound of non-membership function and that’s why it is dispensable
and we always get a unit table. For example, if we consider the GIFSS use in Example 1, then

bt; = {(0.5,0.4)/€1,(0.6,0.3) /€3, (0.4,0.5) /€3, (0.2,0.6) /€4, (0.2,0.5) /€5, (0.3,0.5) /€5 },
btp(p) = (04,0.4).

The level soft set related to bottom-top threshold function is defined in Table 8.
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Table 8. Level soft set C(f; bt)

61 1 1 1 1 1
61 1 1 1 1 1
61 1 1 1 1 1
61 1 1 1 1 1
61 1 1 1 1 1
p1 1 1 1 1 1

Theorem 3. Let I' = (F,A,p) be a GIFSS over Y and A C P a parametric set. Then we have the
following characteristics:
1. £(f;tb) - ﬁ(f;mid);

2. L(T;th) C L(T;tt);
3. L(L;th) C L(T;b0).

Proof. In the following we prove only first part, remaining parts prove similarly.

Let £(T;th) = (Fy, A, py) and L(T;mid) = (Fpia, A, Omia). To complete the proof, we need to
show (Fyp, A) C (Fpia, A) and L(p; th) C L(p;mid). To show (Fy, A) C (Fypia, A), we have to show
]:"tb(e) - ﬁmid(e) for all e € A Let ﬁtb(é’) = {E S 37|Cﬁ(€)(€) > ktbf(e) and 19]:—(6)(6) < ltbf(e)} and
Fonia(e) = {€ € VIT 1y (0) = kpia (€) and 8 2. (€) < Lyia. (€)}. Since

kip (€) = max,c 8¢y (€)= ﬁ Yoy S2(e)(0) = Kiag (€)k (€)= Kimia, (€),

1

ltbf (e) = mi”zgyﬁﬁ(g) (0) < Bl Z ﬂﬁ(e) (6) = lmidf(e)

ey
ltbf (6) S lmidf (6)

If ¢ € Fp(e), then we have Cree) (€) = kep (€) = kia, (€) and B 1) (€) < Iy (€) < Lia, (€),and hence

{ e ]:"ml-d(e). A A
Now, let L(p;tb) = {e € AlGse) = upand 05y < vy}t and L(p;mid) = {e € AlGye) =
Upig and B¢y < Vyig } for all € € A. Since

1

iy = MaXee qbpte) 2 T L Sate) = ity
eeA
Uthe 2= Umidp,s

1
A %ﬂp(e) = Umid;
€c

vtbf S vmidf *

Oppp = Milg 105) <

If e € L(p;th), then Gye) > up > Upmid, and Bpe) < Oy < Upig,.. Hence € € L(p; mid) and we
are done. O
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4. Applications of the GIFSS Model Based on Weighted Soft Discernibility Matrix

The idea of GIFSS is very encouraging in decision-making since it considers how to capitalize an
additional intuitionistic fuzzy input from the director to minimize any possible perversion in the data
provided by evaluating specialists. Also, in our daily life decision making problems, different attributes
are not of equal importance. Some are more important than others; therefore, the decision maker assigns
different values (weights) to different attributes and imposed different thresholds functions when we
need to put restriction on membership function and non-membership function. First, Skowron and
Rauszer [43] initiated the concept of discernibility matrix and extensively used in rough sets to solve
attribute reduction and the influence of it are significant and easy to understand. In this paper, we use an
adjustable perspective to GIFSS and get level soft sets. Then each GIFSS can be seen as the level soft set
and composed a crisp soft set, therefore, for solving decision making problems we apply SDM. The soft
equivalence relation in soft sets is a bridge among soft sets and rough sets which is introduced by Ali [44].

Deﬁnition 15. The accuracy weighted choice value of an alternative ¢; € Y is f; given by f; = Y_ejj, where ejj =
j X Lij, where w;j are the accuracy weights calculated from PIFS using accuracy function defined as w;; = ¢; +0;.

Definition 16. The expectation score weighted choice value of an alternative {; € Y is f; given by f; = Yeij,
where ejj = Wj; X L;j, where @;; are the expectation score weights calculated from PIFS using expectation score
function defined as @;; = (& — 0 +1)/2.

Algorithm 1

1: Input GIFSS (F, A, p) over Y, where Y = {01, 2,.., u}.
2: Input any threshold function ¢ : A — [0, 1] or give a ‘threshold value (k I,a), where (k,1),a € [0,1]%
3: Compose the level soft set according to given threshold function or (k, I, «)-level soft set and present in
tabular form.
: Find the partition of Y and the SDM, M = M(N;, N; )Z i<n-
: Input the weight of attributes calculated from £(p, « )
: Separate M; = {M(N;,Nj) : ¢(N;,N;) = 2m,m € N*} and M = {M(N;,N;) : ¢(N;,N;) =
2m+1,m € N} from SDM
7: For every element of My, we compare the weighted choice values of |E'| and |E/|, if |E| = |ey| x @p =
|Ei| = leg| < wq, where e, € E'and ¢; € EJ, then the elements ¢; € N; and {; € N; have same rank,
otherwise there is an order relation between elements of N; and N;.
8: If there is a global relation between elements of J in step 7, then choose the superior one as the optimal,
otherwise move to next step.
9: Use the elements of M, to find the order relation of the elements of ) together with the step 8.
10: From the order relation of elements from step 8 and step 9, choose the optimal alternative which is
superior.

o\ Ul >

From Reference [44], we have no concern with the values of decision parameter D = }_/;; but actually
we are interested on investigation its classification ability. Only from the parameters value in the set of
SDPs, classification ability of decision parameter is determined. Thus, we only need to compare the values
of the decision parameter restricted within every set of SDPs.

Example 3. Given a GIEFSS (F, A, p) as in Example 1, find the order relation among all the alternatives of GIFSS
using Algoritm 1. We use the med-level threshold function and compute the level soft set L(T'; med) as in Table 7.
From Table 7, the parameters €, €4, €5 have value 1, therefore, the weighted value of €3, €4 and €5 are 1 (say) and the
parameters €1, €3, €5 have value 0, therefore, the weight value of €1, €3 and €4 are 0.7.
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From Table 7, we can obtained the partition of ) is

bt {6} {6} {4}, {41}

We will denote Ny = {€1}, Np = {la}, N3 = {l3}, Ny = {4} and N5 = {{5} and also constructed SDM
in Table 9.

Table 9. The WSDM of Example 3.

N; M N, N3 Ny Ns
N; %
Nz {€1*07 1*07 %*1} %)
N3 {61*07 E%*16, 3*1 ;*07} {62*1,63*0'7,6‘3*0'7 %)
N4 {1*1 4*1 4*0 } 62*1,64*07 4*0'7,64*0'7} {63*1 411*07 é*l %)
N {61*07 41;*1 é*07 5*07} {6‘%*1 ez*ll 5*0.7} {€3*1 62*1,62*07,6‘?*0'7} {6411*0.7,63*1,6%*0.7} %)
From Table 9, we have
M1 == {M(N1/N3)/M(N1/N5)IM(N2/N4)/M(N3/N5)}'
My = {M(Ny,N2), M(Ny, Ng), M(N2, N3), M(N2, N5), M(N3, Ny), M(Ny, N5) }.

From M, we know that in M(N1, N3), |EY| = |e1] x 0.7 + |e5| x 1 = 1.7and |E3| = |ez| x 1+ |e3| x 0.7 =
1.7, so the alternatives in EY and E3 have same rank, in other words €1 and {3 are in same decision class. Similarly,
in M(Ny,Ns), |EY| > |E®|, the alternative in Ny is superior to the alternative in N, that is, {1 is superior to
(5. From M(Ny, N3), we have {1, {3 are superior to {5. From M(Ny, Ny), |EY| > |E?|, the alternative in Ny is
superior to the alternative in Ny, that is, {1 is superior to {5. From M(Ny, N3), we have {1 and {3 are superior to {5.
From M(Ny, Ny), |E*| > |EY|, the alternative in Ny is superior to the alternative in Ny, that is, {4 is superior to {1,
hence £y is superior to {3. From M(N,, Ns), |E?| > |E®|, the alternative in Ny is superior to the alternative in N,
that is, £, is superior to {s.

Combining the above results, we have Ly — {{1,{3} = ly = {5, so an order relation among all the alternatives
is obtained. And the best alternative is 4.

We have seen that when we solve decision making problem using SDM, some attributes will be
erased unintentionally. Thus, by constructing SDM for a soft set some attributes which have no impact
on the final conclusion will be erased.

Algorithm 2

Input: The GIFSS (F, fl,ﬁ) over Y, where J) = {01,062, ... 0n}.
Output: The order relation of all the alternatives.
: Input the threshold function ¢ : A — [0,1]? or give a threshold value (k, 1), where (k1) € [0,1]2.
: Compute the level soft set of BIFSS accordingly and present it in tabular form.
: Compute the partition of J and SDM, M = M(N;, N; ij<n-
: Find the accuracy weights or expectation score welghts of “attributes from PIFS.
: Input the weights calculated in step 4 of attributes into the SDM.
: Compare the weighted choice values of M(N;j, N;) in the similar way as in Algorithm 1.
: Output the order relation among all the alternatives.

NOUT s WN =

Example 4. For the GIFSS define in Table 1, the (kyed, Lneq )-level soft set have calculated in Table 7, and the
partition My and My are calculated in Example 3. The accuracy weights of each parameter is given as follows:
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w1 =06, =1 &3 =08, &4 = 0.8 ws = 0.8and wg = 0.8. Then we have a accuracy WSDM with the
tabular representation shown in Table 10.

Table 10. The accuracy WSDM of Example 4.

N; Ny N N3 Ny Ns
N %)

N_’)_ {61*06 é*OS %*1} %)

N3 {61*06 %*08 g*l 3*08 { %*08 3*08 2*08 %)

N4 { 1x0. 8 421*1 4x0.8 { Z*O .8 4*0 8 411*0 .6 431*0 8} { 3x*0. 8 4*0.6/ 64*0'8 %)

N5 {61*0 i*O .8 é* .8 5*0.8} { %*1, 62*0 .8 5*0 8} {eg*ll 64*0 8, 62*0'8, 6‘55*0‘8} {6411*046, 6421*1, 6%*0'8} )

From Table 10, we know that in M(N1,N3), |EY| = |e1| x 0.6 + |e5| x 0.8 = 1.4 and |E3| = |ex| x 1+
les| x 0.8 = 1.8, thus the alternative in N3 is superior to the alternative in Ny, that is, {3 is superior to £1. Similarly,
we can obtained the order relation among the all alternatives is {y > {3 > {1 > {5 > (5. Hence the optimal
alternative is {y.

5. Case Study for Selecting Candidates for Ph.D. Scholarships

A mathematics department of university Y has three scholarships for a doctoral degree. Many students
apply for a scholarship but due to initial conditions on CGPA (cumulative grade points average), only seven
students are short listed for further evaluation. Let Y = {l1, 5, ..., U7} represent the alternatives (students)
and P = {€1, €y, ...,€6} are the attributes (criteria), where each €; stands for “CGPA”, “no. of research
papers”, “research quality”, “research proposal”, “personal statement” and “interview”. For selection,
the vice chancellor of the university set up a committee of experts to make an evaluation on the basis of
given criteria (attributes). The committee evaluates students and given their evaluation in the form of
BIFSS and vice chancellor scrutinizes the general quality of evaluation made by an expert group and
gives his view in the form of PIFS, which completes the construction of GIFSS, = (.7:' VA, ). The tabular
representation of GIFSS is given in Table 11.

V77i

Table 11. The GIFSS (F, A, p).

Yy €1 € €3 €4 €5 €6

0 (0603) (07,03) (0404) (0307) (0802 (0.40.6)
6 (0305) (0405 (0603) (0504) (0.404) (0.6,0.4)
6 (0504) (0802) (0504) (080.1) (07,03) (0.7,03)
6y (0702) (0504) (0405 (09,01) (0305 (0.3,0.5)
65 (0802) (0.603) (0802) (0207) (0.503) (0.50.4)
ls (0405 (0702) (07,02) (0404) (0405) (0.403)
t; (0505 (0306) (0306) (0405 (0.604) (0.6,0.3)

(

07,03) (0602 (0.304) (0504) (0.303) (0.7,0.1)

We use med-level threshold function for BIFSS and the med-level soft set with its tabular
representation (Table 12) is given as follows

medy = {(0.5,0.4) /ey, (0.6,0.3) /€3, (0.5,0.4) /€3, (0.4,0.4) /€4, (0.5,0.4) /e5,(0.5,0.4) /eg }.

From Table 12, we can obtained the partition of Y is Ny = {¢1}, Ny = {f»}, N3 = {£3}, Ny = {44},
N5 = {l5}, N¢ = {l¢} and N; = {¢7}. We find the expectation score weights from PIFS, which are
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w1 =07,&, =07, w3 =045, 0y = 0.55, @5 = 0.5 and @ = 0.8. From partition, we constructed WSDM
which is given in Table 13.

Table 12. Level Soft Set £(I'; med).

61 1 0 0 1 0
6 0 0 1 1 0 1
661 1 1 1 1 1
64 1 0 0 1 0 0
61 1 1 0 1 1
6 0 1 1 1 0 0
6 0 0 0 0 1 1

Table 13. The WSDM of case study in Section 5.

N; Nq Np N3 Ny N5 Ng N7
Nl (p
€1l el 08,
N elx06, 5?42*0-7, ¢
62*0.9 € *0.8
307 509 341 .3+0.8
3x0. (). % 0.
€ € e3*l,e
3 ’ ’ ) ’
N3 { 63*0% } { ! £3+06 } 4
6 5
308
€108 (106 €2:07, (2108 207
, , , , 0.
Ny 400 i e, 9
4 1 €306
4109 (5408
5407 508 €309, 341 3409 407 Roe
%0. *0.. s ’ %0, %0, *0.
N (807 Gowdas b a0y ] derde .
2 /€5 5403
6
63*1 64*1
el 1106 2408 6108 Lol 104 €51, 3106
’ ’ . . *0. %0, i ’
N (6407 26109 {eg 98,508} € € 6&*048 26409 ¢
3 1€y 62*0‘8 63*0‘7 6 ’v4
£6+08
63*1 64*1 ’
7, T 341 6407
el*l 61*08 62*0.7 62*0,9 63*08 4x0.9 1 7 3 ’
N e 3, €3, 20 E% , 5408 £0+09
7 €7* .8 €7*0A6 € +0.7 € 0.6 ’ é ’
6 5 3 ’ 57 ’ € %0.7 € *0.6
63*0'9 € 0.8 3 ’
1 6 &7+08
6

From Table 13, we have

Ml = {M(N]/ NZ)/M(NerS)/ M(Nl,N6),M(N2, NS)/M(NZI Né)r M(NB/ N7)/M(N4r N7)/M(N5/N6)}'

M2 = {M(N], N3)/ M(Nl/ N4)/ M(N1/ N7)/ M(NZ/ N3)/ M(N2/ N4)/ M(NZ/ N7)/ M(N3/ N4)/ M(N2/ N4)/
M(N3, Ns), M(N3, Ne), M(Ny, N5), M(Ny, Ne), M(Ns, N7), M(Ne, N7)}.

From WSDM, we know that in M(Ny, No), |EY| = |e1] x 0.7 + |ez| x 0.7 + |e5| x 0.5 = 1.9 and
|E?| = |e3| x 0.45 4 |e4] x 0.55 + |eg| x 0.8 = 1.8, thus we find that Nj is superior to N», that is, ¢ is
superior to /5. Similarly, in M(Ny, N3), |E3| > |E?|, the alternative in Nj is superior to the alternative in Ny,
that is, £3 is superior to ¢;. From M(Ny, Ny), |E'| > |E*|, the alternative in Nj is superior to the alternative
in Ny, that is, ¢; is superior to ¢4. From M(Nj, N5), we have /5 is superior to ¢1. From M(Nj, Ng), we
have ¢; is superior to {¢. From M(Nj, N7), we have {; is superior to ;. From M(N,, Ny), we have /; is
superior to £4. From M(Ny, Ng), we have /g is superior to ¢4. From M(N,, Ng), we have ¢, is superior to
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L. From M(Ng, Ny), we have /¢ is superior to ¢7. From M(Ny, N7), we have ¢y is superior to /4. And from
M(N3, N5), we have (3 is superior to 5. Hence the order relation among the alternatives is

€3>£5>€1>€2>€6>£7>€4,
and /{3, {5 and ¢; are the best candidates for scholarship.

6. Comparison Analysis

In this section, we compare our proposed algorithm with some related methods to indicate
its advantages.

At first, we compare our method with the method proposed in Reference [22], where Agarwal define
GIFSS and used it for different problems like medical diagnose and decision making but in Reference [23],
Feng pointed out some problems in the proposed method and provided a counter example that shows
that in calculating the NAE in the fifth step, the relation is not compatible with the ® operation. Also in
Reference [45], Khalil gives a counter example to some propositions of GIFSS. If we compare our method
with the method proposed in Reference [23], we have seen that the we get same result as in Reference [23].
But it is not necessary that we get the same results because our method is different and helps in situations
when all attributes are not of equal importance and we need to put some restrictions/boundaries on
membership and non-membership functions. In our proposed method, we can find not only the best choice
alternative, but also an order relation of all alternatives easily by scanning the WSDAM at most one time.
If we compare our method with the method proposed in Reference [40], we have seen that the previous
method deals with the intuitionistic fuzzy soft sets and in his method he did not give any information on
how to calculate the weights of parameters but in our proposed method we are working in GIFSS and
give different criteria to find the weights of parameters by using parametric intuitionistic fuzzy soft set. We
compare our method with the methods proposed in References [23,40,46-49] and results summarized in
Table 14 taken from [23], we have seen that the order relation among all alternatives and optimal alternative
is the same as we have. Only in Reference [46], we have seen that the {3 is superior to {1, but in remaining
all methods ¢; is superior to /3. Actually Lin use the measure Sy, (& 404) =204 +04—1, which is
increasing w.r.t the 9 ;. This is counter intuitive and might cause difficulties in some practical applications.

Table 14. Order of alternatives using different methods.

y Order of the Alternatives
[23] by =01 > b3 = Uy = U5
[40] K4>—€1>—£3>—€2>-€5
[46] by =Ly =0 = Uy =I5
[47] by =l = l3 = Uy = U5
[48] €4>-£1>-£3>-€2>-£5
[49] by =01 = b3 = Uy = U5

Proposed by =01 > l3 = Uy = U5

Our main concern to compare with the method proposed in Reference [23] because both papers
dealing with GIFSS. But when we solved the case study Section 5, the order of the alternatives not remains
the same, that is,

Uy = U5 = by > lg = U1 = Ly = L.

The reason behind the changing of order is that, in our proposed method we put some threshold
function or values initially that minimize the effect of alternatives that are not fulfil the initial criteria.
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The proposed method depends on the initial threshold function, like if we use the top-bottom threshold
function then we get the order of alternatives

63 - f5 - 64 - f] - {62,66,67}.

It means it is important to select the threshold function or threshold value according to the situation
required in decision making. Actually this is an advantage in a sense that our proposed method response
when we change the threshold function or values because the threshold values suggested according to
the decision problem situation and secondly we strengthen the attributes by assigning the weights to
the attributes.

The limitations of our approach are that in Algorithm 1, the attributes categorized in two groups
and the weights are more effective only when the difference between positive membership and negative
membership function is maximum. In Algorithm 2, we assign different weights to the attributes but to
make weights more effective, the difference between positive membership and negative membership
function is high.

7. Conclusions

Keeping in mind the idea of decision making, in this paper, we have strengthened the
director /administrator/decision maker point of view because first, he adjusts the initial conditions
according to a situation like in the case study in Section 5, he makes an initial condition that the
CGPA of a candidate should be greater than a particular value. Secondly, he differentiates the
different attributes/criteria by assigning different weights like in the case study in Section 5, he
gave the interview more weightage than the personal statement. Thirdly, we provide the criteria
for obtaining weights of different attributes and the weights obtained from PIFS provided by
director/administrator/decision maker.

The idea of GIFSS is very encouraging in decision-making since it considers how to capitalize an
additional intuitionistic fuzzy input from the director to minimize any possible perversion in the data
provided by evaluating specialists. First, Skowron and Rauszer [43] initiated the concept of discernibility
matrix and extensively used in rough sets to solve attribute reduction, and the influence of it are significant
and easy to understand. In this paper, we use an adjustable perspective to GIFSS and get level soft sets.
Then each GIFSS can be seen as a level soft set and composed a crisp soft set, therefore, for solving decision
making problems we apply WSDM. In literature, GIFSS is defined and applied for decision making
problems using intuitionistic fuzzy weighted averaging operators. But in our daily life decision making
problems, different attributes are not of equal importance. Some are more important than others; therefore,
the decision maker assigns different values (weights) to different attributes and imposed different threshold
functions when we need to put a restriction on membership functions and non-membership functions.
Our proposed technique can not only give the best alternative but also an order relation of all alternatives
easily, by scanning the WSDM at one time. We define the threshold functions like mid-threshold,
top-bottom-threshold, bottom-bottom-threshold, top-top-threshold, med-threshold function and their
level soft sets. After, we proposed two algorithms based on threshold functions, WSDM, and GIFSSs.
In Algorithm 1, the attributes are categorized in two groups while in Algorithm 2, each attribute is
weighted differently. To show the supremacy of the given methods we illustrate a descriptive example
using Algorithm 2. Results indicate that the proposed method is more effective and generalized over all
the existing methods of fuzzy soft sets.

In future directions, we will introduce the different methods to get the weights of attributes by using
similarity or entropy measures. We apply this method to the best concept selection and multiattribute
classification or sorting problems.
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The following abbreviations are used in this manuscript:

IFS
IFSS

Intuitionistic Fuzzy Set
Intuitionistic Fuzzy Soft Set

GIFSS Generalized Intuitionistic Fuzzy Soft Set

SDP

Soft Discernibility Parameters

SDM Soft Discernibility Matrix
WSDM  Weighted Soft Discernibility Matrix
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