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Abstract: In this paper, we introduce an iterative scheme with inertial effect using Mann iterative
scheme and gradient-projection for solving the bilevel variational inequality problem over the
intersection of the set of common fixed points of a finite number of nonexpansive mappings and
the set of solution points of the constrained optimization problem. Under some mild conditions
we obtain strong convergence of the proposed algorithm. Two examples of the proposed bilevel
variational inequality problem are also shown through numerical results.
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1. Introduction

Bilevel problem is defined as a mathematical program, where the problem contains another
problem as a constraint. Mathematically, bilevel problem is formulated as follows:

find ¥ € S C X that solves problem P1 installed in space X, 1)

where S is the solution set of the problem

find x* € Y C X that solves problem P2 installed in space X. 2)

Usually, (1) is called the upper level problem and (2) is called the lower level problem.
Many real life problems can be modeled as a bilevel problem and some studies have been performed
towards solving different kinds of bilevel problems using approximation theory—see, for example,
for bilevel optimization problem [1-3], for bilevel variational inequality problem [4-9], for bilevel
equilibrium problems [10-12], and [13,14] for its practical applications. In [14], application of
bilevel problem (bilevel optimization problem) in transportation (network design, optimal pricing),
economics (Stackelberg games, principal-agent problem, taxation, policy decisions), management
(network facility location, coordination of multi-divisional firms), engineering (optimal design, optimal
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chemical equilibria), etc. has been demonstrated. Due to the vast applications of bilevel problems,
the research on approximation algorithm for bilevel problems has increased over years and is still in
nascent stage.

A simple example of the practical bilevel model is a supplier and a store owner of a business chain
(supply chain management), i.e., suppose the supplier will always give his/her best output of some
commodities to the store owner in their business’s chain. Since both want to do well in their businesses,
the supplier will always give his/her best output to the store owner who in turn would like to do
his/her best in the business. In some sense, both would like to minimize their loss or rather maximize
their profit and thus act in the optimistic pattern. It is clear that, in this example, the store owner is the
upper-level decision maker and the supplier is the lower-level decision maker. Thus, in the study of
supply chain management, the bilevel problem can indeed play a fundamental role.

In this paper, our main aim is to solve a bilevel variational inequality problem over the intersection
of the set of common fixed points of finite number of nonexpansive mappings, denoted by BVIPO-FM,
and the set of solution points of the constrained minimization problem of real-valued convex function.
To be precise, let C be closed convex subset of a real Hilbert space H, F : H — H is a mapping,
f : € = Ris areal-valued convex function, and U; : C — C is a nonexpansive mapping for each
j€{1,...,M}. Then, BVIPO-FM is given by

find ¥ € Q) such that (F(%),x — %) >0, Vx € Q, 3)

where Q) is the solution set of

M
find x* € C such that f(x*) = min f(x) and x* € (") FixU;. (4)
xeC j=1

The notation FixU; represents the set of fixed points of U}, i.e.,, FixU; = {y € C: U;(y) = y}
forj e {1,...,M}. Thus, Q = (ﬂ]]\i 1 F ixuj) NI, where I is the solution set of constrained convex
minimization problem given by

find x* € C such that f(x*) = rgggf(x) (5)
The problem (3) is a classical variational inequality problem, denoted by VIP(Q), F), which was
studied by many authors—for example, see in [7,15-17] and references therein. The solution set
of the variational inequality problem VIP(Q, F) is denoted by SVIP(Q), F). Therefore, BVIPO-FM
is obtained by solving VIP((), F), where () = (ﬂ]]\i 1 FixU;) NT. Bilevel problem with upper-level
problem is variational inequality problem, which was introduced in [18]. These problems have
received significant attention from the mathematical programming community. Bilevel variational
inequality problem can be used to study various bilevel models in optimization, economics, operations
research, and transportation.
It is known that the gradient-projection algorithm—given by

Xn4+1 = PC(xn - /\nvf(xn))/ (6)

where the parameters A, are real positive numbers—is one of the powerful methods for solving
the minimization problem (5) (see [19-21]). In general, if the gradient V f is Lipschitz continuous
and strongly monotone, then, the sequence {x,} generated by recursive Formula (6) converges
strongly to a minimizer of (6), where the parameters {1, } satisfy some suitable conditions. However,
if the gradient Vf is only to be inverse strongly monotone, the sequence {x,} generated by (6)
converges weakly.

In approximation theory, constructing iterative schemes with speedy rate of convergence is usually
of great interest. For this purpose, Polyak [22] proposed an inertial accelerated extrapolation process
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to solve the smooth convex minimization problem. Since then, there are growing interests by authors
working in this direction. Due to this reason, a lot of researchers constructed fast iterative algorithms
by using inertial extrapolation, including inertial forward-backward splitting methods [23,24], inertial
Douglas—Rachford splitting method [25], inertial forward-—backward-—forward method [26], inertial
proximal-extragradient method [27], and others.

In this paper, we introduce an algorithm with inertial effect for solving BVIPO-FM using projection
method for the variational inequality problem, the well-known Mann iterative scheme [28] for the
nonexpansive mappings T;’s, and gradient-projection for the function f. It is proved that the sequence
generated by our proposed algorithm converges strongly to the solution of BVIPO-FM.

2. Preliminary

Let H be a real Hilbert space H. The symbols “—” and “—" denote weak and strong convergence,
respectively. Recall that for a nonempty closed convex subset C of H, the metric projection on C is
a mapping Pc : H — C, defined by

Pc(x) = argmin{|ly — x| : y € C}, x € H.

Lemma 1. Let C be a closed convex subset of H. Given x € H and a point z € C, then, z = Pc(x) if and only
if(x—z,y—2z) <0, YyeC.

Definition 1. For C C H, the mapping T : C — H is said to be L-Lipschitz on C if there exists L > 0
such that
IT(x) =Tl < Lllx —yl, ¥xyeC.

IfL € (0,1), then, we call T a contraction mapping on C with constant L. If L = 1, then, T is called
a nonexpansive mapping on C.

Definition 2. The mapping T : H — H is said to be firmly nonexpansive if
(x =y, T(x) = T(y)) > |T(x) - TW)I*, Y,y € H.

Alternatively, T : H — H is firmly nonexpansive if T can be expressed as

T=-(I+9),

N —

where S : H — H is nonexpansive.
The class of firmly nonexpansive mappings belong to the class of nonexpansive mappings.

Definition 3. The mapping T : H — H is said to be

(a) monotone if
(T(x)—T(y),x—y) >0, Vx,y € H;

(b) B-strongly monotone if there exists a constant B > 0 such that
(T(x) = T(y),x —y) = Blx = |, Yy € H;
(c) v-inverse strongly monotone (v-ism) if there exists v > 0 such that

(T(x) = T(y),x —y) 2 v|[T(x) = T(W)II>, ¥x,y € H.
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Definition 4. The mapping T : H — H is said to be an averaged mapping if it can be written as the average of
the identity mapping I and a nonexpansive mapping, that is

T=(1-a)l+aS, @)
where w € (0,1) and S : H — H is nonexpansive. More precisely, when (7) holds, we say that T is a-averaged.

It is easy to see that firmly nonexpansive mapping (in particular, projection) is %—averaged
and l-inverse strongly monotone mappings. Averaged mappings and v-inverse strongly monotone
mapping (v-ism) have received many investigations, see [29-32]. The following propositions about
averaged mappings and inverse strongly monotone mappings are some of the important facts in our
discussion in this paper.

Proposition 1 ([29,30]). Let the operators S, T,V : H — H be given:

@ IfT=(1—a)S+aV for somea € (0,1) and if S is averaged and V is nonexpansive, then, T is averaged.

(ii) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

Gii) If T = (1 —«)S +aV, for some o € (0,1) and if S is firmly nonexpansive and V is nonexpansive, then T
is averaged.

(iv) The composition of finitely many averaged mappings is averaged. That is, if each of the mappings {Ti}fi 1
is averaged, then so is the composite Ty . .. Ty. In particular, if Tq is aq-averaged and T, is ap-averaged,
where aq,ap € (0,1), then, the composite Ty T, is a-averaged, where & = aq + ap — a1a;.

Proposition 2 ([29,31]). Let T : H — H be given. We have

(@) T is nonexpansive if and only if the complement I — T is %—ism;

(b) If T is v-ism and «y > 0, then yT is %—ism;

() T is averaged if and only if the complement I — T is v-ism for some v > % Indeed, for « € (0,1), T is
w-averaged if and only if | — T is %—ism.

Lemma 2. (Opial’s condition) For any sequence {x,} in the Hilbert space H with x, — x, the inequality

liminf ||x, — x|| < liminf|[x, — y||
n——+oo n——+o0

holds for each y € H withy # x.

Lemma 3. For a real Hilbert space H, we have

@ Ilx+yl2 = |22+ [yI? +2(x,y), Vxy e H;
) [|x+ vl < [|x[2+2(y,x+y), Vxy € H.

Lemma 4. Let H be real Hilbert space. Then, ¥x,y € H and Vo € [0,1], we have
lacx + (1 — a)y||* = afl x| + afly||* — (1 — &) x — y*

Lemma 5 ([33]). Let {c,} and {y,} be a sequences of non-negative real numbers, and {B, } be a sequence of
real numbers such that

Cnt1 < (1 - “n)cn +ﬁn +Yn, n >1,
where 0 < ay < landy v, < oo.

@) If Bn < anyM for some M > 0, then, {cy, } is a bounded sequence.

(i) IfY a, = oo and lim sup % <0, then, c;, — 0asn — oo,
n—oo
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Definition 5. Let {I',} be a real sequence. Then, {T',} decreases at infinity if there exists ng € N such
that Ty 1 < Ty for n > ngy. In other words, the sequence {T'y} does not decrease at infinity, if there exists
a subsequence {T'y, }1>1 of {T'y} such that T, < Ty, 41 forall t > 1.

Lemma 6 ([34]). Let {T',} be a sequence of real numbers that does not decrease at infinity. Additionally,
consider the sequence of integers {¢(n) }y>n, defined by

p(n) =max{k e N: k <n, T} <Ty1}.

Then, {@(n) }n>n, is a nondecreasing sequence verifying nlgr;o ¢(n) = 0and for all n > ny, the following
two estimates hold:

T S F‘P(”)‘H and Fn S I—'q)(n)+1.

(n)
Let C be closed convex subset of a real Hilbert space H and given a bifunction g : C x C — R.
Then, the problem
find ¥ € C such thatg(%,y) >0, Yy € C

is called equilibrium problem (Fan inequality [35]) of ¢ on C, denoted by EP(g,C). The set of all
solutions of the EP(g, C) is denoted by SEP(g,C), i.e,, SEP(g,C) = {x € C : g(x,y) > 0, Vy € C}.
If g(x,v) = (A(x),y — x) for every x,y € C, where A is a mapping from C into H, then, the equilibrium
problem becomes the variational inequality problem.

We say that the bifunction ¢ : C x C — R satisfies Condition CO on C if the following
four assumptions are satisfied:

() g(x,x) =0, forallx € C;
(ii) gis monotone on H, ie., g(x,y)+g(y,x) <0, forallx,y € C;
(iii) foreachx,y,z € C, limsupg(az+ (1 —a)x,y) < g(x,y);
«l0
(iv) g(x,.) is convex and lower semicontinuous on H for each x € C.

Lemma 7 ([36]). If g satisfies Condition CO on C, then, for each v > 0 and x € H, the mapping given by

T (x)={z € C:g(z,y)—l—%(y—z,z—x) >0, Vy e C}

satisfies the following conditions:

(1) T¢ is single-valued;
(2) T¢ is firmly nonexpansive, i.e., for all x,y € H,

ITF (x) = TEW)I1? < (TF (%) = TF (), x — )

() Fix(T$) = {x € H: g(x,y) > 0,Yy € C}, where Fix(T¢) is the fixed point set of TS,
@) {x € H:g(x,y) >0,Yy € C} is closed and convex.

3. Main Result

In this paper, we are interested in finding a solution to BVIPO-FM, where F and f satisfy the
following conditions:

(A1) F: H — His B-strongly monotone and x-Lipschitz continuous on H.
(A2) The gradient V f is L-Lipschitz continuous on C.

We are now in a position to state our inertial algorithm and prove its strong convergence
to the solution of BVIPO-FM assuming that F satisfies condition (A1), f satisfies condition (A2),
and SVIP(Q, F) is nonempty.
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We have plenty of choices for {a,}, {¢x}, and {p, } satisfying parameter restrictions (C3), (C4),

. _ 1 _ 1 _ n4l : _
and (C5). For example, if we take ay, = 5, ¢4 = el and p;, = %, then, 0 < &, < 1, nlggo a, =0,

nh_r)r;() 8—’; = nh_r}rgo% =0(en =0(ay)),0 < p, = 3”,1111 <l-a,= 375;1 and nh_r&pn = % Therefore, (C3),

(C4), and (C5) are satisfied.

Remark 1. From (C4) and Step 1 of Algorithm 1, we have that

bn

lxn — xp_1]] = 0, n — co.
Ky

Since {ay, } is bounded, we also have
Onllxn — xy—1]] = 0, n — oo.

Note that Step 1 of Algorithm 1 is easily implemented in numerical computation since the value of
|xn — x,—1]| is a priori known before choosing By,.

Algorithm 1—Inertial Algorithm for BVIPO-FM

Initialization: Choose xp, x; € C. Let a positive real constants 6, y and the real sequences {«, }, {€x},
{on}, {An}, {Bn} satisfy the following conditions:

C) 0<o<1,; )

(€2) 0<p<min{2, L};

C3) 0<a, <1, lima, =0and ) a, = oo;
n—oo n=1

(C4) ¢, > 0and e, = o(ay);

(C5) OSpngl—anandgijnpn:p<1;

(Ceé) 0<a§An§b<%andnli_I>rolo/\n:/'A\;

€ 0<E<Pn<i<l

Step 1. Given the iterates x,,_1 and x,, (n > 1), choose 0, such that 0 < 6,, < 8,,, where

. £y .
gn — mln{e,m}, lfxn_l #Xn
0, otherwise.

Step 2. Evaluate z, = x, + 0, (X — x_1).
Step 3. Evaluate y,;, = Pc(zn — AnVf(zn)).
Step 4. Evaluate t, = (1 — B,)yn + BnU;(yn) for eachj € {1,..., M}.
Step 5. Evaluate t, = argmax{|[v —yu|| : v € {t},..., tM}}.
Step 6. Compute
Xpt1 = PnZn + Ty,zxn,pn (tn)/

where ¥, 4,0, := (1 — ) — anpF.

Remark 2. Note that the point ¥ € C solves the minimization problem (5) if and only if
Pc(x—AVf(%)) =%,

where A > 0 is any fixed positive number. Therefore, the solution set I of the problem (5) is closed and convex
subset of H, because for 0 < A < % the mapping Pc (I — AV f) is nonexpansive mapping and solution points
of (5) are fixed points of Pc(I — AV f). Moreover, U; is nonexpansive and hence FixUj is closed and convex for
eachje {1,...,M}.
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Lemma 8. For a real number A > 0 with 0 < a < A < b < 2, the mapping Ty := Pc(I — AVf) is
—“4“ -averaged.

Proof. Since Vf is L-Lipschitz, the gradient V£ is 1-ism [37], which then implies that AV f is {--ism.
So by Proposition 2 (c), [ — AV f is ’\Z—L-averaged. Now since the projection Pc is %-averaged, we see
from Proposition 2 (iv) that the composite Pc(I — AVf) is #-averaged. Therefore, for some
nonexpansive mapping T, T) can written as

Ty :=Pc(I— AVf) = (1—5)I + 6T, ®)

where 1 7 <ap= 2+“L <é= 2*“ <bh 2+bL < 1. Note that, in view of Remark 2 and (8), the point
% € Csolves the rmmrmzahon problem ®) 1f andonly if T(x) =x. O

Lemma 9. For each n, the mapping ¥, ,,,p, defined in Step 6 of Algorithm 1 satisfies the inequality
¥ non () = Fpno0 )| < X =1 —ant)x —yll, Vx,y € H,
where T =1— /1 —u(2p — ux?) € (0,1).
Proof. From (C2), it is easy to see that
0<1—2up<1—u2p—ux*) <1

This implies that 0 < \/1 — pu(2p — ux?) < 1.

Then,
1Y i (X) = ¥ 00 W = [I[(1 = pn)x — anpF(x)] = [(1 = pn)y — anpF(y)] |
= [|(T—=pn —an)(x —y) + an[(x —y) — u(F(x) — F(y))]]
< (1 —pn—an)|x —yll +an (x —y) — u(F(x) — F(y))|l- )

By the strong monotonicity and the Lipschitz continuity of F, we have

I(x =) = n(F(x) = FW))|>

lx = ylI> + 1| F(x) — F(y) >
—2u(x —y, F(x) — F(y))
< = ylP+ w2 lx =yl —2uBllx — I
(1+ 2> —2uP) || x — y|I>. (10)

A\

From (9) and (10), we have

||Ty,o<n,pn (x) — ‘Py,txn,pn (y) |

< (1 pu — ) [x =yl + /(1 -+ 262 = 2up) [ — g2

= (1= pn — an)||x — yll + a0\ /1 — u(2p — ux?) | x — y|

= (1= pn—an7)[x = yll,

where T =1— /1 —u(28 —ux?) € (0,1). O

Theorem 1. The sequence {x,} generated by Algorithm 1 converges strongly to the unique solution
of BVIPO-FM.

Proof. Let ¥ € SVIP(Q), F).
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Now, from the definition of z,, we get

llzn =%l = |lxn +0n(xn — x4-1) — %
< lxn = x|+ Onl[xn — xp-a]- (11)
Note that for each n, there is a nonexpansive mapping T, such that y, = (1 — 6,)zn + 6, Ty (2s),

where 0, = 2591L € [a1,b1] € (0,1) for a; = 2L and by = ZEEL. Now, using Lemma 4 and the fact
that T, (%) = x we have

lyn — 21> = 1|1 = 6n)zn + 81 Tu(2zn) — %|1?
= (1=8n)llzn — &[> + 6| Tu(zn) — x|
=00 (1 = 6n)|| T (2n) — Zn||2
< lza _fHZ_‘Sn(l_‘Sn)HTn(Zn) _Zn||2- (12)

Let {ju }5_; be the sequence of natural numbers such that 1 < j,, < M where j, € argmax{|| t, —
xp|| :j € {1,...,M}}. This means that t, = (1 — By)yn + BuUj, (yn). Thus, by Lemma 4

tn — 211> = (1= Bu)llyn — ZII* + BullUj, (y) — 17
—Bn(1 = Bu)lIUj, (yn) — ynHz
< lyn — 2P = Ba(1 = Bu) 1}, (yn) — yull* (13)

From (11)—(13) we have
[t = %[ < [lyn — %[ < [lzn — %]. (14)

Using the definition of x,,11, (14) and Lemma 9, we get

[xn+1 = X[ = llenzn + ¥ a0 (tn) — X||

= [[¥pa0,00 (tn) = Fpn,00 (%) + pn(zn — %) — anpF ()|

< ¥ wanpn (tn) = ¥ppanps (X) || + onllzn — X[ + anpl[F(x) |
< (1 =pn —anT) [t — x| + pnllzn — X|| + anp||F(x) |

< (U= ant)l[zn — X[ + anp | F(T)
< (1= anT)|lxn — [ + (1 — anT)On|xn — x4 1] + | [F(%) ]
1—a,T)0 F
< (1—zxnr)||xn—9?||+anr{ﬂi||xn_xn_1”+ﬂ|| (x )||} (15)
T ay

where T =1— /1 — u(2B — uL?) € (0,1). Observe that by condition (C3) and by Remark 1, we see that

1 0
tim 0 O =0
n—00 T "
Let Fi . o
M:Zmax{y” (x)”,sup( _‘X"T)—"Hxn—xn,lﬂ}.
T s T g

Then, (15) becomes
lxni1 — x| < (1 —ay7)||xn — || + anTM.

Thus, by Lemma 5 the sequence {x, } is bounded. As a consequence, {z,}, {yx}, {tn}, and {F(t,)}
are also bounded.
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Now, using the definition of z, and Lemma 3 (i), we obtain

l|zn — sz = |lxn +On(xn — x4-1) — JzHz

= Joxn = %[ + 63|30 — 2511 + 260 (xn — %, 20 — x5-1).-
Again, by Lemma 3 (i), we have
- 1 _ 1 _ 1
(on = %20 = 1) = 50— 2 = St — 22+ 2w — x|

From (16) and (17), and since 0 < 6, < 1, we get

lzn — %> = xn — 2|* + 65120 — X1l
0 (10 — 21> = l|xn—1 — Z[* + |20 — x4—1 %)
< lxn — &) + 26, %0 — x4 |

0 ([l — 2% = o1 — 7?).

Using the definition of x,, 11 together with (14) and Lemma 9, we have

s = 2I2 = llonzn + Ym0 (tn) — 22

1Y 00,00 (tn) = ¥ o0 (%) + o0 (20 — X) — anpF (%)
= Wm0 (tn) = Ypanpn (F) + on(zn —x)|1?

—20, p(F(X), X 41 —x>
¥ (00) ~ Fan O+ pullze — 1}

=20 p(F (%), Xy11 — %)

< {@—pn—wDltu 2 +pulzn— 5}
=20,y (F(X), xy41 — %)
< (1= pu— )|ty — %[> + pullzn — %||?

—2anp(F(%), Xp11 — %).
From (12) and (13), we obtain

Itn = 21> < llza = 211> = 62 (1 = 60) || Tu(2n) — 2>
—Bn(1 = Bu) I, (yn) — yul >

In view of (19) and (20), we get

%041 = %1 < (1= pn — anT)|Itn — ZI|* + pu Iz — 2|
—2anp(F(%), Xp11 — %)

< (1= pn — anT) |20 — Z|* + pullzn — 2> — 200 pt (F (%), X 41 — %)
—0n(1 = pn = anT) (1 = 62) || Tu(2n) — za?
—Bn(1 = pn — anT)(1 = Bn) I, (vn) —J/HHZ

= (1= an7)|zu — %> = 205 (F(%), X1 — %)
—0n(1 = pn —an7)(1 - )”Tn(zn)_zn”z
—Bn(1 = pn — n ) (1 = Bu) |Uj, () — yu |-

9 of 21

(16)

(17)

(18)

(19)

(20)

(21)
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Since the sequence {x,} is bounded, there exists M such that —2a,u(F(%),x,41 — ¥) < M for
all n > 1. Thus, from (18) and (21), we get

2001 = %[2< (1= anT) [ xn — 21> +2(1 = 2 T)Bn |0 — xp1 [
+(1 = a,T)0, (|| xn — %||2 — ||x01 — X[|?) + &M
~0n(1 = pu — anT) (1 = 8n) | T (zn) — zn?
—Bn(1—pn —anT)(1 — .Bn)Han (yn) — yn”z-

Let us distinguish the following two cases related to the behavior of the sequence {I',},
where T, = ||x, — x||%.

Case 1. Suppose the sequence {I';} decrease at infinity. Thus, there exists np € N such that
I'y11 < Ty forn > ng. Then, {I',} convergesand I’y —T';, ;1 — 0asn — 0.

From (22) we have

On(1—pn — anT)(1 = 6n)||Tu(zn) — Zn||2
< (rn - Fn+1) +ay My + (1 - “nT)Bn(rn - I—‘nfl) (22)
+2(1 — anT) 0y || xn — x,_1]

Since I'y —I'y41 = 0 (-1 — Iy — 0) and using condition (C3) and Remark 1 (noting a,, — O,
0 <way <1,04]|xy —x,_1|| = 0and {x,} is bounded), from (22) we have

(1 —pn — anT)(1 = 6n)|| Tu(zn) — an2 —0, n— oo. (23)

The conditions (C2) and (C5) (i.e, 0 < ay < 1,4, — 0and 0 < p, <1 — ay), together with (23)
and the fact that 6, = % € [a1,b1] C (0,1), we obtain

Similarly, from (23) and the restriction condition imposed on B, in (C6), together with conditions
(C2) and (Cb), we have
1, () =yl = 0, 1 = co. (25)

Thus, using the definition of y, together with (24) gives
lyn = znll = (1 = 6n)zn + 6nTu(2n) — znll = )| Tu(2n) — znll = 0, 1 — oo (26)
Moreover, using the definition of z, and Remark 1, we have
1xn = zull = llxn — xn = O (xn — Xu_1)|| = Onllxn — Xu—1[| =0, 1 — oco. (27)
By (26) and (27), we get
X0 = yull < llxn = znll + lyn — znll = 0, n — oo. (28)
By the definition of ¢, together with (25) gives
[tn = yull = (1 = Bn)yn + Bnlj, (Yn) = yull = Bulllj, (yn) — ynl — 0, n — oo. (29)
By (28) and (29), we get

20 — tull < llxn = Yull + lyn — tull = 0, n — co. (30)
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Again, from (26) and (29), we obtain
lzn = tull < llzn = yull + llyn — tall = 0, n — o0. 31)

By the definition of x,,. 1, with the parameter restriction conditions (C2) and (C6) together with
(31) and boundedness of {F(t,)}, we have

| Xp41 — tul|= HPnZn +‘Y]/‘/D¢nxpn(t”) — ty|

= |lonzn + (1 — pn)tn — anpF(tn) — tul (32)
< pullzn — tn|| + anp||F(tn)|| = 0, n — oo.

Results from (30) and (32) give
xn41 = xull < lxna = tull + 1t — xall = 0, 1 — co. (33)
By definition of tL and t,, and using (30), forall j € {1,..., M}, we have
18, = xull < [t — xu]] = 0, 71— oo
and this together with (28), yields
6 =yl < 118k —xull + g —xal] =0, 1= e
forallj € {1,...,M}. Thus,
I89) =yl = 5 s =l =0, 1= o 69
forallj € {1,..., M}. Therefore, from (28) and (34)

U (xn) = xnll= [1Uj(xn) — Uj(yn) | + 1Uj(yn) = yull + [lyn — xal]

35
< U (yn) = vall +2llyn — x| = 0, 1= co )

forallj € {1,..., M}. Moreover, from (24) and (27)
[ Tn(xn) = xn|l= [T (xn) = Tu(za) || + | Tu(2n) — zall + |20 — xnl| (36)

< ||Tn(zn) —Zn” +2HZn —XnH — 0, n— oo.

From (C6), we have 0 < A < 2. Thus, let T := Pc(I — AVf). Then, using the nonexpansiveness
of projection mapping and (C6) of assumption 1 together with (28) and boundedness of {||V f(z,)|}
({zx} is bouded and Vf is Lipschitz continuous), we get

I T(zn)=xnll = [T (zn) = Yn + yn — xul|
<N T(zn) = yull + [lyn — xul|

A (37)
= ||APC(Zn —AVf(zn)) = Pc(zn — AV f(zn))|| + [[yn — xal]
< A =MallIVFG@)I 4 llyn — xnll = 0, 1 — 0.
Hence, in view of (27), (37), and the nonexpansiveness of T, we get
IT(xn) = xnll= 1T (xn) = T(2n) + T(20) — x| (38)

< lxp — zal| + || T(2z0) — x]]| = 0, n— oo.

Let p be a weak cluster point of {x,}, there exists a subsequence {x,, } of {x,} such that x,, — p
as k — co. We observe that p € C because {x,, } C C and C is weakly closed. Assume p ¢ Fix(Uj)
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for some jy € {1, .., M} Since x,, — p and Ujo is a nonexpansive mapping, from (35) and Opial’s
condition, one has
timinf x,, — pl| < liminf x,, — Uj(p)]
= llglgof (1, — Uy (xXn) + Uy () — Uy (p)
< llminf(\lxnk = Ujy (xn)[| + [|Ujy (xn, ) — Uy ()]
= liminf ||Uj, (xn,) — Ujy (p) ]|

k—+c0
< liminf |, —
< Lim inf{|xy, — p||

which is a contradiction. It must be the case that p € Fix(U;) forall j € {1,..., M}. Similarly, using Opial’s
condition and (38), we can show that p € Fix(T),ie., p € I. Therefore, p € Q) = (ﬂ;‘il FixU;) OT.
Next, we show that limsup(F(%),% — x,4+1) < 0. Indeed, since ¥ € SVI((),F) and p € Q,

n—oo
we obtain that

limsup(F(X), X — x,) = lim (F(%), X — x,,) = (F(%),* —p) <0.

n—o0 k—o0

Since ||x;4+1 — x| — 0 from (33), by (39), we have

limsup(F(X), % — x,4+1) < 0.

n—o0

From (11), (14) and (19), we have

%041 = 2| < (1= pn — &) [t — Z[* + pn |20 — %7
—2anp(F(X), Xp1 — X)
< (1= anT)|lzn — %> = 20 (F (%), X1 — X)
< (1= anT) (|0 — X[ + 6|30 — xp—11)* — 201 (F(%), X1 — %)
< (1= a7) (lxn — %> + 63|20 — x5 1|
+20n[|xn — X1 ||| xn — %) — 20pt(F(%), Xy 1 — %)
< (1= anyT) |0 — % + 020 — %12 (39)
+20n|xn — xp—1[llxn — X|| — 200 p(F (%), Xy 41 — X).

Since {x,} is bounded, there exists M, > 0 such that ||x, — %|| < M, for all n > 1. Thus, in view
of (39), we have

1 = 212 < (1= awt) [ = 21 + Oullxw — X1 ]| Ol — X1l +2M2)
20 (F (%), X = Xn11)- (40)

Therefore, from (41), we get
Iy < (1 - wn)rn + wnty, (41)
where w,; = a,T and

ﬂn:%(%ﬂxn Xy 1H>{9 lxn — x,— 1H+2M2}+2“ (F(Z), % — xn11).

From (C2) and Remark 1, we have ) w; = coand limsup ¢, < 0. Thus, using Lemma 5 and (41),
n=1 n—co
we getl', — 0asn — oo. Hence, x, — X asn — oo.
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Case 2. Assume that {I', } does not decrease at infinity. Let ¢ : N — N be a mapping for all n > n
(for some 1 large enough) defined by

p(n) =max{k e N:k <n, Ty <Tr1}.
By Lemma 6, {¢(n) }5,,, is a nondecreasing sequence, ¢(1n) — co as n — oo and

T S F(P(”)+1 and Fn S F(P(”)+1’ Vn Z no. (42)

@(n)

In view of [|x, () — %[ = [[xg(m41 — X[* =T
n > ng we have

) — F(P(H)H < 0 for all n > ng and (22), for all

@(n
8oy (1= Py(n) = &p(m D) (1 = ()  Typ(n) (Zg(m)) — Zg(m) I
< (Top(m) = Tomy+1) +ag(mMi + (1= a4 D)) (Tp(n) = Ton)-1)
+2(1 = () D)) 1) = Xp(my-1 17
< (M1 + (1= o) )0 (n) Lop(m) = Lp(m)-1)
F2(1 = () D)0 () 1 Xp(n) = Xp(m) -1 I?

< trg )M + (1= a9 D00 g = o)1 (/Totn) + /T 1 )

+2(1 - “(p(n)T)eq)(n) ||x(p(n) — Xp(n)-1 H2 (43)

Thus, from (43), conditions (C3) and (C4), and Remark 1, we have

| To(n)(Zp(n)) — znll =0, 1 — oco. (44)

Similarly,
1 Wp(n) = Yo | = 0, 1 — 0. (45)
Using similar procedure as above in Case 1, we have r}l_r& [Xp(n)+1 — Xyl = 0 and

for T := Pc(I — AVf), we have

Jim [T (x () = X | = Hm {[Uj(xp(n)) = Xp(m)ll =0
forallj € {1,..., M}. Since {x,(,)} is bounded, there exists a subsequence of {x,,)}, still denoted
by {x,(n)}, which converges weakly to p. By similar argument as above in Case 1, we conclude
immediately that p € . In addition, by the similar argument as above in Case 1, we have
li?j£p<F(x),x — Xp(n)) < 0. Since lim [Xp(n)+1 — Xg@m) | = 0, we get li?j£p<F(x),x — Xp(n)4+1) < 0.

From (41), we have
Fom+1= (1= @o() Totn) + @otn) Dty (46)

where w, ;) = &y, T and

_ 1 ( %m)
Bon) = 7 (az(,,> () = *otn)—111) {0 gy — o)1 1| + 2Ma}
2 N\ =
+TV<F(-X)/-X - x(p(n)+1>'

Using I'y(,1) = Ty(n)41 < Oforalln > ng and 8,,,) > 0, the last inequality gives

0 < =Wem)Lom) + Wom)p(n)-

Since w,(,) > 0, we obtain [x,,) — x|)? = Tom) < By(n)- Moreover, since li;rljogp Bpm) < 0,
= 0’

we have r}l_r& |xp(ny — X[ = 0. Thus, r}l_r};o [xp(n)y — X|| = 0 together with nlg)r(}o X p(n)+1 — Xg(m)
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gives ligrl F(P(n) 41 = 0. Therefore, from (42), we obtain 1211 'y =0, thatis, x,, —» Xasn — oo.
n (o] n [ee]
This completes the proof. [

4. Applications

The mapping F : H — H, given by F(x) = x — p for a fixed point p € H, is one simple example
of B-strongly monotone and «-Lipschitz continuous mapping, where f = land x = 1. If F(x) = x —p
for a fixed point p € H, then, BVIPO-FM becomes the problem of finding the projection of p onto
(ﬂ]]\i 1 FixU;) NT. When p = 0, this projection is the minimum-norm solution in (ﬂ]-zl FixU;) OT.

Let BVIPO-M denote the bilevel variational inequality problem over the intersection of the
set of common solution points of finite number of constrained minimization problems, stated as
follows: For a closed convex subset C of a real Hilbert space H, a nonlinear mapping F : H — H and
a real-valued convex functions f; : C — R for j € {0,1,..., M}, BVIPO-M is the problem given by

find x € Q such that (F(x),x — %) >0, Vx € Q,
where () is the solution-set of

find x* € C such that f;(x*) = r;g(r:lf](x), vie{0,1,...,M}.

If the gradient of f; (Vf;) is L;-Lipschitz continuous on C, then, for 0 < ¢ < L% the mapping
Pc(I — gV ;) is nonexpansive mapping and {x* € C : f;j(x*) = mi(r}fj(x)} = Fix(Pc(I = ¢Vfj)).
xe
This leads to the following corollary as an immediate consequence of our main theorem for
approximation of solution of BVIPO-M, assuming that SVIP(F, Q}) is nonempty.

Corollary 1. If F satisfies condition (A1), f = fo satisfy condition (A2), and the gradient of each f; (each V f;)
is Lj-Lipschitz continuous on C forall j € {1,..., M}, then, for 0 < ¢ < m, replacing each U; by
Pc(I—gVfj) forallj € {1,..., M} in Algorithm 1 (in Step 4), the sequence {x, } generated by the algorithm
strongly converges to the unique solution of BVIPO-M.

Let C be closed convex subset C of a real Hilbert space H, F : H — H is amapping, f : C = Ris
a real-valued convex function, and each g; : C x C — R is a bifunction for j € {1,..., M}. BVIPO-EM
denotes the bilevel variational inequality problem over the intersection of the set of common solution
points of a finite number of equilibrium problems and the set of solution points of the constrained
minimization problem given by

find ¥ € Q) such that (F(%),x — %) >0, Vx € Q,

where Q) is the solution-set of

M
find x* € C such that f(x*) = min f(x) and x* € (") SEP(g;, C).
xeC j=1

If each g; satisfies Condition CO on C forall j € {1,..., M}, then, by Lemma 7 (1) and (3), for each
jed1,...,M}, T is nonexpansive and FixTS = SEP(g;,C). Applying Theorem 1, we obtain the
following result for approximation of solution of BVIPO-EM, assuming that SVIP(F, )) is nonempty.

Corollary 2. If F satisfy condition (A1), f satisfy condition (A2), and each g; satisfies Condition CO on C for
all j € {1,..., M}, then, for r > 0, replacing each U; by TS forall j € {1,..., M} in Algorithm 1 (in Step 4),
the sequence {xy, } generated by the algorithm strongly converges to the unique solution of BVIPO-EM.
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Let C be closed convex subset C of a real Hilbert space H, F : H — H is amapping, f : C = Ris
a real-valued convex function and each F; : C — H forj € {1,..., M} is a mapping for j € {1,..., M}.
Now, suppose that BVIPO-VM denotes the bilevel variational inequality problem over the intersection
of the set of common solution points of finite number of variational inequality problems and the set of
solution points of the constrained minimization problem given by

find X € Q such that (F(x),x — %) >0, Vx € Q,

where ) is the solution-set of

M
find x* € C such that f(x*) = r;’ggf(x) and x* € ﬂl SVIP(F;, C).
]:

Note that if each F; is 5j-inverse strongly monotone on C for all j € {1,...,M} and
0<o< 217]-, then,

(@) Pc(I — oFj) is nonexpansive;
(b) x* is fixed point of Pc(I — ¢F;) iff x* is the solution of the variational inequality problem VIP(F;, C),
ie., Fix(Pc(I — oFj)) = SVIP(F;,C).

By Theorem 1, we have the following corollary for approximation of solution of BVIPO-VM,
assuming that SVIP(F, Q)) is nonempty.

Corollary 3. If F satisfy condition (A1), f satisfy condition (A2) and each F; is 1j;-inverse strongly monotone
on Cforallj € {1,..., M}, then for 0 < ¢ < 2min{y,...,qm}, replacing each U; by Pc(I — oF;) for all

jeA{1,..., M} in Algorithm 1 (in Step 4), the sequence {x, } generated by the algorithm strongly converges to
the unique solution of BVIPO-VM.

5. Numerical Results

Example 1. Consider the bilevel variational inequality problem

find x € Q such that (F(x),x — %) >0, Vx € Q,
where () is the solution-set of

find x* € C such that fi(x") = migf]-(x), vje{0,1,..., M}
x€
for H=RN,C={x=(xy,...,xny) €ERN: -2 < x;, <2, Vi€ {1,...,N}}, and F and f; are given by
F(x) = F(x1,...,xN) = (71X, .- ., YNYN),
1 :

fi(x) = 311 - Pp)Ajx|?, Vi€ {0,1,..., M},

where y; > 0 foralli € {1,...,N},

D]-:{x:(xl,...,XN)E]RN:.igxig .
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Aj RN — RN is given by Aj = ojlnxn for 0j > 0 (Inxn is N x N identity matrix) for j €
{0,1,..., M}. Note the following:

(i) Fis B-strongly monotone and x-Lipschitz continuous on H = RN, where p = min{vy;:i=1,...,N}
and k = max{vy;:i=1,..., N}

(i) A; is bounded linear operator, || Aj|| = oj; and A; is self-adjoint operator.

(iii) The gradient of each f] (each V f]-) is L]-—Lipschitz continuous on C for all j € {0,1,..., M}, where
Lj = of and ¥V f; is given by (see [38])

Vfi(x) = A;(I - Pp, JAjx = (7]2x (T]'PD].((T]'JC).

(iv) Foreachje {0,1,..., M},

{x*€C: fi(x*) =minf;(x)} =T

xeC

_ N._-1 C_
wherel"j = {x eR sy <x < (T(]Jrz), Vi= 1,...,N}.Hence,

M
Q:[]q:{xewﬁLBgﬂng,WG{L””NH,

where LB = max{ ]+1 :j€{0,1,...,M}} and UB = mm{ ]+2 :j€{0,1,...,M}}.
]

(v) 0 is the solution of the given bilevel variational inequality problem, i e., SVIP(Q), F)= {0}.

We set 0 = 2/ for each j € {0,1,..., M} and M = 4. Therefore,

—1 1
RN. =~ < Vi
0= { € %0 x,i%, Vie {1, ,N}}

and the gradient of f = fo is L-Lipschitz continuous on C where L = Ly = 03 = 1. We will test our experiment
for different dimension N and different parameters.

Take 0 = % and «y; = i for eachi € {1,...,N}. Thus, F is 1-strongly monotone and N-Lipschitz
continuous on RN. Hence, notice that the positive real constants y, g, and A, are chosen to be 0 < ¢ <

2 _ 1 L or2 1 2 : :
(I h] = 128 O<u< mm{m, 2hand 0 < a < Ay < b < &. We describe the numerical results

of Algorithm 1 (applying Corollary 1) for the positive real constants y and ¢ given by ¢ = 21W and

L ifN=1,2
VZ{ v, ¥

7, fN=34,5...

In Figures 1 and 2 and Table 1, the real sequences {ay}, {en}, {on}, {An}, {Bn}, {6} are chosen
as follows:

_ 1 _ _ 3 _ 2

Datal. ay = g &n = oy )z,pn = g3 Ay = A1, Bn = 255, On = On.
_ 1 _ 1 21051 1

Data 2. o, = 73{10‘5+1,€ = 3n15+£,pn = 3n05+1, An N{oﬁim_ 3,00 = 0p.
— — n—1 _ n

Data 3. Ky = 57 &y = nj,pn = Bu¥l’ /\n - N+l’ ,Bn = TIn+110’ en == 971

The stopping criteria in Table 1 is defined as ||x, — x,_1]| < 1073.
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800 -

=~ Data 1

———¥—— Data 2

|Zn — Zn1l|

Number of iterations

Figure 1. For N = 100 and xo, x; are for randomly generated starting points xy and x; (the same
starting points for Data 1 and Data 2).

1200
—— N=2
1000’ ——%—— N=500
——%—— N=1000
———— N=2000
= 800
v—lo F
§
600
| i
)
= 400
200

2 4 6 8 10 12 14
Number of iterations

Figure 2. For Data 3 and for randomly generated starting points xg and x;.

Table 1. For starting points xo = 10(1,...,1) € RN and x1 = 10xg.

N=10 N = 1200

Iter(n) CPUG) ||xu|| Iter(n)  CPU(s) ||xy]|
Datal 10 0.0165  0.4231 9 0.0182  0.5739
Data2 9 0.0186 0.4461 8 0.0193 0.3755
Data3 10 0.0178 0.1356 8 0.0191 0.4524

Figure 3 demonstrates the behavior of Algorithm 1 for different parameters pn (Case 1: pn = 5n 3 Case

) _ 22 _ 3u+3 _ 4dnt2 1 _ i
2: pp = 5213, Case 2: p, = 5213, Case 4: py, = 5Z13) where ay = 5513, €n = (5n+3)3, Ap = N—,
ﬁ _ n+10 0 _6

n = 10p+90- Yn = Un-

From Figures 1-3 and Table 1, it is clear to see that your algorithm depends of the dimension, starting
points, and parameters. From Figure 3, we can see that the sequence generated by the algorithm converges faster
to the solution of the problem for the choice of p,,, where p ( 1Lm on = p) is very close to 0.

n—oo
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300

Case 1

10° ‘ 10" 10?
Number of iterations
Figure 3. For N = 50 and starting points xg = 100(1,...,1) € RN and x; = -50(1,...,1) € RN,
Example 2. Consider BVIPO-FM is given by
find X € Q such that (F(x),x — %) >0, Vx € Q,

where () is the solution set of

find x* € C such that f(x*) = migf(x) and x* € FixU
xe

for H=RN = Cand F, f, and U are given by

F(x) = F(xl,...,xN) = ({11X1 +b1,...,aNxN—|—bN),

f(x) = 3 11(1 ~ Po)ax?,
Ux = x,

where a; > 0,b; > 0 foralli € {1,...,N} and

—2max{b;:i=1,...,N
min{a;:i=1,...,N}

Dz{xeRN: b oy <o, Vie{l,...,N}}.

We took a; = iand b; = N +1 —i. Thus, F is B-strongly monotone and x-Lipschitz continuous on
H = RN, where p = 1 and x = N. The gradient of f is L-Lipschitz continuous on C, where L = 1 and V f is
given by V f(x) = 4x — 2Po(2x). Moreover, @ = {x e RN : —=N <x; <0, Vi=1,...,N}and

SVIP(Q), F) = {(— N, _(Nz_ D, _(N3_ 2)%)}

Table 2 illustrates the numerical result of our algorithm, solving BVIPO-FM given in this example for
len =1 |
[lx1—xo|

following: an = g3, &n = riqys Pn = 3, An = §, Pn = 3,60 = On.

different dimensions and different stopping criteria < TOL, where the parameters are given in the
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Table 2. For starting points xg = 100(1,...,1) € RN and x; = 100x.

TOL =102 TOL =103 TOL =104

Iter(n) CPU(s) Iter(n) CPU(s) Iter(n) CPU(s)
N=2 4 0.00345 23 0.3163 107 0.9705
N =10 10 0.02217 36 0.4802 116 1.2201
N=100 21 0.20681 47 0.9207 149 1.8491

For TOL=10"°, N = 4, xg = (1,2,3,4), and x1 = (5,6,7,8), the approximate solution obtained after
319 iterations is

X319 = (—3.978599508, —1.487950389, —0.641608433, —0.24194702778).

6. Conclusions

We have proposed a strongly convergent inertial algorithm for a class of bilevel variational
inequality problem over the intersection of the set of common fixed points of finite number of
nonexpansive mappings and the set of solution points of the constrained minimization problem
of real-valued convex function (BVIPO-FM). The contribution of our result in this paper is twofold.
First, it provides effective way of solving BVIPO-FM, where iterative scheme combines inertial term to
speed up the convergence of the algorithm. Second, our result can be applied to find a solution
to the bilevel variational inequality problem over the solution set of the problem P, where the
problem P (the lower level problem) can be converted as a common fixed point of a finite number of
nonexpansive mappings.
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