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Abstract: In the present paper, we obtain some new inequalities for weaving K-frames in subspaces
based on the operator methods. The inequalities are associated with a sequence of bounded complex
numbers and a parameter A € R. We also give a double inequality for weaving K-frames with the
help of two bounded linear operators induced by K-dual. Facts prove that our results cover those
recently obtained on weaving frames due to Li and Leng, and Xiang.
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1. Introduction

This paper adopts the following notations: J is a countable index set, H and K are complex Hilbert
spaces, and Idy and R are used to denote respectively the identical operator on H and the set of real
numbers. As usual, we denote by B(H, K) the set of all bounded linear operators on H and, if H = K,
then B(H, K) is abbreviated to B(H).

Frames were introduced by Duffin and Schaeffer [1] in their study of nonharmonic Fourier series,
which have now been used widely not only in theoretical work [2,3], but also in many application
areas such as quantum mechanics [4], sampling theory [5-7], acoustics [8], and signal processing [9].
As a generalization of frames, the notion of K-frames (also known as frames for operators) was
proposed by L. Gavruta [10] when dealing with atomic decompositions for a bounded linear operator
K. Please check the papers [11-17] for further information of K-frames.

Recall that a family {1p]-} jes C His called a K-frame for H, if there exist two positive numbers A
and B satisfying

AIIK I < Y 1Fw) * < BIFIP, Vf €H
jeld

The constants A and B are called K-frame bounds. If K = Idy, then a K-frame turns to be a frame.
In addition, if only the right-hand inequality holds, then we call {1;};c; a Bessel sequence.

Inspired by a question arising in distributed signal processing, Bemrose et al. [18] introduced the
concept of weaving frames, which have interested many scholars because of their potential applications
such as in wireless sensor networks and pre-processing of signals; see [19-24]. Later on, Deepshikha
and Vashisht [25] applied the idea of L. Gavruta to the case of weaving frames and thus providing us
the notion of weaving K-frames.

Balan et al. [26] obtained an interesting inequality when they further examined the remarkable
identity for Parseval frames deriving from their work on signal reconstruction [27]. The inequality
was then extended to alternate dual frames and general frames by P. Gavruta [28], the results in which
have already been applied in quantum information theory [29]. Recently, those inequalities have been
extended to some generalized versions of frames such as continuous g-frames [30], fusion frames and
continuous fusion frames [31,32], Hilbert-Schmidt frames [33], and weaving frames [34,35].
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Motivated by the above-mentioned works, in this paper, we establish several new inequalities
for weaving K-frames in subspaces from the operator-theoretic point of view, and we show that our
results can naturally lead to some corresponding results in [34,35].

One says that two frames ¥1 = {1, };cy and ¥2 = {2} <y in H are woven, if there are universal
constants Cy and Dy such that, for any ¢ C J, {§1;}jes U {#h2j}jcoc is a frame for H with bounds Cy
and Dy. If Cy = Dy = 1, then we call ¥1 and ¥ 1-woven. Each family {41;};cs U {$2; }jcoe is said to
be a waving frame, related to which there is an invertible operator Sy,y, : H — H|, called the frame
operator, given by

Swowr,f = Y ()i + Y (f o) o)

jeT jeoe

Recall also that a frame ¥3 = {3/} 7 is called an alternate dual frame of {¢1;}jco U {#2;}jeoe,
if for each f € H we have

=Y fos+ 3 (fo)s;, VfEH

jeo jeoe
Lemma 1. Suppose that P, Q, and K are bounded linear operators on H and P + Q = K. Then, for each f € H,
2 3 2
IPFII" +Re(Qf, Kf) = ZIKFII*

Proof. We have

IPfII* + Re(Qf, Kf) = (K= Q)f, (K= Q)f) + %(<Qf Kf) + (Kf,Qf))
= (QQ~ (K'Q+Q°K) + %(K*Q + QKNS+ (KKF, f)
= (@~ 3K (@~ 5KIFF) + KK, f) > S KFIP
forany f € H. O
The next two lemmas are collected from the papers [36] and [32], respectively.
Lemma 2. If ® € B(H,K) has a closed range, then there is the pseudo-inverse &' € B(K,H) of ® such that
TP = @, dTODT = @, (PPT)* = 0T, (OTD)* = DD,
Lemma 3. If P and Q in B(H) satisfy P + Q = Idy, then, for any A € R, we have
PP4+AQ*+Q) = Q" Q+ (1—A)(P* +P) + (2A — 1)Idg > (2A — A?)Idg.

2. Main Results
We start with the definition on weaving K-frames due to Deepshikha and Vashisht [25].
Definition 1. Two K-frames Y1 = {41;}jey and Yo = {42}y in H are said to be K-woven, if there are

universal constants Cy and Dy such that, for any o C J, the family {{1;}ico U {42j} jeoe is a K-frame for H
with K-frame bounds Cy and Dy. In this case, the family {11} jco U {2;}jeoc is called a weaving K-frame.

Given a weaving K-frame {1} U {42} jeo< for H, recall that a Bessel sequence ® = {¢;} 7
for H is said to be a K-dual of {11, }jco U {$2)}jeoe, if

Kf =Y (f,o)0j+ Y (f o)), VfeH.

jeo jeoe
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Let ¥1 = {41/} cy be a given K-frame for H. For any o C J, we can define a positive operator 5%,
in the following way:

jeo
In the following, we show that, for given two K-woven frames, we can get some inequalities

under the condition that K has a closed range, which are related to a sequence of bounded complex
numbers, the corresponding K-dual and a parameter A € R.

Theorem 1. Suppose that K € B(H) has a closed range and K-frames ¥1 = {41;}jcy and Yo = {¢y;}jcyin
H are K-woven. Then,

(i) for any f € Range(K), forall o C J, {a;}jey € £(]), and A € R,

2

Y ai(K'f, 1) ¢]+Za (K*f, ) bj

b=
+Re(}§7(1—a)<Kf i) 0 )+ T 0 K n)
= ];(1 —ap)(K'f, )¢ +]-§’c(1 — ;) (K" f, 7)) 2
+Re(}§ﬂ W5y ) LK S )y f>>
> (-2 Re(]ez;'a] (K" 1) ¢y, f) ]ga, (K'f, lP2]><<P;:f>)

2

DRe( T - )KLy 0y )+ L= )& L)), @)

jEO’ ]EUC

+(1-

where ® = {(Pj}j€J is a K-dual of{lplj}jeg U {l/)zj}]‘egc.
(ii) for any f € Range(K*), forallo C J, {a;}jcy € (°(J), and A € R,

Jga] ) ) %ﬁjgaj ) b)) 2
#Re( D) (K 9 ) + T =) ()£ 4.
= j;ﬁ(l —aj)<(1<*)*f,4>j>¢1j+j§c(1 —a;){(K*)"f, ¢j) 1o 2
+Re(}§a VL) (g, ) + EZUCa ((K)TF, ) (2, f>>

> (24 — /\2 Re(Za ((K*) f¢]> lpl] )+ Za ((K*) f¢/><l/J2] f>>

jeo jeot

+(1—A2)Re<2(1_”j)<(1<*) Foi) W )+ 3 (L= ap){(K)'f, 1) (2, f)),

jE(T ]6175

where ® = {¢;}icy is a K-dual of {1} jco U {2} jecoe-



Mathematics 2019, 7, 863 40f12

Proof. We define two bounded linear operators P; and P, on H as follows:
Pif =Y ai(f )i+ 3 ai(f o)y
jeo jeo*

Pf = Y (A=a)(f g+ Y (1= a)(f v

jeo jeoe

)

Then, clearly, P; f + P,f = Kf for each f € H and thus P; + P, = K. Since K has a closed range,
by Lemma 2, we have
PiK" + PoK" = KK = Propge(),

where Pp,,(k) is the orthogonal projection onto Range(K). Thus,
PK* | Range(K) +P,K* | Range(k)= LdRange(K)-
By Lemma 3 (taking % instead of A), we get
IPLKTfI|? + ARe(PK'f, f) = | LKTf|? + (2 = M)Re(PIKTf, f) + (A = D) £]%,
for any f € Range(K). Hence,

IPLKTf||> = [|PKTf]|> + 2Re(P KT £, f) — A(Re(PiK' f, f) + Re(PKT £, £)) + (A — )| f]1?
= | PK £ + 2Re(P KT f, £) = Al fII> + (A = 1) fII?
= |PKt f||> + 2Re(P,K £, f) — Re(P KT f, f) — Re(P,K*f, f).

It follows that
IPLKT£1* + Re(PK'f, f) = [|PKT £[|> + Re(PIKT £, f), ®)

from which we arrive at

2

Yo ai (K, )i+ Y ai(KTf,0)) 9

j€o jeoe
+RG<Z(1 —aj )(K f 1/J1] 4)]1 Z K f 1P2]><¢]/f>)
jeo jeoe
2

Y (1 —a) (K i+ Y (1—ap) (K f,90)) s

jeo jeoe

+R€(Zﬂ Kfll)lj (P]/ + ZH Kflp2]><¢]'f>>

jET jeot

For the inequality in Equation (1), we apply Lemma 3 again,

2
IPKAR > (A= “0)IFIP ~ ARe(PoK?, ) @

— %Z)Re<P1K+ f+PK'f, f) — ARe(PK'f, f)

P )Re(PKS, ) — S Re(PKS, )
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Thus, for any f € Range(K),

2
Y ai K fopngy + 3 ai (KT f o)
jET jeo*
+Re( L= K gy f) + (=) (K yao 1))
JjET jeot

A2 A2
> (A - *)RG<P1K+f/f> +(1— Z)RE<P2K+f/f>

)\2
=(A- ey Re(Za]Kf‘/Jl] 47]/ +Z’1]Kf¢2]><¢] f>)
jET jeo*
2
=R L= ) gy )+ X (= )Ly ) ).
jET jeo*

(if) The proof is similar to (i), so we omit the details. O

Corollary 1. Suppose that two frames ¥1 = {1} ey and Y2 = {¢»;};cy in H are woven. Then, for any
f e, forallc C Jandall A € R, we have

Z | f ‘/12] |2+ Z| S‘Ylf S‘Pl‘f’zlpl] |2 + Z | S‘Plf SYIYZIPZ]H

jeoe jeo jeoe
=Y o+ Y I S‘sz S‘P]‘I’lelj W+ Y K S‘I’z ‘I‘l‘Yzl/JZsz
jET jeo jeoe
/\—* Y P+ Z|f¢2}
jeo jeot

Proof. Letting K = Idy and
—1/2

p=1 ol JE
qjlqulpz]’ ] € U
In addition, taking S{,llﬁlplj, S\;ll\gtpzj and S‘lf/l %Fz f instead of ¢y, i; and f respectively in (i) of
Theorem 1 leads to

2

Yo ailf, ¥y 5¥1T§¢1J+ Y. ailf o S‘P11‘F§¢2]

jeo jeoe
+Re( - a9 915 )+ X (1= v 1)
jET jeoe
2
2(1_”)<f 1/)1]> Y1Yz¢1]+ Z f ¢21>S\;1‘¥21P21
jeo jeo*
+Re(2“j<fr¢1j><lp1] Y+ Y ai(f,pop) (o), f>)
jET jeot
2
> (= PR T ) o )+ il v f)
jeo jeo*

2

+a-Pre( L=l f) + DA-a) el ). 6

jeo jeot
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A direction calculation shows that

2
LU wiseie| = |sae T pown| = Isggzsg 12
jeo jeo
= (S N/28% £,55128% f) = (Sy,w,59 . 5% f, S5 % f)
¥, ¥, ¥1¥, ‘I’lf Y1¥229,¥,°Y Y%,
= Y (Se, 5%, f 1) (W17 S, 5%, ) + X (Suyw, 59, f ¥27) (), S v, 5%, f)
jeo jeo*
=) 1{s%.f, S‘Yl‘Yzlplj Y2+ Y 1SS, S, ST1Y21P2]>| (6)
jeET jeot
and, similarly,
Z <f’ ¢2]>ST11T§¢2] Z| S‘sz Swl\lepl] |2+ Z ‘ S‘I’zf S\P1T2w2]>| : @)
jeoe jeo jeoe

Thus, the result follows if, in Equation (5), we take a; = { (1)’ ; E Z;
Corollary 2. Suppose that two frames Y1 = {1}jcy and Y2 = {42;} ey in H are woven. Then, for any
o CJ, forall A € Randall f € H, we have

2
Y (f 9| +Re X (F i) (9 f)
jeo jeo*
2
Y- (9 ¥af|| +Re Yo (F, 1) (. )
jeo* jeo
> (24 = A%)Re ) (f, ) (1, f) + (1 = A1)Re ) (£, ;) (42, ),
jeT jeo*

where ® = {;}jcy is an alternate dual of {P1;}jco U {1h2j}jcoe-

Proof. The result follows immediately from (ii) in Theorem 1 when taking Kt = 1dy and

0 — 1, jeo,
710, jec-
O

Suppose that two frames ¥1 = {4y;};cy and Y2 = {¢2;}cy in H are 1-woven. For any ¢ C J and

l/’lj/ ] €0,
P2j, jeo
{91} jcc U {¥2j}jeoe. Thus, Corollary 2 provides us a direct consequence as follows.

any j € J, taking ¢; = Then, obviously, ® = {¢; }c is an alternate dual of the frame

Corollary 3. Let the two frames Y1 = {1} ey and Yo = {4} ey in H be T-woven. Then, for any o C J,
forall A € Rand all f € H, we have

Y (f )

jeo

Y (f ) o

jeoe

A= A2) Y [f )P+ (1 =A%) Y [(F o) [P

jeo jeo*

+Z| 1/’1;

jE€T

+Z| IIJ2] =

jeot
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Remark 1. Corollaries 1 and 2 are respectively Theorems 7 and 9 in [34], and Theorem 5 in [34] can be obtained
if we put A = % in Corollary 3.

Theorem 2. Suppose that K € B(H) has a closed range and that K-frames Y1 = {1} ey and ¥2 = {2 }jeg
in H are K-woven. Then, for any f € Range(K), forallo C J, {a;}jcy € £*(J), and A € R,

2 2
Y af K fopngy+ Yo (KT fopapgy || +|| (1= i) (KT foynjngy + 3 (1= ap) (KT £, o)y
jeo jeo* jeo jeot
2
> (2A - % -1) Re(Za] K f lpl] 4’]/ an] K f ¢2]><§b]/f>>
2 ] ]
(1= Re (L =) (K L) (03, 0) + L (1= (K 9011,
JET jeo*

where ® = {¢;}jey is a K-dual of {{p1;}jce U{2j}jeoe-
Moreover, if (P, K")* P,K" is a positive operator, then

2
Zaj<K+f/ P1j)¢j + Z ai(K*f, ) p;
jeoc jeo*
2
+ | = a) (K fopngy + 30 (1= a) (K f, )| < |11
jET jeot

forany f € Range(K), where Py and P, are given in Equation (2).

Proof. For any f € Range(K), forall o C J, {a;};cy € £°(J), and A € R, we know, by combining
Equation (3) and Lemma 3, that

2

2
H @ = a) (KT f, 1)+ Y (1 —a) (KT £, 2))

jeET jeot

Y ai(K'f, )i+ Y ai(KTf, o)

jeo jeot

= |PKf|* +||PK" f[|* = 2| K" fI|? + Re(PiK" f, ) — Re(P.K'f, f)

> (2= 2)IfI - (4= 20)Re(PIK'S, £) + Re(PK'S, ) — Re(PK', f)
= (24 — %2 —1)Re(PiK'f, f) + (1 — A72)Re<PzI<*f,f>

= = Re( S0 0) + X (95010

jeT jeoe

2
+(1- /\Z)Re(Z(l—a])U( £ (), f)+ Y (1—a))(K'f, le]><4>],f>)

jeo jeoe
For the “Moreover” part, we have for any f € Range(K) that
IPLKTFI? = |[PK"f||* — Re(P,K' f, f) +Re(PIK'f, f)
= Re(P,K'f, KT f) — Re(PK'f, f) + Re(PiK' f, f)

—(Re(PKT £, PLKTf + PyKTf) — Re(PoK' f, KT f)) + Re(P, K" f, f)
= —Re(P,K'f,PKTf) + Re(PK'f, f) < Re(PK'f, f).
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With a similar discussion, we can show that ||P,K' f||> < Re(P,K' f, f). Thus,

2 2

HIY @ =) (KT, i)+ Y (1= a) (KT f, )b,

jET jeo*

Y ai(KTf, )i+ Y ai(KTf, o)

jeo jeoe

<Re(PIK'f, f) +Re(PK'f, f) = Re(PIK'f + PK'f, f) = | fII*.
O

Corollary 4. Suppose that two frames Y1 = {1} ey and Y2 = {¢»;};cy in H are woven. Then, for any
o CJ, forall A € Rand all f € H, we have
@A =Z =D YKLl + 0= Y I, o))

jeo jeoe

< Z‘ S‘Iflf Sl}fllyzlpl] |2+ Z | S‘Iflf S‘Yl‘YzlPZ]H

jeo jeoe

+3 K S‘Yzf S‘Fl‘yz'abl] W+ 3 K S‘sz 5W1W21P2]>|

jeo ]Eof

<Y Ko+ Y [ o) ®)

jeo jeoe

Proof. Letting K" = Idy and for any ¢ C J, taking

. g-1/2
_ )L jeo L ‘mfzil’l]/ jeo,
, J €/, .*,11*,21[,72], j€ oc.

If, now, we replace ¢4, ¢; and f in the left-hand inequality of Theorem 2 respectively by ST ¥ 211 jr
S¢ 4 nj and SY3 f, then

2 2
Z<f 1) Sy || + Zc<f  25) Sy 2o
j N j .
> (24— = —1Re Y fowpn) (g f) + (1= 5 )Re Y. (o) (W2, f)
jeo jeo*
A2 2 A2 2
=@2A-5 -1 Z [frpip ™+ (1 ==) Z [(f, ¥2))
jET jeoe

This along with Equations (6) and (7) gives the left-hand inequality in Equation (8), and the proof
of the right-hand inequality is similar and we omit the details. O

Theorem 3. Suppose that K € B(H) has a closed range and that K-frames Y1 = {1} ey and ¥2 = {2 }jeg
in H are K-woven. Then, for all ¢ C J, for any {a;}jcy € £*(J), A € Rand f € Range(K),

2

Y ai (KT f, 1)+ Y ai (KT f, o)

jeo jeoe

Re(Za] K f 1/’1] Gb]/ + Z “] K+f l/’2]><¢]/ )

jET jeoe

<(- >2Re(2a] K gi )+ Y 4K, 1/)2;><<P],f>)

jeT jeoe

A2
+4RE<Z(1—11])<Kf 1/11] 47]/ + Z 1_’1] Kf ¢2]><4’]/f>>/

jE(T ]6(75
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where ® = {¢j}j€J is a K-dual of{tplj}]-@, U {l[)z]‘}]'egc.
Moreover, if (PLKT)*P,Kt > 0, then

2

Yo ai(K'f, 1)+ Y ai (KT f, o))

jeo jeoe

Re(za] K f 11”1] ‘P]r + Za] K f ¢2]><47]r >_

jET jeoe
forany f € Range(K), where Py and P, are given in Equation (2).

Proof. Forall o C J, for any {a;};cy € £*(J), A € Rand f € Range(K), we see from Equation (4) that

2

Y ai K, )i+ Y ai(KTf, 2))

jeo jeot

(Za (KT, ) (5, )+ Y, ai(K £, 2)) (95, f )—

jeo jeot

= Re(P,K'f, f) — | PKT£|1?

< Re(PIK'S, ) — (A S Re(PUKT, £) + S Re (P, )

(1—% 2Re<2a (K*f,911)(95, ) + 3 ai(K'f, ¢2]><¢],f>)

jET jeoe

/\2
+4Re<2(1_ﬂ )<K f lPl] (P]/ + Z 1_a K f ¢2]><¢]'f>>'

jEU ]E(Tc

Suppose now that (P;K")*P,K" is a positive operator. Then

2

Y ai (KT f, )i+ Y ai (KT f, o)

jeo jeoe

Re(Za] (K f l/)1] 4’// + Z ”] K+f 1P2]><47]/ )_

jET jeoe

= Re(PK'f, f) — | PIK'f||> = Re(PiK' f, PLK" f + P,K' ) — Re(PIK' £, PIKT f)
= Re(PiK' f, KT f) = Re(f, (PiK")*PKT f) > 0.

O

Corollary 5. Let the two frames Y1 = {1} jey and Yo = {2} ey in H be woven. Then, for any o C J, for
all A € Rand all f € H, we have

0< Z I{f, 1/’1] 2| S%, f SY1Y2¢1] Z (%, f, 5Y1W2¢2]>|

jeo jeo jeoe

CU-DRE U+ ()P

jeo jeaf
Proof. The proof is similar to Corollary 4 by using Theorem 3, so we omit it. [
Remark 2. Corollaries 4 and 5 are respectively Theorems 15 and 14 in [34].

We conclude the paper with a double inequality for K-weaving frames stated as follows.
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Theorem 4. Suppose that K-frames Y1 = {1;}jcy and Yo = {4} ;e in H are K-woven. Then, for any
o CJ, forall {a;j}jcy € £°(J) and all f € H, we have

2
ZHK](HZS 2’1 flPl] 4’]"‘2 f¢2] 4’]
jeo jeo*
+Re( L) e, KD + T (1= 0L ) (0K
jET jeo*
BK|2 + [P, — Pal
< 1B =Pl e,

where Py and P, are given in Equation (2), and ® = {¢;};cy is a K-dual of {1} jes U {2} }jeoe-
Proof. For any o C J, for all {a;}jcy € £*(J) and all f € H, it is easy to check that P; + P, = K.

By Lemma 1, we get

Yo ai(f e+ Y ailf, ¥a)) s

jeo jeot

= IPfIP +Re(Paf, Kf) > S [KFIP:

2
+Re(2<1 ) (1) 03 KF) + Y (1= @) {f, 9) (@, Kf>)

jeT jeoe

We also have

+Re<2(1 —ap) (f 1) (@, Kf) + ) (1 —a)(f, ¢2j><4’erf>)

jET jeoe

Y oail{f. g+ Y ai(f, o))

jeo jeoe

= (PP + 1<sz, Kf) -+ 5 (Kf, Paf)

= (B, Pif) + 5 (K= PO KF) + 3 (KS,

= (Kf,Kf) §[<P1f, Kf) — (Puf, Pif)] -

P)f)

(K
§[<1<f Pif) — (Pif, Pif)]

= (Kf,Kf) - %(P1f,sz> - %<P2flplf>
= 2UKEKSf) + GBS+ Pof Bf £ Paf) — 3 (BLf, Paf) — o (Paf, Pif)
= 2(KFKf) + 3 (P~ P)f, (P~ P)f)
2 _ 2
< 21212 + 3Py — pap g2 = AN Z Pl g

and the proof is over. [

Remark 3. Theorem 3 in [35] can be obtained when taking K = Idyy in Theorem 4.

Funding: This research was funded by the National Natural Science Foundation of China under Grant Nos.
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