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Abstract: The main aim of this paper is to introduce the degenerate truncated forms of multifarious
special polynomials and numbers and is to investigate their various properties and relationships
by using the series manipulation method and diverse special proof techniques. The degenerate
truncated exponential polynomials are first considered and their several properties are given. Then the
degenerate truncated Stirling polynomials of the second kind are defined and their elementary
properties and relations are proved. Also, the degenerate truncated forms of the bivariate Fubini
and Bell polynomials and numbers are introduced and various relations and formulas for these
polynomials and numbers, which cover several summation formulas, addition identities, recurrence
relationships, derivative property and correlations with the degenerate truncated Stirling polynomials
of the second kind, are acquired. Thereafter, the truncated degenerate Bernoulli and Euler polynomials
are considered and multifarious correlations and formulas including summation formulas, derivation
rules and correlations with the degenerate truncated Stirling numbers of the second are derived.
In addition, regarding applications, by introducing the degenerate truncated forms of the classical
Bernstein polynomials, we obtain diverse correlations and formulas. Some interesting surface plots
of these polynomials in the special cases are provided.

Keywords: degenerate exponential function; truncated exponential function; special polynomials;
special numbers; exponential generating function; bell polynomials
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1. Introduction

Special functions possess a lot of importance in numerous fields of physics, mathematics, applied
sciences, engineering and other related research areas including functional analysis, differential
equations, quantum mechanics, mathematical analysis, mathematical physics, and so on [1-36] and
see the references cited therein. For example; Riemann zeta function is closely related with the
Bernoulli numbers and its zeros possess a connection with the distribution of prime numbers [12].
In particular, the family of special polynomials is one of the most useful and applicable family of
special functions. Some of the most considerable polynomials in the theory of special polynomials
are the Fubini polynomials (see [9,15-17,36]), the Bernoulli polynomials (see [2,5-7,11,13,29,31-35]),
the Euler polynomials (see [2,5-7,11,27,29,31-35]), the Bernstein polynomials (see [1,20]) and the
Bell polynomials (see [3,4,18,19,22-25]). Recently, the aforementioned polynomials and their several
extensions have been densely studied and investigated by diverse mathematicians and physicists [1-36]
and see also each of the references cited therein.
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Throughout this paper, the familiar symbols C, R, Z, N and Ny are referred to the set of all complex
numbers, the set of all real numbers, the set of all integers, the set of all natural numbers and the set of
all non-negative integers, respectively.

The truncated exponential polynomials e, (x) are the first (n 4 1) terms of the Mac Laurin series
for e* ([8]), i.e.,

nooyk
en (x) = Z R 1)
k=0 "
This polynomial has the following integral representation:
Loxk(n—k)r 1 e
() = Y = L [T e a, @
= k! ! L,

The classical generating function of the truncated exponential polynomials is as follows ([8])

o etx

Ze"(x)tnzl—t' 3)
n=0

By means of the aforesaid generating function, one can easily get the following derivative relations:

x d
6n+1 = |:1 + m (1 — dx):| e;/l (x) (4)

and p

en—1 (x) = %en (x). (&)

For more detailed information about the truncated exponential polynomials, see [8] and the
references cited therein.

The traditional Pochhammer symbol (x), (sometimes called the descending factorial, falling
sequential product, falling factorial, or lower factorial) is defined by (see [2,3,5,10,11,17,20-23,25,26,34])

(x)n:{ HE DD a= =D, neN ©

The A-extension of the usual Pochhammer symbol (x)n, ) is given by (see [5,10,11,17,20-23,25,26])

x(x—=A)(x—=2A)---(x—(n—1)A), neN
= 7
()0 { 1 n=0. @
Please note that (x), ; := (x),.
The A, difference operator of a function is defined by (see [11])
1
Mf(x) =3 (fx+2A) = f(x)), a#0. ®)
The following difference rule holds true ([11]):
k n!
Ay (X)) = [CEI ()p_ir, 0<k<n, )

where the notation A’)‘\ denotes the k times applying the A, difference operators.
Let A € R/ {0}. The degenerate exponential function e3 (t) is defined by ([5,10,11,14,17,20-23,25,26])

el () = (1+At)% and el (£) = e, (£). (10)
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It is readily seen that lim) _,g e (t) = e*. From (10), we obtain the following relation

o) tn
e (t) =2 ()ua e (11)
n=0 .

which satisfies the following difference rule

BAG} (1) = tef (1) (12)
By Equation (11), we can write
> t t 2 £
ex(t) =3 (ya il (D1 T (D St (D3 T

n=0

While the truncated exponential polynomials e, (x) (1) are the first (n 4+ 1) terms of the Mac
Laurin series for usual exponential function e*, the degenerate truncated exponential polynomials are
introduced as the first (n + 1) terms of the Mac Laurin series expansion of the degenerate exponential
function e, (t) in (11) will be given in the next section.

The generating function is a key tool for a family of special polynomials if they have to derive their
properties and relations. It is also used in other fields, for example, a study of false positive/negative
effects on network robustness [37] and in statistics as moment generating function [10].

Carlitz [5] introduced and studied the degenerate Bernoulli polynomials by means of the
degenerate exponential functions as follows:

Y Bu (1) =t ex .
= n e (t)—14

Then Howard [14] provided several explicit formulas for the degenerate Bernoulli polynomials
and gave a new proof of the degenerate Staudt-Clausen theorem. In the recent years, the degenerate
forms for the specials polynomials have been heavily considered and developed by many
mathematicians [5,10,11,14,17,20-23,25,26] and see also each of the references cited therein.
Duran et al. [10] considered three extensions of the Stirling polynomials of the second kind by means
of the degenerate exponential functions and then showed that these polynomials appear in the
expressions of the probability distributions of proper random variables such as degenerate Poisson
distribution, degenerate zero-truncated Poisson distribution and degenerate r-truncated Poisson
distribution. Duran et al. [11] introduced the Gould-Hopper-based fully degenerate poly-Bernoulli
polynomials with a g-parameter and developed their properties and relations. Kim et al. [17] defined
a new class of degenerate Fubini numbers and polynomials and investigated diverse properties of
these polynomials and numbers. Kim et al. [20] introduced the degenerate Bernstein polynomials and
acquired their exponential generating function, recurrence relations, symmetric identities, and some
connected formulas with generalized falling factorial polynomials, higher-order degenerate Bernoulli
polynomials and degenerate Stirling numbers of the second kind. Kim et al. [21] the degenerate
A-Stirling polynomials of the second kind and provided some applications for these polynomials.
Kim et al. [22] defined the degenerate Bell numbers and polynomials and examined various novel
relations and formulas. Kim et al. [23] studied the degenerate r-Stirling numbers of the second kind and
the degenerate r-Bell polynomials investigated several properties, recurrence relations and formulas
by means of umbral calculus. Kim et al. [25] considered the partially degenerate Bell polynomials
numbers and developed their properties and identities. Kim et al. [26] defined the degenerate Stirling
polynomials of the second kind and gave some new identities for these polynomials.

In the family of special polynomials, in the recent years, the truncated forms for polynomials have
been worked and investigated by various mathematicians [8,9,13,27,33] and see also the references
cited therein. Dattoli et al. [8] introduced the higher-order truncated polynomials which plays a role of
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crucial importance in the evaluation of integrals involving products of special functions and discussed
them within the more general context of the Appell family and the Laguerre family. Duran et al. [9]
considered the two-variable truncated Fubini polynomials and numbers and then investigated
multifarious relations and formulas including summation formulas, recurrence relations, derivative
property and correlations with the truncated Stirling numbers of the second kind, Apostol-type
Stirling numbers of the second kind, the truncated Bernoulli polynomials and truncated Euler
polynomials. Hassen et al. [13] defined the truncated Bernoulli polynomials and derived several
properties. Komatsu et al. [27] considered the truncated Euler polynomials and presented their some
properties and relations with the truncated Bernoulli polynomials. Srivastava et al. [33] examined the
truncated-exponential-based Apostol-type polynomials and derived their various properties covering
some implicit summation formulas and symmetric identities.

The rest of this paper is structured as follows: Section 2 provides the definition of the degenerate
truncated exponential polynomials and then proves their properties. In Section 3, the degenerate
truncated Stirling polynomials of the second kind are introduced and their elementary properties
and relations are examined properly. The Section 4 deals with the degenerate forms of the bivariate
truncated Fubini polynomials and numbers and then investigates several relations and formulas
for these polynomials and numbers, which covers several summation formulas, addition identities,
recurrence relationships, derivative property and correlations with the degenerate truncated Stirling
polynomials of the second kind. The truncated degenerate Bernoulli and Euler polynomials are
introduced and multifarious correlations and formulas including summation formulas, derivation
rules and correlations with the degenerate truncated Stirling numbers of the second kind are derived
in the Section 5. Section 6 includes the definition of the degenerate truncated forms of the bivariate
Bell polynomials and numbers and also diverse identities and correlations, which includes addition
formulas, summation formulas, recurrence relationships, difference operator property and derivative
rules are acquired. Section 7 first supplies the degenerate truncated forms of the classical Bernstein
polynomials and then investigates diverse correlations and formulas including several polynomials
such as the degenerate truncated Bernstein polynomials, the bivariate Detr-Fubini polynomials, the
bivariate Detr-Bell polynomials, the Detr-Bernoulli polynomials, the Detr-Stirling polynomials of
the second kind and the Detr-Euler polynomials. The last section of this paper analyzes the results
obtained in this paper.

2. The Truncated Degenerate Exponential Polynomials

In this section, we consider the degenerate truncated exponential polynomials and then investigate
their properties.

We consider the degenerate form of the truncated exponential polynomials, therefore we give the
following definition.

Definition 1. The degenerate truncated exponential polynomials are introduced as the first (n + 1) terms of
the Taylor series expansion of ey (t) in (11) at t = 0:

n k
ena () =), (Wa % (13)

k=0

We choose to call the Detr-exponential polynomials as well as the degenerate truncated
exponential polynomials.
We now examine a special case of the aforementioned polynomials as follows.

Remark 1. When A — 0, the Detr-exponential polynomials ey,  (t) (13) reduces to the truncated exponential
polynomials e, (t) in (1).
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The classical exponential generating function of the Detr-exponential polynomials are given by
the following proposition.

Proposition 1. For |z| < 1, we have

Y eqn(t)2" = T (14)
n=0

Proof. To find the generating function of the Detr-exponential polynomials, for |z| < 1, we consider

0o o N tk
Yooz = LY W
n=0 n=0k=0
© zt)' &,
= 2 ( )n,/\ (Vl') Z
n=0 © k=0
ey (zt)
1=z

which implies the assertion (14). O

We now give the following proposition.
Proposition 2. The following difference operator rule holds true:
Apenp (t) = tey_qp (). (15)

Proof. By means of (14), we observe

> 1
§ A/\en A (t) z"

= ’ 1-—
n=0

I
—_
|
N
=
{ll‘ 3
g
=
—
—_
~—
N
p

I
—_
12
—~
—_
~—
=
iR
>
~—~
S |~
N
S
N~—
— N
S~—

3
Il
—

[l
—_
N
N
gk
iy
—_
=
3
>

3

Il

o
=

which gives the claimed result (15) by comparing the coefficients of the first and the last series with
respect toz. [

We provide the following recurrence formula.

Proposition 3. The following recurrence relation

n tk+1
enpip () =(n+1) ) ((1)k+m ek (f)> (16)

k=0

is valid for n € Np.
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Proof. By Equation (14), we observe that

= i n__ i er (Zt)
nX::OEn,/\ (®) iz° ~ dz ( 1-z

(1-2) f—zeA (zt) + ey (zt)

(1-2)?
1 [ %Zn
= 1-z 1 t" + e, (zt
(1—Z)2 ( )n;()( )n,/\ n! )\( )
[ee] 00 Zn [e)
=Yy (1)n+mt”+1ﬁ + Y 2" Y e (t) 2"
n=0 n=0 : n=0 n=0
© 7 tk+l © n
n n
=Y Y (W N Yo Y ea(t)2,
n=0k=0 : n=0k=0
which gives
n tk+1 n
ensir () =Y (Vg1 -t Y e (t),
k=0 : k=0

which means the asserted result (16). O

3. Degenerate Truncated Stirling Polynomials of the Second Kind

In this section, we introduce the degenerate truncated Stirling polynomials of the second kind
and analyze their elementary properties and relations.

The Stirling polynomials S, (1, k : x) and numbers S (n, k) of the second kind are given by the
following exponential generating functions ([9-11,18,21,23,24,26,34]):

) # et — 1)k o " et —1)F
Esz(n,k:x)n!:(k!)et"and Esz(n,k)n!:(k!). (17)

In combinatorics, Stirling number of second kind S; (1, k) counts number of ways in which n
distinguishable objects can be partitioned into k indistinguishable subsets when each subset must
contain at least one object. The Stirling numbers of the second kind can also be derived by the following
recurrence relation for a fixed non-negative integer ¢([9-11,18,21,23,24,26,34]):

4
xt = 2052 @) (), (18)
n=

where the notation (x),, is mentioned in (6).
Let k € Ny and « € C. The Apostol-type Stirling polynomials S5 (n,k : x) and numbers S§ (1, k)
of the second kind is defined as follows ([28]):

i tn wet —1)F ad tn wet —1)F
Z%)Sg (n,k : x) ﬁ - %et}c and ZOS% (}’l,k) ﬁ - % (19)
n= n—

Here is the definition of the degenerate truncated Apostol-type Stirling polynomials of the second
kind which we choose to call the Apostol-type Detr-Stirling polynomials of the second kind as follows.



Mathematics 2020, 8, 144 7 of 43

Definition 2. Let x be an independent variable. The degenerate truncated Apostol-type Stirling polynomials
and numbers of the second kind are introduced by the following generating functions:

e " (wey () = 1= ep1 (1)

Z Sg,m;/\ (”'k : x) ] - K z ei (t) (20)

n=0

and .
" (DCE)\ (t)—l—e —1,A (i’))
ESZm/\ (k) = T (21)
n=0 :
Diverse special circumstances of 55, (n,k: x) and S5, (n,k) are discussed below:

Remark 2. In the case & = 0 in (20), we attain the Detr-Stirling polynomials and numbers of the second kind
Som (n,k) and Sy ;. (n, k), which are also new generalizations of the usual Stirling polynomials and numbers
of the second kind in (17), as follows:

t" @B -1-en )

L S (k) K & (1) @)
n=0 !
and k
Y Sy (1K) % _(ea(t)—1 ;em,u (1) -
n=0 . |

Remark 3. When A approaches to zero, the Apostol-type Detr-Stirling polynomials of the second kind
S5 o (n,k 2 x) become the truncated Apostol-type Stirling polynomials of the second kind S5, (n,k : x)
given by the following series expansion ([10,21]):

k
- o (s o1og)
Y. S5, (mk:x)— = o et (24)

|
=0 n:

Remark 4. Substituting A — m = 0in (20), we get the degenerate Apostol-type Stirling polynomials of the
second kind S ) (n, k) defined by ([10,21,23]):

[ n _1\k
Y S5, (nk: ) % - %eg (). (25)

Remark 5. Letting A — m = a = 0 in (20), we obtain the degenerate Stirling polynomials of the second kind
Sy A (n,k) provided by ([10,21,23]):

n e _ \k
Sy (nk: 2) ;! weﬁ(t). (26)

agk

n=0

Remark 6. Upon setting A — m = a = 0in (20), the truncated Stirling numbers of the second kind S , (1, k)
reduce to the classical Stirling numbers of the second kind by (17).
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We now ready to derive some properties of the S5, (n,k : x). By means of (20) and (21), we

observe that
t}’l
k!
Vl

Z Zm)\nk X) —

Henceforth, we state the following relation

Proposition 4. The following relation holds true

Zm)\(n k'x):Z

n
= <l> S%,m;)\ (l/ k) (x)n—l,)\ .

By Equation (20), we get
tn

B Kl
tVl

Z Sg,m;/\ (”/k : x+]/)

n=0

which yields the following result

Proposition 5. The following summation formula holds true
n
( )ng A (u/k : x) (y)nfu,/\ .

-y

Sg,m;/\ (ﬂ,k X+ ]/)
u=0
The Apostol-type Detr-Stirling polynomials of the second kind satisfy the following correlation
(27)

Proposition 6. The following relation
()SZmA (1, k2 ) S pp (n— 1,72 y)

)! i

u=0

SZm(l’l k+

is valid for non-negative integers m and n
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Proof. In view of Equations (17) and (20), we have

k
f" (“eA () = T—em12 (1)) iy

ZSZmA mktrixty) 1 : ey 7 (b)
_ rlk! (066,\ (t) -1- Cm—1,A (t))kex (t) (066/\ (t) -1- Cm—1,A (t))re!/ (t)
(k+1)! k! A ! A
rlk! & t"
= (k_|_1,)!n§05%,m;/\(n/k:x ZSZmA nr: y)
rik! & & (n "
=T ,;)u;) <u> S% i (k= x) S5y (n—u,7:y) —
which means the asserted result (27). O
We now provide the following relationship.
Proposition 7. The following relation
Soan (m,k = x) = 28872 (n,k : x) (28)
holds true for non-negative integers m and n.
Proof. In view of (22) and (25), we have
3 A OYOR B V"
Y Sp1a (nk:x) P ¥ (1)

n=0

which presents the desired result (28). O

We give the following proposition below.
Proposition 8. The following series representation

n!( )l

ngmﬂ (n—mlk—1:x) (29)

k
S2 ma;n (1K 2 x) 2

is valid for non-negative integers m and n.
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Proof. From Equation (20), we see that

3 S (k0 = (aea () =1 ema ()"
(ren () =1~ 12 (1)~ (1)1 20)
we — 1 —ey mA ml
S e e ()
X k ml
= L () e 01 e 0 Wl
& W 1 (aen () — 1 e ()
= Ig) I (! &k—1) i (t)
<1>£M tml o ¢

I
MP\‘

N
Il
<}
H

(1 ) ngA(n,k—l:x) gntml

[
agk
m»

3
Il
o
=
Il
o
—
~—~
=
<
N

which implies the asserted result (29). O

4. The Truncated Degenerate Fubini Polynomials

In this section, we perform to introduce and analyze the degenerate forms of the bivariate
truncated Fubini polynomials and numbers. We then investigate many relations and formulas for these
polynomials and numbers, which covers several summation formulas, addition identities, recurrence
relationships and derivative property. We also give some formulas associated with the Apostol-type
Detr-Stirling polynomials of the second kind and the Detr-Stirling polynomials of the second kind.

We first remember the usual two variables Fubini polynomials by the following generating
function ([9,15,16,36]):

xt

ip (xy)ﬂ:ei
= 1=y (ef - 1)

When x = 0 in (30), the two variables Fubini polynomials F, (x,y) reduce to the usual Fubini
polynomials given by ([9,15-17,36]):

(30)

ad t" 1
’E)Fn (y)a S 1oy =) (31)

For n € Ny, it is not difficult to investigate the following correlations ([9,16,17,36]):

n

Fu(y) =Y So(n,p) uty*. (32)
u=0

Substituting y by 1 in (31), we have the familiar Fubini numbers F, (1) := F, ([9,16,17,36]) below:

ad " 1
Fpe = —.
n;) "l T 2—et (33)

For non-negative integer m, the bivariate truncated Fubini polynomials are defined via the
following exponential generating function [9]:

tm

00 tn Lo
ZFm,H (x/]/)*, - e 1 ¢
- B e

xt

(34)
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In the case x = 0 in (34), we then get a new type of the Fubini polynomials which we call the
truncated Fubini polynomials ([9]) given by

o . o
Y Fun () = m] ) (35)
n=0

[ 14
n 1—]/(3t_1_2;-n:01%

Upon setting x = 0 and y = 1 in (34), we then attain the truncated Fubini numbers F;, , ([9]) given
by the following Mac Laurin series expansion at t = 0:

00 #h L”:
Y e = —2—. (36)
n=0 : 2+ Zj:m il

For detailed information about the applications of the familiar Fubini polynomials and
numbers [9,15-17,36] and see also the references cited therein.

We now define the degenerate form of the bivariate truncated Fubini polynomials by means of
the Detr-exponential polynomials e, ) (¢) (13) as follows.

Definition 3. Let x and y be two independent variables and m € Ny, The bivariate degenerate truncated Fubini
polynomials are defined via the following exponential generating function:

i o (x y) ﬁ _ (1)m,A %Ei (t)
o P AR I T T Sy (ea (8) — 1= emoin ()

(37)

_ k
where e,,_1, (£) = Ly (1)1 & by (13).

We choose to call the bivariate Detr-Fubini polynomials in addition to the bivariate degenerate
truncated Fubini polynomials.

In the case x = 0in (37), we then get a new type of the Fubini polynomials which we call the
Detr-Fubini polynomials given by
t" o (Dm,)» %
nt o 1-y(er(t) —1—en1a (1)

X—:o Fm,n;/\ (y) (38)

Upon setting x = 0 and y = 1 in (37), we then attain the Detr-Fubini numbers F,, , , defined by
the following Taylor series expansion about ¢t = 0:

t??’l

> " D) it
Y Fm,n;AE = w’”’ m! - (39)
n=0 2= (1)]‘,/\ il

The bivariate Detr-Fubini polynomials Fy, .1 (¥, y) includes extensions of the several known
polynomials and numbers that we discuss below.

Remark 7. In (37), upon setting A — 0; A = 0andm = O; A - Oandx =m =0, A — 0,y = 1l and
x = m = 0 in the different special cases, the polynomials Fy, . (x,y) reduce to the two variables truncated
Fubini polynomials Fy, , (x,y) by (34); the two variables Fubini polynomials F, (x,y) by (30); the usual Fubini
polynomials F, (y) by (31); the familiar Fubini numbers F, by (33), respectively.

We now ready to examine the relations and properties for the bivariate Detr-Fubini polynomials
Fun:r (x,y) and so, we first give the following theorem below.
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Theorem 1. The following summation formula

B (X,9) = ) <Z> For (¥) (X) g a (40)

k=0

holds true for non-negative integers m and n.

Proof. By (37), using the Cauchy product rule, we observe that

co #n (1)1 T (1)
F, . X, T - , .
,g) mmA ( y) ! 1—y (e/\ (t) —1—ey,12 (t))
0 o x "
= Z Fm,n;/\ (]/) Tl Z (x)”//\ n!
n=0 =0 ’
© n 7’l> tn
-y Fujor (V) (X) i p =
n=0k=0 <k " e

which provides the asserted result (40). O

We now provide two addition formulas for the bivariate Detr-Fubini polynomials as follows.

Theorem 2. The following addition formulas

" n
Fi (x + Z,y) = Z (k) Fm,k;)\ (x, y) (Z)n—k,A (41)
k=0
and
" n
i (e +2) = 32 () P 0) (6 2), s )
k=0

are valid for non-negative integers m and n.

Proof. In view of (37), we get

o " (1)m A %6K+Z (t)
Fonr(x+2z,y)— = Y
= m,n,/\( y) n! 1—y(€/\ (t) —1*67”,1,/\ (t))
B D s () & (1)
1—y(ex(t) =1 —ep_1(t))
Y Fun (e o Y 2L
= Fm,n X Y)—~ Tl
n=0 n!”_o !
[e) n 1/l> tn
— Foor (6,Y) (2)p—ir —
B};)(k m Al
and
0 " (1)m A %8§L+Z <t)
Funr (X +2,y) — = .
= m,n,)\( ]/) n 1 —]/(e)\ (t) —1—en_1a (t))
[} " sl "
= ) Funa (v) = 2 (x+2),0
n—=0 *n=0
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which yields the assertions in (41) and (42). O

A relation between F, ,.A (x,y) and Sy, (1, k) is given by the following theorem.

Theorem 3. The bivariate Detr-Fubini polynomials are given by
" n+m
Eunrma (6,y) =Y. ( ; )ykklsz,mm (n,k:x) (43)
k=0

in terms of the Detr-Stirling polynomials of the second kind for a complex number y in conjunction with |y| < 1
and n,m € Ny.

Proof. By means of (22) and (37), we see that

> " . (1)m,)x %" X
L GV = =1 e ) Y
m. e —1—e,_ k
— (1)111,/\ % Z k!yk( A (t) 1 o m—1,A (t)) eac\ (t)
tm >

ti’ler

= Z Z]/kk'szmA(" k:x)

min!’
n=0k=

which implies the desired result (43). O

We now state the following theorem.

Theorem 4. Let n € Ny. The following identity

n
Fluiip (y) = (n+1) Y k1 (29) )72 (n,k : x) (44)
k=0

holds true for y € C with |y| < 1.

Proof. By (25) and (37), we observe that

g t N
D I e TeTOE K
L -2 e
k=0

k
= Yy ke Cet Y o

k=0
00 1/2 tn+1
= k! 2 k:
kZ%] v) ZS (n,k:x) p
n+1
- ZZk' 2y) Sl/an x)t'
n=0k=0 n

which provides the asserted result (44). O

We now provide difference property for the polynomials F, ,.A (x,y) as follows.



Mathematics 2020, 8, 144 14 of 43

Theorem 5. The following operator formula
A)\Fm,n;/\ (xr]/) = nFm,n—l;/\ (xr]/) (45)
holds true for m,n € Ny.

Proof. By applying the difference operator A, (12) to both sides of Formula (37), we attain

tnl

t" (1)711 A mI€x (t)
(BF’"”“” ) = (1—y< <>—1—em_m<t>>>

and we then have

th

0 t (1)m/\ﬁ
MFyppr (x,y) = = 1 Mk (1
HX::O AFma (%, 1) n! 1—y(ex(t) =1 —ep_1 (1)) 163 (1)
t"’l

_ 1)m)\ m'e)\ (t) ¢
1—y(ex(t) —1—ep_1 (1))

=) ti’l+1
= 2 Fnna (%)
n=0

which implies the claimed difference formula in (45). O

A derivative formula for the bivariate Detr-Fubini polynomials is as follows.
Theorem 6. The following formula

d 1)u+1

ox an/\(xy —nlzpmn ll)L(x y)((

u)!u)\ufl (46)
u=1

holds true for m,n € Ny.

Proof. By applying the derivative operator aa—x with respect to x to both sides of Formula (37), we then
derive

" o (Um,)»% d
Fud GV = Ty e 01 epn @ ax M)

_ (D 31 (1+ A0  In(1+Ap)t
1—y(ex(t) —1—ep_1 (1))

o (_1)u+1

= Zan)\ xy) Z

n=0 u:1

>|=

Q)‘QJ

Lo

Aufltu

which gives the assertion in (46). O

A recurrence relation for the bivariate Detr-Fubini polynomials is stated by the following theorem.
Theorem 7. The following equalities

Fm,n;/\ (X,y) =0 forn =0,1,2,---,m—1
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and

n+ m) ()0 (7)

" n4+m
e (69 = 25 1 (") @i P () + W (

is valid for m,n € Ny.

Proof. By using the Definition 3, we can write

(D e} () = (1—y<i<1>ﬂ— )) Y Fun (09) oy

A

o0 # ) t” #n
= ZFm,n;)\(xry)n!yLZ Zan/\ x]/ ri Zan)\ x}/) ]

jA |

=) n =3 t]+m 0 "
:ZFm,n;A(x/y>ﬁ_y Z(l)j+m/\ ]—|—m Z m,;A x]/ Zan)\ xy)
! =0 =

By virtue of the following equality

=) ]+m

5 g 1 P

j=

o I n+m m
Z Z < > n+mfj,/\ Epjin (x,y) i+ m)’

n=0j=0

we investigate

tn+m e tn

Y i i (n + m) (1)n+m—j,/\ Fm,j;/\ (x,y) ( +y Z Fm,n;/\ (xry) !

n=0j=0 \ J n4m)t 7

Therefore, we conclude that

t” 1
F, /\xy)
Emn +]/

o 7t m Fyin (%,9) | o
Z ( Z ( ) (1)n+m_jl/\m + (1)m,A ) gntm

Im!
=0 \" /=0 j nlm!

Combining the coefficients of both sides of the last equality, the assertion in (47) is
acquired accurately. [

By means of the Theorem 7, we can compute the n-th bivariate Detr-Fubini polynomials, some of
which are determined as follows.

Example 1. Choosing m = 1, then we have Fy o5 (x,y) = 0. By using the recurrence Formula (47), we obtain

(x)n,/\
y+1°

n+1
Fupn (v y) = Ll ). < , ) (Dps1-jp Fujn (v, y) + (n+1)
y+ j=0 ]
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Thus, we subsequently acquire

1
Fiian(vy) = ——

y+1
2y 2x
Fip (x,y) = + ,
124 (%, 1) (y—i—l)z y+1
6y> 3y 3 (x)p0
Fisa(x,y) = + 1), +2x) + —=,
13.1 (%, Y) (]/+1)3 (y+1)2 (( )2,/\ ) y+1
2443 1242
Fian (xy) = (y +y1)4 + 0 +y1)3 (2 (1)2,A+2x> ,
4y 4(x)3.
+——((1 +3x (1 + 3 (x + s
T (D035 (o0 +3(00) + =75

which implies the following Detr-Fubini polynomials by choosing x = 0:

1
Fiia(y) = m
2
Fipa (y) = —(y +y1)2,

61> 3y (1)1
y+1)°  (y+1)*

24y 24y2 (1), 4y (D)3,
y+1)* w+1)>  (y+1)*

Fiza(y) =

Fign(y) =

Moreover, upon letting A = 2 for the polynomials F; 3., (x, ), we then obtain

o> | By(=1+2xv)  3(x’ )
+1° (y+1) y+1

Fi30 (x,y) =

which possess the following quirky surface plot in Figure 1.

Surface plot of F 3.2 (z,y)

Figure 1. Surface Plot of F; 3 (x,y).
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Example 2. By letting m = 2 in (47), we obtain the following recurrence relation

) (1)n+27j,)\ B (x,y) + (1)2’/\ (n+ 2)2(11 +1) (yx_):,i\‘

Y & [(n+2
B (v,y) = —— .
2421 (X, 9) v ];)( i

The last formula reveals the following polynomials

B (x,y) =B (x,y) =0,

(a0
By (x,y) = 1
3x (1),
B (xvy) = TR
6y 2 6(1), (x)0
F 4. X, — 1 _—
240 (X, Y) 17 (( )2,/\) Y1

which gives the following Detr-Fubini polynomials by taking x = 0:

Foo (v) = B1:a (y) =0,

(1)
Bpoa(y) = ﬁ
3x (1)
B (y) = = iA,
6y (1), (1)
F2,4;A (]/) - (y j_/\l)z 24

By applying similar method used above, the others can be derived conveniently.
If we choose A = 3 for F, 4.y (x,y), we then get

2y 12 (x2 — 3x)
(y+1)>2 y+1

By (x,y) =

which has the following interesting surface plot in Figure 2.

Surface plot of Fb 43 (x,y)

Figure 2. Surface Plot of F; 43 (x,Y).

Here is a correlation between the bivariate Detr-Fubini polynomials and the degenerate Stirling
numbers of the second kind.
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Theorem 8. For non-negative integer n and m, we have

n 1
Fm,n;/\ (xry) = Z 2 ( ) mn—LA y) 52;/\ (lrk) (x)k' (48)

1=0k=0

Proof. By using the formula ([26])

(X)ur = X a0 (1) (2);

k=0

in conjunction with the Theorem 1, we derive

( ) mn—1:A (Y) (%) 4
( > mn—IA 252/\ (Lk)(

which completes the proof of this theorem. [

Funa (x,y) =

5
L

Let n be a positive integer. The rising factorial for a number x is given by (x)(") =
x(x+1)(x+2)--- (x+n—1) ([9,27]). We note that the negative binomial expansion is given by
the following series:

ad k-1
(x4+a)™" = Z (—1)k (n+k )xka”k (49)
k=0
for negative integer —n and |x| < a, [9,27].
Here, we give the following theorem.

Theorem 9. The following relationship

n n
an)\ x,Y) ZZ < >an u; y)SZ;/\(u/k:_k) (x)(k) (50)
holds true for non-negative integers n and m.

Proof. By means of the Definition 3 and in terms of Equations (26) and (49), we attain

- L t" o (1)711,/\%’! -1 _ x
Y m,n;A(x/y)m = TG 0) (6/\ (1) 1—1—1)

n=0 A (t) -1- Cmn—1,A

(1) yp 51 © /yik—1 RN
- 1—y<eA<t>—1A—em1,A<t>>,§< ) -ao)

tnl

_ (1)711, m! = (x+k—1 (e (t)—l)k - |
1-y(ea(t) - 1A— em-1,1 (1)) (= ( k )Ak!e/\k (t) k!

[e9)

oo o i
= Z (x) (k) Z Fm,n;)\ (y) E Z 52,/\ (ﬂ,k . _k) ;
" n=0

k=0 n=0

= i P (Z <u> mn—w (¥) Soa (k- —k)> :Tn,

k=0 u=0

which gives the asserted result (50). O

We give the following theorem.
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Theorem 10. The following recurrence relationship

1—mA . /n
Foiinr (x,y) = nWFm,nq,-A (xy) -y, P Fun—in (V) Fnsi e (X, 1) (51)
k=0

holds true for n,m € Ny.

Proof. With the help of the Definition 3, we see that

pm+1 X t”
(Dt CEDK ()= —y(ea(t) =1 —ema( 2 Fnsima (%, ]/)
: n=0
ti’l
=1I-ylea(t) —1—ena(t ZFm+1nA(xy)
n=0
tm > t”
+y (1), pou Z Fot1ma (X, ]/)
Thus, we get
(1) +1,AL11| t”
= D) e ZFm+lnA(x .1/)

(IT—yler(t) —1—en_rn (£) "

(1)m,A % tn

+ E .
y(l—y(%(ﬂ—l—emqﬂ(t)) nZO 1A ( y)
and then
—mA & t”-‘r 00 t”
m+1 Zan)\ xy g m+ln)\ 71!
tn [e9) 1’1
—H/ZFm,n/\ Z m+lnA(X ]/)
n=0

which implies the claimed Formula (51). O

A linear combination of the bivariate Detr-Fubini polynomials for different x and y values is
given by the following theorem.

Theorem 11. Let n,m € Ny and y1 # y». The following relationship holds true:

nm nlm!
mFm nim—k (X1,¥1) Fok (X2, 92) (52)
k=0
_ (1) ysz,Vl,’)\ (xl + X2, ]/2) - ylFm,n;/\ (xl + X2, yl)
e Y2—1n

Proof. By Definition 3, we first consider the following product

(1)111)\ f:‘eil (t) (1)mA Z’ieiz (t)
L—yi(er(t) —1—em-1(t) 1—y2(en (t) =1 —em—1,1 (£))
2 m 2 m
" ((1)m,/\> (Z!)Z eiﬁ‘xZ (t) " ((1)”1,/\) (Z!)z eil"rxz (t)

T m-nl-ymea () -1 —ew_1x () v2—yil—yi(er(t) —1—epu14 ()
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which yields

[ee) n n tn

Y <1>an 1A (%1, 91) Bupa (%2, 42) -5

n=01=0

(D2 S grm (1 )mm gt

= 7}/2 — rg]l:m,n;/\ <X1 +x2/y2) T - V2 — U1 nz an)\ X1 +X2,y1) e
Thus, we get

[o¢] n t"
2 Z( ) mn—tA (X1, Y1) F 12 (x2,Y2) P
n=0 \I=0 .
> ( ) y (1) yl t1’l+m

= 2 < T Fur (X1 + X2,Y2) — ﬁpm,n;/\ (x1 4+ x2,y1) Py

which implies the assertion in (52). [

5. The Truncated Degenerate Bernoulli and Euler Polynomials

In this section, we introduce the truncated degenerate Bernoulli and Euler polynomials and
investigated multifarious correlations and formulas including summation formulas, derivation rules
and correlations with the degenerate truncated Stirling numbers of the second kind.

The classical Bernoulli B, (x) and Euler E, (x) polynomials ([6,13,27,35]) and the Apostol-type
Bernoulli B, (x:«) and the Apostol-type Euler E, (x : &) polynomials ([2,7,31,33,34]) are given
as follows:

ngo B (x) ‘fT"' = e’ileﬁ ngo B (x : a) ItTn‘ = zxeftfleXt
(]t] < 2m) (|t| < 2mr whenwa = 1; |f| < [loga| when a # 1)
and
o ¢ 2t . S E 2t
;EOE” (x) a1 = a57¢ ngo Eu(x:0) i = g
(]t < m) (Jt| < twhena =1; |t| < |log (—«)| whena # 1).

The usual degenerate Bernoulli B, , (x) and Euler E, , (x) polynomials ([5,11,14,32]) and
Apostol-type degenerate Bernoulli B, 5 (x : «) and Euler E, ) (x : &) polynomials are given as follows

([32]):

co n B ¢ . 0 ) t" B t ¥
n;) i e (t) and n;)Bn,A (x:a) 3= aey (B =1 (t)
[e] tn 2 X tn 2 X
; E,a (x) = W(z 1 () and EE;M Xia) — P WEA (t).

The truncated Bernoulli polynomials By, , (x) and the truncated Euler polynomials E,, , (x) are
defined by the following exponential generating functions ([9,13,27]):

tm+]

B X) == ~
nZ::o mn (%) nt et —1—ey_1(t)
and i
o #n 25
Eoo(x) o = “ml  xt i
rg) m,’rl( ) nl gt—i—l—emfl (t) ( )

Several degenerate and truncated forms of the Bernoulli and Euler polynomials have been recently
studied and investigated by many mathematicians, [5,9,11,13,14,27,32].
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We now introduce the degenerate forms of the truncated Bernoulli and the truncated Euler
polynomials by means of the degenerate exponential function in (11) as follows.

Definition 4. Let x be an independent variable. The degenerate truncated Bernoulli and the degenerate
truncated Euler polynomials are defined by the following exponential generating functions:

} (1) pm+1
0 t m+1A (m+1)! X
N () 55
ng,) mn (%) nt ey (t)—1—eu_1,(t) i) )
and e
I n 2*: (1) A
E xX)— = e, ex (t). %6
7;) m,n,)\ ( ) n! e/\ (t) —|— 1 - Em—l,/\ (t) A ( ) ( )

We choose to call the Detr-Bernoulli and Detr-Euler polynomials besides the degenerate truncated
Bernoulli and the degenerate truncated Euler polynomials, respectively.

When x = 0in Definition 4, the Detr-Bernoulli polynomials B,, ,, » (x) and Detr-Euler polynomials
Eyna (x) reduce to the corresponding numbers called the Detr-Bernoulli numbers denoted by By, , A
and the Detr-Euler numbers denoted by E,, , :

tm+1

© 1 (1)m+l/\ (m+1)!
Buua—y = ; ' ¥
E AN ex () — 1 — ep_1 (1) )
and G
© i 205 (1) A
Epyr— = T : >
n;) mAAU T ep () + 1 — em_1. (£) ()

We now perform to derive some properties of the aforementioned polynomials and we first give
the following correlations.

Theorem 12. Each of the following summation formulas

" In
Bm,n,)\ (x) = Z (k) (x)k,/\ Bm,n—k,/\ (59)
k=0
and
"o /n
Enn (9= 12 () (s B (60
k=0
hold true.

Proof. In view of the Definition 4 and using Formulas (57) and (58), we get

. (1> pm+1
) t m-‘,—l,)\ W X
B . :
r;) mn (X) o B —T—enir (0
3 B 3 (o
= Bm,n,/\i (x) Ay
n=0 nt n=0 v

> n th
Z 2 <k> (x)k,/\ Bm,nfk,)\a

n=0k=0
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and
E X)) — = m. o ex t
;) () 5 ex () +1—emu1(t) 0
© m "
= ngo m n,AE n; ( )n,/\ m
© n 7’1) "
=YY (e Emn—rr- s
n=0k=0 <k &

which completes the proof of the Theorem 12. [

Two addition formulas for the Detr-Bernoulli polynomials and Detr-Euler polynomials are
presented in the following theorem.

Theorem 13. The following relationships

n
B (314 12) 2() %) 1 B (1) (61)
1=0
and .
n
Epup (x1+x2) =Y (l) (x2) 14 Empn (x1) (62)
1=0
are valid.

Proof. In terms of the Definition 4 and using Formulas (57) and (58), we get
tm+1

oo th (1)m+1,/\ (m+1)! x1+x2
; m,n,A x1+x2)ﬁ (t)—l—emfl)\() (t)

ex
(o]
= Z Bm,n,)\ (xl

5 e
n=0 n! n=0
o0 n tn
= ZZ( > X2) 510 B (¥1) -5
n=01=0 ‘
and
" szl (1>m A x1+
E (x1+2x) = = " z e (¢t
n;() o (1 H202) EA(f)JFl—Em—m(f))‘ )
= 2 Em n,A xl n Z
n=0 !
o n ti’l
- Z Z ( ) (x2), - IAEml)\(xl>
n=01=0
which implies Formulas (61) and (62). O
The immediate special cases of the Theorem 13 is debated below.
Corollary 1. The following explicit relations
" (n
B (1) = 1 () (D10 Buga (0 63)
=0
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and

n
Em n,A x + 1 Z ( ) n LA Em,l,/\ (x) (64)

1=0
hold true.

We now provide difference operator properties for the polynomials By, , » (x) and E,, , 1 (x)
as follows.

Theorem 14. The difference operator formulas for the Detr-Bernoulli and Detr-Euler polynomials
A/\Bm,n,)\ (x) = an,n—l,A (x) and A/\Em,n,/\ (x) = nEm,n—l,/\ (x) (65)
hold true for m,n € Ny.

Proof. By applying difference operator A (12) to both sides of Formulas (55) and (56), respectively,
we attain

tm+1

o) I (1>m+1?\W
A\B - = Bacy (t
n;(J ABana (%) ex(t) =1—em(t) )
m+1
_ ( )m+1)\ rtn+1 ei (t)
er () =1 —epn 1 (f)
00 thrl
= ; TI
and
0 I (1)m/\ﬂ’
AE, 1 (x) = = o Axey (¢
,;) A m,n,/\( )1’1! ey (t)-i—l—emfl,)\ (£) A /\()

(Um;\;:l'% (t)
ex(t) +1—en_1. ()

+1
= ZEmn)\ tn

which gives the claimed difference properties in (65). O

The Detr-Bernoulli polynomials and the Detr-Euler polynomials satisfy the following derivative
properties.

Theorem 15. We have

d =) (_l)qul .
EBm,n;A (x) =mn! Z:l Bun—u; (x) n—w) " (66)
u=
and 11
d d —1)" _
%Em,n;)\ (x) =n! Z Em,nfu;)\ (X) ( ) =l (67)

= (n—u)lu

Proof. By using the similar proof method in Theorem 6, the proof of (66) and (67) can be readily done.
We, consequently, choose to omit details involved. [

A recurrence relation for the Detr-Bernoulli polynomials is given by the following theorem.
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Theorem 16. The following recurrence relationship

1-(m+1)A L

n
Bm+1,n,)\ (x) = WBm,nfl;)\ (x) + Z (k) Bm,n—k;/\Bm+1,k;)\ (x) (68)

holds true for n,m € Ny.

Proof. By means of the Definition 4, we see that

tm+2 0 tn

(Dmt2n meﬁ (1) = (ea(t) =1 —ema (t)) ZO Buyina (%) —

o0 tn
=(ex(t) =T —epu_1(t)) Z Butina (x) =
tm ad t
Z m—+1,n, )\

Thus, we get

tm+2

(1)m+2/\ (m+2 x Z B tn
1 /\
ex ()~ 1 en 10 (D e
(Dm)x% t

- Z m+ln)\

ex(t) =1 —epn_1(

and then

1—(m+1)A t”+1 o
WZan)\ Z m1uA (

o t"

- an/\ ZBm+ln/\
3 Buaagy

t}’l
)

which implies the claimed Formula (51). O

A summation identity for the Detr-Euler polynomials is presented in the following theorem.

Theorem 17. The following recurrence formula

1—mA " /n
Epganp (¥) = n——Eppn_1. (x) + ) Eyn—icAEms1jr (X) (69)
m+1 = k

is valid for n,m € Ny.

Proof. From Definition 3, we can write

pm+1 N t”
2y e €80 = (00 +1 = na (0) 1 Eueana
[e0] tn
=(ex(t) +1—em-1 (1)) Z Entinn (X) al
n=0 :
" & $h

(1) m,z m+1n)\( )*

!
= n!
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Hence, we observe that

tm+1

it (D1 i t”

e () + 1= ey () D Ly et (0
(1)m)\tﬁm' tn
— E A
ex(t) =1 —ep 1A(t)§) i (>
and

1—mA & t"“rl o t”
m+1 ZOEmn)\ Z m+ln/\ E

&
_Z mn/\n| ZEm-HnA(x
n=0

which means the asserted result (69). [

We give the following theorem.

Theorem 18. The following formula including the Detr-Bernoulli polynomials

(m+1)0 AT T e m) (41— k)! (n+m+1)!

(1)m+1,/\ . 1 n! (1)k+m,A Buny1-ka (%) !By ntm1,a (X)
()0 (70)

is valid for n,m € Ny.

Proof. From Definition 3, we obtain

thrl tn
(Ummm er(t) = (ex(t) —1—epu(t Zan/\
0 U tn
= 2( nAn| Z mn/\ *_2 mn/\ Y
n=m

which yields to the following equality:

© erl A tn+m+1 00 gn+m ) #n
S mtlA = 1 —
nli—t m+1) n! n;()( )n+m)\(n+m Z mn/\( )1’1'
> B ()
Bm,n,A (X ]
=0 n!
- (1)k+m)x
= kA (x) | £
ngo (k_zo (k+m)!t (n—k)r—""
Y B (1)
— Y By (%) =
n=0 " n!

Thus, we complete the proof just comparing the coefficients of the both sides of the
last equality. [

We note that Formula (70) is an extension of the well-known formula for the familiar Bernoulli

polynomials given by ([6]):
a1 Gn+l
* _n+1§)( ! >Bk(x)'

We provide an identity for Detr-Euler polynomials as follows.
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Theorem 19. The following identity

(1)m/\ n! & k+m/\ n! Emn+m/\( )
2 ’ = — 2 E, . —_— 71
- =3 = ( k+m — k)1 kA () + 5 (n+m)! 1)
is true for n,m € N.
IR . 00 ﬂ _ 2%(1)%/\ X
Proof. From Definition 3, we obtain}_;”  E;; 1 (X) ;7 = OO (1)

NN 10 :¢uwu—%%umiamuwﬁ

o0 tn ) tn oo tn
= Z(l)n/\n,ZEmn/\ +2Emn/\ )

n=m =

which yields to the following equality:

00 (1) A ptm o) mtm o) tn
2 = = 1
nZ::O (x)n,/\ m! n! n:()( )n+m/\ n+m Z mn)\
o0 tn
+ Z Em n,A ( ) n

n=0

[0 9)

B n_;(i k +m)!
- o

k+m)\ k) Emn k?\( )) tn+m

tl’l

Thus, we complete the proof just comparing the coefficients of the both sides of the

last equality. O
We notice that the identity (71) is a generalization of the well-known identity for the usual Euler

polynomials stated below ([6]):
1& [(n
=55 (Z)Ek (x) + En (%)

Here, we give the following theorem including the Detr-Bernoulli polynomials and numbers as

well as the degenerate Stirling polynomials of the second kind.

Theorem 20. The following correlation
Bm n, /\ (72)

i()mnwauz 1) ()"

holds true for non-negative integers n and m.

I M:
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Proof. By means of the Definition 4 and using Equations (26) and (57), we attain

pm+1
°° g W ms1, Gurmyr

Y Buna () - = . ' D (e;l () —1+ 1)x

=0 n! ex(t) —1—epn-1

tm+1

. (1)m+1/\ (m+1)! i x+l—1> 1—671(1'))1
ex(t) —1—eu12(t) 5 A

tm+l
(1)m+1 A m+1

(
<x+l—1> NOES

B TR (1)1

P
)“j .

B SYSURS N
Z;O(x) n;)Bm,n/\n, Sz (012 =)
. > L n #h
— l;)(x)(l) Z@ (ZO u) Buun—urSon (1,1 : —l)) 5

which gives the asserted result (72). O

We also provide a relationship involving the Detr-Euler polynomials and numbers in addition to
the degenerate Stirling polynomials of the second kind.

Theorem 21. The following identity

Enna (¥) =), ), (7)Em,nmsm (Lk:—k) () (73)

k=01=0

is valid for n,m € Ny.

Proof. By the Definition 4 and using Formulas (26) and (58), we attain

ad " 25 (D), x
E — = A T —-1+1
;O mn (%) n! ex () +1—ep_1 () (e/\ () -1+ )

2%’! (1>m, e k— - k
NGRS —emiu () k;) <x+k 1) (1 —ey! (t))

_ 2% (D X /x+k—1 M i
e+ 1l—eu_1a (1) kZ;')< k ) i (t) k!
tl’l [’}

252,\ nk )

= YO Y R v
k=0 n=0
(e tTl

R NOL (f (’;) et (V) Sap (LK —k)) —
k=0 I=0 :

which gives the assertion (73). O
Now, we introduce the Detr-Bernoulli polynomials Bf;)n A

polynomials E f;)n A

(x) of order r and Detr-Euler

(x) of order r by the following exponential generating functions:

ex(t) =1 —epu_10

© n Wpsin ot |
Y- B (%) 17 = ( T (t)) e (1) (74)
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t" 2% (1>m,/\ ' X
( Ot 1—ena) 40 7)
() (x) of order v

m,n,A

and
[ee) 1/')
2 Em,n,A X

Remark 8. Upon letting A — m = 0 in (74) and (75), the Detr-Bernoulli polynomials B
(x) reduce to the Bernoulli polynomials B,g (x) of order v and the Euler

and Detr-Euler polynomials E1(11,)n, ) (x
polynomials E,([) (x) given by ([35])
00 (r) ﬁ B ; E t" B i r .
Remark 9. When x = 0, the polynomials in (74) and (75) reduce to the corresponding numbers, which we call
the Detr-Bernoulli and Detr-Euler numbers of order r, respectively, given by
m+1 r
i g0 (D ms1p Gy 76
= Al er (t) =1 —ep-1, (£)
and . .
o r) t" _ 2% (1)m,/\
2 Em,n,/\ﬁ - t 1 t . (77)
=0 n! ex () +1—epn_1 (t)

We first give the following correlations

Theorem 22. We have
5™ v (Mg
m,n,\ (x) - l;:) 1 mn—I,A (x)l,)\
and .
n
Ef;:,)n,/\ (x) = ZZO (Z>E;(nr,)n 1 ()0
Proof. In view of (74) and (75), we get
gm+1 r
i o) ( )ﬂ _ W14 Gurryr 0
= maA N ex(t) —1—epn_12 (1) A
[ee) t o0
= 2 Bz(nr)n At Z )n/\
n=0 n=0
[ee] n t}’l
and
m T
— (1) " 251 (D x
L P ()3 <eA<t>+1—emM<t> N
B [ee) r) ﬁ o0 ﬁ
- nZ:OEm’n,)Ln! = (x)}’l,/\ n!
(e ) n n t}’l
= 2 2 <k>( )k/\Er(;,)n kA 417
n=0k=0

O

which completes the proof of the Theorem 22
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Addition properties of the Detr-Bernoulli and Detr-Euler polynomials of order r are given by the
following theorem without proofs.

Theorem 23. We have

r1+r 1 n r T
BT (x4 xp) = 20( )13,51},3%A (x1) B2 (x2)

u

and ;
+ n
EVr?) (x4 xp) = Z%) <u> EVY () EV2) ) (x2).
u—=
Proof. By using the generating functions in (74) and (75),we can acquire the assertions given by
Theorem 23. The details involved are being omitted here. [

A correlation including the Detr-Bernoulli polynomials of order r and the Detr-Stirling
polynomials of the second kind is stated below.

Theorem 24. We have

((1)m+1,)\)r n!
e N TS R CE RS VI] =

n+(m+1)r (n—l—(m—l—l)

x Y l

I=0

>sz,m (n+ (m+1) = Lr:y)BY)  (x).

Proof. By (22) and (74), we investigate

- " (e —1-en1n (t))rei (t)
((1)m+1,/\)r % b
(er () —1—en1a () "

((1)m+1,/\)r $(m+1)r

th &
SZ,m;/\ (11,1’ : y) ﬁ Z Bfr:)n,/\ (x)
n=0 " n=0

X

. x+
= ¢ (1) r! ((m +1)1)’

- g+ (m+1)r ((1)m+1/\)r
- L (XY —5 rH((m+1)H"

which implies the claimed result (78). O

The First Few the Detr-Bernoulli Polynomials and Detr-Euler Polynomials

In this part, we perform to derive the first few Detr-Bernoulli and Detr-Euler numbers and
polynomials by choosing special m values. We first recall that (57) and (58) as given below:

m+1
i g (D10 ‘(;;H)!
AT T
= Al ey () — 1 —ep_1 (1)

and m
i £ ﬂ B 2% (1>m,/\
= m,l’l,)\n! ey (t) +1-— Cm—1,1 (t) '
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which gives the following result for m # 0:
Byuna (x) =0 forn=0,1,2,--- ,m

and
Epna(x) =0 forn=0,1,2,--- ,m—1.

Upon setting m = 1 in the Mac Laurin series expansions (57) and (58), we attain the first few
Detr-Bernoulli numbers subsequently:

Bipa =0,
Bii.a =0,
A—1

Bip.y = —

A—=1
B1,3,‘)\ = 7

5 _A—l( (1>2,A>
1,4,'/\ - 2 2 7
)

A—=1 (D)3
Bysp = 5 <1+ (Do + 6 |’

2
1+

2
B _ A—-1 14 3(1)2,/\ n (1)3,/\ n ((1)2,?\) n (1)3,/\ (1)2,A (1)4,A (1)2,A
164 2 2 6 4 12 48

and we acquire the first few Detr-Euler numbers obviously:

Eip =0,
Eigx =2,
Eipa = -2,
Eiza=2—(1)y,,
(D30
Epgp=—-2+2(1),, — Ts,,
((1)2,)\)2 2 (1>3,)\ (1)4’)L
El,S;/\ :2*3<1)2,/\7L 2 + 3 12
((Uz,A)z (D30 (D2 (Dgr  (Dsp

In conjunction with the computations performed above and via (59) and (60) (with m = 1)
given by

" n

B () =) <k> (%) BLn—ka
k=0

and

n
Epup (x) =) <k> ()gr ELn—tas

k=0
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we can compute the first few Detr-Bernoulli polynomials:

By.4 (x) =0,

A—1

By (x) 5

A—1
By (x) = — (1+3x),
A—1 1
Bian (x) = = <1 e )2“ +4x 4 1247 +6(x)m> ,
A—1 1 1
B1,5;)L (x) = T (1 + (1)2,/\ + ()% + 1+ ()TZ//\SX +10 (x)z,/\ + 10 (x)3,A> ’

2
B (x) = % - 3(12)2,/\ n (1)63,A N ((1)2,/\) N (1)3,A12(1)2,A N (1)4,25(;1)2,A

+¥ ((6 +6(1)y) + (1)3,)\) x+15 (1 + (1)22'A> (¥)p0 +20(x)3, +15 (x)4,)\>

and we acquire the first few Detr-Euler polynomials subsequently:

Ejga (x) =0,
E1 (x) =2,
Eipa (x) = —2+4x,
Eign (x) =2 (1), —6x+6(x)y,

Ejgr(x) = —2+2(1), — (1)33')\ + (2 - (1)2,A) 4x —12(x)y, +8(x)3,,

2
Eisa (x) =2=3(1), + <(1)2'A) + 2Wsp - Map + <_2+2 (Do — (1?-33/\> 5x

(2= (1)30) 10 (x)50 =20 ()3, +10 (x) 1,

2
(Da (1)3, ()0 1), MWs,
Epgn (x) = —24+4(1);, =3 2 ) + ’3 ==+ (1), + 6’ B 601
2
(1a 2(1 1
+12-3(1)y0 + 2’ + (3)3’/\—(1)3’)‘ 6x

+ (‘2 +2(1)p0 — (1)3“) 15 (x)5 0 + (2 - (1)2,/\) 20 (x)3 =30 (x)40 +12(x)5 5 -

The Detr-Bernoulli and the Detr-Euler polynomials have interesting surface plots in the special

values. We would like to show the quirky surface plots of the By 4.5 (x) and Ej 4,1 (x) as given in
Figures 3 and 4.
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y (lambda)

Surface plot of By 4,5 (z)

Figure 3. Surface plot of By 4.5 (x).

Surface plot of Ej 3.5 ()
Figure 4. Surface plot of Ej 3,5 (x).
6. The Degenerate Truncated Bell Polynomials

In this section, we perform to define and examine the degenerate truncated forms of the
bivariate Bell polynomials and numbers. Then, we develop multifarious identities and correlations
for these polynomials and numbers, which includes addition formulas, summation formulas,
recurrence relationships, difference operator property and derivative rules. Moreover we provide
diverse correlations and formulas related to the Apostol-type Detr-Stirling polynomials of the second
kind and the Detr-Stirling polynomials of the second kind.

The classical Bell polynomials Bel, (x) (also called exponential polynomials) are defined by means
of the following generating function ([3,4,19,24]):

;Beln (x) ;—n' = *(¢ 1), (79)

The classical Bell numbers Bel,, are attained by taking x = 11in (79), i.e., Bel, (1) := Bel, and are
given by the following exponential generating function ([3,4,19,24]):

o0 tn
Y Bely— = ("), (80)
n=0 :

The Bell polynomials introduced by Bell [3] appear as a standard mathematical tool and arise in
combinatorial analysis. Since the first consideration of the Bell polynomials, these polynomials have
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been intensely investigated and studied by several mathematicians, [3,4,18,19,22-25] and see also the
references cited therein.

The usual Bell polynomials and Stirling numbers of the second kind satisfy the following
relation ([3,4,19,24])

n
Bely (x) = Y Sy (n,m)x™. (81)
m=0
The degenerate Bell polynomials are given by the following Taylor series expansion at t = 0 as
follows ([18,22,23,25]):
o0 tn B
Z‘E)Bd"r)\ (x) i eX(ea(t)=1), (82)
n=

When x = 1in (82), the polynomials Bel,, 5 (x) reduce to the degenerate Bell numbers Bel, , (1) :=
Bel,, ) with the following generating function

Y Bely = el (83)
n=0 :

We note that the degenerate Bell polynomials (81) reduce the classical Bell polynomials (81) in the
following limit case:
lim Bel,, » (x) = Bel, (x).
A—=0 ’

The degenerate Bell polynomials and the degenerate Stirling numbers of the second kind satisfy
the following correlation ([18,22,23,25])

n
Bel, ) (x) = Z Soa (n,m) x™. (84)
m=0

Now, we are ready to introduce the bivariate degenerate truncated Bell polynomials, which we
choose to call the Detr-Bell polynomials as given below.

Definition 5. Let x be an independent variable and m € Ny. The bivariate degenerate truncated Bell
polynomials Bel,, .\ (x,y) are defined by the following exponential generating function:

o] n
Bel,y o (X,Y) % — ey((eA(t)—l—e,,H,A(t))e;cL (t). (85)
n=0 :

Upon setting y = 1 and x = 0 in (85), the bivariate truncated degenerate Bell polynomials reduce
to the corresponding numbers Bely, ,.A (0,1) := Bel,, ., termed the degenerate truncated Bell numbers,
which we call the Detr-Bell numbers:

°° ' (en()—T—ep_1(D)
Z Belm,n;AE =e\™ m=1AN), (86)
n=0 :

We now examine diverse special cases of the bivariate Detr-Bell polynomials as follows.

Remark 10.

1.  When x = 0 in (85), the polynomials Bely, ,,., (x,y) in (85) reduce to the degenerate truncated Bell
polynomials Bel,, .5 (v) in (87), which are also new generalizations of the Bell polynomials Bel, (x) in
(1), given by

Y Belyy i (1) % = e/(a®=1men1a(0), (87)
n=0 :
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2. Upon setting A — 0 in (85), we get a new generalization of the usual Bell polynomials, which we call the
bivariate truncated Bell polynomials Bely, , (x,y) (88), shown by

t}’l
!

== ey(et_l_emfl(t))eXt' (88)

Y Belyu (x,)
n=0

3. Inthe special case A — 0 and x = 0, we acquire a novel extension of the Bell polynomials, which we call
the truncated Bell polynomials Bel,, ,, (y) as follows

— ey(et_l_emfl(t))' (89)

0 ti’l
Bely,na (x,) "

n=0 n

4. Choosing m = 0 in (85), we obtain the bivariate degenerate Bell polynomials given below ([23]):
3 ' pyern-1x
Z%] Bely.p (x,y) prial ey (). (90)
n=

. Settingm = x = 0 in (85), we attain the degenerate Bell polynomials in (82) ([18,22,23,25]).
6. When A — m = x = 01in (85), we arrive at the familiar Bell polynomials in (79) ([3,4,19,24]).

We now investigate some properties and formulas of the bivariate Detr-Bell polynomials
Belyy .1 (x,y). Hence, we first provide the following theorem.
Theorem 25. For n,m € Ny, we have
" n
Belyn (59) = 3 () Bemsn () ()0 ay

1=0

Proof. By means of (85) and (87), we get

o n
Belyy o (%, 1) o = ey(m(f)*lffm—m(t))eﬁ ()
n=0 :
d 2 t"
= 7&)Bezm,n;}\ (v) ) n;() ()2 Tl
© n n #n
= ) (Z>B€lm,m ) (i
n=01=0 .

which gives the asserted result (91). O

An extension of the well-known correlations in (81) and (84) is given below.

Theorem 26. The following relation
. k
BEZmJl;A (x/ ]/) = Z Yy SZ,m;/\ (Tl,k : X) (92)
k=0

holds true for n,m € Ny.
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Proof. By the Definition 5 and the Formula (22), we get

> t" e (en () —1—en1a ()
Z Belm,n;/\ (x/ y) E = Z yk K e ej‘\ (t>
n=0 : k=0 :
[e¢] k [ee] t}’l
= Y ¥ Y Sy (nk:x) pr
k=0 n=0
[e) n tn
= Z Z SZmA n k: x) n’

n=0k=0

which gives the claimed result (92). O

We now provide an addition formula for Bel,, .y (x,y) as follows.

Theorem 27. The following summation formula
" (n
Bely o (x1+ X2, y1 +y2) = ) (u) Belyn—up (X1,Y1) Belyup (¥2,92),
u=0

is valid for n,m € Ny.

Proof. By Definition 5 and the identity (60), we obtain
(] n
n!

Z elymp (X1 + X2, Y1 + Y2)

= e(!/lerz)(EA(f)*lffmq,A(f))eiﬁxz ()

- e]/l(e)\(t)_l_emfl,)\(t)) Xl () ev2(ea(t)=1=en_11(t)) i‘\z ()

= Z Bely n;n (x1,y1 Z Bely ;1 (x2/y2)
n=0

- Z Z ( >B€lm,nu;A (x1,y1) Bely i (x2,12) —
n=0u=0 \H n

which provides the desired result (93). Henceforth, the proof is completed. [

Two immediate consequences of the Theorem 27 are discussed below.

Corollary 2. For n,m € Ny, we have

" n
Belm,n;/\ (x/yl + ]/2) = Z (u) Belm,n—u;/\ (x/ yl) Bezm,u;)\ (yZ)
u=0

and
n

n
BEIm,n;A (xl + x2, y) = Z (1/[) Belm,n—u;/\ (xlz yl) (x2)u//\ .
u=0

We now provide a correlation as follows.

Theorem 28. The following formula

Bely u:a (X, ) ZE( )Belmu)L (v) Sop (n—u,l: =) (x)(l)

holds true for n,m € Ny.

tﬂ

n

350f43

(93)

(94)
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Proof. By Definition 5 and Equation (26), we get

gBelm,n;A (x,y) ;—n' = eY(a®-1-en12(0) (eil (1) -1+ 1)x
= ev(a)-1-en1a()) li:) (x +§ a 1) (1 —e! (t)>l
_ a1 1a0) li;) (x —l—; - 1) (er (tl)‘— 1)le;l O
- l;) () E)Belm,n;A (v) Zﬂi)sn (n, 1 =1) ;tTH'

which gives the claimed result (94). O

We now give a recurrence formula for Bel,, ., (x,y) as follows.

Theorem 29. The following recurrence formula

1
n=tl ( m,A) Soma (m—mlk—1:x)
mn/\ xy —I’l' 2 Z]/ !)l — (n—ml)! (95)

holds true for n,m € Ny.

Proof. In view of the Definition 5, we acquire

t” © L (ea () —1—epur (),
Y Belarn () b = Lm0
n=0 k=0 ’

(eA () =1 —ep_1a () = (1)1 %)k

- Ly g e (1
oo .k k k B | tml .
- BEL ()00 (1) i
0 E (o) =1 () P
= LYy e (6) (1)) o
o k ml ) n
= Zy"Z((l)mA)ll,t ] Zszm (nk—1: x);'
k=0 1=0 m n=0
1
_ Yy kM TN
- n;ogu;oy l!(m!)l Sz (k= 1:) n!

which gives the asserted result (95). O

We now give a formula for Bel,, ,.A (x,y) as follows.
Theorem 30. The following operator formula

AxBely ya (x,y) = nBely 1.0 (X, ) (96)
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holds true for n,m € Ny.

Proof. In view of the Definition 5, by applying difference operator A, (12) to both sides of Formula (96),
we obtain
n

Y AyBely (x,y)% = erlea-1-e ) A o (1)
n=0 .

— ey(e)\(t)_l_em—l,}\(t)) ;C\ (t)t

= Z Bely . (x, y)
n=0

tn+1

which gives the assertion in (96). O

We now present the following derivation property with respect to x for the bivariate polynomials
Bel,y np (X, ).

Theorem 31. The following formula

d _
axB lmn/\(x y = n'zBdmn l)\(x y) ( l)'l 97)

holds true for m,n € Ny.

Proof. By applying derivative operator % with respect to x to both sides of Formula (85), we
then derive

n

- a — t)_l_ m— (t) a i
;87 L non ( y)ﬁ - pylen( em—1,0 )$(1+/\t)/\
_ ey(eA(t) 1—ep—1,( )( 1+A )/\ln(]__|_/\t)
g o 14+1 .
1 ) ju-lpu
b Z
(_1)u+1 /\u—l g

I
Ms

Belyy, n:p (X, )

3
Il
o

I
hgk
agk

Bely u:r (X, ) p

3
i
o
s
Il
—_

which yields the asserted derivative Formula (97). O

Here is another derivation property for the bivariate polynomials Bel,, ,.A (X, y).

Theorem 32. The following relation

0 — n!
@B lm n; )\ X, ]/ Z l _:_J:Z /\ m —m—LA (X,]/) m - Bezm,n;/\ (x/]/) (98)

holds true for m,n € Ny.

Proof. By applying derivative operator with respect to y to both sides of the Formula (85), then

we have
n

Z Belm,”;/\ (x,y) % — ey(e/\(l‘)_l_emfl,/\(t))e;CL (t) .
n=0 :
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y)% - ag;ey(fA(t)leml'A(t))eﬁ (t)

QJ‘QJ

00
2 mn/\

t) -1 em,l,/\ (t)) gy(e/\(t)_l_em—l,/\(t))e;i (t)

L 1) ey(m(t)—1—em,m(t))e;{L ()

I
—
)

>
—~

“ n!

3
Il
3

Il
PR
[7e
=
e
>

00 thrm o0 n th
= Z(l)ner,AWZBEZmnA(xy T ZBElmn/\(x y)
n=0
Dima g t"

(T4 m)! T Belyn10 (x,y) e ngOBEZm,n;/\ (x,y) p

3
Il
o

I
agk:
™=

which yields the asserted derivative Formula (98). O

7. Multifarious Connected Formulas

In this section, we first introduce the degenerate truncated Bernstein polynomials. We then
perform to investigate diverse correlations and formulas including several polynomials such as the
degenerate truncated Bernstein polynomials, the bivariate Detr-Fubini polynomials, the bivariate
Detr-Bell polynomials, the Detr-Bernoulli polynomials, the Detr-Stirling polynomials of the second
kind and the Detr-Euler polynomials.

For x € [0, 1], the usual Bernstein polynomials ([1]) are given by the following generating function:

2 B NS (99)
en (¥) 3 K

The degenerate Bernstein polynomials By, (x : A) for x € [0,1] are considered by Kim and
Kim [20] by means of the following generating function to be

> ot (P
y;)%k'n (x:A) i=a (1) o £ (100)

We first introduce the degenerate truncated Bernstein polynomials, which we call the
Detr-Bernstein polynomials as follows.

Definition 6. For x € [0,1] and m € Ny, the degenerate truncated Bernstein polynomials are defined by the
following Mac Laurin series expansion at t = 0:

n

3B (e 1) = (er (0~ () A o)
n=0 :

Remark 11. In the limit case A — 0 in (101), we attain a new extension of the classical Bernstein polynomials
By, (x), which we call the truncated Bernstein polynomials given by

00 n k
;)%,E’fjj (x) % — (e —ep 1 (1) " %tk. (102)

Remark 12. When m = 0, the degenerate truncated Bernstein polynomials %,[:';] (x: A) reduce to the
degenerate Bernstein polynomials By ,, (x : A) in (100).
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We consider that

n

[ m ¢
Z%I[C,J(X:A)H =

n=0

(er () = ey ()7 Dk

(er ()= 1= ey (5 + 11 s

— —1—ey_ F(x

lgo(l ), (ea (t) 1!3 11 (1) ( ZIkA ik

5 (12, Y o (1,1 3) (’2‘“

1=0 n=0 n: |
(x)k,/\ etk

[7e
[1e

(1 —=x);Somor (1,12 x)

2
Il
o
=
Il
o

kKl nl’

39 0f 43

Hence we arrive at the following theorem including a relation between the Detr-Bernstein
polynomials and the Detr-Stirling polynomials of the second kind.

Theorem 33. For x € [0, 1], we have

[m] n—k
‘Bk’n (x:A) = Z

=0

<Z> (x)k,)\ (1 —=x);Somr (n—k,1:x).

By using (106) and (62) in conjunction with (79), we consider that

Z Bely u:r (x,y) =
n=0

k
Z k(e ( 1;!611171,/\ (1)) et (1)

=f k(er () — w1 (1) = 1)F

- S Loy ()
ZZ()
—éyké(ﬁéfﬁk

. e (1)

e f 3 (Z)( 9, M%,E"i} (1-1:0) “;_k

(103)

Thus, we obtain the following theorem including a correlation covering the Detr-Bernstein
polynomials and the Detr-Bell polynomials.

Theorem 34. The following correlation

n k n—k k 1kl , " "
Bl (x,y) =nty Y ) yk(l> ((1 —1)l)m (n(_)k_"u)A B (1-1:1)

k=01=0u=0

(104)
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In terms of (74) and (85), we see that

[e9)

Belyp (x,y) - = 0111 0)et (1)

n=0
B éy R B O 5
I
Y e -T1-enan(t) o ) I plm1)
zg)l‘ ( Wns1a it ) A () (( )m+l,A) TR

I | ST
=" ((m+1)1)" n=o

Thus, we arrive at the following theorem including the bivariate Detr-Bell polynomials and the
Detr-Bernoulli polynomials.

Theorem 35. The following summation equality

1
(=0
d yl ((1)m+l,/\) Bm,nf(m+l),)\ (x)
Al

Bel, wa (x,y) = n! (105)
i (58 = 1 g ey (= (ot D)
is valid.
By means of (37) and (56)
o 1\ (1)1 €% (1)
ZFm,n;/\ x,_i pri 1
n=0 m L+ (ea(t) = 1—en1,(t)
2 mei (@)
ex (i’) + 1-— em—l,/\ (i’)
> Eun (1) -
= E ar (X)) —.
n=0 " n!

Therefore, we obtain the following theorem involving the bivariate Detr-Fubini polynomials and
the Detr-Euler polynomials.

Theorem 36. The following relation

1
Fm,n;/\ (x/ _2> = Em,n,)\ (x> (106)
holds true for m,n € Ny.
An immediate result for Formula (106) is as follows.

Corollary 3. Setting x = 0 in (106), we then get a relation between the Detr-Fubini polynomials and the
Detr-Euler numbers:

1
Fpmin <2> = Epn;a- (107)
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Remark 13. The relationships (106) and (107) are extensions of the well-known relation given by ([15])

1
Pn <—2> - En.

By (37) and (56), we get
ZF )\(x }/)ﬁ — (1)m,/\ tm*m'eﬁ (t) 2% <1)m,A e\ (t)+1_em—1,A (t)
= mn; " 1-y (e/\ (t) —1—ey,_12 (t)) e) (t) +1—ey_14 (t) 2% (1)%/\
m! & t” i t" = "
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e 2 (Z( ) i () Enpnia <x>> A
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mA n= O] 0 1=0

Hence, we state the following theorem which includes a correlation for the Fy, ;.1 (x, V), Fyna (V)
and E,; .0 ().

Theorem 37. The following relation

nlm! "1 n-+m
E, .. , = F, ;. E I 108
m,n,)\ (x ]/) (7’1 _'_m)' = 2 (1) /\ ( l ) Wl,l,/\ (]/) m,n+m l,)\ (x) ( )
nlm! & <n + m>
) Euga (¥) Emjia (x)
(n+4m)! Jg 2(1),0 j m e

is valid for n,m € Ny.

By using the generating functions of the Detr-Bernoulli and the bivariate Detr-Fubini polynomials
in (37) and (55), we derive
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Thus, we arrive at the following theorem.

Theorem 38. The following relation
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is valid for non-negative integers m and n.

8. Conclusions

In the present paper, we have considered the degenerate truncated forms of the various special
polynomials and numbers and have investigated their several properties and relationships by using
the series manipulation method and some special proof techniques indicated in the proof of each
of the theorem stated in this paper. We have first introduced the degenerate truncated exponential
polynomials and have given their several properties. Then we have defined the degenerate truncated
Stirling polynomials of the second kind and have proved their elementary properties and relations.
We have also considered the degenerate truncated bivariate Fubini and Bell polynomials and numbers
and we then have attained multifarious relations and formulas, which covers several summation
formulas, addition identities, recurrence relationships, derivative property and correlations with
the degenerate truncated Stirling polynomials of the second kind. Moreover, we have defined the
truncated degenerate Bernoulli and Euler polynomials and have provided multifarious correlations
and interesting formulas including summation formulas, derivation rules and correlations with
the degenerate truncated Stirling numbers of the second. Furthermore, regarding applications,
by introducing the degenerate truncated forms of the classical Bernstein polynomials, we have
derived several correlations and formulas including the degenerate truncated Bernstein polynomials,
the bivariate Detr-Fubini polynomials, the bivariate Detr-Bell polynomials, the Detr-Bernoulli
polynomials, the Detr-Stirling polynomials of the second kind and the Detr-Euler polynomials.
We have also provided several interesting surface plots of the aforementioned polynomials in the
special cases. The results obtained in this paper are generalizations of the many earlier results,
some of which are involved related references in [1-37]. For future directions, we will analyze that the
polynomials introduced in this paper can be applied in the theory of umbral calculus and those can be
connected with some degenerate probability distributions.
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