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Abstract: This paper gives the new concepts of quasi (s, r)-contractive multi-valued operators and
establishes some related fixed point results for such operators. In addition, an application to certain
functional equations arising from dynamic programming is given to illustrate the usage of the
obtained results.
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1. Introduction and Preliminaries

As it is well known to all, the proverbial Banach contraction mapping principle is a very useful,
simple and classical tool in modern mathematics, and has been widely used in many branches
of mathematics and physics. Many mathematicians have researched and generalized the Banach
contraction mapping principle along different directions, such as the fixed point theorem of fuzzy
metric spaces, C*-algebra valued metric spaces and so on [1-5]. In general the theorem has been
extended in two directions. On the one hand, the usual contractive condition is replaced with a weakly
contractive condition. On the other hand, the complete metric space is replaced by different types
of metric spaces [6-8]. However at present, in order to get an analog result, one always has to equip
the powerset of a nonempty set with some suitable metric. One such a metric is a Hausdorff metric.
It was Markin [9] who used the Hausdorff metric to study the fixed point theory of the multi-valued
contractive mappings for the first time. In 1969, Nadler [10] and Reich [11,12] introduced the fixed
point theorems of the multi-valued contractive operators respectively. Recently Popescu [13] gave the
concept of the (s, r)—contractive multi-valued operator and showed that such an operator is nothing
but a weakly Picard operator. Based on [13] Kamran and Hussain [14] introduced the notion of the
weakly (s, r)—contractive multi-valued operator.

This paper will introduce the concept of quasi (s, r)-contractive multi-valued operator based
on the notion and properties of (s, r)-contractive multi-valued operator. Moreover, some fixed point
theorems for mappings satisfying the contractive conditions about such an operator are established.
In addition, the existence results for a type of functional equations arising in dynamic programming
are given as an application.

To begin, let us start from some fundamental definitions and theorems as follows. Details can be
seen in [6,10,13,15-20].
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Definition 1. [13] Suppose that (X, d) is a nonempty metric space and CB(X) be the class of all nonempty
bounded closed subsets of X. Set

H(A,B) = max { sup d(x,B), sup d(y,A) », A,B € CB(X),
x€A y€EB

where d(x,B) = in£ d(x,y), then (CB(X), H) is a metric space and H(A, B) is called a Hausdorff metric
ye
between A and B.

It is easy to see that if (X, d) is a complete metric space, (CB(X), H) is complete as well.

Definition 2. [10] Let X be a metric space and T : X — CB(X) be a multi-valued operator. If there exists
k € [0,1] such that H(Tx, Ty) < kd(x,y) forall x,y € X, we call T a contractive multi-valued operator.

Definition 3. [13] Let (X, d) be a metric space and T : X — CB(X) be a multi-valued operator. If there exists
r €[0,1) and s > r, such that

d(y,Tx) <sd(x,y) = H(Tx, Ty) < rMr(x,y), Vx,y € X,

where

Mr(x,y) = max{ d(x,y), d(x,Tx), d(y, Ty), d(x, Ty) + d(y, Tx) } ,

2

then T is called a (s, r)-contractive multi-valued operator.

Theorem 1. [10] Let (X,d) be a complete metric space and T : X — CB(X) be an (s, r)-contractive
multi-valued operator with s > r. Then T has a fixed point, namely, there exists x € X such that x € Tx.

Theorem 2. [10] Let (X, d) be a complete metric space and T : X — X be an (s, r)-contractive single-valued
operator. Then T has a fixed point. Moreover, T has a uniqued fixed point for s > 1.

Definition 4. [15] Let (X,d) be a metric space. The multi-valued map T : X — CB(X) is said to be
a multi-valued quasi-contraction if

H(Tx,Ty) < rmax{ d(x,y), d(x,Tx), d(y, Ty), d(x, Ty), d(y, Tx)}, Vx,y € X,r € [0,1).

Theorem 3. [15] Let (X,d) be a complete metric space. Let T : X — CB(X) be a multi-valued
quasi-contraction with r € [0, }). Then T has a fixed point.

By using the fact w < max{ d(x,Ty), d(y, Tx)}, we introduce the new notions
which is combined the ideas of Harandi [15], Popescu [13] and Haghi [21] for contractive
multi-valued operators.

2. Main Results

[luminated by the concept of (s, r)-contractive multi-valued operator, this section will introduce
a new operator, namely, the quasi (s, 7)-contractive multi-valued operator and give some related fixed
point theorems.
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Definition 5. Let (X,d) be a complete metric space and T : X — CB(X) be a multi-valued operator.
If there exist r € [0,1) and s > r such that

d(y, Tx) <sd(x,y) = H(Tx,Ty) < rM*(x,y), Vx,y € X,
where
M*(x,y) = max{d(x,y), d(x,Tx), d(y, Ty), d(x, Ty), d(y, Tx)},
then T is called a quasi (s, r)-contractive multi-valued operator on X.
The following theorem generalizes the result of [13] to the setting of complete metric space.

Theorem 4. Suppose that (X, d) is a complete metric space and T : X — CB(X) is a quasi (s, r)-contractive
multi-valued operator with r € [0,1) and s > r. Then T has a fixed point.

Proof. Let ug € X and uy € Tuy.
If u1 = ug, then uy is a fixed point of T. Let uy # ug. Take up € Tuy such that d(uq, uy) < gH(Tug, Tuy),
where g > 1with2gry <land0<r <r; <1

Since d(uy, Tug) = 0 < s d(uy,up), by our hypothesis

H(Tuo, Tul) < rmax{ d(uo,ul), d(uo, Tuo), d(ul, Tu1), d(uo, Tul), d(ul, Tuo)},

d(uy, up) < gH(Tug, Tuy) gr max{ d(ug, uy), d(ug, Tug), d(uy, Tuy), d(ug, Tuq), d(uy, Tup)}
qrimax{ d(uo, u1), d(uy,uz), d(uo, uz)}

gr1 max{ d(uo, uq), d(uy, uz), d(uo, uq1) +d(uy,uz)}

qri[d(uo, ur) + d(ur, uz)]

d(ug,u1) + d(uq,u
2qr1] (uo 1)2 (14 2)]

2qry max{ d(ug,uy), d(uq,uz)},

ININ A

IN

where, 2971 < 1.

Case(i) : If max{ d(uo,u1), d(uq,uz)} = d(uy, up), then d(uz, uy) = 0.
So uj is a fixed point of T since u; = up € Tuy.

Case(ii) : If max{ d(ug,u1), d(u1,up)} = d(ug,u1), then we have

d(uq,up) < 2qry d(ug, uy).
Thus one can construct a sequence {u,} in X such that 1,11 € Tu, with
A(Upi1, Uns2) < 2qry d(un, uys1), 2qr1 < 1,¥n >0,

whenever,
d(tpy1, Tup) < sd(tyq1,Un),
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2 d(Upy1,un2) = d(ug,uz) + d(up,uz) + d(uz,ug) + - -
n=0
< 2qry d(uo, u1) + 2qry d(uy, up) +2qry d(uz, uz) + - - -
< [2gr + (2qr1)2 + (2qr1)3 + -] d(up,up)
_ o 2qn
= 1-2m, d(up,uq), 2qr1 <1

00,

It means {u,} in X is a Cauchy sequence and lim, ;e uy = u* in X since (X, d)is a complete
metric space.

We now show that there exists a subsequence {uy } of {u,} such that d(u*, Tu, ) <
sd(u*,uy, ), Yk € N.
Indeed, if there is a positive integer N such that

d(u*, Tuy) >sd(u*,u,), Vn>N.

This implies
d(u*, uy1) >sdu*,u,), Vn>N.

Using induction, one can obtain that foralln > N, p > 1,

d(u*, unyp) > sP d(u*, uy).

Futhermore,
d(un, ”n+p) < d(up tpgr) + d(Upgr, pg2) + - F d(”n+p—1; un+p)
< d(un, pgr) 2971 A, 1) + -+ (2qr1)P " At 1n11)
1—(2qr1)?
= _ > > 1.
( =20 ) d(tn, uyy1),¥n > N,p > 1

Set p — oo, then we have

d(u*,uy) < W d(uy, ty.q1),¥n > 0.
So
N 1
d(u ,un+p) < W d(un+pzun+p+l)
r
< .
Butd(u*, uyyp) > sP d(u*,uy), so
sPd(u*,up) < d(u*, upqp) < ﬂd(un Upi1)
7 7 p) = 1 72q1’1 r¥n+1)s
and
* (rl)p (%1)17
< VU = _ s/
d(u ,l/ln) — Sp(l _2qr1) d(”ﬂ/un+1) 1 _2qr1 d(un/uﬂ+1)/
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set p — oo, we have

d(u*,u,) < lim (%)p
T pooe 1 —2gn

d(un, up1) = 0.

It implies that u* = u,. This is contradict to d(u*,u,yp) > sP d(u*, u,). Therefore there exists
a subsequence {u;,, } of {u,} such that

d(u*, Tup, ) < sd(u*,u,,), Yk € N.
By hypothesis, one has
H(Tu*, Tun,) < rmax {d(u*,uy,), d(u*, Tu*), d(un,, Tun,), d(u*, Tuy,), d(i,, Tu*)}.
Therefore,
Ay, ,, Tu*) < rmax {d(u*, up,), d(u*, Tu*), d(un,, un, ), AW, ), d(un, Tu*)} .
Letting k — oo, we get

< rmax{d(u*, Tu"), d(u*,Tu")},
d(w*, Tu*) < rd(u*, Tu"),
where it implies that d(u*, Tu*) = 0. Hence u* € Tu* and u* is a fixed point of T. This completes

the proof.
O

The following example shows that under the condition of Theorem 4 the fixed point may
not be unique.

Example 1. Let X = [1,00) with d(x,y) = |x —y| forall x,y € X. Define T : X — CB(X) by
x
Tx=[33+%] xex

Consider , ,
H(Tx, Ty) = 7lx —yl = 7 d(x,y),

where we choose r = % €1[0,1), s = % > r. Then the conditions of Theorem 4 are fulfilled. It is clear that the
points 3 and 4 are both fixed points of T which implies that the fixed points are not unique.

It is necessary for us to consider when the fixed point of the quasi (s, )-contractive multi-valued
operator is unique.

Corollary 1. Let (X, d) be a complete metric space and T : X — X be a quasi (s, r)-contractive single-valued
operator with r € [0,1) and s > 1. Then T has a unique fixed point.

Proof. Suppose u* and v* are fixed points of T and u* # v*.
Then
d(v*, Tu*) = d(v*,u*) <sd(v*,u*), s>1.
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Using the hypothesis,
rmax { d(u*,v*), d(u*,Tu*), d(v*, To*), d(u*, Tv*), d(v*, Tu*)}

rmax { d(u*,v"), d(v*,v%), d(u*,u*)}
rd(u*, o).

H(Tu*,Tv*)) <
<

But H(Tu*, Tv*) = d(u*,v*).
So, d(u*,v*) <rd(u*,v*),r <1
It implies d(u*,v*) = 0 and u* = v* which leads to a contradiction. [

The following is another result about the quasi (s, r)-contractive multi-valued operator.

Theorem 5. Let (X,d) be a complete metric space and T : X — CB(X) be a multi-valued operator.
Suppose that there exist constants r,s € [0,1) with s > r such that

1

s d(x, Tx) < d(x,y) < o d(Tx x) = H(Tx,Ty) < rM*(x,y),

STz
where

M*(x,y) =max{d(x,y), d(x,Tx), d(y,Tx), d(x,Ty), d(y,Tx)},
then T has a fixed point.

Proof. Lets; € [0,1) such that0 <7 < sy <s < 1. Letug € X and u; € Tug such that

d(ug, up) < 11__551 d(ug, Tug).

If u; = up, then uy is a fixed point of T. Let 11 # uy.
Then we obtain

1

1 1
md(uoz Tug) < d(uo,u1) < ﬁd(”ozul) S 1 d(uo, Tuo).

By our hypothesis, we get
H(Tug, Tuy) < rmax{d(ug,u1), d(ug, Tup), d(u1, Tuy), d(uo, Tuy), d(uy, Tug)},

where r € [0,1).
Take uy € Tuq such that d(uq,up) < qH(Tug, Tuy), where g > 1 with2gr; <land0<r <r <1

Therefore
d(uy,up) < gqrymax{ d(ug,uy), d(ug, Tuy), d(uy, Tuy), d(uo, Tuq), d(uy, Tug)}
< gqn max{ d(uo, ul), d(ul ) (MQ, le)}
S qu max{ d(u()/ u])/ d(u]/MZ MO, 1/[1) + d(ulruZ)}
d(ug,u1) + d(uq,u
— ogr{ (uo 1)2 (11 2)}
< 2qrymax{ d(ug,u1), d(uy,uz)}.

Case(i) : If max{ d(ug,u1), d(uy,uz)} = d(uy, uz), then

d(up,uy) < 2qry d(uq,uz).
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It implies that d(u1, up) = 0 and so 1, is a fixed point of T.
Case(ii) : If max{ d(ug,u1), d(uy,uz)} = d(uo,u1), then

d(uq,up) < 2qry d(ug,uy), 2qr <1.
Thus, one can construct a sequence {u, } in X such that u, 11 € Tu, and

d(Upy1,Uny2) < (zqr)n-i-l d(Ups1,un),

with .
d(unr un+1) < 1__551 d(un/ Tun)/ Vn >0
Y d(up,uni1) = d(uo,ur) + d(ur,up) + d(up, uz) + -
n=1

< [142gr + (2g71)* + - - -] d(ug, u1)
1

T 1-2gn d(uo, u1)

< oo.

Then we obtain the sequence {u,} in X is a Cauchy and u, — u* in X, since X is a complete
meric space.

Since
A(tnyp, ttn) < d(un,ttpgr) + A1, tpg2) + -+ d(Upgp_1, tnyp)
< [1+2gr1+ (2qr1)* + -+ (2971)P Y d(un, 1)
= 11__(2261;1,11)7] d(up,uyt1), Yn >N, p>1.
tim Aoy ) < Jim () )
A, uy,) < de(un,un +1), vn>0.
< - _1r1 (it 1ty + 1)
< g dun un+1)
Since

1-s
d(ttn, uytq) < 7 —sl d(uy, Tuy)

it follows that .
d(u®,uy) < 1= d(uy, Tuy), Vn > 0.
Now we have to show that

1

s d(un, Tuy) < d(u*,uy).

Assume that there is a positive integer N such that

. 1
d(u*,u,) < 7 d(uy, Tuy), Yn > N.
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Then we have

A1) < i, u") + At

1
< m [d(”n,Tun) + d(un+], Tun+1)]

1
< m [d(unr Tun) +2qry d(unr un+1)]
1

(147)(1—2qr)
< d(un, Tuy)

A(uy, tyr1) < d(uy, Tuy)

which is impossible.
So there exists a subsequence {uy, } of {u,} in X such that

d(u*, up, ) >

e m d(Tunk,Mnk), Vk > N.

Since 1
d(u®,u,) < 1 d(uy, Tuy), ¥n >0,

and using the hypothesis, we obtain

H(Tu*, Tuy, ) < rM*(u*, up,).

Thus
d(ty 41, Tu*) < rmax{d(u*,uy), d(un, Tuy,), d(u*, Tu*), d(u, Tu*), d(u*, Tu,,) }
hm d(up, Tu*) < klim rmax { d(u*,up,), d(un,, Tup,), d(u*, Tu*), d(u,,, Tu*), d(u*, Tuy, )}
— 00
d(u*,Tu*) < rmax{d(u*,u*), d(u*, Tu*)}
d(w*, Tu*) < rd(u*,Tu").

It implies that u* € Tu* and u* is a fixed point of T. [

Corollary 2. Let (X,d) be a complete metric space and T : X — X be a quasi (s, r)-contractive single-valued
mapping. Assume that there exist v € [0,1) such that Vx,y € X

1—1|—r d(x, Tx) < d(x,y) < ir d(x,Tx) = H(Tx, Ty) < rM*(x,y),

where

M*(x,y) = max{ d(x,y), d(x,Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.

Then there exists a fixed point of T.

Proof. Let uy € X and uy = Tug. Take up € Tuq forr € [0,1).
It is claim that

Trr d(uo, Tug) < d(ug,u1) < i d(uo, Tug),

and thus, by assumption of Theorem 5, we obtain

d(uq,uy) < H(Tug, Tuy) < 2qry d(up,u1), g >1 with 2qri <1, 0<r<ry <1
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One can construct a sequence {u, } in X with u,, 11 = Tu, such that

d(Uny1,uni2) < 2qr1 d(Un, Upy1)-

Then the sequence {u,} in X is a Cauchy sequence and u, — u* in X since X is a complete
meric space.

We can prove that
1

1—7r

d(u*,uy) < d(tn, Up11), Yn >0

and there exist a subsequence {u;, } of {u,} in X such that

hold for k > N. so

d(tp1, Tu*) < rmax { du*,uy,), d(un, Tun,), d*, Tu*), d(un, Tu*), d(u*, Tuy, )}
< rmax { d(u* up,), d(ng, g 41), d(u*, Tu®), d(ugq,u*), d(Tu*, u, 1)}
;}5’; d(tpy,,, Tu*) < kli_}rr;ormax{ d(u*, un,), d(un, iy 1), d(u*, Tu*), d(ug1,u"), d(Tu*, uy 1)}
d(w*, Tu*) < rd(u*, Tu").

sod(u*, Tu*) = 0 and hence Tu* = u*.
It implies that u* is a fixed point of T. [

3. Application

In this section, we discuss the existence and uniqueness of solutions of a functional equation by
using Theorem 4.

We give the basic notation to use in the section. Let X and Y be Banach spacesand U C X, V C Y.

Let B(U) denote the set of all bounded functions on U. If the metric dp : B(U) x B(U) — [0, )
is defined by dg(h, k) = supyey|h(x) — k(x)|, then (B(U), dp) is a complete metric space.

Assume that U and V are the state and decision spaces respectively.

Then the problem of dynamic programming reduces to the problem of solving the
functional equation:

f(x) = sup H(x,y, f(T(x,y))),
yev

where 7 : U x V — U represents the transformation of the process and f(x) represents the optimal
return function with initial functional

flx) = Sug{g(x,y) +Gxy, f(t(x,y)))}, (x € U),
ye

whereg: U XV —+ Rand G: U x V x R = R are bounded functions.
Define T : B(U) — B(U) by

T(h(x)) = sup{3(x,y) + Glxy, f(x(x,y)]}, ¥h € BU)x € V.
ye

Then the following result is grated to find the existence and uniqueness of a solution of the classic
functional equation by using theorem.
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Theorem 6. Assume that there exist r € [0,1), s > r such that for all (x,y) € U x V, h,k € B(U) and
t € U. If the inequality

dp(k(t), Th(t)) < sdp(k(t),h(t)) = dp(G(x,h,h(t)),G(x,y,k(t))) < rM*(h(t),k(t)),
where
M (h(t), k(t)) = max{ dp(h(t), k(t)), dp(h(t), Th(t)), dp(k(t), Tk(t)), dp(h(t), Tk(t)), dp(k(t), Th(t))}.
Then the functional equation (*) has a bounded solution. Moreover, if s > 1, then the solution is unigue.
Proof. Let [}, I, € B(U) and x € U. Take y1,y2 € V. Let € be a positive real number such that
Th(x) <g(x,y1) +Gx,y1,h(1)) +e, (1)

Th(x) < g(x,y2) + G(x,¥2,2(2)) + €, (2)
where 7; = 7;(x,y;),i € {1,2}.
By the definition of T, we have

Th(x) > g(x,y2) + G(x,y2, (1)), (3)

Tl (x) > g(x,y1) + G(x,y1,1(T1)). (4)

Assume that dg(Ix(x), Tli(x)) < sdp(l2(x),l1(x)). Thatis, |lo(x) — Tly(x)| < s|la(x) — 1 (x)].
So, by using Equations (1) and (4), we obtain

Th(x) —Th(x) < G(x,y1,h(1)) —G(x,y1,h(11)) + €
= dp(G(x,y1,h(m)), G(x,y1,h2(m0)) + €.

Similarly, from Equations (2) and (3), we obtain
Th(x) — Th(x) < rM*(l1(x),(x)) + €.

Thus
T(h(x)) = T(2(x))] < rM* (L (x),I2(x)) + €.
That is, dg(Tl1(x), Tly(x)) < rM*(I1(x), l2(x)).
So, we get that
dp(l2(x), Th(x)) < sdp(l2(x), i (x)),

implies
dp(Th(x), Th(x))
< rmax{ dp(l1(x),l2(x), dg(l1(x), Tli(x)), dp(lo(x), Tla(x)), dg(l1(x), Tlr(x)), dg(l2(x), Tl1(x))},

It can be seen that all conditions of Theorem 4 are satisfied for T and hence it is proved. O
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