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Abstract: We prove that the Wiener integral, the analytic Wiener integral and the analytic Feynman
integral of the first variation of F(x) = exp { fOT 0(t,x(t))dt} successfully exist under the certain
condition, where 6(t,u) = [, exp{iuv}do;(v) is a Fourier-Stieltjes transform of a complex Borel
measure 0; € M(R) and M(R) is a set of complex Borel measures defined on R. We will find this
condition. Moreover, we prove that the change of scale formula for Wiener integrals about the first
variation of F(x) sucessfully holds on the Wiener space.
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1. Introduction

1.1. Motivation of the Wiener Integral from the Heat Equation

The solution of the heat (or diffusion) equation:

_% - _%A” +V(&)u=Hu (& € R%,0<t),u(0,) = ()

is of the form:
) = @) = E|ew{ ([ Voo ) fre o], @

where ¢ € L,(RY), & € R? and x(-) is a RY—valued continuous function defined on [0, t] such that
x(0) = 0; E denotes the expectation with respect to the Wiener path starting at time + = 0 (E is
the Wiener integral); H = —A 4 V is the energy operator (or Hamiltonian), A is a Laplacian, and
V : R? — Ris a potential. (1) is called the Feynman- Kac formula. Applications of the Feynman-Kac
formula (in various settings) have been given in the following areas: diffusion equations, the spectral
theory of the Schrodinger operator, quantum mechanics, and statistical physics (see [1]).

1.2. Motivation of This Paper

Do the analytic Wiener integral and the analytic Feynman integral about the first variation of the
function F(x) = exp { fOT 0(t, x(t)) dt} successfully exist?

Is the change of scale formula for the Wiener integral successfully satisfied about the first variation
of F(x) =exp { [) 0(t,x(t))dt}?
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1.3. Research Flow About the Topic of a Change of Scale Formula from 1944

The concept of a transform of Wiener integrals was introduced in [2,3] (1944-1945). The behavior of
a measure and a measurability under a change of scale on the Wiener space was expanded in [4] (1947).
The first variation of a Wiener integral was defined in [5] (1951) and and the translation pathology
of Wiener integrals was proved in [6] (1954). The functional transform for Feynman integrals similar
to Fourier transform was introduced in [7] (1972). Relationships among the Wiener integral and the
analytic Feynman Integral was proved in [8] (1987). A change of scale formula for the Wiener integral
was proved in [9]. The scale-Invariant Measurability on the Wiener space was proved in [10] (1979).
Theorems about some Banach algebras of analytic Feynman integrable functionals was expanded
in [11] (1980).

A change of scale formula for the Wiener integral of the cylinder function on the abstract Wiener
space was proved in [12,13]. The relationship between the Wiener integral and the Fourier Feynman
transform about the first variation was proved in [14-17]. The behavior of the scale factor for the
Wiener integral of the unbounded function on the Wiener space was proved in [18].

1.4. Target of This Paper

The purpose of this paper is the following:

(1) The first variation of a function F(x) = exp { fOT 0(t, x(t))dt} exists under the certain condition.
We find this condition.

(2) The analytic Wiener integral and the analytic Feynman integral of the first variation of F(x) exist.

(3) A change of scale formula for the Wiener integral holds for the first variation of F(x).

2. Definitions and Preliminaries

Let Cy[0, T] denote the space of real-valued continuous functions x on [0, T] such that x(0) = 0.
Let M denote the class of all Wiener measurable subsets of Cy[0, T| and let m denote the Wiener
measure and (Cy[0, T], M, m) be a Wiener measure space, see [1].

The integral of a measurable function F defined on the Wiener measure space with respect to a
Wiener measure m € M is called a Wiener integral of F and we denote it by |, color F (x)dm(x).

A subset E of Cy[0, T] is said to be scale-invariant measurable if pE € M for each p > 0, and a
scale-invariant measurable set N is said to be scale-invariant null if m(pN) = 0 for each p > 0.
A property that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.). If two functions F and G are equal s — a.e., we write F ~ G. For more details,
see [1].

Throughout this paper, let R” denote the n-dimensional Euclidean space and let C, C;, and C7
denote the complex numbers, the complex numbers with positive real part, and the non-zero complex
numbers with nonnegative real part, respectively.

Definition 1 (see [1]). Let F be a complex-valued measurable function on Cy[0, T] such that the integral

1
FA) = [ F(2x) dm(x 2
JEN) = [ FAE) dn() @
exists for all real A > 0. If there exists a function J*(F;z) analytic on C4 such that J*(F;A) = J(F; A) for
all real A > 0, then we define J*(F; z) to be the analytic Wiener integral of F over Cy[0, T| with parameter z,
and for each z € C., we write

[ Fdm( = 1 (F:2). ©

Co[0,T]
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Let q be a non-zero real number and let F be a function on Cy|0, T| whose analytic Wiener integral exists
for each z in C.y. If the following limit exists, then we call it the analytic Feynman integral of F over Cy|0, T|
with a parameter q and we write

anfq anws;
/CO[O,T] (w)dm{x) Z—lgliq Co[0T] ) W

where z approaches —iq through C and i*> = —1.

Now we introduce the Wiener Integration Formula.
Let Cg’b denote the space of real valued continuous functions x on [4,b] such that x(a) = 0.
Leta=tf) <t <bh<---<t;, <bh

Theorem 1 ([1], Theorem 3.3.5). Let f : R" — R be Lebesgue measurable. Then we have

f(x(t), x(k2), -+, x(tn) )dm(x)

a,b
CO

n 7% . 1 n (u‘—lxl‘, )2 .
— [HZT((Q — tjl)} /R”f(u)exp { - EJ; th;l}du’ )

-1

where ug = 0 and where the equality is in the strong sense that if either side of (5) is defined(in the sense of the
Lebesgue theory), whether finite or infinite, then so is the other side and they agree.

Remark 1. Ifwelet a = 0and b = T in (5), we have the following Wiener integration formula. Let Cy[0, T| be
a Wiener space and let 0 < t; <t < ... <t, <T. Then

g £ K02 )

1
- 2 1 (uj—ujq)?
= | ]2t - tjl)} / f(i) exp { -y ]]}dﬁ, (6)
[ e R! 2.3 ti—ta
where f : R" — R is a Lebesgue measurable function and ii = (uq,up,--- ,uy) and ug = 0 and

dii = durduy - - - duy,.

Definition 2 ([5]). Let F be a measurable function on Cy[0, T|. Then for w € Co[0, T],

d
OF(x|w) = ﬁF(x+hw)|h:0 (7)
is called the first variation of F in the direction w € Cy|0, T|(if it exists).

In the next section, we will use the following well-known integration formula:

/ exp{—au* +ibu}du = / T exp{—b—z} 8)
R a 4a”’
where 4 is a complex number with Rea > 0 and b is a real number and i* = —1.

Theorem 2 ([19], Morera’s Theorem). Suppose f is a complex function in an open set ) such that

s f(z)dz =0, )
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for every closed triangle A C Q). Then f € H(Q), where H(QY) is the class of all analytic functions in an open
set ) and 0A is a boundary of A.

3. The Main Results

Define a function

T
%) = exp{ / o(t, x (1)) dt}, (10)
JO
which has been used in the Quantum Mechanics, (see [1]).

Definition 3 ([1,18]). Let 6 : [0, T] x R — C be defined by

o(t, 1) = /R explinv}doy(v), (11)

which is a Fourier—Stieltjes transform of a complex Borel measure oy € M(R), where M(R) is a set of complex
Borel measures defined on R.

Notation 1.
(1) Let Ay, be defined by
M(T) ={(t1,t, - ta)|0 <t <tp <+ <, < T}, tg=0(1 < ).

(2)  Let M,y = M, (A,(T) x R") be the set of a countably additive complex Borel measure defined on the
product space A, (T) x R" (1 < n), see [1].

Throughout this paper, we suppose that 7 = (v1,vp,- -+ ,v,) and w € Cy[0, T] with |w| < oo

and Y57, ||#n|| < co, where || - || is a total variation of a countably additive complex Borel measure,
and we suppose that } 7 ; [vj| < coand

[e°] n
|v|] d|un|(£,7) < 0. (12)
n;l/”(T)XRn |:]Zl ] ,ui’l
Lemma 1 ([20]). Let F : Cy[0, T] — C be defined by (10) and (11). Then we have that

SR ey
n=1"n{1)X

where y, is a countably additive Borel measure defined on A,(T) x R" for each n = 1,2,---,

and du, (t,7) = [H?ldatj(vj)dtj} . (For more details, see [20]).

First we calculate the first variation of F(x) and we find a condition of the existence of the first
variation of F(x).

Lemma 2. The first variation of F(x) in (10) exists under the condition (12) and is of the form :

F(x|w) = Z/ [ Y vjw( }exp{ Zv] }dyn (£,9). (14)

n(T)xR" =1
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Proof. By the definition of the first variation in [5] and Dominated Convergence Theorem, we have that

SF(xf0) = (x4 hw)lico
= lim [Al}goih{ (x+(h+Ah)w)—F(x+hw)H
= tim [ timy 25| ol Z o () + 1 S
_;/AW(T)XR” exp {z ]é vj (x(tj) +hw(t;) )} dyn(?,ﬁ)] ]

= i [y 2| & e i ) 4 i)
[or{ion ) 1] ans
= [g/n(T)an P {ijnzl o (x(tj)+hw(tj))}

h—0

exp {iAh 2}1:1 vjw(tj)} -1

8 {Alkrgo Ah } } dun(t,7)
S T e
[i j=1 vjw(t]«)} exp{iAhZ}“_l vjw(tj)} )
X [Ahhrﬂo : } }dyn(t,z‘})

= Z;/ o [i Z;vjw(tj)} exp{ ZU }dyn (t,9), (15)
n= n j=

where we use L'Hospital’s Rule in the fifth equalty. For w € Cy[0, T] with |w| < oo,

) d|ﬂn|(35)

ad n
< .
6F (x|w)| < Z ./n . ];v]w t
n
Z / ) xR |w| ];W d| (£, 9)

o X4 fy e | 5 19] il )

IN

Therefore, the first variation F (x|w) of F(x) exists under the condition (12). O

Now, we prove the existence of the analytic Wiener integral of the first variation of F(x) in (10).

Theorem 3. Forz € C", the analytic Wiener integral of the first variation of F(x) in (10) exists and is given by

/anwZ OF (x|w) dm(x)

Co[0,T]

[e9)

& 1 L
= V;/AH(T)XW [z Zlvjw(tj)} exp { -5 2(@ —ti_q) ’;vi}dyn(t,v). (17)
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Proof. By Fubini’s Theorem, Wiener integration formula (6) and Lemma 2, we have that for real A > 0

and for w € Cy[0, T
2 :/CO[O,T] SE(A3 x|w) dm(x)
- /CO[O,T] LE/AH(T)XR” [i ngjw(tj)} EXP{Z)‘_ZJZ%UJ x(t )}dﬂn(t )}dm( )
n /\ 1 . [ee] ) n
- E(ZTI(t} —i']'_1>) ./R” |:n¥1 /A(T)XR” |:l ]; U]’w(t]):|
n e 412 n
X exp{ — % Z [MZ _u]‘_i] +i Zu]-v] }dyn(?,ﬁ)}du
j=1 " ] j=1
= ;/A(T)XR" [1 ]Zlvjw(t]')]
[uz‘ _L;]'_l] +i) u]v]}di[] dun (t,7)
j—1 =1
(18)

where for A € CT,
1 n
expliA 2 v;x(t
/co[o,ﬂ p{ ?::1 j(5)
n /\ l/ { )L n
= — )2 expy — =y ——L
]11(27'(0/‘—1’]‘,1)) . P 2 Z
(i’j - t]'—l) ZU%} (19)

We use the following function in the second equality of (18), when we applied the Wiener
integration formula (6)
CORERETIIED o A [ 3 ojolty)| exp { i~} Zv ) fam 2.3
Now we prove the existence of the analytic Wiener integral of the first variation F(x) in (10)

(20)

n
vi}d‘un(? 7).

Forz € CT, let
t
Z/ ><R”|:' JW(]]QXP{ j=1
Then g*(A) = g(A) forallreal A > 0. Forz € CT,
gE@ < ) 0l Y Iy =y -t Yo Hal @ 9)
*(z < / {w v} ex {—_ ti—ti v}’ £,7
8 = J A (T)xRn = ] P zzzj:l ] j—1 Py k Hn
[ee) n
< / {w v}d [%
by N [ wit T

= |w vil| dluy|(F,7) < oo,
o X [y | o 0100

(21)
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because Re(z) = Re(z) > 0. By Dominated Convergence Theorem, g*(z) is a continuous function of
ze Ct.

Since the function : exp { — % 7:1(tj —tj_1) ZZ:]- U,%} is an analytic function of z € C* for each
7= (v1,v2, - ,04) € R", we have that [rexp { — Yt —tio1) i 02 }dz = 0 for all rectifiable
simple closed curves I' in C* by Cauchy Integral Theorem.

Asforallz € CT,

|:i Zl:v]w(t])] exp { — % Z(t] — tj—l) Z’U%}‘ < |w| Z |’U]| < 0o, (22)
j=

j=1 k=j j=1

we can apply Fubini’s Theorem to the integral [. ¢*(z)dz and we have [, ¢*(z)dz = 0.

By Morera’s Theorem in [19], ¢*(z) is an analytic function of z in C*. Therefore the analytic
Wiener integral of the first variation of F(x) successfully exists and is given by (17) for z € C* and for
we Glo,T]. O

Remark 2. In (19), we use the formula : For real A > 0 and for each j =1,2,--- ,n,

A 1 Mluj—ujq]*
(m)z Aexp{ - m —l—lu]ZU)}dM]

bo—t 2
= exp {iuj_lw — W}, (23)

which is proved by the transformation z = [( A_); (uj —uj_1) and by (8).

Now, we obtain the analytic Feynman integral of the first variation 6F (x|w) of functions F :
Co[0, T] — Cin (10) and prove the existence of the analytic Feynman integral.

Theorem 4. The analytic Feynman integral of the first variation of F(x) in (10) exists and

/unfq OF (x|w)dm(x)

Co[0,T]
o n — n

. . i 2} -

= 1) viw(t;)| expq — 5= t—ti 02 Sduy, (t,7). (24)
,;/AH(T)XRH {]Z% / (])] p{ Zq];(] j l)kg i (A (t,0)

Proof. Form =1,2,3--- and for z,, € Ct, let

n

fn () = [i Zvjw(tj)} exp { -

j=1

Y (t—ti1) ) ui} (25)
, =
and let z,, — —iq whenever m — co. Then f,,(7) — f(7), where
f(ﬁ) = |:Z Z v]w(t])] exp { — i Z(t] — tj—l) kz M%} (26)
= & .

and |fu(7)| < [w| Ziy [vj| < ooforallm=1,2,---.
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By Dominated Convergence Theorem and Theorem 3, the analytic Feynman integral of the first
variation of F(x) in (10) exists and

anfy
/C SF(x|w) dm(x)

0[0,T]

im [ SF(x|w)dm(x)
= m

zm——iq JCo[0,T]

[} n 1 n n 5

= lim / [i v;w t'}ex - bi—ti_ u}d (%]

m Y S e ];] ()| exp{ 2ij;(; ]1>kz_] 2 b (7, 0)
= Y I D

= L [y @9
= 2/ T)xR [ ;UjZU(tj):| eXp{_Ziq];(tj_tj_l)lgu%}d'u”(?’ﬁ)’ (27)
O

To prove harmonious relationships among the Wiener integral, the analytic Wiener integral and
the analytic Feynman integral of the first variation and to prove the change of scale formula for the
Wiener integral of the first variation of F(x) in (10), we first have to prove the following property:

Theorem 5. Forz € C*, the function

n ) ) 2
exp{ ; — (-1 }5F(x|w) (28)

]71

is a Wiener integrable function of x € Cy[0, T].
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Proof. By Fubini Theorem, Wiener integration formula (6), (12), (14) and (19), we have that forz € C¥,

j=1 j
—z & [x() —x(t-1) ]?
N /Cg[O,T]ep{ 2212 xt]t] —J;Zl }
L oy [ 000 e {3 fatna 63t
- 1 —z & [uj—uiq))?
= [T -yt few {157 £

x {i/ e [i]f; vjw(tj)} exp{i;zlujvj}d}ln(?,ff)]

cor{ -3 LU=
|

[e9)

Z/AMT)an iivi”’(t/‘)} |:1£[[27T(t]'—tj1):|_%

n=1

z
2]‘:1 b= tj— j=1
ni i 1 i ) .
= |z72 / {z vw(t)} exp{— (ti—ti—1) Uk}dV (t,9)
= A (T) xR = ] ] 2z = ] ] & n
L L z & L5
o0 n
< B ([0l Y- Joi]) x 14] |<f',z7>)
n;l An(T) xR ]; j Hn
[oe) . n
el (5 oi|d] |<fiz7>)
24 | |(£ ,tyene 5 1
< o, 29)

because for z € CT,

Z n n
exp { — 5 Lt tjl)’;vi} ‘ <L
=i

j=1
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We use the following function in the second equality of (29), when we applied the Wiener
integration formula (6):

f(x(tr), x(t2),- ())
_ { Zi A t]l)]z}

— ] 1

[Z/ an[ e 17’1‘“’“1')} exp{ii% x(# >}dﬂn(? 7). (30)

Therefore we have the desired result. O

Remark 3. (1) In [14], Y.S. Kim proved the relationship between the Fourier-Feynman transform and the
Wiener integral about the first variation of

F(x) :/Hexp{i(h,x)”}dy(h)

in the Fresnel class under the condition that

h|d|p|(h) < oo
/.l dlul(n)
on the abstract Wiener space.
(2) In [17], Y.S. Kim proved the relationship between the Fourier-Feynman transform and the convolution
about the first variation of

F(x) = a((h, %), , (hy,x)™) = / exp {z i } (dv)

j=1

under the condition that

on the abstract Wiener space.
(3) In this paper, we find a condition :

0 n
rg/n(T)xR” L; |vj|} dlpn|(t,T) < oo

that the first variation of F(x) in (10) exists, where

x) = exp{/OTG(t,x(t))dt} - i /nmw exp { Z }dyn(? 7)

on the Wiener space.

Now we establish the harmonious relationship between the analytic Wiener integral and the
Wiener integral of the first variation.

That is, we prove that the analytic Wiener integral of the first variation can be successfully
expressed by the sequence of Wiener integrals of the first variation.
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Theorem 6. Forz € CT,

/anwz OF (x|w) dm(x)

Col0,T]

— 4 l-z ¢ x(tj-1) ]2
- /Co[o,T] { ; t—t] ) }5F(x|w)dm(x)- (31)

Proof. By Wiener integration formula (6), Lemma 2, Theorem 3 and Theorem 5, we have that for
z € C* and for w € Cy[0, T},

e ; 2
/CO[O,T] { Zi t — ]1 1] }5F(x|w) dm(x)

n
=
n

— /CO[O/T] { Z t]i S x(tj- 1)]2}

A - -t e P

_ ‘nl {Zn(tj—tjl)] 2/n exp{lgz i[”z__lg_ip}

j= =1

d ,fé/ [f B sed R}

=1

-

2 & t —t] )
- (]ﬁ[znaz—t >]2/ne"p{‘;]§[ué )
[Z/ - [ ;U] } exp{i:zlvju] } dyn(t,v)]dﬁ)
= z7% 2/ e {'}i‘{vjw(tj)} exp{—lejé(tj—fj_ﬂkiju%}dﬂn(?/ﬁ)
= 277 /C:;U;] OF (x|w)dm(x). (32)

O

Now, we prove that the first variation of F(x) satisfies successfully the change of scale formula
for the Wiener integral on the Wiener space.

Theorem 7. For positive real p > 0,
OF d
Lo PR X10) dm ()
2 n D . 2
_ —n P -1 [x(t]) x(t],l)]
- /CO[O,T] exp{ o p OF (x|w) dm(x). (33)

20" 3 i
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Proof. By Theorem 6, we have that for real z > 0,

' _1
./CO[O’T] OF(z72x|w)dm(x)

n

A , 2
_ /CO[O,T] exp{l;z 3 [x(t) — x(tj-1)] }5F(x|w)dm(x). (34)

= it

If we let z = p~2 in the above equation, we can have the desired result. [

Now, we establish the harmonious relationship between the analytic Feynman integral and the
Wiener integral of the first variation of F(x).

That is, we prove that the analytic Feynman integral of the first variation can be successfully
expressed as the limit of the sequence of Wiener integrals of the first variation on the Wiener space.

Theorem 8.

/ " SF(xfw)dm(x)

Co[0,T]
o 1z & [x(t) — ()P
= Jm e /(:O[O,T]exp{ 2 ]; ti—tji }5F(x|w)dm(x), )

whenever {z} — —iq through C.

Proof. By Definition 1, Lemma 2 and Theorem 6, we have that
anf,
/ " SF(x|w) dm(x)
Col0,T]
anwz,
= lim / F(x)dm(x)
k—ro0 JCy[0,T]
1—z & [x(4) = x(t1)]?
=1

= limz %/ ex {
k—o0 k Col0,T] P 2 j t]' — t]',l

} OF (x|w)dm(x), (36)

whenever {z;} — —igthrough Cy. O

4. Conclusions and Discussion

The first variation of F(x) = exp { fOT 0(t, x(t)) dt} successfully exists under the condition (12).
The Wiener integral, the analytic Wiener integral and the analytic Feynman integral of the first variation
of F(x) successfully exist. Furthermore, the first variation of F(x) successfully satisfies the change of
scale formula for the Wiener integral.

The Wiener integral, the analytic Wiener integral and the analytic Feynman integral
of the first variation of F(x) exist under the condition that Y > ;||ux|| < oo and

S fascryers | S ol il 69) < .
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But the Wiener integral, the analytic Wiener integral and the analytic Feynman integral of F(x)
exist and all properties of F(x) hold under one condition that Y ; ||pn|| < oo

(1)‘/CO[O,T] Flx)dm(x) = nf:l./An(T rr P { - %
(2). CZ;U ;] Z / Tyxrr { -

anfy
3). F(x)d = -
) /CO[O,T] (X) m(x) 21 /AW(T)XR" &P {

(f]' — t]',l) Xn: u,%}dyn (?, 7)

| —
-
\I":

N
™= I -
=

)
= ‘ =
-
Il
N
~
Il

anw, M 12
(4)'/(30[O,T] F(x)dm(x) = z2 /CO[O,T] p{ 5 ]Z‘{ - F(x)dm(x)
(5) / F(ox)dm(x) =p™ " / ex {pz —1 y [x(t) — x(tj—1)]? }P(x)dm(x)
Co[0,T] P Col0,T] 2p? = ti—tj 1
anfy
(6). o) F(x)dm(x)
i o 2 1—zp & [x(t) — x(tj-1)]?
= kh_)n;o Z /Co[O,T] exp { 5 ]; TR } F(x)dm(x), (37)

because | fCO[O,T] F(x)dm(x)| < Yo fA,,(T)xR" 1d|pn|(F,7) = X1 ||ptnl| < c0. That is,

3

()] [ oy EEm0)| < X ] < o0

n=1

3

@ [ F@dm(x)| < Y [l <o

Co[0,T] =
anf, s
O] [ o FOME)| < Ll < o )

Example 1. Let F : Cy[0, T| — C be defined by F(x) = exp {i j—1 vjx(t )} with Y35y |vj] < oo and let
Ay (T) be defined as in Notation 1. Then for w € Co[0, T| with |w| < oo,
F(x|w) = { Zv } exp{in]-x(tj)}
j=1
and |0F (x|w)| < |w] { -1 |vj|} < oo, using the proof of Lemma 2. The analytic Wiener integral and the

analytic Feynman integral exist and for z € C*,

n

[ oF G /wdn(x) = |i Yoyt exe { — 5 >_: o )

Co[O,T} L ]:1 k:]
and
-an f, L 1 iz n )
/ 6F(x/w)dm(x) = |i ) vjw(t;)| exps — 5 Y (ti—ti1)) vp
Co[0,T] L j=1 i q =1 k=j

whenever z — —iq through C*, using the proof of Theorems 3 and 4. Furthermore, we can prove Theorems 5-8
about the first variation of F(x) exploiting proofs of those Theorems.



Mathematics 2020, 8, 1666 14 of 14

Funding: This paper is supported by NRF-2017R1A6A3A11030667 in the project from 2017. NRF supported me
the research fund for papers listed in [12-18,20] since 1996.

Acknowledgments: I am very gratitude to professors, R. H. Cameron and D. A. Storvick and W. T. Martin and G.
W. Johnson and D. L. Skoug for me to research about the structure of the change of scale formula and about very
harmonious relationships among the Wiener integrala and the analytic Wiener integral and the analytic Feynman
integral in [2-6,8-11]. Furthermore, I am very gratitude to professors, G. W. Johnson and M. L. Lapidus for me to
research about the Feynman integral theory from their book in [1].

Conflicts of Interest: The author declares no conflict of interest

References

1.  Johnson, G.W.; Lapidus, M.L. The Feynman Integral and Feynman’s Operational Calculus; Oxford Science
Publications: New York, NY, USA, 2000.

2. Cameron, R.H.; Martin, W.T. On transformations of Wiener integrals under translations. Ann. Math. 1944,
45, 386-396.

3. Cameron, R.H.; Martin, W.T. Transformations for Wiener integrals under a general class of linear
transformations. Trans. Am. Math. Soc. 1945, 58, 184-219.

4. Cameron, R.H.; Martin, W.T. The behavior of measure and measurability under change of scale in Wiener
space. Bull. Am. Math. Soc. 1947, 53, 130-137. [CrossRef]

5. Cameron, R.H. The first variation of an indefinite Wiener integral. Proc. Am. Math. Soc. 1951, 2, 914-924.
[CrossRef]

6.  Cameron, R.H. The translation pathology of Wiener space. Duke Math. ]. 1954, 21, 623—-628. [CrossRef]

7. Brue, M.D. A Functional Transform for Feynman Integrals Similar to Fourier Transform. Ph.D. Thesis,
University of Minnesota, Minneapolis, MN, USA, 1972.

8. Cameron, R.H,; Storvick, D.A. Relationships between the Wiener Integral and the Analytic Feynman Integral.
Suppl. Rend. Del Circ. Mat. Di Palermo Ser. I[I-Numer. 1987,17,117-133.

9.  Cameron, R.H.; Storvick, D.A. Change of scale Formulas for Wiener Integral. Suppl. Rend. Del Circ. Mat. Di
Palermo Ser. II-Numer. 1987, 17,105-115.

10. Johnson, G.W.; Skoug, D.L. Scale-Invariant Measurability in Wiener Space. Pac. J. Math. 1979, 17, 157-176.
[CrossRef]

11. Cameron, R.H.; Storvick, D.A. Some Banach algebras of Analytic Feynman Integrable Functionals. In Lecture
Notes in Mathematics; Springer: Berlin/Heidelberg, Germany, 1980; pp. 18-67.

12. Kim, Y.S. A change of scale formula for Wiener Integrals of cylinder functions on the abstract Wiener space.
Int. . Math. Math. Sci. 1998, 21, 73-78. [CrossRef]

13.  Kim, Y.S. A change of scale formula for Wiener Integrals of cylinder functions on abstract Wiener space II.
Int. . Math. Math. Sci. 2001, 25, 231-237. [CrossRef]

14. Kim, Y.S. The behavior of the first variation under the Fourier-Feynman transform on abstract Wiener spaces.
J. Fourier Anal. Appl. 2006, 12, 233-242. [CrossRef]

15. Kim, Y.S. Fourier Feynman Transform and analytic Feynman integrals and convolutions of a Fourier
transform of a measure on Wiener spaces. Houst. J. Math. 2010, 36, 1139-1158.

16. Kim, Y.S. Behavior of the first variation under a Fourier-Feynman transform for cylinder functions on Wiener
spaces IL. Integr. Transf. Spec. Funct. 2010, 21, 13-23. [CrossRef]

17.  Kim, Y.S. Behavior of the first variation of Fourier transform of a measure on the Fourier Feynman transform
and Convolution. Numer. Funct. Anal. Optim. 2016, 37, 699-718. [CrossRef]

18. Kim, Y.S. Behavior of a scale factor for Wiener integrals of an unbounded function. Appl. Math. 2019,
10, 326-332. [CrossRef]

19.  Walter, R. Real and Complex Analysis; TMH Editions; MacGraw-Hill Inc.: New York, NY, USA, 1974.

20. Kim, Y.S. Behavior of a Wiener integral along the path of a parameter ¢t > 0. In Advanced Intelligence Research

System. 143. Proceedings of the 2nd International Conference on Applied Mathematics, Modelling and Statistics
Application. (AMMSA 2018), Sanya, China, 27-28 May 2018; Atlantis Press: Paris, France, 2018; pp. 5-13.

® (© 2020 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1090/S0002-9904-1947-08762-0
http://dx.doi.org/10.1090/S0002-9939-1951-0045937-X
http://dx.doi.org/10.1215/S0012-7094-54-02165-1
http://dx.doi.org/10.2140/pjm.1979.83.157
http://dx.doi.org/10.1155/S0161171298000088
http://dx.doi.org/10.1155/S0161171201004537
http://dx.doi.org/10.1007/s00041-005-5050-5
http://dx.doi.org/10.1080/10652460902945100
http://dx.doi.org/10.1080/01630563.2016.1173700
http://dx.doi.org/10.4236/am.2019.105023
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Motivation of the Wiener Integral from the Heat Equation
	Motivation of This Paper
	Research Flow About the Topic of a Change of Scale Formula from 1944
	Target of This Paper

	Definitions and Preliminaries
	The Main Results
	Conclusions and Discussion
	References

