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Abstract: In the current study, we construct a new subclass of bi-univalent functions with respect to
symmetric conjugate points in the open disc E, described by Horadam polynomials. For this subclass,
initial Maclaurin coefficient bounds are acquired. The Fekete-Szegt problem of this subclass is also
acquired. Further, some special cases of our results are designated.
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1. Introduction

Let A represent the class of all functions which are analytic and given by the following form
s(z) =z+ ) a,2" 1
n=2

in the open unit disc E = {z:z € C, |z| < 1}. Let S be class of all functions belonging to .A which are
univalent and hold the conditions of normalized s(0) = s’(0) —1 =01in E.

For the functions s and 7 in E analytic, it is known that the function s is subordinate to r in E given by
s(z) < r(z), (z € E), if there is an analytic Schwarz function w(z) given in E with the conditions

w(0) =0 and |w(z)| <1 forall z€E,
such that s(z) = r(w(z)) forallz € E.
Moreover, it is given by

s(z) <r(z) (z€E)<s(0)=r(0) and s(E) Cr(E)

when 7 is univalent. By the Koebe one-quarter theorem, we know that the range of every function which
belongs to S contains the disc {w : |w| < 1} [1]. Therefore, it is obvious that every univalent function s
has an inverse s !, introduced by

s(s1(z)) =z (z€E),
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and

(67w = (Jol <nEin) = §).,

where
s Hw) = w — apw? + (2a3 — a3)w® — (545 — 5azaz + ag)w* + - - - . 2

A function s € A is said to be bi-univalent in E if both s(z) and s~!(z) are univalent in E. The class of
all functions s € A, such that s and s~ € A are both univalent in E, will be denoted by o.

In 1967, the class o of bi-univalent functions was first enquired by Lewin [2] and it was derived that
laz| < 1.51. Brannan and Taha [3] also considered subclasses of bi-univalent functions, and acquired
estimates of initial coefficients. In 2010, Srivastava et al. [4] investigated various classes of bi-univalent
functions. Moreover, many authors (see [5-9]) have introduced subclasses for bi-univalent functions.

We define the class S*(¢) of starlike functions and the class K(¢) of convex functions by

zs'(z)

S*(go)—{s:seA,s(Z)<q)(z)},z€E,

and "
K(¢p) = {s:seA,l—i-ZS ) <(p(z)},zeE.
s(2)

These classes were described and studied by Ma and Minda [10].

It is especially clear that K = K(0) and S* = S*(0).

It is also obvious that if s(z) € K, then zs'(z) € §*.

El-Ashwah and Thomas [11] presented the class S, of functions known as starlike with respect to
symmetric conjugate points. This class consists of the functions s € S, satisfying the inequality

Re{ZS/(Z)} >0, z€eE.
s(z) —s(-2)

A function s € S is said to be convex with respect to symmetric conjugate points if

Re{w} >0, ze€E.
(s( (-2))

z) —s(—2)

The class of all convex functions with respect to symmetric conjugate points is denoted by Cs..
The Horadam polynomials %, (x) are given by the iteration relation (see [12])

hn(x) = kxhnfl (X) + lhn—Z(x)r (7’1 eEN> 2)/ (3)

with h1(x) = ¢, hp(x) = dx, and h3(x) = kdx? + cl, where ¢, d, k, I are some real constants.
Some special cases regarding Horadam polynomials can be found in [12]. For further knowledge
related to Horadam polynomials, see [13-16].

Remark 1. ([9,12]). Let Q)(x, z) be the generating function of the Horadam polynomials hy (x). At that time

e+ (d—ck)xz & 1
Q(x,z) = T 12 Elhn(x)z . 4)
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We took our motivation from the paper written by Wanas and Majeed [17]. They obtained coefficient
estimates using Chebyshev polynomials, but in our study we used Horadam Polynomials instead.

In the present paper, we introduce a new subclass of bi-univalent functions with respect to symmetric
conjugate points by handling the Horadam polynomials %, (x) and the generating function Q(x,z).
Moreover, we find the initial coefficients and the problem of Fekete-Szeg6 for functions in this new
subclass. Some special cases related to our results were also acquired.

2. Main Results
Definition 1. For 0 < o < 1, a function s € o is belong to the class F3° (a, x) if it satisfies the following conditions
2z5/(z) . 2(zs'(z))’
5(z) =s(=2) (s(z) —s(=2))
20z2s" (z) 4 2z5' (2)

wz(s(z) = s(=2)) + (1 — a)(s(z) — s(~2))
< Oxz)+1-c ®)

and
2wr’ (w) N 2(wr'(w))’
r(w) —r(-w) (r(w) —r(=w))’
20?1 (w) + 2wr’ (w)
aw(r(w) —r(=w))" + (1 - a) (r(w) - r(-w))
< Qx,w)+1-c (6)

where c, d, and | are real constants as in (3), and r is the extension of s~ presented by (2).

In particular, if we set « = 0, we obtain the class F3°(0,x) = Fi°(x), which holds the

following conditions:
2(zs'(2))!

(s(2) —s(-2))
2(wr'(w))'
(r(w) —r(-w))’

where the function r = s~ ! is presented by (2).
We prove that our first theorem includes initial coefficients of the class F3(«, x).

<Qx,z)+1-c

and

< Q(x,w)+1—c,

Theorem 1. Let the function s € o denoted by (1) belong to the class F3(«, x). Then

|dx|/|dx| @

laz| <
V2][(3 —2a)d — 2(2 — a)2k]dx? — 2(2 — a)2c]|

" |dx| (dx)?
dx dx
<
93] < 33 =2m Y 1 a2

®)
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Proof. Let s € ¢ be presented by Maclaurin expansion (1). Let us consider the functions ¥ and &,
which are analytic, and satisfy ¥(0) = ®(0) =0, |¥(w)| < 1 and |®(z)| < 1, z,w € E. Note that if

|®(z)| = |prz+ p2z? +p32° +...| <1 (z€E)
and
¥ (w)| = [qiw+ qow* +gzw’ +...| <1 (w€E),

then
lpil <1 and [g/ <1 (i€N).

In light of Definition 1, we have

2z5/(z) (2)
s(z) —s(=2) (s(2) —s(=2))'
20225 (z) 4 2z5' (2)

wz(s(z) = s(=2)) + (1 — a)(s(z) — s(~2))
= Qx,®(z))+1—-c

and
2wr’ (w) n 2(wr'(w))’
r(w) —r(-w) (r(w) —r(=w))’
20w?r" (w) + 2wr’ (w)
aw(r(w) —r(=w))" + (1 - a)(r(w) —r(-w))
Q(x,¥Y(w))+1—c

or equivalently

207%5" (z) + 225 (2)
az(s(z) —s(=2)) + (1 - a)(s(z) — s(-2))
= 1+h(x) —c+h(x)P(z) + h3(x)[@(2)]° + - - - )

and
2wr’ (w) 2(wr'(w))’
r(w) —r(—w) (r(w) —r(—w))’

w) —r(=w))

= T+ () =t ha(0)¥ (@) +hs()[¥ (@) + - (10)
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If®(z) = prz+pz2+p3z+--- (z€ E)and ¥(w) = qw + gow? +g3w’ +---  (w € E), from the
equalities of (9) and (10), we obtain
2z5/(z) n 2(zs'(z))
s(z) —s(-2) (s(z) —s(=2))
3 20z%8" (z) + 2z5'(z)
az(s(z) —s(=2))" + (1 - a)(s(z) — 5(-2))

= 1+h(x)prz+ [hz(x)pz + hg(x)pﬂ 224 (11)

and
2wr’ (w) n 2(wr' (w))’
rw) @) | (rw) - @)

20?1 (w) + 2wr’ (w)
aw(r(w) — (=) + (1 — ) (r(
LX) + [ (x)q2 + ha(x)

(=)

w)—r
7w+ (12)

Thus, upon equating the coincident coefficients in (11) and (12), after some basic calculations,

we acquired

2(2—wa)ag = ha(x)p1 (13)
2(3 —2a)az = hy(x)pa + ha(x)py (14)
—2(2—a)ay = ha(x)q1 (15)
2(3— 21x)(2a§ —az) = hy(x)g2 + h3(x)q% (16)

From (13) and (15), we obtain that
p1=—q (17)

and

8(2 — w)%a5 = h3(x)(p7 + 47)- (18)

Furthermore, by using (16) and (14), we obtain

4(3 —2u)a

By using (18) in (19), we get

2 =ha(x)(p2 + q2) + h3(x) (P2 + 3). (19)

8(2—a)?| ,

4(3 = 2a) — h3(x)—5——| a5 = ha(x)(p2 + 92)- (20)

h3(x)

From (3) and (20), we acquired the result which is desired in (7).
Later, in order to derive the coefficient bound on |a3|, by subtracting (16) from (14)

—4(3 —2)(a5 — a3) = ha(x)(p2 — 42) + h3(x) (p] — 47)
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and using (17) and (18), we have

—4(3 = 20)3 (%) (pf + 1)
8(2 —a)?

+4(3 —2a)az = hy(x)(p2 — q2)

_ () (p2—a2) | 15(x) (P} + )
B 24(3—221%)2 * 28(2—104)21 ' @

Hence, using (17) and applying (3), we obtain the desired result in (8). O

For a = 0 the class F3(«, x) reduced to the class F5°(x). The following corollary belongs to reduced
class F5(x).

Corollary 1. Let the function s € o, presented by (1), belong to the class F3°(x). Then

|dx|+/|dx] 22)

o2l < V/2](3d — 8k)dx2 — 8cl|

|dx| ~ (dx)?
<
las| < BT (23)

3. Fekete-Szego Problem

az — Ca%| is the Fekete-Szeg6 functional, well-known for its productive history in the
area of GFT. It started from the disproof by Fekete and Szego [18] conjecture of Littlewood and Paley,
suggesting that the coefficients of odd univalent functions are restricted by unity.

Theorem 2. For 0 < a < 1and § € R, let s, given by (1), be in the class F3(«, x). Then

d . 2(2—a)? (kdx?+cl
72(52'“) sfor ¢ —1] <1~ (30:)205)(;3()26)

‘ﬂ3 —Gﬂﬁ‘ <

ldx3[1-¢| ) 2(2—a)? (kdx2+cl)
FIEESTyI (g merrpmy ey roaws SR U Sl | Il Sy Gy e

Proof. It follows from (20) and (21) that

[h2(x)P(1 = &) (p2 + q2) L () (p2 = )
4(3 —2)h3(x) — 8(2 — a)2h3(x) 4(3— 2a)

— n(x) [(®(§,X) n M) P2+ (@(@x) - M) qz} ,

B [A2(x)2(1 - )
O(g,x) = 4(3 — 2a)h3(x) — 8(2 — a)2h3(x)”

2
a3 —Gay =

where

Thus, we conclude that

% O, x)| < 4(3121;()
‘03 —éﬂ%‘ <
2/Ia(x)|0(E,%)| 10, 0)| = grtay
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In this way, the proof of Theorem 2 is completed. [

For a = 0 the class F;°(«, x) reduced to the class F;°(x). The following corollary belongs to reduced

class F3¢(x).

Corollary 2. For § € R, let s, presented by (1), belong to the class F5(x). Then

d 8(kdx2+cl
12 jfor g —1] < 1 - S50
2
‘ﬂs—gﬂz‘ <
dxPl1-¢| ; for |é'_ 1| >1-— 8(kdx>+-cl)

[6(dx)2—16(kdx2+cl)| 3(dx)?

Upon taking ¢ = 1 in Theorem 2, we easily acquire the corollary given below

Corollary 3. For 0 < a <1, let s, presented by (1), belong to the class F5 («, x). Then

Remark 2. Different subclasses and results were obtained for some special cases of parameters in our results, such as
corollaries. Furthermore, when we take d = 2,k = 2,¢c = —1,1 = 1, in our results, it can be seen that these results
enhance the study by Wanas and Majeed [17].

Author Contributions: Data curation, S.M.A. and Z.K,; Funding acquisition, S.M.A.; Methodology, Z.K.; Resources,
SM.A,; Software, Z.K; Supervision, S.M.A. All authors have read and agreed to the published version of the
manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Duren, PL. Univalent Functions; Springer: New York, NY, USA, 1983.

2. Lewin, M. On a coefficient problem for bi-univalent functions. Proc. Am. Math. Soc. 1967, 18, 63-68. [CrossRef]

3.  Brannan, D.A.; Taha, T.S. On some classes of bi-univalent functions. In Mathematical Analysis and Its Applications;
Mazhar, S.M., Hamoul, A., Faour, N.S., Eds.; Elsevier Science Limited: Oxford, UK, 1988; pp. 53-60.

4. Srivastava, H.M.; Mishra, A.K.; Gochhayat, P. Certain subclasses of analytic and bi-univalent function.
Appl. Math. Lett. 2010, 23, 1188-1192. [CrossRef]

5. Alamoush, A.G.; Darus, M. Coefficient bounds for new subclasses of bi-univalent functions using Hadamard
products. Acta Univ. Apulensis 2014, 38, 153-161.

6. Akgtil, A.; Sakar, EM. A certain subclass of bi-univalent analytic functions introduced by means of the g-analogue
of Noor integral operator and Horadam polynomials. Turk. J. Math. 2019, 43, 2275-2286. [CrossRef]

7. Altinkaya, S.; Yalgin, S. Coefficient estimates for two new subclasses of bi-univalent functions with respect to
symmetric points. J. Funct. Spaces 2015, 2015, 145242.

8. Sakar, FEM. Estimating Coefficients for Certain Subclasses of Meromorphic and Bi-univalent Functions.
J. Inequal. Appl. 2018, 2018, 283. [CrossRef] [PubMed]

9. Sakar, EM.; Aydogan, S.M. Initial Bounds for Certain Subclasses of Generalized Salagean Type Bi-univalent
Functions Associated with the Horadam Polynomials. Qual. Meas. Anal. 2019, 15, 89-100.

10. Ma, W.C.; Minda, D. A unified treatment of some special classes of univalent functions. In Proceedings of the

Conference on Complex Analysis (Nankai Institute of Mathematics), Tianjin, China, 19-23 June 1992; pp. 157-169.


http://dx.doi.org/10.1090/S0002-9939-1967-0206255-1
http://dx.doi.org/10.1016/j.aml.2010.05.009
http://dx.doi.org/10.3906/mat-1905-17
http://dx.doi.org/10.1186/s13660-018-1879-4
http://www.ncbi.nlm.nih.gov/pubmed/30839806

Mathematics 2020, 8, 1888 8of 8

11.

12.
13.
14.
15.

16.
17.

18.

El-Ashwah, RM.; Thomas, D.K. Some subclasses of close-to-convex functions. J. Ramanujan Math. Soc. 1987,
2, 85-100.

Horcum, T.; Kocer, E.G. On some properties of Horadam Polynomials. Internat. Math. Forum 2009, 4, 1243-1252.
Horadam, A.F. Jacobsthal Representation Polynomials. Fibonacci Q. 1997, 35, 137-148.

Horadam, A.F.; Mahon, ].M. Pell and Pell-Lucas Polynomials. Fibonacci Q. 1985, 23, 7-20.

Koshy, T. Fibonacci and Lucas Numbers with Applications; A Wiley-Interscience Publication: New York,
NY, USA, 2001.

Lupas, A. A Guide of Fibonacci and Lucas Polynomials. Octagon Math. Mag. 1999, 7, 2-12.

Wanas, A.K.; Majeed, A.H. Chebyshev polynomial bounded for analytic and bi-univalent functions with respect
to symmetric conjugate points. Appl. Math. E-Notes 2019, 19, 14-21.

Fekete, M.; Szego, G. Eine bemerkung uber ungerade schlichte funktionen. J. Lond. Math. Soc. 1933, 8, 85-89.
[CrossRef]

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1112/jlms/s1-8.2.85
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Main Results
	Fekete–Szegö Problem
	References

