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Abstract

:

In this paper, we analyze the Friedrichs part of an operator with polynomially bounded symbol. Namely, we derive a precise expression of its asymptotic expansion. In the case of symbols satisfying Gevrey estimates, we also estimate precisely the regularity of the terms in the asymptotic expansion. These results allow new and refined applications of the sharp Gårding inequality in the study of the Cauchy problem for p-evolution equations.
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1. Introduction


The sharp Gårding inequality for a pseudodifferential operator was first proved by Hörmander [1] and by Lax and Nirenberg [2] for symbols in the Kohn–Nirenberg class    S m   (  R  2 n   )   , namely satisfying the following estimates


   |   ∂ ξ α   ∂ x β   p  ( x , ξ )  | ≤   C  α β     〈 ξ 〉   m − | α |   ,  α , β ∈  N 0 n  ,  








for some positive constant   C  α β   , where    〈 ξ 〉  : =   1 +   | ξ |  2      for every   ξ ∈  R n    and   N 0 n   stands for the set of all multi-indices of length n. In its original form, this result states that, if   p ∈  S m   (  R  2 n   )   , for some   m ∈ R  , is such that   Re  p ( x , ξ ) ≥ 0  , then the corresponding operator   p ( x , D )   satisfies the following estimate


  Re   ( p  ( x , D )  u , u )   L 2   ≥ − C   ∥ u ∥    m − 1  2  2  ,  u ∈ S  (  R n  )  ,  



(1)




for some   C ∈ R  , where    ∥ · ∥    m − 1  2    denotes the standard norm in the Sobolev space    H   m − 1  2    (  R n  )   . Later on, several different proofs and extensions of this result have been provided by many authors (cf. [3,4,5,6]). In particular, the inequality has been extended to symbols defined in terms of a general metric (cf. [4], Theorem 18.6.7) and to matrix valued pseudo-differential operators (cf. [4], Lemma 18.6.13, and [5], Theorem 4.4 page 134). In all the proofs of the sharp Gårding inequality, the operator   p ( x , D )   is decomposed as the sum of a positive definite part and a remainder term providing the inequality (1). In the approach proposed in [5], this positive definite part   p F   is called Friedrichs part and satisfies the following conditions:




	(i)

	
    (  p F  u , v )   L 2   =   ( u ,  p F  v )   L 2     if   p ( x , ξ )   is real;




	(ii)

	
    (  p F  u , u )   L 2   ≥ 0   if   p ( x , ξ ) ≥ 0  ; and




	(iii)

	
  Re    (  p F  u , u )   L 2   ≥ 0   if   Re  p ( x , ξ ) ≥ 0  .









Although the results in [4] are extremely general and sharp, in some applications, more detailed information on the remainder term is needed. In particular, it is important to state not only the order but also the asymptotic expansion of   p −  p F   . This is needed in particular in the analysis of the so called p-evolution equations, namely equations of the form


   D t  u +  a p   ( t )   D x p  +  ∑  j = 0   p − 1    a j   ( t , x )   D x j  u = f  ( t , x )  ,  t ∈  [ 0 , T ]  ,  



(2)




where p is a positive integer and    a p   ( t )    is a real valued function (cf. [7,8]). This large class of equations includes for instance strictly hyperbolic equations (  p = 1  ) and Schrödinger-type equations (  p = 2  ). The classical approach to study the Cauchy problem for these equations is based on a reduction to an auxiliary problem via a suitable change of variable and on a repeated application of sharp Gårding inequality which needs at every step to understand the precise form of all the remainder terms (cf. [9]). When the coefficients    a j   ( t , x )    are uniformly bounded with respect to x, this is possible using Theorem 4.2 in [5], where the asymptotic expansion of    p F  − p   is given in the frame of classical Kohn–Nirenberg classes. In this way, under suitable assumptions on the behavior of the coefficients    a j   ( t , x )  , j = 0 , … , p − 1 ,   for   | x | → ∞ ,   well posedness with loss of derivatives has been proved in    H ∞  =  ∩  m ∈ R    H m    (see [9]).



In fact, for equations of the form (2), the loss of derivatives can be avoided by choosing the data of the Cauchy problem with a certain decay at infinity (cf. [10]). This motivated us to study the initial value problem for (2) in a weighted functional setting admitting also polynomially bounded coefficients, which cannot be treated in the theory of standard Kohn–Nirenberg classes but are included in the so-called  SG  classes (see the definition below). For this purpose we need a variant of [5] (Theorem 4.2) for  SG  operators with a precise information on the asymptotic expansion of   p −  p F   .



Another challenging issue is to study Equation (2) on Gelfand–Shilov spaces of type  S  (cf. [11]). A first step in this direction has been done in the case   p = 2  , that is for Schrödinger-type equations (see [12]), and for   p = 3   (see [13]). In both cases, it is sufficient to apply the sharp Gårding inequality only once. To treat p-evolution equations for   p > 3  , however, we need to apply the iterative procedure described above. In addition, a precise estimate of the Gevrey regularity of the terms in the asymptotic expansion of   p −  p F    is also needed.



In this paper, we provide appropriate tools for both the aforementioned issues. This is achieved by defining in a suitable way the Friedrichs part of our operators and by studying in detail its asymptotic expansion and its regularity. With this purpose, we prove two separate results for the following classes of symbols. Fixing   m =  (  m 1  ,  m 2  )  ∈  R 2   , we denote by     SG  m   (  R  2 n   )    the space of all functions   p ∈  C ∞   (  R  2 n   )    satisfying for any   α , β ∈  N 0 n    the following condition


   |   ∂ ξ α   ∂ x β   p  ( x , ξ )  | ≤   C  α β     〈 ξ 〉    m 1  −  | α |      〈 x 〉    m 2  −  | β |    ,  x , ξ ∈  R n  ,  



(3)




for some positive constant   C  α , β   . These symbols have been treated by a large number of authors along the years (see [14,15,16,17,18,19,20,21]). We are moreover interested in the subclass of     SG  m   (  R  2 n   )    given by the  SG  symbols possessing a Gevrey-type regularity. Namely, for   μ , ν ≥ 1  , we say that a symbol   p ( x , ξ )   belongs to the class     SG   ( μ , ν )  m   (  R  2 n   )    if there are constants   C ,  C 1  > 0   satisfying


   |   ∂ ξ α   ∂ x β   p  ( x , ξ )  | ≤   C 1   C  | α | + | β |   α  ! μ  β  ! ν    〈 ξ 〉    m 1  −  | α |      〈 x 〉    m 2  −  | β |    ,  



(4)




for every   α , β ∈  N 0 n  , x , ξ ∈  R n   .



This work is organized as follows. In Section 2, we recall some results concerning  SG  pseudodifferential operators. In Section 3, we discuss the concepts of oscillatory integrals and double symbols, which are fundamental tools in the present work. Finally, in Section 4, we study the Friedrichs part of symbols belonging to the classes    SG  m   and    SG   ( μ , ν )  m   and we prove the main results of this paper, namely Theorems 4 and 6.




2.  SG  Pseudodifferential Operators


In this section, we recall some basic facts about  SG  pseudodifferential operators which are used in the sequel. Although for our applications we are interested to prove the main results for the classes defined by inequalities (3) and (4), in order to prove them, we need to consider more general classes of symbols which are defined as follows.

Definition 1.

Given   m =  (  m 1  ,  m 2  )  ∈  R 2  , ρ =  (  ρ 1  ,  ρ 2  )  ∈   ( 0 , 1 ]  2  , δ =  (  δ 1  ,  δ 2  )  ∈   [ 0 , 1 )  2  ,   with    δ j  <  ρ j  , j = 1 , 2 ,   we denote by    SG   ρ , δ  m   the space of all functions   p ∈  C ∞   (  R  2 n   )    such that


   sup   ( x , ξ )  ∈  R  2 n      |  ∂ ξ α   ∂ x β  p  ( x , ξ )  |    〈 ξ 〉   −  m 1  +  ρ 1   | α |  −  δ 1   | β |      〈 x 〉   −  m 2  +  ρ 2   | β |  −  δ 2   | α |    < ∞ .  



(5)











We recall that    SG   ρ , δ  m   is a Fréchet space endowed with the seminorms


    | p |  ℓ  : =  sup   | α + β | ≤ ℓ    ( x , ξ )  ∈  R  2 n       |  ∂ ξ α   ∂ x β  p  ( x , ξ )  |    〈 ξ 〉   −  m 1  +  ρ 1   | α |  −  δ 1   | β |      〈 x 〉   −  m 2  +  ρ 2   | β |  −  δ 2   | α |    ,  








for   ℓ ∈  N 0   . The class    SG   ρ , δ  m   is included in the general theory by Hörmander [4]. A specific calculus for this class can be found in [22]. Pseudodifferential operators with symbols in    SG   ρ , δ  m   are linear and continuous from   S (  R n  )   to   S (  R n  )   and extend to linear and continuous maps from     S  ′   (  R n  )    to     S  ′   (  R n  )   . Moreover, denoting by    H s   (  R n  )    with   s =  (  s 1  ,  s 2  )  ∈  R 2    the weighted Sobolev space


   H s   (  R n  )  : =  { u ∈   S  ′   (  R n  )  :   〈 x 〉   s 2     〈  D x  〉   s 1   u ∈  L 2   (  R n  )  }  ,  








we know that an operator with symbol in    SG   ρ , δ  m   extends to a linear and continuous map from    H s   (  R n  )    to    H  s − m    (  R n  )    for every   s ∈  R 2   .

Definition 2.

Let, for   j ∈  N 0   ,    p j  ∈   SG   ρ , δ   (  m  1 , j   ,  m  2 , j   )    , where   m  1 , j   ,   m  2 , j    are nonincreasing sequences and    m  1 , j   → − ∞  ,    m  2 , j   → − ∞  , when   j → ∞  . We say that   p ∈  C ∞   (  R  2 n   )    has the asymptotic expansion


  p  ( x , ξ )  ∼  ∑  j ∈  N 0     p j   ( x , ξ )   








if for any   N ∈ N   we have


  p  ( x , ξ )  −  ∑  j = 0   N − 1    p j   ( x , ξ )  ∈   SG   ρ , δ   (  m  1 , N   ,  m  2 , N   )   .  















Given    p j  ∈   SG   ρ , δ   (  m  1 , j   ,  m  2 , j   )     as in the previous definition, we can find   p ∈   SG   ρ , δ   (  m  1 , 0   ,  m  2 , 0   )     such that   p ∼ ∑  p j   . Furthermore, if there is q such that   q ∼ ∑  p j   , then   p − q ∈   SG   − ∞   : =  ∩  m ∈  R 2      SG   ρ , δ  m  = S  (  R  2 n   )    (cf. [22], Theorem 2). The class    SG   ρ , δ  m   is closed under adjoints. Namely, given   p ∈   SG   ρ , δ  m    and denoting by   P *   the   L 2   adjoint of   p ( x , D )  , we can write    P *  =  p *   ( x , D )  + R ,   where   p *   is a symbol in    SG   ρ , δ  m   admitting the asymptotic expansion


   p *   ( x , ξ )  ∼  ∑  α ∈  N 0 n    α  !  − 1    ∂ ξ α   D x α    p ( x , ξ )  ¯   








and   R :   S  ′   (  R n  )  → S  (  R n  )   . The class     SG   ρ , δ  ∞  : =  ∪  m ∈  R 2      SG   ρ , δ  m    possesses algebra properties with respect to composition. Namely, given   p ∈   SG   ρ , δ  m    and   q ∈   SG   ρ , δ   m ′    , there exists a symbol   s ∈   SG   ρ , δ   m +  m ′      such that   p  ( x , D )  q  ( x , D )  = s  ( x , D )  +  R ′    where   R ′   is a smoothing operator     S  ′   (  R n  )  → S  (  R n  )   . Moreover,


  s  ( x , ξ )  ∼  ∑  α ∈  N 0 n    α  !  − 1    ∂ ξ α  p  ( x , ξ )   D x α  q  ( x , ξ )   








(cf. [22], Theorem 3).



We now consider Gevrey regular symbols.

Definition 3.

Fixing   C > 0  , we denote by     SG   ρ , δ ; ( μ , ν )  m   (  R  2 n   ; C )    the space of all smooth functions   p ( x , ξ )   such that


    | p |  C  : =  sup  α , β ∈  N 0 n     C  − | α | − | β |   α  !  − μ   β  !  − ν    sup  x , ξ ∈  R n      〈 ξ 〉   −  m 1  +  ρ 1   | α |  −  δ 1   | β |      〈 x 〉   −  m 2  +  ρ 2   | β |  −  δ 2   | α |     |  ∂ ξ α   ∂ x β  p  ( x , ξ )  |  < + ∞ .  








We set     SG   ρ , δ ; ( μ , ν )  m   (  R  2 n   )  =  ⋃  C > 0     SG   ρ , δ ; ( μ , ν )  m   (  R  2 n   ; C )  .  







Equipping     SG   ρ , δ ; ( μ , ν )  m   (  R  2 n   ; C )    with the norm    | · |  C   we obtain a Banach space and we can endow     SG   ρ , δ ; ( μ , ν )  m   (  R  2 n   )    with the topology of inductive limit of Banach spaces. A complete calculus for operators with symbols in this class can be found in [23]. Here, we recall only the main results. Since    SG  ρ , δ ; ( μ , ν )  m  ⊂  SG  ρ , δ  m   , the previous mapping properties on the Schwartz and weighted Sobolev spaces hold true for operators with symbols in   SG  ρ , δ ; ( μ , ν )  m  . By the way, the most natural functional setting for these operators is given by the Gelfand–Shilov spaces of type   S .   We recall that, fixing   μ > 0 , ν > 0  , the Gelfand–Shilov space    S ν μ   (  R n  )    is defined as the space of all functions   f ∈  C ∞   (  R n  )    such that for some constant   C > 0  


   sup  α , β ∈  N 0 n     C  − | α + β |     ( α ! )   − ν     ( β ! )   − μ    sup  x ∈  R n     |  x α   ∂ β  f  ( x )  |  < + ∞ .  



(6)




For every    μ ′  ≥ μ /  ( 1 −  δ 2  )  ,  ν ′  ≥ ν /  ( 1 −  δ 1  )  ,   an operator with symbol in   SG  ρ , δ ; ( μ , ν )  m   is linear and continuous from    S   μ ′    ν ′    (  R n  )    to itself and extends to a linear continuous map from the dual space     (  S   μ ′    ν ′   )  ′   (  R n  )    into itself (see [23], Theorem A.4).



The notion of asymptotic expansion for symbols in   SG  ρ , δ ; ( μ , ν )  m   can be defined in terms of formal sums (cf. [23]). Here, to obtain our results, we need to use a refined notion of formal sum introduced in [13] for the case   ρ = ( 1 , 1 ) , δ = ( 0 , 0 ) .   All the next statements can be transferred to the case of general  ρ  and  δ  without changing the argument, thus we refer to [13] for the proofs.



For    t 1  ,  t 2  ≥ 0  , set


   Q   t 1  ,  t 2    =  {  ( x , ξ )  ∈  R  2 n   :  〈 x 〉  <  t 1    and    〈 ξ 〉  <  t 2  }   








and    Q   t 1  ,  t 2   e  =  R  2 n   ∖  Q   t 1  ,  t 2     . When    t 1  =  t 2  = t  , we simply write   Q t   and   Q t e  .

Definition 4.

Let     σ ¯  j  =  (  k j  ,  ℓ j  )    be a sequence such that    k 0  =  ℓ 0  = 0  ,    k j  ,  ℓ j    are strictly increasing,    k  j + N   ≥  k j  +  k N   ,    ℓ  j + N   ≥  ℓ j  +  ℓ N   , for   j , N ∈  N 0   , and    k j  ≥  Λ 1  j  ,    ℓ j  ≥  Λ 2  j   for   j ≥ 1  , for some    Λ 1  ,  Λ 2  > 0 .   We say that     ∑  j ≥ 0     p j  ∈  F  σ ¯   S  G  ρ , δ ; ( μ , ν )  m    if    p j  ∈  C ∞   (  R  2 n   )    and there are   C , c , B > 0   satisfying


   |   ∂ ξ α   ∂ x β   p j    ( x , ξ )  | ≤   C  | α | + | β | + 2 j + 1   α  ! μ  β  ! ν  j  !  μ + ν − 1     〈 ξ 〉    m 1  −  ρ 1   | α |  +  δ 1   | β |  −  k j      〈 x 〉    m 2  −  ρ 2   | β |  +  δ 2   | α |  −  ℓ j     








for   α , β ∈  N 0 n   ,   j ≥ 0   and    ( x , ξ )  ∈  Q   B 2   ( j )  ,  B 1   ( j )   e   , where    B i   ( j )  =   ( B  j  μ + ν − 1   )   1  Λ i     ,   i = 1 , 2  .





Definition 5.

Given     ∑  j ≥ 0     p j  ,   ∑  j ≥ 0     q j  ∈  F  σ ¯   S  G  μ , ν  m  ,   we say that     ∑  j ≥ 0     p j  ∼   ∑  j ≥ 0     q j    in    F  σ ¯   S  G  ρ , δ ; ( μ , ν )  m    if there are   C , c , B > 0   satisfying


   |   ∂ ξ α   ∂ x β    ∑  j < N     (  p j  −  q j  )   ( x , ξ )   | ≤   C  | α | + | β | + 2 N + 1   α  ! μ  β  ! ν  N  !  μ + ν − 1     〈 ξ 〉    m 1  −  ρ 1   | α |  +  δ 1   | β |  −  k N      〈 x 〉    m 2  −  ρ 2   | β |  +  δ 2   | α |  −  ℓ N     








for   α , β ∈  N 0 n   ,   N ≥ 1   and    ( x , ξ )  ∈  Q   B 2   ( N )  ,  B 1   ( N )   e   .





Remark 1.

If    k j  =  (  ρ 1  −  δ 1  )  j ,  ℓ j  =  (  ρ 2  −  δ 2  )  j   and    Λ i  =  ρ i  −  δ i  , i = 1 , 2 ,   we simply write   F S  G  ρ , δ ; ( μ , ν )  m    and we recover the usual definitions presented under different notation in [23]. If moreover   ρ = ( 1 , 1 ) , δ = ( 0 , 0 )  , we use the notation   F S  G  ( μ , ν )  m  .  





Remark 2.

If     ∑  j ≥ 0     p j  ∈  F  σ ¯   S  G  ρ , δ ; ( μ , ν )  m   , then    p 0  ∈   SG   ρ , δ ; ( μ , ν )  m   . Given   p ∈   SG   ρ , δ ; ( μ , ν )  m    and setting    p 0  = p  ,    p j  = 0  ,   j ≥ 1  , we have   p =   ∑  j ≥ 0     p j   . Hence, we can consider    SG   ρ , δ ; ( μ , ν )  m   as a subset of    F  σ ¯   S  G  ρ , δ ; ( μ , ν )  m   .





Proposition 1.

Given     ∑  j ≥ 0     p j  ∈  F  σ ¯   S  G  ρ , δ ; ( μ , ν )  m  ,   there exists   p ∈   SG   ρ , δ ; ( μ , ν )  m    such that   p ∼   ∑  j ≥ 0     p j    in    F  σ ¯   S  G  ρ , δ ; ( μ , ν )  m   .





Proposition 2.

Let   p ∈   SG   ρ , δ ; ( μ , ν )   ( 0 , 0 )     such that   p ∼ 0   in    F  σ ¯   S  G  ρ , δ ; ( μ , ν )   ( 0 , 0 )    . Then,   p ∈  S r   (  R  2 n   )    for   r ≥ max {  1  Λ ˜    ( μ + ν − 1 )  , μ + ν − 1 }  , where    Λ ˜  = min  {  Λ 1  ,  Λ 2  }   .





Proposition 3.

Let   p ∈   SG   ρ , δ ; ( μ , ν )  m    and let   P *   be the   L 2   adjoint of   p ( x , D )  . Then, there exists a symbol    p *  ∈   SG   ρ , δ ; ( μ , ν )  m    such that    P *  =  p *   ( x , D )  + R ,   where R is a   S r  -regularizing operator for any   r ≥   μ + ν − 1   min {  ϱ 1  −  δ 1  ,  ϱ 2  −  δ 2  }   .   Moreover,


   p *   ( x , ξ )  ∼   ∑  j ≥ 0      ∑  | α | = j    α  !  − 1    ∂ ξ α   D x α    p ( x , ξ )  ¯   i n  F S  G  ρ , δ ; ( μ , ν )  m  .  













Proposition 4.

Let   p ∈   SG   ρ , δ ; ( μ , ν )  m  , q ∈   SG   ρ , δ ; ( μ , ν )   m ′   .   Then, there exists a symbol   s ∈   SG   ρ , δ ; ( μ , ν )   m +  m ′      such that   p  ( x , D )  q  ( x , D )  = s  ( x , D )  +  R ′    where   R ′   is a   S r  -regularizing operator for any   r ≥   μ + ν − 1   min {  ϱ 1  −  δ 1  ,  ϱ 2  −  δ 2  }    . Moreover,


  s  ( x , ξ )  ∼   ∑  j ≥ 0      ∑  | α | = j    α  !  − 1    ∂  ξ  α  p  ( x , ξ )   D x α  q  ( x , ξ )   in  F S  G  ρ , δ ; ( μ , ν )   m +  m ′    .  
















3. Oscillatory Integrals and Operators with Double Symbols


To define the Friedrichs part of an operator, it is necessary to extend the notion of pseudodifferential operator as in [5] by considering more general symbols called double symbols. Quantizations of these symbols are defined as oscillatory integrals.



3.1. Amplitudes and Oscillatory Integrals


Definition 6

(Amplitudes). For   m ∈  R 2    and   δ ∈   [ 0 , 1 )  2   , we define    A δ m   (  R  2 n   )    as the space of all smooth functions   a ( η , y )   such that


   |   ∂ η α   ∂ y β   a  ( η , y )  | ≤   C  α , β     〈 η 〉    m 1  +  δ 1   | β |      〈 y 〉    m 2  +  δ 2   | α |    ,  η , y ∈  R n  .  













For   ℓ ∈  N 0    and   a ∈  A δ m   (  R  2 n   )   , the seminorms


    | a |  ℓ  =  max  | α + β | ≤ ℓ    sup  η , y ∈  R n     { |   ∂ η α   ∂ y β  a  ( η , y )   |   〈 η 〉   − (  m 1  +  δ 1  | β | )     〈 y 〉   − (  m 2  +  δ 2  | α | )   }  ,  








turn    A δ m   (  R  2 n   )    into a Fréchet space.



Remark 3.

In [5] (Chapter 1, Section 6), the special case    A  ( δ , 0 )   ( m , τ )    (  R n  )   , where   m ∈ R  ,   τ > 0   and   δ ∈ [ 0 , 1 )  , is treated.





Definition 7

(Oscillatory Integral). For   a ∈  A  δ , τ  m   , we define


     O s − [  e  − i η y   a  ( η , y )  ]     = O s −    ∫   ∫     e  − i η y   a  ( η , y )  d y  d ¯  η          : =  lim  ε → 0      ∫   ∫     e  − i η y    χ ε   ( η , y )  a  ( η , y )  d y  d ¯  η ,     








where    χ ε   ( η , y )  = χ  ( ε η , ε y )    and χ is a Schwartz function on   R  2 n    such that   χ ( 0 , 0 ) = 1  .





Theorem 1.

Let   a ∈  A δ m   (  R  2 n   )   . If   ℓ ,  ℓ ′  ∈  N 0    satisfy


   − 2 ℓ  ( 1 −  δ 1  )  +  m 1  < − n ,  − 2  ℓ ′   ( 1 −  δ 2  )  +  m 2  < − n ,   








then     |  〈 y 〉    − 2  ℓ ′      〈  D η  〉   2  ℓ ′     {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ   a  ( η , y )  }   |    belongs to    L 1   (  R  2 n   )    and we have


   O s −  [  e  − i η y   a  ( η , y )  ]  =    ∫   ∫     e  − i η y     〈 y 〉   − 2  ℓ ′      〈  D η  〉   2  ℓ ′     {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ   a  ( η , y )  }  d y  d ¯  η .   








Furthermore, there is    C  ℓ ,  ℓ ′    > 0   independent of   a ∈  A  δ , τ  m   (  R  2 n   )    such that


    | O s −   [  e  − i η y   a  ( η , y )  ]   | ≤   C  ℓ ,  ℓ ′      | a |   2 ( ℓ +  ℓ ′  )   .   



(7)









Proof. 

Integration by parts gives


     O s −  [  e  − i η y   a ]  =  lim  ε → 0      ∫   ∫     e  − i η y     〈 y 〉   − 2  ℓ ′      〈  D η  〉   2  ℓ ′     {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ    ( a  χ ε  )  }  d y  d ¯  η ,     








where    χ ε   ( η , y )  = χ  ( ε η , ε y )   . Since


    〈  D η  〉   2  ℓ ′    =  ∑   ℓ 0 ′  +  |  L ′  |  =  ℓ ′       ℓ ′  !    ℓ 0 ′  !  L ′  !    D η  2  L ′    ,    〈  D y  〉   2 ℓ   =  ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !    D y  2 L   ,  








where    L ′  =  (  ℓ 1 ′  , … ,  ℓ n ′  )    and   L = (  ℓ 1  , … ,  ℓ n  )  , we have


      〈  D η  〉   2  ℓ ′        {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ    (  χ ε  a )  }  =  ∑   ℓ 0 ′  +  |  L ′  |  =  ℓ ′       ℓ ′  !    ℓ 0 ′  !  L ′  !    D η  2  L ′     {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ    (  χ ε  a )  }           =  ∑   ℓ 0 ′  +  |  L ′  |  =  ℓ ′       ℓ ′  !    ℓ 0 ′  !  L ′  !    ∑   α 1  +  α 2  = 2  L ′      ( 2  L ′  ) !    α 1  !  α 2  !    D η  α 1     〈 η 〉   − 2 ℓ   ·  D η  α 2     〈  D y  〉   2 ℓ    (  χ ε  a )           =  ∑   ℓ 0 ′  +  |  L ′  |  =  ℓ ′       ℓ ′  !    ℓ 0 ′  !  L ′  !    ∑   α 1  +  α 2  = 2  L ′      ( 2  L ′  ) !    α 1  !  α 2  !    D η  α 1     〈 η 〉   − 2 ℓ            ×  ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !    D η  α 2    D y  2 L    (  χ ε  a )           =  ∑   ℓ 0 ′  +  |  L ′  |  =  ℓ ′       ℓ ′  !    ℓ 0 ′  !  L ′  !    ∑   α 1  +  α 2  = 2  L ′      ( 2  L ′  ) !    α 1  !  α 2  !    D η  α 1     〈 η 〉   − 2 ℓ    ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !            ×  ∑   α 1 ′  +  α 2 ′  =  α 2     ∑   β 1  +  β 2  = 2 L      α 2  !    α 1 ′  !  α 2 ′  !     ( 2 L ) !    β 1  !  β 2  !    D η  α 1 ′    D y  β 1    χ ε   D η  α 2 ′    D y  β 2   a .     











Hence, we obtain the following estimates, for  ε  in   [ 0 , 1 ]  ,


    |      〈  D η  〉   2  ℓ ′     {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ    (  χ ε  a )  }   | ≤   ∑   ℓ 0 ′  +  |  L ′  |  =  ℓ ′       ℓ ′  !    ℓ 0 ′  !  L ′  !    ∑   α 1  +  α 2  = 2  L ′      ( 2  L ′  ) !    α 1  !  α 2  !            ×  C 0   |   α 1   | + 1     α 1  !   〈 η 〉    − 2 ℓ − |   α 1   |     ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !    ∑   α 1 ′  +  α 2 ′  =  α 2     ∑   β 1  +  β 2  = 2 L      α 2  !    α 1 ′  !  α 2 ′  !     ( 2 L ) !    β 1  !  β 2  !            ×  ε   |   α 1 ′  +  β 1   |     C  χ    |   α 1 ′   | + |   β 1   | + 1     α 1 ′   ! μ   β 1   ! ν    | a |    |   α 2 ′  +  β 2   |      〈 η 〉    m 1  +  δ 1   |  β 2  |      〈 y 〉    m 2  +  δ 2   |  α 2 ′  |             ≤  C  ℓ ,  ℓ ′      | a |   2 ( ℓ +  ℓ ′  )     〈 η 〉   m − 2 ℓ ( 1 −  δ 1  )     〈 y 〉    m 2  + 2  ℓ ′   δ 2    ,     








and


       〈 y 〉   − 2  ℓ ′     |   〈  D η  〉   2  ℓ ′    {    〈 η 〉   − 2 ℓ         〈  D y  〉   2 ℓ    (  χ ε  a )   } |           ≤  C  ℓ ,  ℓ ′      | a |   2 ( ℓ +  ℓ ′  )     〈 η 〉    m 1  − 2 ℓ  ( 1 −  δ 1  )      〈 y 〉    m 2  − 2  ℓ ′   ( 1 −  δ 2  )    .     











Finally, by Lemma   6.3   on Page 47 of [5] and Lebesgue dominated convergence theorem, we obtain


  O s −  [  e  − i η y   a ]  =    ∫   ∫     e  − i η y     〈 y 〉   − 2  ℓ ′      〈  D η  〉   2  ℓ ′     {   〈 η 〉   − 2 ℓ     〈  D y  〉   2 ℓ   a }  d y  d ¯  η ,  










   | O s −   [  e  − i η y   a ]   | ≤   C  ℓ ,  ℓ ′      | a |   2 ( ℓ +  ℓ ′  )      ∫   ∫      〈 η 〉    m 1  − 2 ℓ  ( 1 −  δ 1  )      〈 y 〉    m 2  − 2  ℓ ′   ( 1 −  δ 2  )    d y  d ¯  η .  








□





Following the ideas in the proofs of Theorems   6.7   and   6.8   of [5] (Chapter 1, Section 6), one can obtain the following result.



Proposition 5.

Let   a ∈  A δ m   (  R  2 n   )   ,   α , β ∈  N 0    and    η 0  ,  y 0  ∈  R n   . Then,




	(i) 

	
  O s −  [  e  − i η y    y α  a ]  = O s −  [   ( −  D η  )  α   e  − i η y   a ]  = O s −  [  e  − i η y    D η α  a ]   ;




	(ii) 

	
  O s −  [  e  − i η y    η β  a ]  = O s −  [   ( −  D y  )  β   e  − i η y   a ]  = O s −  [  e  − i η y    D y β  a ]   ; and




	(iii) 

	
  O s −  [  e  − i η y   a  ( η , y )  ]  = O s −  [  e  − i  ( η −  η 0  )   ( y −  y 0  )    a  ( η −  η 0  , y −  y 0  )  ]   .












3.2. Operators with Double Symbols


Definition 8.

Let   m =  (  m 1  ,  m 2  )  ,  m ′  =  (  m 1 ′  ,  m 2 ′  )  ∈  R 2    and   ρ = (  ρ 1  ,  ρ 2  ) ,    δ = (  δ 1  ,  δ 2  )   such that   0 ≤  δ j  <  ρ j  ≤ 1 , j = 1 , 2  . We denote by     SG   ρ , δ   m ,  m ′     (  R  4 n   )    the space of all functions   p ∈  C ∞   (  R  4 n   )    such that for any   α ,  α ′  , β ,  β ′  ∈  N 0 n    there is    C  α , β    α ′  ,  β ′    > 0   for which


    |   p  β ,  β ′    α ,  α ′     ( x , ξ ,  x ′  ,  ξ ′  )   | ≤   C  α , β    α ′  ,  β ′      〈 ξ 〉    m 1  −  ρ 1   | α |      〈  ξ ′  〉    m 1 ′  −  ρ 1   |  α ′  |      〈 ξ ;  ξ ′  〉    δ 1   | β +  β ′  |      〈 x 〉    m 2  −  ρ 2   | β |      〈  x ′  〉    m 2 ′  −  ρ 2   |  β ′  |      〈 x ;  x ′  〉    δ 2   | α +  α ′  |       



(8)




for every   x ,  x ′  , ξ ,  ξ ′  ∈  R n   , where    p  β ,  β ′    α ,  α ′    =  ∂ ξ α   ∂  ξ ′   α ′    D x β   D  x ′   β ′   p   and    〈 z ;  z ′  〉  =   1 +   | z |  2  +   |  z ′  |  2      for   z ,  z ′  ∈  R n   .





Denoting by    | p |   α ,  α ′  , β ,  β ′    m ,  m ′     the supremum over   x , ξ ,  x ′  ,  ξ ′  ∈  R n    of


   |   p  β ,  β ′    α ,  α ′     ( x , ξ ,  x ′  ,  ξ ′  )   |    〈 ξ 〉   −  m 1  +  ρ 1   | α |      〈  ξ ′  〉   −  m 1 ′  +  ρ 1   |  α ′  |      〈 ξ ;  ξ ′  〉   −  δ 1   | β +  β ′  |      〈 x 〉   −  m 2  +  ρ 2   | β |      〈  x ′  〉   −  m 2 ′  +  ρ 2   |  β ′  |      〈 x ;  x ′  〉   −  δ 2   | α +  α ′  |    ,  








the space    SG   ρ , δ   m ,  m ′     is a Fréchet space whose topology is defined by the family of seminorms


    | p |  ℓ  m ,  m ′    : =  sup   | α + β +   α ′  +  β ′   | ≤ ℓ      | p |   α ,  α ′  , β ,  β ′    m ,  m ′    .  











Definition 9.

Let   m =  (  m 1  ,  m 2  )  ,  m ′  =  (  m 1 ′  ,  m 2 ′  )  ∈  R 2   ,   ρ = (  ρ 1  ,  ρ 2  ) ,    δ = (  δ 1  ,  δ 2  )   such that   0 ≤  δ j  <  ρ j  ≤ 1 , j = 1 , 2 ,   and let   μ , ν ≥ 1  . We denote by     SG   ρ , δ ; ( μ , ν )   m ,  m ′     (  R  4 n   )    the space of all functions   p ∈  C ∞   (  R  4 n   )    such that for some   C > 0  :


       |   p  β ,  β ′    α ,  α ′     ( x , ξ ,  x ′  ,  ξ ′  )   |      ≤  C   | α + β +   α ′  +  β ′   |      ( α !  α ′  ! )  μ    ( β !  β ′  ! )  ν    〈 ξ 〉    m 1  −  ρ 1   | α |      〈  ξ ′  〉    m 1 ′  −  ρ 1   |  α ′  |      〈 ξ ;  ξ ′  〉    δ 1   | β +  β ′  |           ×   〈 x 〉    m 2  −  ρ 2   | β |      〈  x ′  〉    m 2 ′  −  ρ 2   |  β ′  |      〈 x ;  x ′  〉    δ 2   | α +  α ′  |    .      



(9)









For   C > 0  , the space     SG   ρ , δ ; ( μ , ν )   m ,  m ′     (  R  4 n   ; C )    of all smooth functions   p ( x , ξ ,  x ′  ,  ξ ′  )  , such that (9) holds for a fixed   C > 0  , is a Banach space with norm


    | p |  C  m ,  m ′    : =  sup  α ,  α ′  , β ,  β ′  ∈  N 0 n     C   − | α +   α ′  + β +  β ′   |      ( α !  α ′  ! )   − μ     ( β !  β ′  ! )   − ν     | p |   α ,  α ′  , β ,  β ′    m ,  m ′    .  








After that, we define     SG   ρ , δ ; ( μ , ν )   m ,  m ′    =   ⋃  C > 0      SG   ρ , δ ; ( μ , ν )   m ,  m ′     (  R  4 n   ; C )    as an inductive limit of Banach spaces.



Definition 10.

For   p ∈   SG   ρ , δ   m ,  m ′     , we define


      p  ( x ,  D x  ,  x ′  ,  D  x ′   )  u  ( x )      : = ∫  e  i ξ ( x −  x ′  )    e  i  ξ ′   (  x ′  −  x  ″   )    p  ( x , ξ ,  x ′  ,  ξ ′  )  u  (  x  ″   )  d  x  ″    d ¯   ξ ′  d  x ′   d ¯  ξ          = ∫  e  i ξ ( x −  x ′  )    e  i  ξ ′   x ′    p  ( x , ξ ,  x ′  ,  ξ ′  )   u ^   (  ξ ′  )   d ¯   ξ ′  d  x ′   d ¯  ξ ,      








for every   u ∈ S (  R n  )  .





Lemma 1.

Let   p ∈   SG   ρ , ( 0 ,  δ 2  )   m ,  m ′     (  R  4 n   )   . For any multi-indices   α ,  α ′  , β ,  β ′   , set   q =  p  β ,  β ′    α ,  α ′     , and, for   θ ∈ [ − 1 , 1 ]  , define


    q θ   ( x , ξ )  = O s −    ∫   ∫     e  − i η y   q  ( x , ξ + θ η , x + y , ξ )  d y  d ¯  η ,  x , ξ ∈  R n  .   








Then,    {  q θ  }   | θ | ≤ 1    is bounded in     SG   ρ , ( 0 ,  δ 2  )  τ   (  R  2 n   )   , where   τ = (  τ 1  ,  τ 2  )  ,    τ 1  =  m 1  +  m 1 ′  −  ρ 1   | α +  α ′  |   ,    τ 2  =  m 2  +  m 2 ′  −  ρ 2   | β +   β ′   | +   δ 2   | α +  α ′  |   . Furthermore, for any   ℓ ∈  N 0   , there are    ℓ ′  : =  ℓ ′   ( ℓ )  ∈  N 0    and    C  ℓ ,  ℓ ′    > 0   independent of θ such that


    |   q θ    |  ℓ τ  ≤  C  ℓ ,  ℓ ′      | p |   ℓ ′   m ,  m ′    .   













Proof. 

First, notice that   q  ( x , ξ + θ η , x + y , ξ )  ∈  A  ( 0 ,  δ 2  )   (  m 1  ,  m 2 ′  +  δ 2  | α +  α ′  | )    (  R  η , y   2 n   )   , therefore    q θ   ( x , ξ )    is well defined for any fixed   ξ , x , θ  . Given   γ , μ ∈  N 0 n   , we may write, omitting the variables   ( x , ξ + θ η , x + y , ξ )  ,


   ∂ x γ   ∂ ξ μ  q =  ∑    γ ′  ≤ γ    μ ′  ≤ μ      μ !    μ ′  !  ( μ −  μ ′  )  !     γ !    γ ′  !  ( γ −  γ ′  )  !    p  ( β +  γ ′  ,  β ′  + γ −  γ ′  )   ( α +  μ ′  ,  α ′  + μ −  μ ′  )   .  



(10)




To prove that    {  q θ  }   | θ | ≤ 1    is bounded in     SG   ρ , ( 0 ,  δ 2  )  τ   (  R  2 n   )   , it is sufficient to show that


   |   q θ    ( x , ξ )  | ≤   C 1    | p |   ℓ 1   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2    



(11)




for some    C 1  > 0   and    ℓ 1  ∈  N 0    depending on   α , β ,  α ′  ,  β ′   . Indeed, if (11) holds, then we can estimate the derivatives of   q θ   as follows:


      |   ∂ x γ       ∂ ξ μ   q θ    ( x , ξ )  | =   O s −    ∫   ∫     e  − i y η    ∂ x γ   ∂ ξ μ  q  ( x , ξ + θ η , x + y , ξ )  d y  d ¯  η           ≤  ∑    μ ′  ≤ μ    γ ′  ≤ γ       μ  μ ′      γ  γ ′      O s −     ∫   ∫      e  − i y η    p  ( β +  γ ′  ,  β ′  + γ −  γ ′  )   ( α +  μ ′  ,  α ′  + μ −  μ ′  )    ( x , ξ + θ η , x + y , ξ )  d y  d ¯  η           ≤  ∑    μ ′  ≤ μ    γ ′  ≤ γ      μ  μ ′      γ  γ ′     C 1   ( α ,  α ′  , β ,  β ′  , γ , μ )    | p |   ℓ 1   m ,  m ′             ×   〈 ξ 〉    m 1  +  m 1 ′  −  ρ 1   | α +  μ ′  +  α ′  + μ −  μ ′  |      〈 x 〉    m 2  +  m 2 ′  −  ρ 2   | β +   γ ′  +  β ′  + γ −  γ ′   | +   δ 2   | α +  μ ′  +  α ′  + μ −  μ ′  |             ≤   C | p |   ℓ 1   m ,  m ′      〈 ξ 〉    m 1  +  m 1 ′  −  ρ 1   | α +  α ′  + μ |      〈 x 〉    m 2  +  m 2 ′  −  ρ 2   | β +   β ′   + γ | +   δ 2   | α +  α ′  + μ |        








where C and   ℓ 1   depend of   α ,  α ′  , β ,  β ′  , γ , μ   and does not depend of  θ .



Now, we show that (11) holds true. Observe that


   e  − i η y     = ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ     ( 1 −   〈 x 〉   2  δ 2     Δ y  )  ℓ   e  − i η y   ,  








therefore


   q θ   ( x , ξ )  = O s −    ∫   ∫     e  − i y η    r θ   ( x , ξ ; η , y )  d y  d ¯  η ,  








where


   r θ     ( x , ξ ; η , y )  = ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ     ( 1 −   〈 x 〉   2  δ 2     Δ y  )  ℓ  q  ( x , ξ + θ η , x + y , ξ )  .  











If we take ℓ satisfying    2 ℓ > |   m 1   | + n   , then   r θ   is integrable with respect to  η . Now, consider a cutoff function   χ ( y )   such that   χ ( y ) = 1   for    | y |  ≤  4  − 1    〈 x 〉    and   χ ( y ) = 0   for    | y |  ≥  2  − 1    〈 x 〉   . Then, we can write


  O s −    ∫   ∫     e  − i y η    r θ   ( x , ξ ; η , y )  d y  d ¯  η =  I 1  +  I 2  +  I 3  ,  








where


   I 1  =  ∫  R η n    ∫   | y |  ≤  4  − 1     〈 x 〉   δ 2      e  − i y η    r θ   ( x , ξ ; η , y )  χ  ( y )  d y  d ¯  η ,  










   I 2  =  ∫  R η n    ∫   4  − 1     〈 x 〉   δ 2   ≤  | y |  ≤  2  − 1    〈 x 〉     e  − i y η    r θ   ( x , ξ ; η , y )  χ  ( y )  d y  d ¯  η ,  










   I 3  = O s −  [  e  − i y η    r θ   ( x , ξ ; η , y )   ( 1 − χ  ( y )  )  ]  .  











Let us obtain a useful inequality when    | y |  ≤  2  − 1    〈 x 〉   . Since


   |  〈 x + y 〉  −  〈 x 〉  |  ≤  ∫  0  1   |   d  d t     〈 x + t y 〉  | d t ≤   ∫  0  1   | y |     | x + t y |   〈 x + t y 〉    d t ≤  | y |  ,  








for    | y |  ≤  2  − 1    〈 x 〉   , we have


   1 2   〈 x 〉  ≤  〈 x + y 〉  ≤  3 2   〈 x 〉  ,   〈 x ; x + y 〉  ≤  〈 x 〉  +  | x + y |  ≤  5 2   〈 x 〉  .  











Now, we proceed to estimate    I 1  ,  I 2  ,  I 3   . We begin with   I 1  . With aid of Petree’s inequality and using the fact that    ρ 2  >  δ 2   , we obtain, for    | y |  ≤  4  − 1     〈 x 〉   δ 2     and   | θ | ≤ 1  ,


      |   r θ         ( x , ξ ; η , y )  | ≤ ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ    ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !     〈 x 〉   2  δ 2   | L |     |  p  ( β ,  β ′  + 2 L )   ( α ,  α ′  )   |             ≤ ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ     〈 x 〉   2  δ 2   | L |     ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !     | p |    | α +   α ′  + β +  β ′   | + 2 ℓ    m ,  m ′             ×   〈 ξ + θ η 〉    m 1  −  ρ 1   | α |      〈 ξ 〉    m 1 ′  −  ρ 1   |  α ′  |      〈 x 〉    m 2  −  ρ 2   | β |      〈 x + y 〉    m 2 ′  −  ρ 2   |  β ′  + 2 L |      〈 x ; x + y 〉    δ 2   | α +  α ′  |             ≤  C k    | p |  k  m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2     ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ     〈 η 〉    |   m 1   | +   ρ 1   | α |    ,     








where    k = | α + β +   α ′  +  β ′   | + 2 ℓ   . Therefore, for    2 ℓ > |   m 1   | +   ρ 1   | α |  + n  ,


      |   I 1   |      =   ∫  R η n    ∫   | y |  ≤  4  − 1     〈 x 〉   δ 2      e  − i y η    r θ   ( x , ξ ; η , y )  χ  ( y )  d y  d ¯  η           ≤  C k    | p |  k  m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2     ∫ ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ     〈 η 〉    |   m 1   | +   ρ 1   | α |     d ¯  η  ∫   | y |  ≤    〈 x 〉   δ 2   4    d y          ≤  C k    | p |  k  m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2   ∫   〈 η 〉   − 2 ℓ     〈   〈 x 〉   −  δ 2    η 〉    |   m 1   | +   ρ 1   | α |     d ¯  η  ∫   | y |  ≤    〈 x 〉   δ 2   4      〈 x 〉   −  δ 2  n   d y          ≤  C k    | p |  k  m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2   ∫   〈 η 〉    − 2 ℓ + |   m 1   | +   ρ 1   | α |     d ¯  η  ∏  j = 1  n   ∫   |   y j   | ≤     〈 x 〉   δ 2   4      〈 x 〉   −  δ 2  n   d  y j           ≤  C k  ∫   〈 η 〉   − n    d ¯  η   | p |  k  m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2   .     











To estimate   I 2   and   I 3  , it is useful to study    |   Δ  η   ℓ 1    r θ   |   . We have


      |   Δ  η   ℓ 1    r θ   |      ≤  ∑   | Q |  =  ℓ 1       ℓ 1  !   Q !    ∑   Q 1  +  Q 2  = 2 Q     ( 2 Q ) !    Q 1  !  Q 2  !    |   ∂ η  Q 1     ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ    | · |    ( 1 −   〈 x 〉   2  δ 2     Δ y  )  ℓ   ∂ η  Q 2    q |           ≤  ∑   | Q |  =  ℓ 1       ℓ 1  !   Q !    ∑   Q 1  +  Q 2  = 2 Q     ( 2 Q ) !    Q 1  !  Q 2  !    C   |   Q 1   | + ℓ + 1      〈 x 〉    δ 2   |  Q 1  |     Q 1    ! ( 1 +  〈 x 〉    2  δ 2      | η |  2    )    − ℓ − |   Q 1   |      | θ |    |   Q 2   |            × |    ( 1 −   〈 x 〉   2  δ 2     Δ y  )  ℓ   p  ( β ,  β ′  )   ( α +  Q 2  ,  α ′  )    | .      











Noticing that


      |    ( 1 −   〈 x 〉   2  δ 2     Δ y  )  ℓ   p  ( β ,  β ′  )   ( α +  Q 2  ,  α ′  )    |      ≤  ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !     〈 x 〉   2  δ 2   | L |     |  p  ( β ,  β ′  + 2 L )   ( α +  Q 2  ,  α ′  )   |           ≤  ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !     〈 x 〉   2  δ 2   | L |      | p |   k ˜   m ,  m ′      〈 ξ + θ η 〉    m 1  −  ρ 1   | α +  Q 2  |      〈 ξ 〉    m 1 ′  −  ρ 1   |  α ′  |           ×   〈 x 〉    m 2  −  ρ 2   | β |      〈 x + y 〉    m 2 ′  −  ρ 2   |  β ′  + 2 L |      〈 x ; x + y 〉    δ 2   | α +  α ′  +  Q 2  |    ,     








where    k ˜  =  | α +  α ′  + β +  β ′  |  + 2  (  ℓ 1  + ℓ )   , we obtain


      |   Δ  η   ℓ 1    r θ   | ≤       ∑   | Q |  =  ℓ 1       ℓ 1  !   Q !    ∑   Q 1  +  Q 2  = 2 Q     ( 2 Q ) !    Q 1  !  Q 2  !        C   |   Q 1   | + ℓ + 1      〈 x 〉    δ 2   |  Q 1  |     Q 1  !          × ( 1 +  〈 x 〉    2  δ 2      | η |  2    )    − ℓ − |   Q 1   |         ∑   ℓ 0  +  | L |  = ℓ     ℓ !    ℓ 0  ! L !     〈 x 〉   2  δ 2   | L |      | p |   k ˜   m ,  m ′      〈 ξ + θ η 〉    m 1  −  ρ 1   | α +  Q 2  |            ×   〈 ξ 〉    m 1 ′  −  ρ 1   |  α ′  |      〈 x 〉    m 2  −  ρ 2   | β |      〈 x + y 〉    m 2 ′  −  ρ 2   |  β ′  + 2 L |      〈 x ; x + y 〉    δ 2   | α +  α ′  +  Q 2  |    .     











Now, we proceed with the estimate for   I 2  . If    | y |  ≤  2  − 1    〈 x 〉   , we get


   |   Δ  η  ℓ   r θ   | ≤   C   k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉    τ 2  + 2  δ 2  ℓ     ( 1 +  〈 x 〉    2  δ 2      | η |  2    )   − ℓ     〈 η 〉    |   m 1   | +   ρ 1   | α |    ,  








therefore, using integration by parts and assuming    2 ℓ > |   m 1   | +   ρ 1   | α |  + 2 n  ,


      |   I 2   | ≤   C   k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉    τ 2  +  δ 2   ( 2 ℓ − n )     ∫     〈 x 〉   δ 2   4  ≤  | y |  ≤   〈 x 〉  2      | y |   − 2 ℓ   d y .     











For    | y |  ≥  4  − 1     〈 x 〉   δ 2    , we may write


    | y |   − 2 ℓ   ≤  2  2 ℓ    ∏  j = 1  n   ( |   y j    | +    〈 x 〉   δ 2   4  )   −   2 ℓ  n    ,  








and then


   ∫     〈 x 〉   δ 2   4  ≤  | y |  ≤   〈 x 〉  2      | y |   − 2 ℓ   d y ≤  2  2 ℓ    ∏  j = 1  n   ∫ ( |   y j    | +    〈 x 〉   δ 2   4  )   −   2 ℓ  n    d  y j  ≤  C ℓ    〈 x 〉    δ 2   ( n − 2 ℓ )    .  











After that,


   |   I 2   | ≤    C ˜    k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2   .  











Finally, we take care of   I 3  . If    | y |  ≥  4  − 1    〈 x 〉   , we have   〈 x + y 〉 ≤ 5 | y |   and   〈 x ; x + y 〉 ≤ 9 | y |  . Hence, for    | y |  ≥  4  − 1    〈 x 〉   , we may write


   |   Δ  η   ℓ 1    r θ   | ≤   C   k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 η 〉    |   m 1   | +   ρ 1   | α |      〈 x 〉    m 2  −  ρ 2   | β |      | y |    |   m 2 ′   | +   δ 2   | α +  α ′  |  + 2  δ 2   ( ℓ +  ℓ 1  )     








and therefore, choosing   ℓ ,  ℓ 1  ∈  N 0    satisfying    2 ℓ > |   m 1   | +   ρ 1   | α |  + 2 n   and   2  ℓ 1   ( 1 −  δ 2  )   ≥ |   m 2 ′   | +   δ 2   | α +  α ′  |  + 2  δ 2  ℓ + 2 n  ,


      |   I 3   |      ≤  C   k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉    m 2  −  ρ 2   | β |  −  δ 2  n   ∫   〈 η 〉    |   m 1   | +   ρ 1   | α |  − 2 ℓ    d ¯  η          ×  ∫   | y |  ≥  4  − 1    〈 x 〉      | y |    |   m 2 ′   | +   δ 2   | α +  α ′  |  + 2  δ 2  ℓ − 2  ℓ 1   ( 1 −  δ 2  )    d y .     











Setting   r = 2  ℓ 1   ( 1 −  δ 2  )   − |   m 2 ′   | −   δ 2   | α +  α ′  |  − 2  δ 2  ℓ  , we obtain


   |   I 3   | ≤   C   k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉    m 2  −  ρ 2   | β |    ∫   〈 η 〉   − 2 n    d ¯  η   〈 x 〉   n ( 1 −  δ 2  ) − r   .  











Choosing   ℓ 1   such that   r > −  m 2  +  ρ 2   |   β ′   | −   δ 2   | α +  α ′  |  + n  ( 1 −  δ 2  )   , we get


   |   I 3   | ≤   C   k ˜  + 1     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2   ∫   〈 η 〉   − 2 n    d ¯  η .  











Gathering all the previous computations and choosing   ℓ ,  ℓ 1  ∈  N 0    satisfying    2 ℓ ≥ |   m 1   | +   ρ 1   | α |  + 2 n  ,


  2  ℓ 1   ( 1 −  δ 2  )   ≥ 2 |   m 2 ′   | +   ρ 2   |   β ′   | +   δ 2   | α +  α ′  |  + 2  δ 2  ℓ + 2 n ,  








we have


   |   q θ    ( x , ξ )  | ≤   C  k ˜     | p |   k ˜   m ,  m ′      〈 ξ 〉   τ 1     〈 x 〉   τ 2   ,  








where    k ˜  =  | α + β +  α ′  +  β ′  |  + 2  ( ℓ +  ℓ 1  )   . This concludes the proof. □





Remark 4.

Let   a ∈  C ∞   (  R n  )    such that    |   ∂ x β   a  ( x )  | ≤   C β    〈 x 〉    m 2  −  | β |     , for   β ∈  N 0 n   . For each fixed x, we can look at   a ( x + · )   as an amplitude in    A  ( 0 , 0 )   ( 0 , |  m 2  | )    (  R  2 n   )    and, for   χ ∈ S (  R n  )  ,   χ ( 0 ) = 1  ,


      O s − [  e  − i η y   a  ( x + y )  ]     = O s − [  e  − i η ( y − x )   a  ( y )  ]          =  lim  ε → 0      ∫   ∫     e  − i η ( y − x )   χ  ( ε η )  χ  ( ε y )  a  ( y )  d y  d ¯  η          =  lim  ε → 0   ∫ a  ( y )  χ  ( ε y )   ε  − n    F  − 1    ( χ )   (  ε  − 1    ( x − y )  )  d y          =  lim  ε → 0   ∫ a  ( x − ε y )  χ  ( ε  ( x − ε y )  )   F  − 1    ( χ )   ( y )  d y          = a  ( x )  ∫  F  − 1   χ  ( y )  d y = a  ( x )  .      













Theorem 2.

Let   p  ( x , ξ ,  x ′  ,  ξ ′  )  ∈   SG   ρ , ( 0 ,  δ 2  )   m ,  m ′      and set


    p L   ( x , ξ )  = O s −    ∫   ∫     e  − i η y   p  ( x , ξ + η , x + y , ξ )  d y  d ¯  η ,  x , ξ ∈  R n  .   








Then,    p L  ∈   SG   ρ , ( 0 ,  δ 2  )   m +  m ′     ,   p  ( x ,  D x  ,  x ′  ,  D  x ′   )  =  p L   ( x ,  D x  )    and


    p L   ( x , ξ )  ∼  ∑  j ∈  N 0     ∑  | α | = j    1  α !    (  ∂ ξ α   D  x ′  α  p )   ( x , ξ , x , ξ )    








Furthermore, given   ℓ ∈  N 0   , there is    ℓ 0  : =  ℓ 0   ( ℓ )  ∈  N 0    such that


    |   p L    |  ℓ  m +  m ′    ≤  C  ℓ ,  ℓ 0      | p |   ℓ 0   ( m ,  m ′  )   .   













Proof. 

First, we notice that, repeating the ideas in the proof of [5] (Lemma   2.3  , Page 65), we can conclude that    p L  = p   as operators.



Applying Lemma 1 for   α =  α ′  =  β ′  = β = 0  , we obtain that    p L  ∈   SG   ρ , ( 0 ,  δ 2  )   m +  m ′     .



Now, by Taylor formula, we may write


     p ( x , ξ + η      , x + y , ξ ) =   ∑  | α | < N     η α   α !    (  ∂ ξ α  p )   ( x , ξ , x + y , ξ )         + N  ∑  | γ | = N     η γ   γ !    ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ γ  p )   ( x , ξ + θ η , x + y , ξ )  d θ .     








Integration by parts and Remark 4 give


     O s − [  e  − i η y    η α   (  ∂ ξ α  p )   ( x , ξ , x + y , ξ )  ]     = O s − [  e  − i η y    D y α   (  ∂ ξ α  p )   ( x , ξ , x + y , ξ )  ]          =  (  ∂ ξ α   D  x ′  α  p )   ( x , ξ , x , ξ )      








and


     O s −     [  e  − i η y    η γ   ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ γ  p )   ( x , ξ + θ η , x + y , ξ )  d θ ] =          O s − [  e  − i η y    ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ γ   D  x ′  γ  p )   ( x , ξ + θ η , x + y , ξ )  d θ ] .     











Hence


   p L   ( x , ξ )  =  ∑  | α | < N    1  α !    (  ∂ ξ α   D  x ′  α  p )   ( x , ξ , x , ξ )  +  r N   ( x , ξ )  ,  








and Lemma 1 implies    r N  ∈   SG   ρ , ( 0 ,  δ 2  )   m +  m ′  − N  ( ρ −  ( 0 ,  δ 2  )  )     . □





To obtain the same kind of result for the classes    SG   ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m ,  m ′    , we need an analog of Lemma 1 with a precise estimate of the Gevrey regularity.



Lemma 2.

Let   p ∈   SG   ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m ,  m ′     (  R  4 n   ; A )    for some   A > 0  . For any multi-indices   α ,  α ′  , β ,  β ′    set   q =  p  β ,  β ′    α ,  α ′      and for   θ ∈ [ − 1 , 1 ]  , consider   q θ   as in Lemma 1. Then,


    |   ∂ ξ σ   ∂ x γ   q θ     ( x , ξ )  | ≤ | p |  A  m ,  m ′      ( C  A r  )  k    ( α !  α ′  ! σ ! )   μ ˜     ( β !  β ′  ! γ ! )   ν ˜     〈 x 〉    τ 2  −  ρ 2   | γ |  +  δ 2   | σ |      〈 ξ 〉    τ 1  −  ρ 1   | σ |      



(12)




where    k = | α + β +   α ′  +  β ′   + σ + γ |   ,    μ ˜  =  ( 1 +    ρ 1  +  δ 2    1 −  δ 2    )  μ +  ρ 1  ν  ,    ν ˜  =   ρ 2   1 −  δ 2    μ + ν  ,   τ 1   and   τ 2   are as in Lemma 1 and   C , r   are positive constants depending only on   ρ , δ , m ,  m ′  , μ , ν   and n.





Proof. 

Following the ideas presented in the proof of Lemma 1 and using standard factorial inequalities, we obtain


   |   q θ     ( x , ξ )  | ≤ | p |  A  m ,  m ′      ( C A )   k ˜   ℓ  !  2 ν    ℓ 1   !  2 μ     ( α !  α ′  ! )  μ    ( β !  β ′  ! )  ν    〈 ξ 〉   τ 1     〈 x 〉   τ 2   ,  








where   C > 0   depends only of   μ , ν , n ,  m 1   ,    k ˜  =  | α + β +  α ′  +  β ′  |  + 2  ( ℓ +  ℓ 1  )    and   ℓ ,  ℓ 1    are positive integers satisfying    2 ℓ ≥ |   m 1   | +   ρ 1   | α |  + 2 n  , and


  2  ℓ 1   ( 1 −  δ 2  )   ≥ 2 |   m 2 ′   | +   ρ 2   |   β ′   | +   δ 2   | α +  α ′  |  + 2  δ 2  ℓ + 2 n .  











In particular, if we choose


  ℓ =     |   m 1   |   2  +   ρ 1  2   | α |   + n + 1 ,  










   ℓ 1  =   1  1 −  δ 2      |   m 2 ′   | +   δ 2  ℓ +   ρ 2  2   |   β ′   | +    δ 2  2   | α +  α ′  |    + n + 1 ,  








where   ⌊ · ⌋   stands for the floor function, then we obtain


   |   q θ     ( x , ξ )  | ≤ | p |  A  m ,  m ′      ( C  A r  )    | α + β +   α ′  +  β ′   |     α  !  μ ˜    α ′   !  μ ( 1 +   δ 2   1 −  δ 2    )   β  ! ν   β ′   !  ν ˜     ( β !  β ′  ! )  ν    〈 ξ 〉   τ 1     〈 x 〉   τ 2   .  











From the last estimate and (10), we get (12). □





As a consequence of Lemma 2, we have the following result.



Theorem 3.

Let   p ∈   SG   ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m ,  m ′     (  R  4 n   )   . Then,   p L   belongs to    SG   ρ ,  ( 0 ,  δ 2  )  ;  (  μ ˜  ,  ν ˜  )    m +  m ′     and


    p L   ( x , ξ )  ∼  ∑  j ∈  N 0 n     p j   ( x , ξ )   i n  F S  G  ρ ,  ( 0 ,  δ 2  )  ;  (  μ ˜  ,  ν ˜  )    m +  m ′    ,   








where


    p j   ( x , ξ )  =  ∑  | α | = j   α  !  − 1    (  ∂ ξ α   D  x ′  α  p )   ( x , ξ , x , ξ )    








and   μ ˜   and   ν ˜   are as in Lemma 2.





Theorem 3 states that   p L   has a lower Gevrey regularity than p since    μ ˜  > μ   and    ν ˜  > ν  . However, we observe that, if   p ∈   SG   ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m ,  m ′     , then    ∑  j ∈  N 0     p j  ∈ F S  G  ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m +  m ′     . Thus, by Proposition 1, there exists   q ∈   SG   ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m +  m ′      such that   q ∼ ∑  p j    in   F S  G  ρ ,  ( 0 ,  δ 2  )  ;  ( μ , ν )    m +  m ′     . On the other hand, we have    p L  ∼ ∑  p j    in    FS   ρ ,  ( 0 ,  δ 2  )  ;  (  μ ˜  ,  ν ˜  )    m +  m ′    . Hence,    p L  − q ∼ 0   in   F S  G  ρ ,  ( 0 ,  δ 2  )  ;  (  μ ˜  ,  ν ˜  )    m +  m ′     , which implies that    p L  = q + r  , where r belongs to the Gelfand–Shilov space    S   μ ˜  +  ν ˜  − 1    (  R  2 n   )   . This means that we can write   p L   as the sum of a symbol with the same orders and regularity as p plus a remainder term which has a lower Gevrey regularity but with orders small as we want. This is a crucial in the applications to the Cauchy problem for p-evolution equations because in the energy estimates the remainder terms can be neglected and does not affect the regularity of the solution (cf. [12]).





4. The Friedrichs Part


Fix   q ∈  C 0 ∞   (  R n  ; R )    supported on   Q = { σ ∈  R n  : | σ | ≤ 1 } ,   such that q is even,   ∫ q   ( σ )  2  d σ = 1   and    |   ∂ σ α   q  ( σ )  | ≤   C q  | α | + 1   α  ! s   , where   1 < s ≤ min { μ , ν }  . In this section, we consider   μ , ν > 1  .



Lemma 3.

For   τ ,  τ ′  ∈  ( 0 , 1 )   , set   F :  R  3 n   → R   given by


   F  ( x , ξ , ζ )  = q  (   〈 x 〉   τ ′     〈 ξ 〉   − τ    ( ζ − ξ )  )    〈 ξ 〉   −   τ n  2      〈 x 〉     τ ′  n  2   ,   



(13)




for   x , ξ , ζ ∈  R n  .   Then, for any   α , β ∈  N 0 n   , we have


       ∂ ξ α   ∂ x β  F  ( x , ξ , ζ )     =      〈 x 〉     τ ′  n  2     〈 ξ 〉   −   τ n  2     ∑    γ 1  ≤ γ   | γ | ≤ | α |     ∑  | δ | ≤ | β |    ψ  α γ  γ 1     ( ξ )   ϕ  β δ γ  γ 1     ( x )          ×   (   〈 x 〉   τ ′     〈 ξ 〉   − τ    ( ζ − ξ )  )    γ 1  + δ    (  ∂  γ + δ   q )   (   〈 x 〉   τ ′     〈 ξ 〉   − τ    ( ζ − ξ )  )  ,      








where   ψ  α γ  γ 1     and   ϕ  β δ γ  γ 1     satisfy the following estimates:


    |   ∂ ξ μ   ψ  α γ  γ 1      ( ξ )  | ≤   C  α μ     〈 ξ 〉    − | α | +  ( 1 − τ )  | γ −   γ 1   | − | μ |    ,   



(14)






    |   ∂ x ν   ϕ  β δ γ  γ 1      ( x )  | ≤   C  β ν     〈 x 〉   −  | β |  +  τ ′   | γ −   γ 1   | − | ν |    ,   



(15)




for every   μ , ν ∈  N 0 n   .





The lemma can be proved by induction on   | α + β |   following the same argument as in the proof of [5] [Lemma 4.1 page 129]. Observing that    | γ −   γ 1   | ≤ | γ | ≤ | α |    we have    ψ  α γ  γ 1     ( ξ )   ϕ  β δ γ  γ 1     ( x )  ∈   SG   ( − τ | α | , − | β | +  τ ′  | α | )    (  R  2 n   )  .   Finally, we remark that, for   α = β = 0  , we have    ψ  α γ  γ 1    ≡  ϕ  β δ γ  γ 1    ≡ 1  .



Definition 11.

Let   p ∈   SG  m   . Moreover, let   F ( x , ξ , ζ )   be defined by (13) with   τ =  τ ′  =  1 2   . We define the Friedrichs part of p by


    p F   ( ξ ,  x ′  ,  ξ ′  )  = ∫ F  (  x ′  , ξ , ζ )  p  (  x ′  , ζ )  F  (  x ′  ,  ξ ′  , ζ )   d ζ ,   x ′  , ξ ,  ξ ′  ∈  R n  .   













The following properties can be proved as in [5]. We leave the details to the reader.

Proposition 6.

Let   p ∈   SG  m    and let   p F   be its Friedrichs part. For   u , v ∈ S (  R n  )  , the following conditions hold:




	(i) 

	
If   p ( x , ξ )   is real, then     (  p F  u , v )   L 2   =   ( u ,  p F  v )   L 2   .  




	(ii) 

	
If   p ( x , ξ ) ≥ 0  , then     (  p F  u , u )   L 2   ≥ 0 .  




	(iii) 

	
If   p ( x , ξ )   is purely imaginary, then     (  p F  u , v )   L 2   = −   ( u ,  p F  v )   L 2   .  




	(iv) 

	
If   Re  p ( x , ξ ) ≥ 0  , then   Re    (  p F  u , u )   L 2   ≥ 0 .  











Theorem 4.

Let   p ∈   SG  m   (  R  2 n   )    and let   p F   be its Friedrichs part. Then,    p  F , L   ∈   SG  m   (  R  2 n   )    and    p  F , L   − p ∈   SG   m − ( 1 , 1 )    (  R  2 n   )   . Moreover,


   p  F , L    ( x , ξ )  − p  ( x , ξ )  ∼  ∑  | β | = 1    q  0 , β    ( x , ξ )  +  ∑  | α + β | ≥ 2    q  α , β    ( x , ξ )  ,  








where, for   | β | = 1  ,


      q  0 , β    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β    D x  β 3   p  ( x , ξ )   ∑  | γ | ≤ | β |    ∑   | δ | ≤ |   β 1   |     ψ  β γ γ    ( ξ )   ϕ   β 1  δ γ γ    ( x )           ×  ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )  ∫  σ  γ + δ +  δ ′     (  ∂  γ + δ   q )   ( σ )   (  ∂  δ ′   q )   ( σ )  d σ ,     








with    ψ  β γ γ    ϕ   β 1  δ γ γ   ∈   SG   ( − | β | , − |  β 1  | )    (  R  2 n   )   ,    ϕ   β 2   δ ′  00   ∈   SG   ( 0 , − |  β 2  | )    (  R  2 n   )    and, for   | α + β | ≥ 2  :


      q  α , β    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β      (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )   | α |    α !  β 1  !  β 2  !  β 3  !            ×  ∑    γ 1  ≤ γ   | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )   ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )         ×  ∫ Q   σ  α +  γ 1  +  δ 1  +  δ 1 ′     (  ∂  γ + δ   q )   ( σ )   (  ∂  δ ′   q )   ( σ )   d σ ·  ∂ ξ α   D x  β 3   p  ( x , ξ )      








with    ψ  β γ  γ 1     ϕ   β 1  δ γ  γ 1    ∈   SG   ( −  1 2  | β | , − |  β 1  | +  1 2  | β | )    (  R  2 n   )   ,    ϕ   β 2   δ ′  00   ∈   SG   ( 0 , − |  β 2  | )    (  R  2 n   )  .  







We need the following technical lemma whose proof follows by a compactness argument.

Lemma 4.

For   τ ∈ ( 0 , 1 )  , there is   C > 0   such that


   C  − 1    〈 ξ 〉  ≤  〈 ξ + ζ   〈 ξ 〉  τ  〉  ≤ C  〈 ξ 〉  ,  








for every   ξ ∈  R n    and   | ζ | ≤ 1  .





Proof of Theorem 4.

From Leibniz formula and Cauchy–Schwartz inequality, we get


      |   ∂ ξ α   ∂  ξ ′   α ′    ∂  x ′   β ′    p F   ( ξ ,  x ′  ,  ξ ′  )   |        ≤  ∑   β 1 ′  +  β 2 ′  +  β 3 ′  =  β ′       β ′  !    β 1 ′  !  β 2 ′  !  β 3 ′  !      ∫ |   ∂ ξ α   ∂   x ′    β 1 ′   F  (  x ′  , ξ , ζ )    |  2   d ζ   1 2   ·    ∫ |   ∂   x ′    β 2 ′   p  (  x ′  , ζ )   ∂  ξ ′   α ′    ∂   x ′    β 3 ′   F  (  x ′  ,  ξ ′  , ζ )    |  2   d ζ   1 2   .     








Now, by changing variables, we obtain


      |   ∂ ξ α   ∂  ξ ′   α ′    ∂  x ′   β ′    p F   ( ξ ,  x ′  ,  ξ ′  )   |        ≤   〈 ξ 〉   n 4     〈  x ′  〉   −  n 2      〈  ξ ′  〉   n 4    ∑   β 1 ′  +  β 2 ′  +  β 3 ′  =  β ′       β ′  !    β 1 ′  !  β 2 ′  !  β 3 ′  !      ∫ Q    |  (  ∂ ξ α   ∂  x ′   β 1 ′   F )   (  x ′  , ξ ,   〈  x ′  〉   −  1 2      〈 ξ 〉   1 2   σ + ξ )  |  2   d σ   1 2         ×    ∫ Q    |  (  ∂  ξ ′   α ′    ∂  x ′   β 2 ′   F )   (  x ′  ,  ξ ′  ,   〈  x ′  〉   −  1 2      〈  ξ ′  〉   1 2   σ +  ξ ′  )   (  ∂   x ′    β 3 ′   p )   (  x ′  ,   〈  x ′  〉   −  1 2      〈  ξ ′  〉   1 2   σ +  ξ ′  )  |  2  d σ   1 2   .     








Applying Lemma 3, we obtain


      |   ∂ ξ α   ∂  ξ ′   α ′    ∂  x ′   β ′    p F   ( ξ ,  x ′  ,  ξ ′  )   |        ≤  ∑   β 1 ′  +  β 2 ′  +  β 3 ′  =  β ′       β ′  !    β 1 ′  !  β 2 ′  !  β 3 ′  !     ∫  ∑    γ 1  ≤ γ   | γ | ≤ | α |     ∑   | δ | ≤ |   β 1 ′   |       ψ  α γ  γ 1     ( ξ )   ϕ   β 1 ′  δ γ  γ 1     (  x ′  )   σ   γ 1  + δ    (  ∂  γ + δ   q )   ( σ )   2   d σ   1 2         ×   ∫  ∑    γ 1  ≤ γ    | γ | ≤ |   α ′   |      ∑   | δ | ≤ |   β 2 ′   |       ψ   α ′  γ  γ 1     (  ξ ′  )   ϕ   β 2 ′  δ γ  γ 1     (  x ′  )   σ   γ 1  + δ    (  ∂  γ + δ   q )   ( σ )   2     ∂   x ′    β 3 ′   p  (  x ′  ,   〈  x ′  〉   −  1 2      〈  ξ ′  〉   1 2   σ +  ξ ′  )   2  d σ   1 2   .     








We now observe that by Lemma 4


    ∂   x ′    β 3 ′   p  (  x ′  ,   〈  x ′  〉   −  1 2      〈  ξ ′  〉   1 2   σ +  ξ ′  )   ≤  C  β 3 ′     〈  ξ ′  〉   m 1     〈  x ′  〉    m 2  −  |  β 3 ′  |    .  








Since    ψ  α γ  γ 1     ϕ   β 1 ′  δ γ  γ 1    ∈   SG   ( −   | α |  2  , − |  β 1 ′  | +   | α |  2  )     and    ψ   α ′  γ  γ 1     ϕ   β 2 ′  δ γ  γ 1    ∈   SG   ( −    |   α ′   |   2  , − |  β 2 ′  | +    |   α ′   |   2  )     we obtain


   |   ∂ ξ α   ∂  ξ ′   α ′    ∂  x ′   β ′    p F   ( ξ ,  x ′  ,  ξ ′  )   | ≤   C  α  α ′   β ′      〈 ξ 〉   −   | α |  2      〈  ξ ′  〉    m 1  −    |   α ′   |   2      〈  x ′  〉    m 2  −  |  β ′  |  +    | α +   α ′   |   2    ,  








that is    p F  ∈   SG   ( 1 / 2 , 1 ) , ( 0 , 1 / 2 )    ( 0 , 0 )  ,  (  m 1  ,  m 2  )     . Then, by Theorem 2,    p  F , L   ∈   SG   ( 1 / 2 , 1 ) , ( 0 , 1 / 2 )  m    and


      p  F , L    ( x , ξ )      ∼  ∑ β   1  β !    (  ∂ ξ β   D  x ′  β   p F  )   ( ξ , x , ξ )  =  ∑ β    p ˜  β   ( x , ξ )  ,     








which implies that    p  F , L   −  ∑  | β | < N     p ˜  β  ∈   SG   ( 1 / 2 , 1 ) , ( 0 , 1 / 2 )   m −  N 2   ( 1 , 1 )      for every   N ∈ N  . To improve this result, let us study more carefully the above asymptotic expansion. Note that


      p ˜  β      ( x , ξ )  =  ∑   β 1  +  β 2  +  β 3  = β    1   β 1  !  β 2  !  β 3  !   ∫  ∂ ξ β   D x  β 1   F  ( x , ξ , ζ )   D x  β 3   p  ( x , ζ )   D x  β 2   F  ( x , ξ , ζ )  d ζ          =  ∑   β 1  +  β 2  +  β 3  = β    1   β 1  !  β 2  !  β 3  !    ∑    γ 1  ≤ γ   | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )   ∑   |   δ ′   | ≤ |   β 2   |     ψ   β 2   δ ′  00    ( x )         ×  ∫ Q   (  D x  β 3   p )   ( x ,   〈 ξ 〉   1 2     〈 x 〉   −  1 2    σ + ξ )   σ   γ 1  + δ +  δ ′     (  ∂  γ + δ   q )   ( σ )   (  ∂  δ ′   q )   ( σ )  d σ .     








By Taylor formula, we can write


     D x  β 3      p  ( x ,   〈 ξ 〉   1 2     〈 x 〉   −  1 2    σ + ξ )  =  ∑  | α | < N       (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )   | α |    σ α    α !    ∂ ξ α   D x  β 3   p  ( x , ξ )           + N  ∑  | α | = N       〈 ξ 〉   N 2     〈 x 〉   −  N 2     σ α    α !    ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ α   D x  β 3   p )   ( x , θ   〈 ξ 〉   1 2     〈 x 〉   −  1 2    σ + ξ )  d θ .     








Then, we get


       p ˜  β   ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β    ∑  | α | < N      (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )   | α |    α !  β 1  !  β 2  !  β 3  !            ×  ∑    γ 1  ≤ γ   | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )   ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )           ×  ∫ Q   σ  α +  γ 1  + δ +  δ ′     ∂  γ + δ   q  ( σ )   ∂  δ ′   q  ( σ )   d σ ·  ∂ ξ α   D x  β 3   p  ( x , ξ )  +  r  β , N    ( x , ξ )      








where


      r  β , N    ( x , ξ )  =  ∑   β 1  +  β 2  +  β 3  = β    ∑  | α | = N    N  α !   ·    (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )  N    β 1  !  β 2  !  β 3  !    ∑    γ 1  ≤ γ   | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )   ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )        ×  ∫ Q   σ   γ 1  + δ +  δ ′  + α    ∂  γ + δ   q  ( σ )   ∂  δ ′   q  ( σ )   ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ α   D x  β 3   p )   ( x , θ   〈 ξ 〉   1 2     〈 x 〉   −  1 2    σ + ξ )   d θ d σ .     



(16)




Using Lemma 4, we get that   r  β , N    belongs to    SG    (   m 1  −  1 2   ( N + | β | )  ,  m 2  −  1 2   ( | β |  +  N ) )    , whereas


      q  α , β    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β      (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )   | α |    α !  β 1  !  β 2  !  β 3  !            ×  ∑    γ 1  ≤ γ   | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )   ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )         ×  ∫ Q   σ  α +  γ 1  +  δ 1  +  δ 1 ′     ∂  γ + δ   q  ( σ )   ∂  δ ′   q  ( σ )   d σ ·  ∂ ξ α   D x  β 3   p  ( x , ξ )      








belongs to    SG    (   m 1  −  1 2   ( | α |  +  | β | ) ,   m 2  −  1 2   ( | β |  +  | α | ) )    . Hence,


   ∑  | α + β | = j    q  α , β   ∈   SG   m −  1 2   ( j , j )    .  








Then, we can find a symbol   t ( x , ξ )   such that


  t  ( x , ξ )  ∼  ∑  j ∈  N 0     ∑  | α + β | = j    q  α , β    ( x , ξ )  .  








Since, for every   N ∈ N  ,


    p ˜  β   ( x , ξ )  −  ∑  | α | < N    q  α , β    ( x , ξ )  ∈   SG    (  1 2  , 1 )  ,  ( 0 ,  1 2  )    m −  1 2   ( N + | β | , N + | β | )     (  R  2 n   )  ,  








we obtain that    p  F , L   − t ∈ S  (  R  2 n   )   , and therefore


   p  F , L    ( x , ξ )  ∼  ∑  j ∈  N 0     ∑  | α + β | = j    q  α , β    ( x , ξ )  .  











To finish the proof, let us analyze more carefully the functions    q  α , β    ( x , ξ )    when   | α + β | ≤ 1  . First, we notice that if   α = β = 0  , we have    q  0 , 0    ( x , ξ )  = p  ( x , ξ )   . If   | α | = 1   and   β = 0  ,


   q  α , 0    ( x , ξ )  =     〈 ξ 〉    | α |  2     〈 x 〉   −   | α |  2      α !   ∫  σ α  q   ( σ )  2  d σ = 0 ,  








because    σ α   q 2   ( σ )    is an odd function. In the case   | α | = 0   and   | β | = 1  , we have


      q  0 , β    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β    D x  β 3   p  ( x , ξ )   ∑    |   γ 1   | ≤ | γ |    | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )           ×  ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )  ∫  σ   γ 1  + δ +  δ ′     (  ∂  γ + δ   q )   ( σ )   (  ∂  δ ′   q )   ( σ )  d σ .     








If    |   γ 1   | < | γ |    in the above formula, we have    γ 1  = 0   and   | γ | = 1  , and, since q is even,


  ∫  σ  δ +  δ ′     (  ∂   e j  + δ   q )   ( σ )   (  ∂  δ ′   q )   ( σ )  d σ = 0 ,   j = 1 , … , n .  








Therefore,


      q  0 , β    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β    D x  β 3   p  ( x , ξ )   ∑  | γ | ≤ | β |    ∑   | δ | ≤ |   β 1   |     ψ  β γ γ    ( ξ )   ϕ   β 1  δ γ γ    ( x )           ×  ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )  ∫  σ  γ + δ +  δ ′     (  ∂  γ + δ   q )   ( σ )   (  ∂  δ ′   q )   ( σ )  d σ ,     








and by Lemma 3    q  0 , β   ∈   SG   m − ( 1 , 1 )    (  R  2 n   )   . Hence


   p  F , L    ( x , ξ )  − p  ( x , ξ )  ∼  ∑  | β | = 1    q  0 , β    ( x , ξ )  +  ∑  | α + β | ≥ 2    q  α , β    ( x , ξ )   








and in particular that    p  F , L   − p ∈   SG   m − ( 1 , 1 )    (  R  2 n   )   . □







Proposition 6 and Theorem 4 imply the well known sharp Gårding inequality.

Theorem 5.

Let   p ∈   SG  m   (  R  2 n   )   . If   Re  p ( x , ξ ) ≥ 0  , then


  Re    ( p  ( x , D )  u , u )   L 2   ≥ − C   ∥ u ∥   H   1 2   ( m −  ( 1 , 1 )  )    2   u ∈ S  (  R n  )  ,  








for some positive constant C.





Proof. 

Setting   q = p −  p  F , L   ∈   SG   m − ( 1 , 1 )    (  R  2 n   )    and recalling that   p F   and   p  F , L    define the same operator, we may write, by (iv) of Proposition 6:


     R e    ( p  ( x , D )  u , u )   L 2   = R e    ( q  ( x , D )  u , u )   L 2   + R e    (  p F  u , u )   L 2   ≥ R e    ( q  ( x , D )  u , u )   L 2   .     











Now, observe that for any   s =  (  s 1  ,  s 2  )  ∈  R 2   


       |  ( q  ( x , D )  u , u )    L 2    |       = |    (   〈 x 〉   s 2     〈  D x  〉   s 1   q  ( x , D )  u ,   〈 x 〉   −  s 2      〈  D x  〉   −  s 1    u )   L 2    |         ≤   ∥ q  ( x , D )  u ∥   H s     ∥ u ∥   H  − s    ≤   C ∥ u ∥   H  s + m − ( 1 , 1 )      ∥ u ∥   H  − s    .     











Choosing   s =  1 2   [  ( 1 , 1 )  − m ]   , we conclude that


  R e    ( p  ( x , D )  u , u )   L 2   ≥ − C   ∥ u ∥   H   1 2   ( m −  ( 1 , 1 )  )    2  .  








□







To study the Friedrichs part of symbols satisfying Gevrey estimates, we need the Faà di Bruno formula. Given smooth functions   g :  R n  →  R p   ,   g = (  g 1  , … ,  g p  )  ,   f :  R p  → R   and   γ ∈  N  0  n  −  { 0 }   , we have


   ∂ γ   ( f ∘ g )   ( x )  = ∑   γ !    k 1  ! …  k ℓ  !    (  ∂   k 1  + ⋯ +  k n    f )   ( g  ( x )  )   ∏  j = 1  ℓ   ∏  i = 1  p     1   δ j  !    ∂  δ j    g i   ( x )    k  j i    ,  



(17)




where the sum is taken over all   ℓ ∈ N  , all sets   {  δ 1  , … ,  δ ℓ  }   of ℓ distinct elements of    N  0  n  −  { 0 }    and all    (  k 1  , … ,  k ℓ  )  ∈   (  N  0  p  −  { 0 }  )  ℓ   , such that


  γ =  ∑  s = 1  ℓ   |  k s  |   δ s  .  








It is possible to show that there is a constant   C > 0   such that


  ∑   (  k 1  + … +  k ℓ  ) !    k 1  ! …  k ℓ  !   ≤  C  | γ | + 1   ,  γ ∈ N −  { 0 }  ,  








and    |   k 1  + … +  k ℓ   | ! ≤ | γ | !   , where the summation and    k 1  , … ,  k ℓ    are as in (17). For a proof of these assertions, we refer to Proposition   4.3   (Page 9), Corollary   4.5   (Page 11) and Lemma   4.8   (Page 12) of [24].



Let   p ∈   SG   ( μ , ν )  m   . We already know that    p F  ∈   SG    (  1 2  , 1 )  ,  ( 0 ,  1 2  )     ( 0 , 0 )  ,  (  m 1  ,  m 2  )     . Now, we want to obtain a precise information about the Gevrey regularity of   p F  . By Faà di Bruno formula,


     ∂ x β      ∂ ξ α  q  (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )  =  ∂ x β   ∑  ℓ ,  k 1  , … ,  k ℓ      α !    k 1  ! …  k ℓ  !            ×  (  ∂   k 1  + … +  k ℓ    q )   (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )   ∏  j = 1  ℓ    〈 x 〉     |   k j   |   2    ∏  i = 1  n     1   δ j  !    ∂ ξ  δ j    {   〈 ξ 〉   −  1 2     (  ζ i  −  ξ i  )  }    k  j i             =  ∑  ℓ ,  k 1  , … ,  k ℓ      α !    k 1  ! …  k ℓ  !    ∑   β 1  +  β 2  = β     β !    β 1  !  β 2  !    ∂ x  β 1    (  ∂   k 1  + … +  k ℓ    q )   (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )           ×  ∂ x  β 2    ∏  j = 1  ℓ    〈 x 〉     |   k j   |   2    ∏  i = 1  n     1   δ j  !    ∂ ξ  δ j    {   〈 ξ 〉   −  1 2     (  ζ i  −  ξ i  )  }    k  j i             =  ∑  ℓ ,  k 1  , … ,  k ℓ      α !    k 1  ! …  k ℓ  !    ∑   β 1  +  β 2  = β     β !    β 1  !  β 2  !    ∑   ℓ ′  ,  k 1 ′  , … ,  k  ℓ ′  ′       β 1  !    k 1 ′  ! …  k  ℓ ′  ′  !            ×  (  ∂   (  k 1  + … +  k ℓ  )  +  (  k 1 ′  + … +  k  ℓ ′  ′  )    q )   (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )         ×  ∏   j ′  = 1   ℓ ′    ∏   i ′  = 1  n     1   δ  j ′  ′  !    ∂ x  δ j ′     〈 ξ 〉   −  1 2      〈 x 〉   1 2    (  ζ  i ′   −  ξ  i ′   )    k   j ′   i ′   ′            ×  ∑   σ 1  + … +  σ ℓ  =  β 2       β 2  !    σ 1  ! …  σ ℓ  !    ∏  j = 1  ℓ   ∂ x  σ j     〈 x 〉     |   k j   |   2    ∏  i = 1  n     1   δ j  !    ∂ ξ  δ j    {   〈 ξ 〉   −  1 2     (  ζ i  −  ξ i  )  }    k  j i    ,     








hence


     ∂ x β      ∂ ξ α  q  (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )  =  ∑  ℓ ,  k 1  , … ,  k ℓ      α !    k 1  ! …  k ℓ  !    ∑   β 1  +  β 2  = β     β !    β 1  !  β 2  !            ×  ∑   ℓ ′  ,  k 1 ′  , … ,  k  ℓ ′  ′       β 1  !    k 1 ′  ! …  k  ℓ ′  ′  !    (  ∂   (  k 1  + … +  k ℓ  )  +  (  k 1 ′  + … +  k  ℓ ′  ′  )    q )   (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )           ×  ∏   j ′  = 1   ℓ ′    ∏   i ′  = 1  n     1   δ  j ′  ′  !    ∂ x  δ  j ′  ′     〈 x 〉   1 2     〈 x 〉   −  1 2      k   j ′   i ′   ′       〈 ξ 〉   −  1 2      〈 x 〉   1 2    (  ζ  i ′   −  ξ  i ′   )    k   j ′   i ′   ′            ×  ∑   σ 1  + … +  σ ℓ  =  β 2       β 2  !    σ 1  ! …  σ ℓ  !    ∏  j = 1  ℓ   ∂ x  σ j     〈 x 〉    1 2   |  k j  |     ∏  i = 1  n     1   δ j  !    {  ∂ ξ  δ j     〈 ξ 〉   −  1 2     (  ζ i  −  ξ i  )  −  δ  j i    ∂ ξ   δ j  −  e i      〈 ξ 〉   −  1 2    }    k  j i    .     








Noticing that     〈 x 〉   1 2     〈 ξ 〉   −  1 2     | ζ − ξ |  ≤ 1   on the support of q, we have


   |   ∂ x β   ∂ ξ α  q  (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )   | ≤    C ˜   q , s   | α + β | + 1     ( α ! β ! )  s    〈 x 〉     | α |  2  −  | β |      〈 ξ 〉   −   | α |  2    .  








We now apply the above inequality to estimate the derivatives of F. We have


      |   ∂ ξ α   ∂ x β   F  ( x , ξ , ζ )  |      ≤  ∑    β 1  +  β 1  = β    α 1  +  α 2  = α      α ! β !    α 1  !  β 1  !  α 2  !  β 2  !    ∂ ξ  α 1     〈 ξ 〉   −  n 4     ∂ x  β 1     〈 x 〉   n 4    |  ∂ ξ  α 2    ∂ x  β 2   q  (   〈 ξ 〉   −  1 2      〈 x 〉   1 2    ( ζ − ξ )  )  |           ≤  C  q , s   | α + β | + 1     ( α ! β ! )  s    〈 ξ 〉   −  n 4  −   | α |  2      〈 x 〉    n 4  +   | α |  2  −  | β |    .     



(18)




Finally we proceed with the estimates for   p F  . Denoting


   Q  x , ξ    = { ζ ∈   R n  :   〈 x 〉   1 2     〈 ξ 〉   −  1 2     | ζ − ξ | < 1 } ,  x , ξ ∈   R n  ,  








we obtain


      |   ∂ ξ α       ∂  ξ ′   α ′    ∂  x ′   β ′    p F   ( ξ ,  x ′  ,  ξ ′  )   | ≤   ∑   β 1  +  β 2  +  β 2  = β     β !    β 1  !  β 2  !  β 3  !      ∫  Q  x , ξ      |  ∂ ξ α   ∂ x  β 1 ′   F  ( ξ ,  x ′  , ζ )  |  2  d ζ   1 2            ×    ∫  Q   x ′  ,  ξ ′       |  ∂ x  β 3 ′   p  (  x ′  , ζ )   ∂ ξ  α ′    ∂ x  β 2 ′   F  (  x ′  ,  ξ ′  , ζ )  |  2  d ζ   1 2            ≤  ∑   β 1  +  β 2  +  β 2  = β     β !    β 1  !  β 2  !  β 3  !    C  q , s    | α +   α ′  +  β 1 ′  +  β 2 ′   | + 2      ( α !  α ′  !  β 1 ′  !  β 2 ′  ! )  s    〈 ξ 〉   −   | α |  2      〈  ξ ′  〉   −    |   α ′   |   2           ×   〈 x 〉    1 2   | α +   α ′   | − |   β 1 ′  +  β 2 ′   |       ∫  Q   x ′  , ξ      〈 ξ 〉   −  n 2      〈  x ′  〉   n 2   d ζ   1 2   ·    ∫  Q   x ′  ,  ξ ′       〈  ξ ′  〉   −  n 2      〈  x ′  〉   n 2     |  ∂ x  β 3 ′   p  (  x ′  , ζ )  |  2  d ζ   1 2            ≤  ∑   β 1  +  β 2  +  β 2  = β     β !    β 1  !  β 2  !  β 3  !    C  q , s    | α +   α ′  +  β 1 ′  +  β 2 ′   | + 2      ( α !  α ′  !  β 1 ′  !  β 2 ′  ! )  s    〈 ξ 〉   −   | α |  2      〈  ξ ′  〉   −    |   α ′   |   2             ×   〈 x 〉      | α +   α ′   |   2  −  |  β 1 ′  +  β 2 ′  |       ∫  | ζ | < 1   d ζ   1 2      ∫  | ζ | < 1     |  ∂ x  β 3 ′   p  (  x ′  ,   〈  x ′  〉   −  1 2      〈 ξ 〉   1 2   ζ +  ξ ′  )  |  2  d ζ   1 2   .     








Using Lemma 4 and recalling that   s ≤ min { μ , ν }  ,


   |   ∂ ξ α   ∂  ξ ′   α ′    ∂  x ′   β ′    p F   | ≤   C   | α +   α ′  +  β ′   | + 1      ( α !  α ′  ! )  μ   β ′   ! ν    〈 x 〉    m 2   − |   β ′   | +   1 2   | α +  α ′  |      〈 ξ 〉   −   | α |  2      〈  ξ ′  〉    m 1  −    |   α ′   |   2    ,  








which means    p F  ∈   SG    (  1 2  , 1 )  ,  ( 0 ,  1 2  )  ;  ( μ , ν )     ( 0 , 0 )  ,  (  m 1  ,  m 2  )     (  R  4 n   )   .



Now, we discuss the asymptotic expansion of   p F  , when   p ∈   SG   ( μ , ν )  m   . In the following, we use the notation of the proof of Theorem 4. We have


   p  F , L    ( x , ξ )  ∼  ∑ β    p ˜  β   ( x , ξ )    in   F S  G   (  1 2  , 1 )  ,  ( 0 ,  1 2  )  ;  (  μ ˜  ,  ν ˜  )   m  ,  








and, by Lemma 2 and Taylor formula, we may write


   |   ∂ ξ θ   ∂ x σ   (  p  F , L   −  ∑  | β | < N     p ˜  β  )   ( x , ξ )   | ≤   C  | θ + σ | + 2 N + 1   θ  !  μ ˜   σ  !  ν ˜   N  !   μ ˜  +  ν ˜  − 1     〈 ξ 〉    m 1  −   | θ |  2  −  N 2      〈 x 〉    m 2  −  | σ |  +   | θ |  2  −  N 2     



(19)




for every   θ , σ ∈  N 0 n   ,   x , ξ ∈  R n    and   N ∈ N  , where    μ ˜  = 3 μ +  1 2  ν   and    ν ˜  = ν + 2 μ  . We also have, for every   β ∈  N 0 n    and   N ∈ N  ,


    p ˜  β   ( x , ξ )  −  ∑  | α | < N    q  α , β    ( x , ξ )  =  r  β , N    ( x , ξ )  .  








where   r  β , N    is given as in (16).



Changing variables and setting   σ =  ( ζ − ξ )    〈 x 〉   1 2     〈 ξ 〉   −  1 2     , we obtain


      r  β , N    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β    ∑  | α | = N    N  α !   ·    (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )  N    β 1  !  β 2  !  β 3  !            ×  ∑    γ 1  ≤ γ   | γ | ≤ | β |     ∑   | δ | ≤ |   β 1   |     ψ  β γ  γ 1     ( ξ )   ϕ   β 1  δ γ  γ 1     ( x )   ∑   |   δ ′   | ≤ |   β 2   |     ϕ   β 2   δ ′  00    ( x )           ×  ∫  Q  x , ξ      (  ( ζ − ξ )    〈 x 〉   1 2     〈 ξ 〉   −  1 2    )    γ 1  + δ +  δ ′  + α    ∂  γ + δ   q  (  ( ζ − ξ )    〈 x 〉   1 2     〈 ξ 〉   −  1 2    )   ∂  δ ′   q  (  ( ζ − ξ )    〈 x 〉   1 2     〈 ξ 〉   −  1 2    )           ·  ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ α   D x  β 3   p )   ( x , θ ζ +  ( 1 − θ )  ξ )   d θ   〈 x 〉   n 2     〈 ξ 〉   −  n 2    d ζ .     








By Lemma 3, we get


      r  β , N    ( x , ξ )      =  ∑   β 1  +  β 2  +  β 3  = β    ∑  | α | = N    N  α !   ·    (   〈 ξ 〉   1 2     〈 x 〉   −  1 2    )  N    β 1  !  β 2  !  β 3  !            ×  ∫  Q  x , ξ     (  ∂ ξ β   ∂ x  β 1   F )   ( x , ξ , ζ )   (  ∂ x  β 2   F )   ( x , ξ , ζ )   ∫  0  1    ( 1 − θ )   N − 1    (  ∂ ξ α   D x  β 3   p )   ( x , θ ζ +  ( 1 − θ )  ξ )   d θ d ζ .     








Now, there exists   K > 0   such that


   K  − 1    〈 ξ 〉  ≤  〈 θ ζ +  ( 1 − θ )  ξ 〉  ≤ K  〈 ξ 〉  ,   | θ |  < 1 , ζ ∈  Q  x , ξ   , x , ξ ∈  R n  .  








Then, using (18), since   s ≤ min { μ , ν }  , we obtain


      |   ∂ ξ γ   ∂ x δ   r  β , N     ( x , ξ )  |      ≤  C  | γ + δ | + 2 ( N + | β | ) + 1   γ  ! μ  δ  ! ν  β  !  s + ν − 1   N  !  μ − 1          ×   〈 ξ 〉    m 1  −  | γ |  −   N + | β |  2      〈 x 〉    m 2  −  | δ |  −   N + | β |  2        ∫  Q  x , ξ      〈 ξ 〉   −  n 2      〈 x 〉   n 2   d σ  ︸   =  ∫  | σ | ≤ 1   d σ          ≤  C  | γ + δ | + 2 ( N + | β | ) + 1   γ  ! μ  δ  ! ν  β  !  s + ν − 1   N  !  μ − 1     〈 ξ 〉    m 1  −  | γ |  −   N + | β |  2      〈 x 〉    m 2  −  | δ |  −   N + | β |  2    ,     



(20)




for every   γ , δ ∈  N 0 n   ,   x , ξ ∈  R n    and   N ∈ N  . Now, by (19) and (20), we get


   p  F , L    ( x , ξ )  ∼  ∑  j ∈  N 0     ∑  | α + β | = j    q  α , β    ( x , ξ )    in   F S  G   (  1 2  , 1 )  ,  ( 0 ,  1 2  )  ;  (  μ ˜  ,  ν ˜  )   m  .  








To improve the above asymptotic expansion, note that, for   j ≥ 2  ,


   |   ∂ ξ γ   ∂ x δ   ∑  | α + β | = j    q  α , β     ( x , ξ )  | ≤   C  | γ + δ | + 2 j + 1   γ  ! μ  δ  ! ν  j  !  μ + ν − 1     〈 x 〉    m 2  −  | δ |  −  j 2      〈 ξ 〉    m 1  −  | γ |  −  j 2    ,  








and


   |   ∂ ξ γ   ∂ x δ   ∑  | β | = 1    q  0 , β     ( x , ξ )  | ≤   C  | θ + σ | + 2 j + 1   γ  ! μ  δ  ! ν  j  !  μ + ν − 1     〈 x 〉    m 2  −  | δ |  − 1     〈 ξ 〉    m 1  −  | γ |  − 1   ,  








for every   γ , δ ∈  N 0 n   ,   x , ξ ∈  R n   , hence


   ∑  j ∈  N 0     ∑  | α + β | = j    q  α , β    ( x , ξ )  ∈  F  (  k j  ,  ℓ j  )   S  G  ( μ , ν )  m  ,  








where    k 0  =  ℓ 0  = 0  ,    k 1  =  ℓ 1  = 1  ,    k j  =  ℓ j  =  j 2  .   Then, there exists   q ∈   SG   ( μ , ν )  m   (  R  2 n   )    such that


  q  ( x , ξ )  ∼  ∑  α , β    q  α , β    ( x , ξ )     in    F  (  k j  ,  ℓ j  )   S  G  ( μ , ν )  m  .  








Repeating the argument at the end of Section 3, we can write    p  F , L    ( x , ξ )  = q  ( x , ξ )  + r  ( x , ξ )   , where r belongs to the Gelfand–Shilov space    S   μ ˜  +  ν ˜  − 1    (  R  2 n   )   . Summing up, we obtain the following result.

Theorem 6.

Let   p ∈   SG   ( μ , ν )  m    and   p F   be its Friedrichs part. Then, we can write    p  F , L   = q + r  , with   r ∈  S   μ ˜  +  ν ˜  − 1    (  R  2 n   )    and


  q  ( x , ξ )  ∼ p  ( x , ξ )  +  ∑  | β | = 1    q  0 , β    ( x , ξ )  +  ∑  | α + β | ≥ 2    q  α , β    ( x , ξ )     i n    F  (  k j  ,  ℓ j  )   S  G  ( μ , ν )  m   








where    k 0  =  ℓ 0  = 0  ,    k 1  =  ℓ 1  = 1  ,    k j  =  ℓ j  =  j 2  .   Moreover, the symbols    q  0 , β   ∈   SG   ( μ , ν )   m − ( 1 , 1 )    (  R  2 n   )    and    q  α , β   ∈   SG   ( μ , ν )   m −   | α + β |  2   ( 1 , 1 )     (  R  2 n   )    are the same as in Theorem 4.
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