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Abstract: In this paper, the classical dual mixed volume of star bodies \7(K1, -+ ,Ky,) and
dual Aleksandrov-Fenchel inequality are extended to the Orlicz space. Under the framework
of dual Orlicz-Brunn-Minkowski theory, we put forward a new affine geometric quantity by
calculating first order Orlicz variation of the dual mixed volume, and call it Orlicz multiple
dual mixed volume. We generalize the fundamental notions and conclusions of the dual mixed
volume and dual Aleksandrov-Fenchel inequality to an Orlicz setting. The classical dual
Aleksandrov-Fenchel inequality and dual Orlicz-Minkowski inequality are all special cases of the
new dual Orlicz-Aleksandrov-Fenchel inequality. The related concepts of L,-dual multiple mixed
volumes and L,-dual Aleksandrov-Fenchel inequality are first derived here. As an application,
the dual Orlicz-Brunn-Minkowski inequality for the Orlicz harmonic addition is also established.

Keywords: dual mixed volume; dual Aleksandrov-Fenchel inequality; Orlicz harmonic radial addition;
Orlicz dual mixed volume; Orlicz dual Minkowski inequality; dual Orlicz-Brunn-Minkowski theory

1. Introduction

It is well known that vector addition is one of the important operators in convex geometry. As an
operation between sets K and L, defined by

K+L={x+y:xeKyelL},

it is called Minkowski addition and plays an important role in the convex geometry. During the last
few decades, the theory has been extended to Lp—Brunn—Minkowski theory. Lp addition of K and L
was introduced by Firey in [1,2], denoted by +,, and defined by

WK+, L,x)P = h(K,x)? + h(L,x)?,

for p > 1, x € R" and compact convex sets K and L in R" containing the origin. Here, function h(K, -)
denotes the support function of K. If K is a nonempty closed (not necessarily bounded) convex set in
R”, then

h(K,x) =max{x-y:y € K},

for x € R". A nonempty closed convex set is uniquely determined by its support function. L,-addition
is the fundamental and core content in the L,~Brunn-Minkowski theory. For recent important results
and more information from this theory, we refer to [3-23] and the references therein.

In recent years, the study turned to an Orlicz—Brunn—-Minkowski theory, initiated by Lutwak,
Yang, and Zhang [24,25]. Gardner, Hug, and Weil [26] introduced a corresponding Orlicz addition and
established first the Orlicz-Minkowski, and Orlicz-Brunn-Minkowski inequalities. The same concepts
and inequalities are derived by Xi, Jin and Leng [27] using a new geometric symmetry technique.
Other articles on this theory can be found in the literature [28-35].
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The radial addition K+L of star sets (compact sets that are star-shaped at 0 and contain 0) K and
L can be defined by

p(K+L,-) = p(K,-) +p(L,-),

where p(K, -) denotes the radial function of star set K. The radial function of star set K is defined by
o(K,u) = max{c > 0: cu € K},

for u € S"~1. The origin and history of the radial addition can be referred to [36], p. 235. When p(K, -)
is positive and continuous, K will be called a star body. Let S” denote the set of star bodies about
the origin in R”. The radial addition and volume are the core and essence of the classical dual
Brunn-Minkowski theory and played an important role in the theory (see, e.g., [20,37-42] for recent
important contributions). Lutwak [43] introduced the concept of dual mixed volumes that laid the
foundation of the dual Brunn—-Minkowski theory. What is particularly important is that this theory
plays a very important and key role in solving the Busemann—Petty problem in [38,44—46].
For any p # 0, the L,-radial addition K—T—pL defined by (see [47] and [48])

p(KF,L,x)P = p(K,x)? + p(L, x)?,

for x € R" and K,L € S". Obviously, when p = 1, the Ly-radial addition —T—p becomes the radial
addition ¥. The Lp—harmonic radial addition was defined by Lutwak [9]: If K, L are star bodies,
the L,-harmonic radial addition, defined by

p(KFpL,x) 77 = p(K,x) 7P +p(L,x)"F, (1)

for p > 1and x € R". The Ly-harmonic radial addition of convex bodies was first studied by
Firey [1]. The operation of the L,-harmonic radial addition and L,-dual Minkowski, Brunn-Minkwski
inequalities are the basic concept and inequalities in the L,-dual Brunn-Minkowski theory. The latest
information and important results of this theory can be referred to [32,37,39,40,47-51] and the references
therein. For a systematic investigation on the concepts of the addition for convex body and star
body, we refer the reader to [26,48,50]. Lj-dual Brunn-Minkowski theory has been extended to
dual Orlicz-Brunn-Minkowski theory. The dual Orlicz-Brunn-Minkowski theory has also attracted
attention, see [52-57]. The Orlicz harmonic radial addition K—T—¢L of two star bodies K and L, defined by

(see [57])
pictoL ) =sup > 019 (HEA ) g (251) <o), @)

where u € "1, and ¢ : (0,00) — (0,00) is a convex and decreasing function such that ¢(0) = o,
lim¢ 00 p(t) = 0 and lim;_,o ¢(t) = 0. Let C denote the class of the convex and decreasing functions ¢
with ¢(0) = oo, lim; e ¢(t) = 0, and lim;_,g ¢p(t) = oo. Obviously, if ¢(t) = t~7 and p > 1, then the
Orlicz harmonic radial addition becomes the L,-harmonic radial addition. The dual Orlicz mixed
volume, denoted by 174, (K, L), defined by

‘ZP(K, L) — (Pilfiil) hl’(l;r V<K+¢8 €L) — V(K)
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where K—/P(pe - L is the Orlicz harmonic linear combination of K and L (see Section 3), and the right
derivative of a real-valued function ¢ is denoted by ¢,. When ¢(t) = t7 and p > 1, the dual Orlicz
mixed volume Vj (K, L) becomes the L,-dual mixed volume V_,(K, L), defined by (see [9])

Vo) = o [ oK) Pp(L ) VS ). @)

n.
IfKy,..., Ky € 8", the dual mixed volume of star bodies Kj, . . ., K;;, denoted by V(Kl, ..., Ky),
defined by Lutwak (see [43])

~ 1

V(K K) = /SH o(Ky, 1) - - p(Kn, w)dS (1), (5)

Lutwak’s dual Aleksandrov-Fenchel inequality is the following: If Ky, ..., K, € S"and 1 < r <, then

.
V(Ky, -+ K) <TTV(Ki-.., Ki Kpp, o Kn) V7,
i=1

with equality if and only if Kj, . . ., K, are all dilations of each other.

As we all know, the dual mixed volume V_; (K, L) of star bodies K and L has been extended to
the Ly-space. Following this, the L,-dual mixed volume V_p (K, L) has been extended to the Orlicz
space and becomes dual Orlicz mixed volume \7¢(K, L). However, the classical dual mixed volume
V(Kl, ..., Ky) has not been extended to the Orlicz space, and this question becomes a difficult research
in convex geometry. Why? We all know that the history of geometric research has always followed
the order from general convex geometric space to Ly-space, and then from L-space to Orlicz space.
The dual mixed volume 17(K1, ..., K;;) has not been extended to Ly-space. In other words, there is
nothing in the L,-space about the dual mixed volume V(Kl, ..., K;;), which can be used as the basis for
our further study. As a result, directly extend it to the Orlicz space. Its difficulty can be imagined. In this
paper, our main aim is to generalize direct the classical dual mixed volumes V(Kl, ..., Ky) and dual
Aleksandrov-Fenchel inequality to the Orlicz space without passing through L,-space. Amazingly,
all the corresponding concepts and inequalities of the L,-space of the dual mixed volume V(Kj, ..., Ky)
are all derived, which subverts the order of historical research on the issue, directly deriving the results
of Orlicz space, saving a lot of time and resources. This is also unimaginable.

Under the framework of dual Orlicz-Brunn-Minkowski theory, we introduce the affine geometric
quantity by calculating the first order Orlicz variation of the dual mixed volumes, and call it Orlicz
multiple dual mixed volumes, denoted by V(P(Kl,. .., Ky, Ly), which involves (n + 1) star bodies in
R”. The fundamental notions and conclusions of the dual mixed volume V(Kl, ..., K;) and the dual
Minkowski, and Aleksandrov—Fenchel inequalities are extended to an Orlicz setting. The related
concepts and conclusions of L,-multiple dual mixed volume V,p (Ky,...,Ky, Ly) and Ly-dual
Aleksandrov-Fenchel inequality are first derived here. The new dual Orlicz—Aleksandrov—Fenchel
inequality in special cases yields the dual Aleksandrov-Fenchel inequality and the Orlicz dual
Minkowski inequality for the dual quermassintegrals, respectively. As an application, a new
dual Orlicz-Brunn-Minkowski inequality for the Orlicz harmonic radial addition is established,
which implies the dual Orlicz-Brunn-Minkowski inequality for the dual quermassintegrals.

Complying with the spirit of introduction of Aleksandrov, Fenchel and Jessen’s mixed
quermassintegrals, and introduction of Lutwak’s L,-mixed quermassintegrals, we calculate the first
order Orlicz variational of dual mixed volumes. If convex bodies Kj, . . ., K,; are given, we often use the
abbreviations & := Ky, ..., K;; § € 8" 1=Ky, ..., K, € 8" and pg := p(Kp, u) - - - p(Ky, u). In Section 4,
we prove that the first order Orlicz variation of the dual mixed volumes can be expressed as:

d : V(P(LHKl/ %)/

- R 1
— V(Li+pe K, S) = ——
del,_, " (Ertee KuS) = Gy
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where L1,K;, S € 8", ¢ € C and € > 0. In the above first order variational equation, we find a new
geometric quantity. Based on this, we extract the required geometric quantity, denoted by \74, (Ly,K1, Q)
and call it Orlicz multiple dual mixed volume of (n + 1) star bodies L1, K, S, defined by

\7(L1$¢8 - K1, %)

~ d
Vp(L1, Ky, S) := ¢r(1) - I

e=0"*

We also prove the new affine geometric quantity 17¢ (L1, K1, S) has an integral representation.

V(i k) = o [ o (B ) ol wpsdsiu), (6

Obviously, the dual mixed volume V(Kj, ..., K,) and dual Orlicz mixed volume \74,(1(, L) are
all special cases of Vj(L1, Ky, ¥). When ¢(t) = t7, p > 1, Orlicz multiple dual mixed volume
\7¢(L1, Kj, ) becomes a new dual mixed volume in Ly-place, denoted by V,p(Kl, ..., Ky, Ly), call it
L, multiple dual mixed volume. From (6), we have

Voot ®) = 1 [ (B oty wpsds ) %

The following harmonic mixed p-quermassintegral V~V,p,,'(1<, L) is a special case of V_p,(Ly, Ky, ),
defined by (see Section 2)

WKL) = /S (K u) (L, u)PdS (). 8)

n
In Section 5, we establish the following dual Orlicz-Aleksandrov—Fenchel inequality for the Orlicz
multiple dual mixed volumes.
The dual Orlicz—-Aleksandrov-Fenchel inequality If L1, K, € 8", ¢ € Cand1 <r < n, then

- . r Va . X 1/r
Tp(L1, Ky, 3) ZV(Ll,%)«p( = VK K Koy Ke) ) 9)

V(L1,S)

If ¢ is strictly convex, equality holds if and only if L1, Ky, . . ., K, are all dilations of each other.
Obviously, Lutwak’s dual Aleksandrov—Fenchel inequality is a special case of (9). If K;, 3 € &
and 1 <r <n, then

.
V(Ky, -+ K) <TTV(Ki-.., Ki Ko, o Kn) VT, (10)
i=1

with equality if and only if Ky, ..., K, are all dilations of each other. When ¢(t) =t~ 7, p > 1, the dual
Orlicz—-Aleksandrov-Fenchel inequality (9) becomes the following Lj,-dual Aleksandrov-Fenchel
inequality.

The L,-dual Aleksandrov-Fenchel inequality If L1, K1, S € ", p > 1and 1 <r < n, then

.
Vop(L1, K1, Q) > V(Ly, Q)P - TTV(Ki..., Ky Krg, ... K) 7P/7 (11)
i=1

If ¢ is strictly convex, equality holds if and only if L1, Ky, . . ., K, are all dilations of each other.
The following dual Orlicz-Minkowski inequality (see [57]) is a special case of the dual
Orlicz-Aleksandrov-Fenchel inequality (9). If K, L € §" and ¢ € C, then

1/n
Vo(K,L) > V(K)-¢ ((:ﬁég) ) . (12)
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If ¢ is strictly convex, equality holds if and only if K and L are dilates. In Section 5, we show also the
Orlicz—-Aleksandrov-Fenchel inequality (9) in special case yields also the following result. If K, L € S”,

0<i<mnand¢ € C, then
). 1/(n—i)
- ~ W;(L)
Wi (K, L) = Wi(K)g ((Wi (K)> ) . (13)

If ¢ is strictly convex, equality holds if and only if K and L are dilates. Here, W;(K) is the usually dual
quermassintegral of K, and W ;(K, L) is the Orlicz dual mixed quermassintegral of K and L, defined by

(see Section 4)

Woi KoL) =1 [ <SEIL<Z>)> o(K, )" idS (u). (14)

In Section 6, we establish the following dual Orlicz Brunn—-Minkowski type inequality.
If L1,K1,S € S"and ¢ € C, then

V(KiFgL1, ) V(K1FgL1, )

If ¢ is strictly convex, equality holds if and only if L1, K;, 3 are all dilations of each other. A special
case of (15) is the following inequality.

1/n 1/n
V(Ky)--- V(K V(L1)V(Ky)--- V(K
V(K1+¢L1,J)” V(K1+¢L1,\S)n
If ¢ is strictly convex, equality holds if and only if Li,Kj,...,K; are all dilations of each other.
Putting K; = K,Lj = Land K = -+ = K; = K14A-¢L1 in (16), it follows the Orlicz
dual Brunn-Minkowski inequality established in [57]. In Section 6, we show also the dual

Orlicz-Brunn-Minkowski inequality (16) in a special case yields the following result. If K, L € S*,
¢cCand0<i<n—1,then

~ 1/(n—i) ~ 1/(n—i)
Wi (K) Wi(L)
o) =9 ((Wl‘(K:f\—(pL)) ) e ((Wi(K—T—(pL)) ) ' (17)

If ¢ is strictly convex, equality holds if and only if K and L are dilates.

2. Preliminaries

The setting for this paper is n-dimensional Euclidean space R". A body in R” is a compact set
equal to the closure of its interior. For a compact set K C R", we write V(K) for the (n-dimensional)
Lebesgue measure of K and call this the volume of K. The unit ball in R” and its surface are denoted
by B and S"~!, respectively. Let K" denote the class of nonempty compact convex subsets containing
the origin in their interiors in R". Associated with a compact subset K of R", which is star-shaped with
respect to the origin and contains the origin, its radial function is p(K, -) : gn-1 [0, 00), defined by

p(K,u) = max{A > 0: Au € K}.
Two star bodies K and L are dilates if p(K,u)/p(L, u) is independent of u € S"~1. If A > 0, then

p(AK, u) = Ap(K, u).
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From the definition of the radial function, it follows immediately that for A € GL(n) the radial
function of the image AK = {Ay : y € K} of K is given by (see e.g., [36])

o(AK, 1) = p(K, A~ 'w),

for all u € S"~1. Namely, the radial function is homogeneous of degree —1. Let § denote the radial
Hausdorff metric, as follows, if K, L € §”, then (see e.g., [58])

5(K,L) = |p(K, 1) — p(L, )]
2.1. Dual Mixed Volumes
The polar coordinate formula for volume of a compact set K is

VK) =+ /S (K, u)"dS(u). (18)

n
The first dual mixed volume, V; (K, L), defined by

Vi(K,L) = % lim V<K+S'i) —VIK),
£—

where K, L € §". The integral representation for first dual mixed volume is proved: For K, L € §",

~ 1

Bk L) = [ e(K ) o(L,u)ds(w) (19)

The Minkowski inequality for first dual mixed volume is the following: If K, L € S§”, then
Vi(K,L)" < V(K)"1V(L),

with equality if and only if K and L are dilates. (see [45]) If K, ..., K, € §", the dual mixed volume

V(Ky,...,K,) is defined by (see [43])

V(Ky, ... Kn) = = /SH (K, 1) - - (Ko, 1)dS (1), (20)

n

IfKy =---=K,_; =K K;_j;1 =--- = Ky = L, the dual mixed volume V(Kl, ..., Ky) is written

as Vi(K,L). If L = B, the dual mixed volume V;(K, L) = V;(K, B) is written as W;(K) and called dual
quermassintegral of K. For K € S"and 0 <i < n,

~ 1 r .
Wi(K) = / p(K, )" S (u). (21)
Sn—
IfKy =---=K,_j.1 =K K,_; = =K,_1 = Band K;, = L, the dual mixed volume
V(K, ...,K,B,...,B,L) is written as W;(K, L) and called dual mixed quermassintegral of K and L.
—_——— ——~
n—i—1 i

For K,L € §" and 0 <i < n, itis easy that ([33])

Wi(K, L) = lim VilKFe L) = WilK) 1/
e—0T £ n. Sn—l

p(K,u)* " p(L, u)dS (u). (22)

The fundamental inequality for dual mixed quermassintegral stated that: If K,L € S" and
0 <i< n,then
W;i(K, L)' < W;(K)" 17'W;(L), (23)
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with equality if and only if K and L are dilates. The Brunn-Minkowski inequality for dual
quermassintegral is the following: If K,L € S" and 0 < i < n, then

Wi(KFL)V 00 < Wi ()Y 00 4 Wy (L)Y ), (24)
with equality if and only if K and L are dilates.

2.2, Ly-dual Mixed Volume
The dual mixed volume V_; (K, L) of star bodies K and L is defined by ([9])

V_1(K,L) = lim V(K) _V(KJ?S'L), (25)

e—0t £

where + is the harmonic addition. The following is a integral representation for the dual mixed volume

V_1(K,L):
V) =+ [ e oL, ) s (). (26)

The dual Minkowski inequality for the dual mixed volume states that
V(K L) = V(K" V(L) (27)

with equality if and only if K and L are dilates. (see ([42]))
The dual Brunn-Minkowski inequality for the harmonic addition states that

V(KFL) V" > v(K)“V" 4 v(L)~Vn, (28)

with equality if and only if K and L are dilates (This inequality is due to Firey [1]).
The Ly-dual mixed volume V_ p(K, L) of Kand L is defined by ([9])

V(K L) =—F lim , (29)

where K,L € $" and p > 1.
The following is an integral representation for the L,-dual mixed volume: For K,L € S"

and p > 1,
Vo) = o [ oK) (L) P ) (30)
SH*

Ly-dual Minkowski and Brunn-Minkowski inequalities were established by Lutwak [9]: If K, L € S"
and p > 1, then
V_p(K,L)" > V(K)""PV(L) 7P, (31)

with equality if and only if K and L are dilates, and
V(KF,L)P/" > V(K)P/" + V(L) P/", (32)
with equality if and only if K and L are dilates.

2.3. Mixed p-harmonic Quermassintegral

From (1), it is easy to see thatif K,L € §",0 <i <nand p > 1, then

——F tim Wi(KTpe L) ~Will) _ 1 [5 (Kt p(Lae) P dS (). (33)

n—1eg-0" & n
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LetK,L € §",0 <i < nand p > 1, the mixed p-harmonic quermassintegral of star K and L,
denoted by W_, ;(K, L), defined by (see [59])

W_,i(K, L) = 1 /SH o(K,u)" " Po(L, u)~PdS(u). (34)

n
Obviously, when K = L, the p-harmonic quermassintegral I/NV_W-(K,L) becomes the dual
quermassintegral W; (K). The Minkowski and Brunn-Minkowski inequalities for the mixed p-harmonic
quermassintegral are following (see [59]): If K,L € §",0 <i < n,and p > 1, then

W_p,i (K, L)"™" > Wy(K)"""PW; (L) P, (35)
with equality if and only if K and L are dilates. If K,L € §",0 <i < n,and p > 1, then

Wi (KFpL) =P/ (=0 > Wy(K) =P/ (=0 Wy (L) =P/ (n=1), (36)
with equality if and only if K and L are dilates.

Inequality (36) is a Brunn-Minkowski type inequality for the p-harmonic addition. For different
variants of dual Brunn—-Minkowski inequalities, we refer to [16,46,60-65] and the references therein.

3. Orlicz Harmonic Linear Combination

Throughout the paper, the standard orthonormal basis for R"” will be {ey, ..., e, }. Let Cp, m € N,
denote the set of convex function ¢ : [0,00)" — (0,00) that are strictly decreasing in each variable
and satisfy ¢(0) = co. When m = 1, we shall write C instead of C;. Orlicz harmonic radial addition is
defined below.

Definition 1. Let m > 2,¢ € Cy, K; € S" and j = 1,...,m, define the Orlicz harmonic addition of
Ky, ..., Ky, denoted by —T—¢(K1,. .., Ki), defined by

o(Fp(Ky, ..., Kn), %) = sup {A S 0:¢ (‘“ﬁ'”,...,“ﬁ'”) < ¢(1)}, (37)

for x € R™.

Equivalently, the Orlicz multiple harmonic addition —T—¢ (Ki,...,Ky) can be defined implicitly by

P(Kl, x) p(Km, x) _
? (p("T'(p(Kl/- . .,Km),x)/‘ o p(—T—q;(Kl,.. .,Km),x)> - (P(l)' (38)

for all x € R". An important special case is obtained when

m

G(x1, o xm) = ) 9(x)),

j=1

for ¢(t) € Cyy. We then write —T—¢(K1, ., Ky) = Kl—T—¢ e —T—(me. This means that Kl—T—¢ e —T—¢Km is
defined either by

P(Kl‘/‘:q)""T‘(merx) =sup {)\ >0: ﬁgb (p(Ki/x)> < 4,(1)}, (39)

j=1
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for all x € R", or by the corresponding special case of (37). From (39), it follows easy that

2 (K x)
IXC

)=o),

if and only if
A=p(KiFg- - FoKm, x). (40)

Next, define a new Orlicz dual harmonic linear combination on the case m = 2.

Definition 2. The Orlicz dual harmonic linear combination is denoted —T—¢(K, L,a,B), defined by

o p(K/x) p(L,x) _
! (P(%(K/ wa,ﬁ)mc)) e (p(%(K,L,a,ﬁ),x)) (1), (41)

forK,L € 8", x € R", and a, B > 0 (not both zero).

When ¢(t) = 77 and p > 1, then Orlicz harmonic linear combination +4(K, L, , ) changes
to the Lp—harmonic linear combination « - K—T—p B - L. We shall write K—T—q,e - L instead of -T—q; (K,L,1,¢),
for e > 0 and assume throughout that this is defined by (41), wherea = 1,8 =¢,and ¢ € C. It is easy
that +¢(K,L,1,1) = K+4L.

4. Orlicz Multiple Dual Mixed Volumes

Let us introduce the Orlicz multiple dual mixed volumes.

Definition 3. For L, Ky, S € 8" and ¢ € C, the Orlicz multiple dual mixed volume of L1, Ky, S, denoted by
Vip(L1,Ky, ), defined by

Tota, Ky, ®) = [0 (ZEEZD o(Ly,u) - psdS (1),

Lemma 1 ([57]). IfKy,L1 € S" and ¢ € C, then
Ll—/f\—q;s -Ky — Ly (42)
ase — 0.

Lemma 2. IfL1,K;, S € 8" and ¢ € C, then

4
de e=0"t

~ N 1 g
V(L1+¢€'K1,%) = W./S“*lgb (

p(Klr u)
P(Ll, M)

) oLy, w)pdS(u). (43)

Proof. Suppose ¢ >0, Ky, L; € 8", and u € 5", let

Pe = p(Ll-T—(pe Ky, u).
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From Lemma 1, and noting that ¢ is a continuous function, we obtain

(oe —p(Ly,u))ps pe pe —p(L1,u)

li = pg li

sir(?* € p\ysir(r)Er € Pe
Ki,u
Pe

1—4f1 (4>() eo (U5

o(1) = (91 ~e9 ("“i}))) |

X

Noting thaty — 17 ase — 07, we have

i e p(Liw))es o PEL o 1oy
Jim, : paest (50255 ) Jim 5y =5
_ 1 p(Klru) 1) oo
o i) LR (44)

where

_ Ky, u
y=¢~" <¢(1>—s¢ (p( . ))>
Pe
The Equation (43) follows immediately from (20) with (44). O

Second proof Since

297 () , ( pKa )
o pla, ) MW (250 )

de <¢1 (4;(1)_547 (W»)ZH_MKL gg(m ) 4>dy< >d4;<;)’

(45)

where

— (1) — e (K1)
y= (1) —ep (AE11),
and

p(Kl/u)'

Oe

Zz =

Hence,

=pg lim —. (46)

On the other hand,

-1 —1 _
o 7N 9T () + Ay) 1
g0t dy Ay—0+ Ay
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From (45), (46), (47), and Lemma 1, we obtain

(e — p(L1,u))pg 1 (p(Kl,u))
1 = . L , . 48
it € $r(1) ¢ p(Ly,u) oL u)ps (48)
From (20) and (48), the Equation (43) follows easy. O

For any L1,K;,$ € 8% and ¢ € C, the integral on the right-hand side of (43) denoting by
Vi(L1, K7, ), and hence this new Orlicz multiple dual mixed volume Vi (L1, K3, I) has been born.

Lemma 3. IfL1,K1,3 € S"and ¢ € C, then

~ d ~ ~
V¢(L11K1/%) = 4):'(1) ' % +V(L1+¢S : Kl/S)' (49)
e=0

Proof. This yields immediately from the Definition 3 and the variational formula of volume (43). [
Lemma4. Let K,L € 8" and ¢ € C, then

Vi(K,K¥ge L) —V(K) 1 . V(K¥ge L) —V(K)

im = — lim (50)
e—0T € n e—0+t €
Proof. Supposee > 0,K,L € §",and u € 51 let
pe = p(KFpe- L u)
From (3), (18), (19), and (45), we obtain
Vi(K,KFpe-L) — V(K KFgpe- L), u)o(K,u)" —p(L,u)"
g HEKT DV Ly KTy D 0p 0"l g
e—0t € n Jgn-1e¢-0+ €
1 _ dap
= = K,u)" ! lim —=d
= e tim Sds(u)
1 p(Lu))
— K, u)"dS(u
iy ot (B ) Pl st
1 .. V(K¥ge-L)—V(K)
= — lim .
n e—0t+ 3
O
Lemma 5. Let L1,Ky, S € 8", and ¢ € C, then
Vi(L1,Kq1, Q) = Vp(K, L), (51)
lszI-'-:Kn:K,leKm’ldKlzL.
Proof. On the one hand, putting K, = --- = K;, = K, L; = Kand K; = L in (49), and noting Lemma 4
and (3), it follows that
v x / d 7 in x
V(p(Ll,Kl,\S) = Cpr(l)f V(L1+¢€'K1, \S)
de e=0"
. Vi(K,K¥ge-L) — V(K)
= ¢/ (1)1
¢r(1) lim -
! V(K+gpe-L) - V(K
) V(KR )= V(K)

n  e—=0* €
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= Vp(K, L). (52)
On the other hand, let K, = --- = K;; = K, L1 = K, and K; = L, from Definition 3 and (3), then
7 1 P(Klr”)
x — _ - 7 Cx
V¢(L1,K1,/\\S) R /S"*1¢ (P(L1,u> P(le M)P\sds(“)
1 p(L,u) n
oL (B ) pliyasa)
= Vo(K,L). (53)
Combining (52) and (53), this shows that
Vip(L1, K1, Q) = Vp(K, L),
ifK=---=K,=K, L1 =Kand K; =L. O
Lemma 6 ([57]). IfK;,L; € §",and K; — K, L; — L asi — oo, then
a-KiFgb-Li —a-KF¥pb-L, as i — oo, (54)

forall a and b.

Lemma?7. If [1,K;, S, K,L € S" Aq,--+ , Ay 2> 0,and ¢ € C, then
(1) Vp(Ly, K1, S) > 0.
(2) Vp(Ky, Ky, Q) = p(1)V(Ky, ).
3) Vp(K K, -+ ,K) = p(1)V(K).
(4)
Vip(L1, K1, AiS) = Ag -+ - AV (L1, Ky, Q),

where A;S denotes A Ky, - -+, Ay K,
(5) B
Vp(L1, K1, MKFA,L, K3 - -+, Ky)

= /\1V¢(L1,K1,K,K3, <o, Ky) + A2V¢(L1,K1,L, Ks, -+, Ky).

This shows the Orlicz multiple mixed volume Vi (L1, Ky, ) is linear in its back (n — 1) variables.

(6) I7¢(L1,K1, ) is continuous.

Proof. From Definition 3, it immediately gives (1), (2), (3), and (4).
From Definition 3, combining the following fact

p(MKFA2L,-) = A1p(K, ) + Az0(L,-),

it yields (5) directly.

Suppose Lj; — Ly, Kij = Kj as i — co where j = 1,...,n, combining Definition 3 and Lemma 6

with the following facts
V(LiaFge - Kin, Si) = V(L1+ge - Ky, S)

and
V(Lil/ C\}l) - V(Llr %)

as i — oo, where ; denotes Kjp, - - - , Kjy,. It yields (6) directly. O
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Lemma 8. ([57]) Suppose K,L € S" and e > 0. If ¢ € C, then for A € GL(n)
A(K¥ge L) = AKFpe - AL. (55)

We easily find that Orlicz multiple dual mixed volume \7¢(L1,K1,9s) is invariant under
simultaneous unimodular centro-affine transformation.

Lemma9. IfL1,K;, S € S"and ¢ € C, then for A € SL(n),

Vip(ALy, AKy, AS) = Vp(L1, K1, ), (56)
where ASS denotes AKy, ..., AK,.
Proof. From (49) and Lemma 8, we have, for A € SL(n),

. V(AL Fee- AKy, AS) — V(AL AS

Ty(ALy 4Ky, AS) = ¢/(1) tim L ALTEee AR AR VAL AD)
e—0t €

V(A(L1F¢e- K1), AS) — V(L1, Q)

e—0t €

. ¢,(1) lim V(Ll—T—(PS . Kl/ %) — V(Ll,%)
- r

e—0t €

= Vp(L1, Ky, ).
This completes the proof. [

For the convenience of writing, when K; = --- = K; = K, Kj41 = --- =K, =L, L, = M,
the Orlicz multiple dual mixed volume ‘74) (K,---,KL,---,L,M), withi copies of K, n — i copies of L,
and 1 copy of M, will be denoted by %(K [i], L [n —1i], M).

Lemma 10. IfK,L € S"and ¢ € C,and 0 < i < n then

~ . 1 p(L,u) nei
Vp(K LK [n—i—1),B i) = - LH ¢ (puw ) (K, u)"dS (). (57)
Proof. On the one hand, putting L; =K, Ky =LKy =+ =K,_; =K, andK,,_j;1 ==K, =B
in (49), from (21), (22), (45), and (47), we obtain for ¢1, ¢, € ¢

- . . fon v WK KFge - L) — Wi(K)

Vo(K,L,K[n—i—1],B[i]) = ¢,(1) im

e—0t s

p(K¥ge - L)p(K, u)" =1 — p(K,u)"

1 .
= Lo [ lim - 45(u)
_ 1y n—ic1 i 9P
= Lo [ ek tim Peas(u)
= 1/ ¢ p(L,u) o(K,u)"~'dS(u) (58)
n Jsn—1 "\ p(K, u) ’ '
On the other hand, putting Ly = K, Ky =LK, =--- =K,_; =K,and K,,_j;1 =--- =K, = Bin
Definition 3, we have
7 o : _1 p(L,u) n—i
Vp(K,LKn—i—1,B i) = /SH ¢ (p(K,u)) (K, u)"~dS (u). (59)

Combining (58) and (59), (57) yields easy. [J
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Here, we denote the Orlicz multiple dual mixed volume Vy(K, L, K [n —i — 1], B [i]) by W¢ (K, L),
and call W4,,, (K, L) as Orlicz dual quermassintegral of star bodies K and L. When i = 0, Orlicz dual
quermassintegral Wqﬁli(K, L) becomes Orlicz dual mixed volume %(K, L).

Remark 1. When ¢(t) =t7P, p =1, and Ly = Ky, from (49) and noting that ¢,(1) = —1, hence

V(Kl, %) — V(Kl—AH»: . Kl, %)

e—0t €

(60)
This is very interesting for the usually dual mixed volume of this form.

Remark 2. When ¢(t) = t P, p > 1, write the Orlicz multiple dual mixed volume \7¢(L1,K1,S) as
V,p(Ll, Ky, ) and call it the Ly-multiple dual mixed volume, from Definition 3, it easily yields

~ 1 _
Vop(La ke, ) = [ plKs, ) P(Ly,u) padS(u). (61)

When ¢(t) = t77 and p > 1, from (49), we get the following expression of L,-multiple dual
mixed volume.

—V_p(L1, Ky, ) = lim (L1+pe- K1, ) (Ly \Y)'
_p e—0t Pl
WhenK; = Land L; = K, = - - - = K,, = K, the Orlicz multiple dual mixed volume Vj (L1, K1, )

becomes the usual dual Orlicz mixed volume V(P(K L). Putting L, = Kj in (61), the L, multiple dual
mixed volume V_p(Ll,Kl, %) becomes the usual dual mixed volume V(Kj, ). Putting Ky = Land
L =K, = --- = K, = Kin (61), V_ p(L1,Kq,¥) becomes the Lp dual mixed volume V_ p(K,L).
Putting Ky = L, L; =Ky = --- = K,_; = K,and K,_j;; = --- = K, = Bin (61), V_ (Ll,Kl,%)
becomes the harmonic mixed p-quermassintegral W_ p,i(K L),

Lemma 11. (Jensen’s inequality) Let u be a probability measure on a space X and ¢ : X — I C Risa
u-integrable function, where I is a possibly infinite interval. If { : I — R is a convex function, then

[ vieenaut) = v ( [ swant). (62)

If ¢ is strictly convex, equality holds if and only if g(x) is constant for y-almost all x € X (see [63]).

5. The Dual Orlicz-Aleksandrov-Fenchel Inequality
Theorem 1. If L1,Ky,...,K, € §"and ¢ € C, then

- ~ V(Ky,...,Ky)
Vo(Ly,Kq,...,Ky) > V(L1,Ky ..., K — . 63
p(L1, Ky n) (L1, Kz ">¢<V(L1,K2...,Kn)> (63)

If ¢ is strictly convex, equality holds if and only if Ky and Ly are dilates.

Proof. For K1, € 8" and any u € S"~!, it is not difficult to see that W;S(u) is a probability
1,38

measure on S"~ 1,
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From Definition 3 and Jensen's inequality (43) and (20), it follows that

V(P(Lllelg) o 1 P(Klru) 1) o u
TLL,e) | al(LL,9) forro (5 ) s mesis)
1
> ¢ <”‘7(L1/C3) /Snlp(Klfu)P%'dS(”)>
o V(Klrg)
~o (g, (o4

If ¢ is strictly convex, from the equality condition of Jensen’s inequality, it follows that the equality
in (64) holds if and only if Kj and L; are dilates. [

Theorem 2. (The dual Orlicz—Aleksandrov—Fenchel inequality) If L1,Kq,..., K, € 8", 1 < r < n,
and ¢ € C, then

) R L V(K K Ky, KV
Vp(Li, K, ..., Kn) > V(L1 Ky Ky) - ¢ | FHElm bt 2 ) %

If ¢ is strictly convex, equality holds if and only if L1, Ky, . . ., K, are all dilations of each other.

Proof. This follows immediately from Theorem 1 with the dual Aleksandrov-Fenchel inequality. [

Obviously, putting Ly = Kj in (65), (65) becomes the Lutwak’s dual Aleksandrov-Fenchel
inequality (11) stated in the introduction.

Corollary 1. If L1,K;, S € S"and ¢ € C, then

1/n
To(Ly, K1, 3) > V(L1 3)9 ((M) ) . (66)

(L1, %) !
If ¢ is strictly convex, equality holds if and only if L1, Ky, . . ., K,, are all dilations of each other.
Proof. This follows immediately from Theorem 2 withr =n. O

Corollary 2. IfK,L € §",0<i<nand ¢ € C, then

. R L) 1/(n—i)
Wo,i(K, L) > Wi(K)¢ ((Vvi (K)> ) : (67)

If ¢ is strictly convex, equality holds if and only if K and L are dilates.

Proof. This follows immediately from Theorem 2 with v = n—1i, Ly = K, K = L,

Ky=---=K, ;=K andK,_j;;=---=K,=B. O

The following inequality follows immediately from (67) with ¢(t) =t Pand p > 1. If K,L € S",
0<i<mn,and p > 1, then ‘ ‘
Wi (K, L)" > Wi(K)"™THPWi (L) P, (68)
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with equality if and only if K and L are dilates. Taking i = 0 in (68), this yields Lutwak’s Lj,-dual
Minkowski inequality: If K, L € 8" and p > 1, then
V_,(K,L)" > V(K)"PV(L)~P, (69)

with equality if and only if K and L are dilates.

Theorem 3. (Orlicz dual isoperimetric inequality) If K € S" and ¢ € C,and 0 < i < n then

Tk BKIn—i 1B ( v(B) )”(”"’ o)
Wi(K) B Wi (K)
If ¢ is strictly convex, equality holds if and only if K is a ball.
Proof. This follows immediately from (65) withr = n—i, L1 = K, K; = B, Ky--- = K,_; = K,
andKn_iH =--.=K;,=B. O

When ¢(t) = t7F, p > 1, the Orlicz isoperimetric inequality (70) becomes the following L,-dual
isoperimetric inequality. If K is a star body, p > 1and 0 < i < n, then

(TZV_Z)(K,B)>ni > (W;(K)>ni+p’ (71)

with equality if and only if K is a ball, and where x,, denotes volume of the unit ball B, and its surface
area by wy.
Putting p = 1and i = 0 in (71), (71) becomes the following dual isoperimetric inequality. If K is a

star body, then
nV_1(K, B) "> V(K)\"H!
Wy = Kn !

with equality if and only if K is a ball.

Theorem 4. If L, Ky, S € M C §", and ¢ € C be strictly convex, and if either

Vp(Q K1, Q) = Vp(Q,L1,Q), forall Q€ M, (72)
or - —
Vo(Ky, Q,3)  Vu(Ly,Q,S
¢~( 1 QS) = ¢~( L Q \S), forall Q e M, (73)
V(Ky, Q) V(Ly, Q)
then Kl = L1.

Proof. Suppose (72) holds. Taking Kj for Q, then from Definition 3 and Theorem 1, we obtain

PTV(KL,S) = Tp(Ky, Ly, S) > V(Ky, )9 (%) ,

with equality if and only if Kj and L, are dilates. Hence,

p(1) > ¢ (;22 i;)
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with equality if and only if K; and L; are dilates. Since ¢ is a decreasing function on (0,0),
it follows that
V(Ky, Q) < V(L, ),

with equality if and only if K; and L; are dilates. On the other hand, if taking L; for Q, we similarly get
V(Ky,S) > V(Ly,S), with equality if and only if K; and L are dilates. Hence, V (K1, ) = V (L1, Q),
and K; and L; are dilates, it follows that K; and L must be equal.

Suppose (73) holds. Taking K for Q, then from Definition 3 and Theorem 1, we obtain

o(1) = \7¢£L1,K1,%) . (XZ(KL%)>’

V(L,S) V(L,S)

with equality if and only if K; and L, are dilates. Since ¢ is an increasing function on (0, ),
this follows that
V(Li,S) < V(K D),

with equality if and only if K; and L1 are dilates. On the other hand, if taking L for Q, we similar get
V(L1,S) > V(Ky,S), with equality if and only if K; and Ly are dilates. Hence, V (L, 3) = V(Ky, S),
and K and L, are dilates, it follows that K; and L; must be equal. O

Corollary 3. Let K,L € M C §",0 <i < n,and ¢ € C be strictly convex, and if either

Wp,i(Q,K) = Wy;(Q, L), forall Q € M,

or
W(/),i(K/ Q) o W(P,i(L/ Q)
Wi(K)  Wi(L)

, forallQ e M,
then K = L.
Proof. This yields immediately from Theorem 4 and Lemma 10. O

Remark 3. When ¢(t) = t~F and p = 1, the dual Orlicz Aleksandrov—Fenchel inequality (65) becomes the
following inequality. If L1, Ky, S € S"and 1 <r < n, then

V(Li,$)?
T 7

V(Ki...,Ki,Kppq, ..., Kg)'"

Vo1(Ly, Ky, ) > (74)
i=1

with equality if and only if L, Ky, . . ., K; are all dilations of each other.

Putting L; = Kj in (74) and noting that V_1(K,K,S) = V(Ky,S), (74) becomes the dual
Aleksandrov—-Fenchel inequality (11). Putting r = n in (74), (74) becomes the following inequality.

Voi(Ly, K1, Q)" = V(Ly, 8" (V(Kr) - V(Ka)) Y, (75)

with equality if and only if L1, Ky, S are all dilations of each other. Putting L1 = K, K; = L and
Ky = -+ = K;; = Kin (75), (75) becomes the well-known Minkowski inequality. If K, L € ", then

Vo (K, L)" > V(K" V(L) (76)
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with equality if and only if K and L are dilates. Obviously, inequality (74) in a special case yields also
the following result. If K1, 3 € §" and 0 < i < n, then

W_1,i(K, L)"™" > Wi(K)" W (L) (77)

with equality if and only if K and L are dilates. When i = 0, (77) becomes (76). On the other hand,
putting L1 = Kj in (75), (75) becomes the well-known inequality. If K1, & € §”, then

V(Ky,...,Ky)" < V(Ky)---V(Ky),

with equality if and only if Kj, S are all dilations of each other.

6. The Dual Orlicz-Brunn-Minkowski Inequality
Lemma 12. IfL,Ky,S € S"and ¢ € C, then

¢(1)V(K1F¢L1, ) = Vp(K1F¢L1, K1, S) + Vp(K1F¢L1, L1, S). (78)
Proof. Supposee > 0,K;,L; € S§", let
Q = K1—T—¢€ - L.

From Definition 3, (20), and (40), we have

073 = o[ (o(Ggat) ~ (5aat) ) el uwesdst

= Vp(Q Ky, Q)+ Vp(Q Ly, Q). (79)

This completes the proof. [

Lemma 13. ([53]) Let K,L € 8", e > 0and ¢ € C.
(1) If K and L are dilates, then K and K—T—¢s - L are dilates.
(2) IfKand K%ps - L are dilates, then K and L are dilates.

Theorem 5. (The dual Orlicz—Brunn—Minkowski inequality) If L1,Ky, ..., K, € 8" and ¢ € C, then for

e>0
V(Ky,...,Ky) . V(Li,K;...,Ky)
o) =¢ (V(Kl$¢s-Ll,K2...,Kn)> ted (V(Kl—T—¢s.L1,K2...,Kn)> ’ (80)

If ¢ is strictly convex, equality holds if and only if Ky and Ly are dilates.

Proof. From Theorem 1 and Lemma 12, we have
PV (KiFgpe-L1,S) = Vp(Kitge- L1, Ky, Q)
+ 8"74>(K1:|:¢8'L1,L1,%)

" R V4 Cx
V(K1 Fpe-L1,9)3 ¢ | = VK, )
V(K1+¢£ -L1,9)

4) V(Lll %)
V(Kl-T-qu . L1,%) '

v
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If ¢ is strictly convex, from the equality condition of Theorem 1, the equality in (80) holds if and
only if K; and K; —T-4>L1, and L1 and Ky —T—¢ L, are dilates. Further, from Lemma 13, it follows that if ¢ is
strictly convex, the equality in (80) holds if and only if K; and L; are dilates. [

Theorem 6. (The dual Orlicz—Brunn—Minkowski type inequality) If L1, K1, € §",0<i,j<n 1<r <mn,
and ¢ € C, then

4 VK K;, K ..., K 1/r MTH?;: ‘7 K‘/"'IK'/K 1r'”/K r
(P(l) Z (p i=1 ( lL /Al/ r+1s s 1’[) +(P ( ) j=2 E ] - Jr Nt n) , (81)
V(K1—|—¢L1, ) V(K1+¢L1,%)
where M(r) = V(Ly,...,L1,Key1,...,Kg)V". If ¢ is strictly convex, equality holds if and only if
L1,Ky, ..., K; are all dilations of each other.

Proof. This follows immediately from Theorem 5 and the dual Aleksandrov-Fenchel inequality. [

Corollary 4. (Ly-dual Brunn-Minkowski inequality) If L1,K;,S € 8", 0 < i,j < n, 1 <7r < n,
and p > 1, then
r —
VK Fp L, ) P > [IV(Ky - Koy Kot oK) 7
=1

r
— 7 —_P
M(T‘) p'V(K]',...,K]‘,Kr+1,...,Kn) r, (82)
i=1

_|_

with equality if and only if L1, Ky, . .., K, are all dilations of each other, and M(r) is as in Theorem 6.
Proof. This follows immediately from (81) with ¢(t) =t Pandp > 1. O

Corollary 5. If K,L € §",¢p € Cand 0 <i <n —1, then

~ 1/(n—i) e 1/(n—i)
Wi(K) Wi(L)
1) 29 ((Wi(Ki(pL)) ) e ((Wi(K1¢L)> ) ' (89)

If ¢ is strictly convex, equality holds if and only if K and L are dilates.

Proof. This follows immediately from Theorem 6 with r = n—i, K = --- = K,_; = K—T—(PL,
K, js1=---=K,=B. O

The following inequality follows immediately from (83) with ¢(t) =t 7P and p > 1. If K, L € S",
0<i<mnandp > 1, then

Wi(K_T_pL)*P/(nfi) > Wi(K)fp/(nfi) + Wi(L)fp/(”fi),

with equality if and only if K and L are dilates.

Corollary 6. IfL1,K;,S € 8" and ¢ € C, then

1/n 1/n
V(K1) -+ V(Kn) V(L) V(Kyp) - - V(Ky)
¢(1) > ¢ (( V(K0 Ty, O)" ) ) +¢ (( T (KiTeln )" ) ) . (84)

If ¢ is strictly convex, equality holds if and only if Ly, Ky, S are all dilations of each other.
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Proof. This follows immediately from Theorem 6 withr =n. O
Corollary 7. If L1,K1, 3 € S"and p > 1, then

V(KiFpLy, 8) 7" = (V(Ky) -+ V(Ka)) 7P 4 (V(L1) V(Kg) -+ V (Ka)) P, (85)
with equality if and only if L, K1, S are all dilations of each other.

Proof. This follows immediately from (84) with ¢(t) =t P and p > 1. O

Putting K = --- = K, = Ky —T—le in (85), (85) becomes Lutwak’s L,-dual Brunn-Minkowski
inequality
VKT, L) P = VK) P v (L) P,

with equality if and only if K and L are dilates.

Corollary 8. IfL1,K1,3 € 8", 1 <r <m,and ¢ € C, then

~ ~ r ~(K Ki, Kpiq,... K)l/r
Vo (L1, Kq,S) > V(L1, S i=1 V(Ki o Ki Ryt R ' "
p(L1, K1, ) > V(Ly )(P( .9 (86)

If ¢ is strictly convex, equality holds if and only if L, Ky, ..., K, are all dilations of each other.

Proof. Let
K. = qu:(ps - Kj.

From (49), dual Orlicz-Brunn-Minkowski inequality (80), and dual Aleksandrov-Fenchel
inequality, we obtain

1 - o d o
4);(1) 'V¢7(L1/K1/\S) = %g:(ﬁV(KE’\S)
C i V(K S) = V(L4 9)
e—0t €
V(L) - <‘7(L1,s)>
1— —— = o) —¢ | =~
e—0T B 1,3
oo (7))
V(Ly,S)
1)—¢| =
= lim 1=t lim e <V(KE'O > - lim V(K )
t—0+ ¢(1) — (t) es0+ € e—0+ “
1 VKL, )\ =, o
e ({7(1@%)) Vil 3)
_ 1 V(Kq, ) (L@
(1) (Wuﬁ)) )
1 V(K K K, KV S
. - V(Ly, Q). 87

From (87), inequality (86) easily follows. From the equality conditions of the dual
Orlicz-Brunn-Minkowski inequality (80) and dual Aleksandrov-Fenchel inequality, it follows that if ¢
is strictly convex, the equality in (87) holds if and only if L;, Kq, 3 are all dilations of each other.
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This proof is complete. [J

From the proof of (87) and (80), it is not difficult to see that inequalities (63) and (80) are equivalent.
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