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Abstract: We consider a probability distribution (po(x), p1(x),...) depending on a real parameter x.
The associated information potential is S(x) := }_ p2(x). The Rényi entropy and the Tsallis entropy of
k

order 2 can be expressed as R(x) = —log S(x) and T(x) = 1 — S(x). We establish recurrence relations,
inequalities and bounds for S(x), which lead immediately to similar relations, inequalities and bounds
for the two entropies. We show that some sequences (R, (x)),~, and (T, (x)),~,, associated with
sequences of classical positive linear operators, are concave and increasing. Two conjectures are
formulated involving the information potentials associated with the Durrmeyer density of probability,
respectively the Bleimann—-Butzer—-Hahn probability distribution.

Keywords: probability distribution; Rényi entropy; Tsallis entropy; information potential; functional
equations; inequalities

1. Introduction

Entropies associated with discrete or continuous probability distributions are usually described
by complicated explicit expressions, depending on one or several parameters. Therefore, it is useful to
establish lower and upper bounds for them. Convexity-type properties are also useful: they embody
valuable information on the behavior of the functions representing the entropies.

This is why bounds and convexity-type properties of entropies, expressed by inequalities,
are under an active study: see [1-13] and the references therein. Our paper is concerned with this kind
of inequalities: we give new results and new proofs or improvements of some existing results, in the
framework which is presented below.

Let (po(x), p1(x),...) be a probability distribution depending on a parameter x € I, where I is
a real interval. The associated information potential (also called index of coincidence, for obvious
probabilistic reasons) is defined (see [14]),

S(x) := Zp%(x), x el 1)
k

If p(t,x), t € R, x € I, is a probability density function depending on the parameter x,
the associated information potential is defined as (see [14]),

S(x) := /sz(t,x)dt, x el (2)
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The information potential is the core concept of the book [14]. The reader can find properties,
extensions, generalizations of S(x), as well as applications to Information theoretic learning.
Other properties and applications can be found in the recent papers [15,16].

It is important to remark that the Rényi entropy and the Tsallis entropy can be expressed in terms
of S(x) as

R(x) = —logS(x), T(x) =1—S5(x), x € L. 3)

So the properties of S(x) lead immediately to properties of R(x), respectively T(x).
On the other hand, we can consider the discrete positive linear operators

Lf(x) =) pe(x)f(xi), x €1, @)
k
where x;, are given points in R, and the integral operators

Mf(x) = /Rp(t,x)f(t)dt, xel )

In both cases, f is a function from a suitable set of functions defined on R. In this paper,
we consider classical operators of this kind, which are used in approximation theory.

Let us mention that the “degree of nonmultiplicativity” of the operator L can be estimated in
terms of the information potential S(x): see [17] and the references therein.

In this paper, we will be concerned with a special family of discrete probability distributions,
described as follows.

Letc € R.Set I, = [O, —H ifc <0,and I, = [0, +00) if ¢ > 0. For « € R and k € Nj the binomial
coefficients are defined as usual by

(i) _ a(a — 1)..];!(uc —k+1) ifk € N, and (g) —1

Let n > 0 be a real number, k € Ny and x € I.. Define

p;[sz]k(x) = (‘Uk(_k%)(cx)k(l + cx)fgfk, ifc #0, (6)
k
PO x) o= tim pl (1) = s ige— o )

Then Y 7 pl[f]k(x) = 1. Suppose that n > cif ¢ > 0, or n = —cl with some / € Nif ¢ < 0.
With this notation, we consider the discrete distribution of probability (pLC]k(x))kio . depending

on the parameter x € I.
According to (1), the associated information potential, or index of coincidence, is

S0 = Y (plh0)) ", e I ®)

k=0

The Rényi entropy and the Tsallis entropy corresponding to the same distribution of probability
are defined, respectively (see (3))
Rye(x) = —log Sue(x) 9

and
Tie(x) =1— Spe(x). (10)
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For ¢ = —1 (6) reduces to the binomial distribution and (8) becomes
n n v ' 2
— n—
Sn—1(x) ._kzo(<k>x (1—x) > , x €0,1]. (11)
The case ¢ = 0 corresponds to the Poisson distribution (see (7)), which
0 2k
Spo(x) == e 2% ) %, x> 0. (12)
k=0 (k)

For ¢ = 1, we have the negative binomial distribution, with

Su(x)i= Y ((”“,i_ 1>xk(1+x>"">2, x> 0. (13)

k=0
The binomial, Poisson, respectively negative binomial distributions correspond to the classical
Bernstein, Szasz-Mirakyan, respectively Baskakov operators from approximation theory; all of them
are of the form (4). In fact, the distribution (pLC]k(x))kio . is instrumental for the construction of the
family of positive linear operators introduced by Baskakov in [18]; see also [19-23]. As a probability

distribution, the family of functions (pLC]k) k=0,1,.. was considered in [17,24].

The distribution
((n) K1+ x)‘”) , x € [0, +00), (14)
k k=0,1,...n

corresponds to the Bleimann-Butzer—-Hahn operators, while

((":k)xka—x)”“)k_m L xeo1), (15)

is connected with the Meyer-Konig and Zeller operators.

The information potentials and the entropies associated with all these distributions were studied
in [17]; see also [25-27]. It should be mentioned that they satisfy Heun-type differential equations:
see [17]. We continue this study. To keep the same notation as in [17], let us return to (11)—-(13)
and denote

Fu(x) :==Sy-1(x), Gu(x) := Sy 1(x), Ku(x) := Spo(x).

Moreover, the information potential corresponding to (14) and (15) will be denoted by

Un(x) := éo ((Z) k(1 +x)_”>2, x € [0, +00), (16)
Tu(x) i= éo ((" : k) (1 — x)"+1)2, xeo1). (17)

In Section 2, we present several relations between the functions F,(x), Gu(x), Uu(x), Ju(x),
as well as between these functions and the Legendre polynomials. By using the three-terms recurrence
relations involving the Legendre polynomials, we establish recurrence relations involving three
consecutive terms from the sequences (F,(x)), (Gn(x)), (Ux(x)), respectively (J,(x)). We recall also
some explicit expressions of these functions.

Section 3 is devoted to inequalities between consecutive terms of the above sequences; in particular,
we emphasize that for fixed x, the four sequences are logarithmicaly convex and hence convex.
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Other inequalities are presented in Section 4. All the inequalities can be used to get information
about the Rényi entropies and Tsallis entropies connected with the corresponding probability
distributions.

Section 5 contains new properties of the function U, (x) and a problem of its shape.

Section 6 is devoted to some inequalities involving integrals of the form [ Hb f7(x)dx in relation
with certain combinatorial identities.

The information potential associated with the Durrmeyer density of probability is computed in
Section 7. We recall a conjecture formulated in [24].

As already mentioned, all the results involving the information potential can be used to derive
results about Rényi and Tsallis entropies. For the sake of brevity, we will study usually only the
information potential.

Concerning the applications of Rényi entropies and Tsallis entropies see, e.g., [14,28].

2. Recurrence Relations

F,(x) is a polynomial, G, (x), U(x), J.(x) are rational functions. On their maximal domains,
these functions are connected by several relations (see [17], Cor. 13, (46), (53), (54)):

Fu(x) = (1= 2x)"*1Gy 1 (=), (18)
x
R0 =t (125, (19)
Fu(x) = —(1—2x)2"t1], (xgl) . (20)
Consider the Legendre polynomial (see [29], 22.3.1)
" 2
P,(t)=2""Y% <Z> (x +1)F(x —1)" % (21)
k=0
Then (see [17], (39))
Py(t) = (1 —2x) "Fu(x), (22)
where
_1-2x+424° 1

T2 E03)
Combining (22) with (18)—(20), we get

Pu(t) = (1 =2%)"1Gpyq(—x), (23)
. x

Put) = (1-20 ", (), 24)

Pa(t) = —(1 — 2%)"*1), (x;1>. (25)

In the theory of special functions recurrence, relations play a crucial role. In particular,
the Legendre polynomials (21) satisfy the important recurrence relation ([29], 22.7.1)

(n+1)Py41(t) — (2n 4+ 1)tP,(t) + nP,_1(t) = 0. (26)

This leads us to
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Theorem 1. The functions F,(x), Gy (x), Uy (x) and J,(x) satisfy the following three-terms recurrence relations:

2(n+1)F,1(x) = 2n+1)(1 + (1 —2x)2)Fy(x) — 2n(1 — 2x)%F,_1(x), (27)
n(1+2x)G1(x) = (2n — 1) (1 4+ 2x + 2x*)Gy (x) — (n — 1)G,_1(x), (28)
(n+1)(1+ )2Upgq () = 20+ 1) (2 + 1)U, (1) — n(1 — £)2U,_1 (1), (29)
(n+ 1A+ a1 () = @u+ 1)+ 1)Ja(t) = n(1 = ) Jua (). (30)

Proof. It suffices to use relations (22)—(26). O

Remark 1. According to (29) and (30), U, (x) and J,(x) satisfy the same recurrence relation. In fact,
from ([171, (49), (565)), we have

n 11—« 2k

) = Eens(153) - @1
" 1\ 2K+

]n(x) = k);OCn,k (1-1—36) ’ (32)

where

Copi=47" (237__]{")) (zkk>, k=01,...,n.

From (31) and (32), we see that
1—x

=1

Un(x). (33)

Remark 2. From ([17], (56)) and ([30], (21)), we know that

Gn+1(x) = :Zlcn,k(l + ZX) 72k71/ (34)
=0
Falx) = k)i:ocn,k(l —2x), (35)

So, the recurrence relations (27)—(30) are accompanied by

Fy(x) =1, F(x) =1 —2x 4 2x%;
1 14 2x+2x%

Gi(x) = 2+ 1 2(x) = Tx+13
1+ x?
Up(x) =1, Uy (x) = At
_1—x (1= x)(1+x2)
Jo(x) = T« Ji(x) = T

3. Inequalities for Information Potentials

In studying a sequence of special functions, not only are recurrence relations important, but also
inequalities connecting successive terms; in particular, inequalities showing that the sequence is
(logarithmically) convex or concave. This section is devoted to such inequalities involving the

sequences (F,(x)), (Gn(x)), (Uy(x)), and (Ju(x)).

Theorem 2. The function F,(x) satisfies the inequalities

Fun(0) < T e 0 (), 36)
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Ei(x) < 14 4nx(1—x)

=1+ (4n+2)x(1—x) Faa (%),

Fi(x) < Byt (%) Fag1 (); 2Fa(x) < Fyo1(x) + Fapa (%),

foralln > 1, x € [0,1].

Proof. We start with the following integral representation (see [17], (29))

1 /1 dt
f=L [Pyt
where f(x,t) :=t+ (1 —t)(1 —2x)% € [0,1].
It follows that
Fui1(x) < Fu(x).
On the other hand,

Fy1(x) + Fuy1(x) — 2F,(x) =

Lot 2 dt
= — _X',t 1+ x,t _2 x/t 7
oy N [ P~ 2700
which entails
2F,(x) < F—1(x) 4+ Fy1(x).
According to (27), we have
Fu(x) = an(x)Fy—1(x) + bn(x)Fry1(x),
where
n(1—2x)? n+1

aﬂ(x) = (

Using (40) and (41) we get

20, (x)Fy_1(x) + 2by(x)Fyaq(x) < Foq(x) + Fyi1(x),

which yields
(205 (x) = 1)Fyp1(x) < (1= 2an(x)) Fy—1(x),

D —2rr2) Y T G Ay

6 of 18

(37)

(38)

(39)

(40)

(41)

and this immediately leads to (36). To prove (37), it suffices to combine (40) and (36). The inequalities (38)

were proven in ([31], (3.2) and (3.3)). O

Combining (37) with (9) and (10), we obtain

Corollary 1. The Rényi entropy R, (x) and the Tsallis entropy T, (x) corresponding to the binomial distribution

with parameters n and x satisfy the inequalities:

14+ (4n+2)x(1—x) >0
1+4nx(1—x) ~— 7

2x(1—x)
L) =T () 2 T =

Ry(x) — Ry,—1(x) > log

(1—Ty(x)) > 0.

(42)

(43)
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Theorem 3. The following inequalities hold:

Uy < Uy Uys, 2Uy < Uypoq + Uy, (44)
1+ 4nx + x2 U
1+ (dn+4)x+x27 "

1+ (4n+2)x+x2
< _ 4
G2 < Gu-1Gus1, 2Gu < Gyt + Gy, (47)
1+ (4n—2)x(1+x)
_ 4
1+ @n+2)x(1+x) " 1(x), (48)
1+4nx(x+1)

unJrl (JC) <

1(x), (45)

D
S
+
=
&

VAN

G () < 1+ (4n+2)x(x+1) Gn—1(x), (49)
J2 < Juettnsts 20 < Juo1 + st (50)
14+ 4nx + x2
]n+1(x) < 1+ (41’1 +4)x+x2]nfl(x)r (51)
2
Jux) < LURFDXEL, (52)

T 1+ MAn+4)x+x

Proof. The proof is similar to that of Theorem 2, starting from (see ([17], (48), (58), (63))):

w1 f (a0 (i53)) s

Gn(x) = E/Ol (t+a —t)(1+2x)2)7n at

Via=1)

1 1 1+x)\? g
]”(x):;./o <t+(1t) (1—x)> NIEn)

O

These integral representations, together with the representation of F,(x) given by (39),
are consequences of the important results of Elena Berdysheva ([19], Theorem 1).

From (44)—(52), we can derive inequalities similar to (42) and (43), for the entropies associated
with the probability distributions corresponding to Uy (x), G,(x), and J,(x).

Remark 3. Let us remark that the inequalities (38), (44), (47), (50) show that for each x, the sequences
(Fi(x))n>0, (Un(x))n>0, (Gu(x))n>0, (Ju(x))n>o0, are logarithmically convex, and so convex; the other
inequalities from Theorems 2 and 3 show that the same sequences are decreasing. It immediately follows that
the associated sequences of entropies (Ry(x))y>0 and (Tu(x))y>0 are concave and increasing; see also (42)

and (43).

4. Other Inequalities

Besides their own interest, the next Theorems 4 and 6 will be instrumental in establishing
new lower and upper bounds for the information potentials (F,(x))u>0, (Un(x))n>0, (Gn(X))n>0,
(Ju(x))n>0, and consequently for the associated Rényi and Tsallis entropies.

Let us return to the information potential (8). According to ([17], (10)) we have for ¢ # 0,

- dt

Viad=1)

Sne(x) = % /0 1 [H— 1-1(1 +2€x)2] (53)
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Let ¢ < 0. Using (53) and Chebyshev’s inequality for synchronous functions, we can write

Suce(x) = %/Ol{t—i—(l—t)(l—i—Zcx)z] 7%{t+(1—t)(1+2cx)2} t((ii—t)
oot

= Spe(x) (1 + 2cx +2c2x%).

For ¢ > 0, we use Chebyshev’s inequality for asynchronous functions and obtain the reverse

inequality. So we have

Theorem 4. Ifc < 0, then
Sn—ce(x) > (14 2cx(1+cx))Spc(x). (54)

If ¢ > 0, the inequality is reversed.
Corollary 2. For c = —1, (54) and (37) yield

(1= 2x(1 = X))y (x) < By () < i On XU =0) 55)

14 (4n+6)x(1—x)

For ¢ = 1, we obtain

1

mGn(x) < Guya(x) < 15 (@n 1 6)x(1 +x)Gn(x). (56)

Now, using [17, (48)], we have
1 A(/1-x\* 4 \
Un+1(x)—E/0 <<1+x> +(1+x)2t>
(1 — x)z 4x dt
- - t
1+x (1+x)2 t1—1)

1 1—x\2 Ay dt
ZUW“);/O <<1+x) +<1+x>2t> t1-1)

1+ x?
)

Therefore, using also (46), we get

1+ x? 1+ (4n +6)x + x2
— —_U,(x)<U < . 57
(1+X)2 n(x) = 1’l+1(x) = 1+(4n+8)x+x2 'rl(x) ( )

Now (57) and (33) yield

1+x22]n(x)§]n+1(x)< 1+ (4n +6)x + x?

(1+x) - 1+(4n+8)x+x2]”(x)' (58)
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Theorem 5. The following inequalities are satisfied:

(1—2x(1—x))" < Fy(x) < \/Hl(;ff%_(f)_x),nzo,xe[0,1], (59)
<1+2x1(1+x)>1 (14 2%)Gn(x) < \/1+1(;T$)+(f)+x),nzl,xzo, (60)
<<>) <ty < Wﬂ;ﬁxf i20x20 @

Proof. Writing (55) forn =0,1,...,m — 1, and multiplying term by term, we get

1+4x(1—x) 1+8x(1—x) 14+ 4mx(1—x)
“1+6x(1—x)1+10x(1—x) 1+ (4m+2)x(1—x)

(1—2x(1—x))" < Fy(x) <

Using
1+ tx(1—x) 1+ (F4+2)x(1—x)
1+ (t+2)x(1—x) — 1+ (t+4)x(1—x)

, 20,

it follows that
1+4x(1—x)

14+ (dm+4)x(1—-x)’
and so (59) is proven. The other three relations can be proved similarly, using (56)—(58). O

Fau(x) <

Remark 4. The inequalities (59)—(62) in Theorem 5 provide lower and upper bounds for the information
potentials F;, Gy, Uy, Ju, and consequently for the associated entropies. They can be compared with other bounds
existing in the literature, obtained with other methods. For the moment, let us prove the inequality

(1 - 4x(1 = )" < Fu(x), n 2 0, v € [0,1], (63)

and compare it with the first inequality in (59).
According to ([17], (4.6), (4.2)),

Z cnj(1— 2x)2
where (see also (87) and (84))

Cpji=47" <2J)< n_}) ch]fl Z]cn]

]

Using the weighted arithmetic mean-geometric mean inequality, we have

)2 F10 207 = =207~ (11 -7,

and this is (63). Clearly, the first inequality in (59) provides a lower bound for F,(x), which is better than the
lower bound provided by (63).
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Theorem 6. The information potential satisfies the following inequality for all c € R:
Sm+n,c(x) > Sm,c(x)sn,c(x)-

Proof. If ¢ # 0, we can use (53) to get

m

Smtn,e(x) :%/01 [t +(1-1)(@1 +2cx)2} S
¢ dt

N

Applying Chebyshev’s inequality for synchronous functions, we obtain

.P+Uf¢x1+%@ﬂf

Sm+nc(x) > %/01 [H' (1-1 +2€x)2}_% t(‘itt)
'%/01 {t"‘ (1- t)(l—O—Zcx)z}_% t(ﬁ1it_t)

= S,c(%)Snc(x).

For ¢ = 0, we have (see [17], (13))

1/t dt
Suo(x) = - [ e L,

With the same Chebyshev inequality, one obtains (64). [
From Theorem 6, we derive

Corollary 3. For the Rényi entropy Ry, c(x) and the Tsallis entropy T, - (x), we have

Rern,c(x) < Rm,c(x) + Rn,c(x)/
Tm+n,c(x) < Tm,c(x) + Tn,c(x) - Tm,c(x)Tn,c(x)-

10 0of 18

(64)

(65)
(66)

Remark 5. The inequalities (65) and (66) express the subadditivity of the sequences (R, (x))y>0 and

(T (x))n>o0-
Remark 6. From (64) with c = —1, we obtain
Fpin(x) > Fu(x)Fy(x), x € [0,1].

Here is a probabilistic proof of this inequality.

(67)

Let Xy, Xn, Ym, Yn be independent binomial random variables with the same parameter x € [0,1]. Then

Fu(x) = Y. P(Xo = Ya =k) = P(Xy = Y),

and consequently
Fm+n(x) = P(Xm—l—n = Ym—l—n) =P (Xm +Xu=Ym+ Yn) >
>PXm=Ynand X, =Yy) =P (Xpu =Ym) P (Xy =
= Fun(x)Fa(x),
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and this proves (67). It would be useful to have purely probabilistic proofs of other inequalities in this specific
framework; they would facilitate a deeper understanding of the interplay between analytic proofs/results and
probabilistic proofs/results.

Inequalities similar to (67) hold for G, (x) (apply (64) with ¢ = 1) and for U, (x) and J,(x). Indeed,
according to (19),

Unin (125 ) = Fuenl) 2 Fu)Ful) = Un (2 U (125).

1—x

for all x € [0,1), which implies

U (1) > U (£)Un(E), t € [0, +00). (68)
o (T .
From (68), by multiplication with 11 and using (33), we get
1—t¢
Jmn (8) 2 T I (8) 2 T (8)Jn (£), £ € {0, 1), (69)

Let us remark that the inequality (69) is stronger than the similar inequalities for F,, G, and U,,.
Corollary 4. Form > 0,n > 0, k > 0, we have
Foin (%) = Fn(x)Ff (x), x € [0,1].

In particular,
Fn(x) = F{ (x); Fa(x) = F'(x). (70)
Proof. Starting from (67), it suffices to use inductionon n. [
Similar results hold for G, (x), Uy, (x), . (x), but we omit the details. However, let us remark that

Fi(x) =1 —2x(1 — x) and so the second inequality in (70) is the first inequality in (59).

Remark 7. Convexity properties of the information potentials and the associated entropies were presented
in [31,32], but the hypothesis a,_ = ay, k =0,1,..., n was inadvertently omitted in ([31], Conjecture 6.1).

5. More about U, (t)

This section contains some additional properties of the function U, defined initially by (16).
Using the simple relation (33) connecting [, and U, one can easily derive new properties of the
function J, given by (17).

Theorem 7.

(i) U, is decreasing on [0, 1] and increasing on [1, c0).
(ii) U, is logarithmically convex on [0,1].

Proof. It was proved (see [27,31,32]) that F, is a logarithmically convex function on [0, 1], i.e.,

F!(x)F,(x) — F*(x) >0, x € [0,1]. (71)

Let x = t—l—%' t € [0,00), x € [0,1). Then t = 1fx and (19) shows that U,(t) =
Fy(x). Consequently,
d
Up(t) = B (x) 5 = Ei(x) (£ + 1) 72 72)
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It is known (see [17]) that F,(x) < 0, x € [0, %], and F/(x) > 0, x € [%,1]. It follows that
u,(t) <0, t€[0,1],and U},(t) > 0, t € [1,00). This proves (i).

To prove (ii), let us remark that

Uy (t) = F(x)(t+1)"* = 2F,(x)(t +1)°.
Combined with (72), this yields
Uy (1)U () = U(t) = (B (x)Fa(x) = F2(1)) (£+ 1)~
— 2F) (x)Ey(x) (£ +1)73.
Using (71) and F}(x) < 0, x € [0, 1], we obtain
Uy (HUn (8) = Uy (1) > 0, t € [0,1],

which proves (ii). O

Remark 8. U,(0) = tlig\ U,(t) = 1, (see (31)). These equalities, Theorem 7, and graphical experiments
— 100

(see Figure 1) suggest that Uy, is convex on [0, t,] and concave on [t,, +00), for a suitable t,, > 1. It would be
interesting to have a proof for this shape of Uy, (t), and to find the value of t,,.

0.30
0.25
0.201
.-
."’
.-
.~ —
0.15 P
~ //
\\ e ’.//
. -
e -
010{ 0= _—
0 2 4 6 8 10
X
| """ U U=+ = Usp —*~ U40|

Figure 1. Graphics of U, for n = 10,20, 30, 40.

In order to compute U, (x), we have the explicit expressions (16) and (31), and the three terms of
recurrence relation (29). In what follows, we provide two terms of recurrence relation.
According to ([31], (2.3)),

x(1—x)F,(x) = n(1—2x)(Fy(x) — F,_1(x)), n > 1, x € [0,1].

Setting again x = t € [0,00), and Uy, (t) = F,(x),, we obtain, after some computation,

bt
t4+17

H(t+ DU () = n(1— ) (Un(t) — Uy-1(t)), t € [0,00). (73)
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Multiplying (73) by (¢ +1)?*~1/"*1, we obtain

2n ! 2n\ !
(Ut,})un(t)) = ((t—:nl)) U, 1(t), t > 1. (74)
Lets(t) := (t+1)21 F>1 and

Vi (£) = s"(£) U, (1), £ > 1.

Theorem 8. The sequence (V;,(t))n>0 satisfies the recurrence relation

t 2 _
V(t) = (2:) +n/1 xTzlvn_l(x)dx, n>1, (75)

with Vo(t) =1, t > 1.

Proof. From (74), we obtain

ie.,

Vi(x) = ns"(x)s'(x)

This reduces to
Vo (x) = ns'(x) V1 (x),

and therefore
ot x2 -1

Va(t) = V(1) = n./1 =

Vi1 (x)dx. (76)

Now V,,(1) = s"(1)U,(1), and (31) shows that V(1) = 4" A (*") = (*"). Together with (76) this
proves (75). We have also Vy(t) = Up(t) = 1 (see Remark 2). [

Example 1. From (75), we deduce

V(t)—2+/t 1- ) ar =4t
e 1 x2 ot

and consequently
Vi(t) 2 +1
os(h) (t+ 1)

t 1 1 1
w=svaf (12 1) (v Daxanio

t+ 412 +1
ie, Up(t) = ﬁ, and so on.

Moreover,

Remark 9. A recurrence relation similar to (75) and defining a sequence of Appell polynomials was instrumental
in ([31], Section 5) for studying the function F,.

Remark 10. According to (61), Lll’Jl;l U, (x) =0, x > 0, i.e., the sequence of functions (Uy),>o is pointwise
n oo] =

convergent to zero on (0, c0). The convergence is not uniform, because U, (0) = xh_r)rgo Uy (x) =1 foralln > 0.
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6. Inequalities for the Integral of the Squared Derivative

Integrals of the form f f"2(x)dx are important for several applications; see, e.g., ([33], Section 3.10).
In this section, we present bounds for such integrals using the logarithmic convexity of the functions
F., G,, K,;.. The results involve some combinatorial identities.

Theorem 9. The following inequalities are valid forn = 0,1,.. .:

Sy E2(x)dx < 2n, (77)
Jo G2 (x)dx < n+1, (78)
Jo K2 (x)dx < n. (79)

Proof. Let us return to (71). Integrating by parts, we obtain

JyE2(x)dx < % (F,(1)Fa(1) — F4(0)F4(0)) . (80)

Remembering that F,(x) = S, _1(x) and using (11), we obtain
F/(0) = —2n, F/(1) = 21, F,(0) = F,(1) = 1. (81)

Now (77) is a consequence of (80) and (81).
The logarithmic convexity of the functions G,;; and K, on [0,00) was proven in [34].
Using G, (x) = S;,1(x) and (13), it is easy to derive

Gri1(0) = 1, Gy (0) = —2(n +1) )
lim Gy, 41(x) = xlg{}ocnﬂ( x) =0, (83)

and from .
fo Gn+1 x)dx < 5 5 (Gn+1(°°)G;/1+1(°°) - Gn+1(0)Gz/1+1 (0))

combined with (82) and (83), we obtain (78).
The proof of (79) is similar and we omit it. [

Remark 11. If we compute F;,(1) starting from (35), we obtain
n
F (1) =4 ke
k=1

Combined with (81), this yields

(n—Kk)\ (2k\ _ .
k§1k< 0k v )= n4'" /2. (84)
On the other hand, (34) leads to
G;H(O) = fzkgo(Zk +1)cp k- (85)

Now (82) and (85) produce

v (2k+1) (2(:__;)) <2kk> = (n+1)4". (86)
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no2(n—k)\ (2k\ .,
EC )= <87>

7. Information Potential for the Durrmeyer Density of Probability

From (84) and (86), we obtain
which is (3.90) in Gould [35].

Consider the Durrmeyer operators

Lﬂf<x) = /01 Tl + 1 (me m ) f(t)dt,

f €C[0,1], x € [0,1]; see, e.g., [36]. They are of the form (5).
Here, b,;(x) = ()x'(1 — x)"~'. The kernel is

n
Ky (x,t) : n+12

and according to (2), the associated information potential is

Sn(x) I’Z + 1 / ( Z bm n nz(t)bnj(t)> dt

i,j=0

= (12 3 ot (0 () () [ st

S E () () e

RCa S (( )(7) (ifj)l)zbzn,m

Setting i + j = k, we obtain

2n
x) = Z qn,kan,k(x)/ x e [0/1]'

k=0

where
SN AN,
k=it \k) & 5
211712+11kk22n—k2
—(n+1)(n> ( ; ) 12)(1) (n_l>,k—0,1,...,2n,
with () = 0if m > n.

It is easy to see that gy, = g, x, k=0,1,...,2n
We recall here Conjecture 4.6 from [24].

Conjecture 1. ([24]) The sequence (G k)k—0,1,...2n 1S convex and, consequently, the function S, is convex
on [0,1].

The following numerical and graphical experiments support this conjecture (see Table 1 and
Figure 2).
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Table 1. Values of the coefficients g,, .

16 of 18

nk 0 1 2 3 4 5 6 7 8 9 10 11 12
4 2 4
'3 3 3
, 2 92 92 9 9
5 10 10 10 5
; 1608 176 164 17 816
7 7 175 175 175 7 7
; B 25 125 95 905 95 15 5 25
9 18 882 882 882 882 882 18 9
s % 18 4 13 8% 28 8 13 4 18 3
11 11 3 11 77 21 77 11 3 11 11
6 49 49 4753 4165 17395 66787 7329 66787 17395 4165 4753 49 49
13 26 3146 3146 14157 56628 6292 56628 14157 3146 3146 26 13
1
3.5\ /
\ l
\ |
310\ /
\ /
-\ 1,
2.5*\4\ /,'
\.\ /
B\ / ,~//
21 \\\ ///
\\~\ //'/
N\ /.
1.5 SN //.’/
\\\\ ~ ///‘//
] \\";-'_:_‘-’///
0 0.2 0.‘4 0‘6 0.8 1
n=1 n=2 —-n=3 == n=4 n=5
— — n=6

Figure 2. Graphics of S, forn =1,2,3,4,5,6
8. Concluding Remarks and Future Work

Bounds and convexity type properties of entropies are important and useful, especially when the
entropies are expressed as complicated functions depending on one or several variables. Of course,
bounds and convexity properties are presented in terms of inequalities; therefore, their study is a
branch of the theory of inequalities, under active research. Our paper contains some contributions in
this framework. We have obtained analytic inequalities, with analytic methods, but involving certain
information potentials and their associated Rényi and Tsallis entropies. The probabilistic flavor is
underlined by the purely probabilistic proof of the inequality (67). Finding such probabilistic proofs
for other inequalities in this context will be a topic for future research. For example, is there a purely
probabilistic proof of the subadditivity property (65) of the Rényi entropy Ry, (x)?

The area in which our results can be placed is delineated by the papers [1-13] and the references
therein: the titles are expressive by themselves.

Basically, we are concerned with the family of probability distributions (ch]k(x) Vk=01,---s
strongly related with the family of generalized Baskakov positive linear operators. The interplay
between the theory of positive linear operators and probability theory is still a rich source of
important results. Besides the binomial distribution, Poisson distribution, and negative binomial
distribution (corresponding, respectively to c = —1, ¢ = 0, ¢ = 1) and associated with the Bernstein,
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Szasz-Mirakyan, respectively classical Baskakov operators, we consider in our paper, from an analytic
point of view, the distributions associated with the Bleimann—-Butzer-Hahn, Meyer-Koénig and Zeller,
and Durrmeyer operators. Their study in a probabilistic perspective is deferred to a future paper.
Another possible direction of further research is to investigate with our methods the distributions
associated with other classical or more recent sequences of positive linear operators.

The information potential F,, G, Uy, and ], have strong relations with the Legendre polynomials.
Quite naturally, the recurrence relations satisfied by these polynomials yield similar relations for
the information potentials. It should be mentioned that the differential equation characterizing the
Legendre polynomials was used in [17], in order to show that F,, G, U, and |, satisfy Heun-type
differential equations and consequently to obtain bounds for them. Other bounds are obtained in this
paper, starting from the important integral representations given in [19]. They can be compared with
other bounds from the literature, and this is another possible topic for further research.

For a fixed n, the convexity and even the logarithmic convexity of the function F,(x) were
established in [17,27,31,32,34]. In this paper, we prove that for a fixed x, the sequence (F,(x)),>0
is logarithmically convex. Similar results hold for the other information potentials, and they have
consequences concerning the associated entropies. However, we think that this direction of research
can be continued and developed.

Two conjectures, accompanied by graphical experiments supporting them, are mentioned in
our paper.
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