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Abstract: In the present work, we extend, to the setting of reflexive smooth Banach spaces, the class
of primal lower nice functions, which was proposed, for the first time, in finite dimensional spaces
in [Nonlinear Anal. 1991, 17, 385-398] and enlarged to Hilbert spaces in [Trans. Am. Math. Soc.
1995, 347, 1269-1294]. Our principal target is to extend some existing characterisations of this class
to our Banach space setting and to study the relationship between this concept and the generalised
V-prox-regularity of the epigraphs in the sense proposed recently by the authors in [J. Math. Anal.
Appl. 2019, 475, 699-29].
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1. Introduction and Preliminaries

In all the paper, X will denote a reflexive smooth Banach space, unless otherwise specified.
We quote from [1] the definition of the V-proximalsubdifferential (called in [1] the analytic
proximal subdifferential).

Definition 1 ([1]). Let f : X — R U {+o0} be a lower semi-continuous function (L.s.c.), and x € X with f(x)
is finite. We recall that the V-proximal subdifferential of f at x is defined as x* € 9" f(x) if and only if there
exists o > 0 such that:

(x%;x" —x) < f(x') = f(x) + 0V (J(x),x")), VX near x.
Here, | is the normalised duality mapping on X and V is the functional defined from X* x X to [0,00) by:
V(x*,x) = |22 —2(x%;x) + ||x||>,  forany (x*,x) € X* x X.

The V-proximal normal cone of a non-empty closed subset S in X at x € S is defined as the V-proximal
subdifferential of the indicator function of S, that is N™'(S; x) = 0™ s(x). The limiting V-proximal normal
cone is defined as:

NL7(S; %) = limsup N (S; x) := {w—lirrlnx,’; s x € NTU(S; x) with x, —° £}
X%

Another proximal subdifferential 9% f(x) is defined geometrically, in [1], via the V-proximal
normal cone of the epigraph as follows:

Gf(x) = {x" € X" : (x%;=1) € N™(epi f; (x, f(x)))},
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where epif = {(x,7r) € X x Rsuchthat f(x) < r}. It was proven in [1] that we always have
9" f(x) C oFf(x). In[1], 0F was called the geometric proximal subdifferential.

Using the functional V, Alber in [2] introduced the generalised projection on closed convex sets S
as follows: ¥ € rrg(x*) if and only if V(x*, %) = inf,cs V(x*, x). In [3], the first author extended the
concept to nonconvex closed sets. It was proven in [1] that the V-proximal normal cone is characterised
in terms of the generalised projection as follows:

x* € N™(§;x) < 3p >0, suchthatx € ms(J(x) + px™);
& Jo >0, such that (x";x — %) < oV (J(x
V(

o ),x),Vx €S;
& 39,0 >0, such that (x*;x — %) <o

J(%),x), Vx € SN (X +6B). 1)
Here, B denotes the closed unit ball in X.

We also recall (see, for instance, [4]) the definition of the Fréchet subdifferential as follows:
x* € oF f(x) if and only if for all € > 0, there exists 6 > 0 such that:

(x%x—%) < f(x)— f(%) +€|lx—%||, Vxex+3B.
The Fréchet normal cone N (S;x) of a non-empty closed subset S in X at ¥ € S is defined as
NT(S; %) = ofps(%).
2. V-Proximal Trustworthy Spaces
n [5], we introduced and studied the class of V-proximal trustworthy spaces as follows:
Definition 2 ([5]). We will say that a Banach space X is V-proximal trustworthy provided that for any € > 0,

any two functions f1, fo : X — R U {oo}, and any u € X such that fy is lower semicontinuous and f, is
Lipschitz around u, the following fuzzy sum rule holds:

I (fr+ f2)(u) C U{aﬂfl(ul) + 0" fo(uz) u; € Ug(u,€),i=1,2} +€B..
Here, Uy, (u,€) := {x € u + €B such that | f;(x) — fi(u)| < €}, and B denotes the closed unit ball in X*.

We proved in [5] that all the integral spaces L? (1 < p < o), as well as the sequence spaces
IP(1 < p < o), the Sobolev spaces WP (1 < p < o0), and the Schatten trace ideals CP(1 < p < o),
are V-proximal trustworthy. The following results were proven in [6] for a particular class of a
V-proximal trustworthy space, but their proofs are still valid for any V-proximal trustworthy space.
We state them here without proofs.

Proposition 1 ([6]). Let X be a g-uniformly convex and p-uniformly smooth Banach space. Let S be a closed
subset of X with x € S, and let x* € NF(S;x). Assume that X is a V-proximal trustworthy space. Then,
for any € > 0, there exists x. € (X + €B) N S such that x* € N™(S; x¢) + €Bs.

Proposition 2 ([6]). Let X be a V-proximal trustworthy space, and let f : X — R U {oo} be a proper Ls.c.
function around % € domf. Then, for any x* € X* with (x*;0) € N™ (epif; (%, f(X))), there exist sequences
X — Zwith f(x) = f(%), Ak = 01, and x; € A7 f(xi) such that || x; — x* ||« — 0.
3. On Generalised V-Prox-Regular Sets

We recall from [7] the following definition of the generalised V-prox-regularity for sets.

Definition 3 ([7]). Let S be a non-empty closed set in a reflexive Banach space X, and let X € S. We will
say that S is generalised V-prox-reqular at x if and only if there exist r > 0 and € > 0 such that for all
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x € SN (X + €B) and for any x* € N7 (S; x) N eB, the point x is a generalised projection of Jx + rx* on
SN (x+€B), that is x € 7T (zyem) (JX +7X7).

We start with the following characterisation of generalised prox-regular sets.

Theorem 1. Let S be a closed subset in a reflexive smooth Banach space X, and let X € S. The two following
assertions are equivalent:

1. Sis generalised V-prox-reqular at x;
2. Thereexist r > 0and € > 0 such that for all x € SN (X + €B) and all x* € N™(S; x) N eB, we have:

. A(J|x[| +€)+r 1 -
1Y — < 0 - 7 — . —B.
(x 5y —x) < > ds(y) + 5. V(xy), Vyex+sB

Proof. (1) = (2). Assume that S is generalised V-prox-regular at . Then, there exist some € € (0,1)
and 7 > 0 such that Vx € (¥ +€B) NS and any x* € N”(S;x) NeB, we have x € 7tgn(zyem) (Jx +7x%),
that is,

V(Jx+rx*;x) <V(Jx+rx*;y), VYye (x+eB)NS.

We can easily check that the function y — V(Jx + rx*;y) is Lipschitz with ratio K := 4(||%|| +¢€) +r
on (¥ +€B) N S. Then, the Clarke penalisation ensures:

V(Jx +rx*x) < V(Jx +rx";y) + Kdzyem)ns(y), forally € X. 2)

Observe that:

V(x4 ratix) — V(x+rxty) = [x2 = Jyl? —20x + rx%x —y)

= =llyl® = Ixl* +20xy) — 2rlx";x — y)
= —V(xy)—2r(x*;x—y). 3)
Thus, the inequality (2) becomes:
=V(Jxy) —2r(x%;x —y) < Kd(zyem)ns(y), forally € X.

On the other hand, we can easily prove the following equality:

_ €
d(z+em)ns(y) = ds(y), forally € T+ 5B.

Thus, we obtain:

K 1 €
*, < . v —
(x*;y —x) _—zrds(y)+—2rV(]x,y), Vy€x+283,

and hence, the proof of (1) = (2) is complete.
(2) = (1). Assume now that there exist r > 0 and €; > 0 such that (2) holds. Then, for all
x € (x+€eB)NSandall x* € N™(S;x) Ne1B, we have:

" (7] +e) +7 1 !
. _ < —~u n " /7 _ . i .
(hy—x) < P ds(y) + 5. V(xy), VWex+ B

Then:

| =

(x5y—x) < —V(xy), Vye (t+ %B)ﬂs.

N

r



Mathematics 2020, 8, 2066 40f17

Using (3), we obtain:
V(Jx+rx*;x) < V(Jx+rx%y), Yye (x+ %IB%) ns,

that is, x € nsm(ﬂim(]x +rx*). Set € := 9. Therefore, for all x € SN (% + eB) and all x* €
2

N(S;x) NeB, we have x € 7gn(ziep)(/x + rx*). This means by definition that S is generalised

V-prox-regular at X, and hence, the proof is finished. [J

We present the first consequence of the previous theorem, in which we prove the closedness of
the V-proximal normal cone, as a set-valued mapping, for the class of generalised V-prox-regular sets.
We point out that this kind of property is very important in applications such as nonconvex sweeping
processes and variational problems (see [4] in the Hilbert space setting).

Theorem 2. Let S be a closed subset in a reflexive smooth Banach space, and let X € S. Assume that S is
generalised V-prox-reqular at %. Then, N™(S; %) = NL7(S; x).

Proof. Since, obviously, the inclusion N™(S; %) C NL7(S; %) is always true, we have to prove the
reverse inclusion NL7(S; ) C N7(S;%). Assume that S is generalised V-prox-regular at ¥. Then,
by Theorem 1, there exist 7 > 0 and € > O such thatforall x € SN (% +€B) and any x* € N™(S; x) NeB,
we have: ()] + o) .
X||t+e)tr €
oy x) < X TE) T v (x; T+ CB.

(x;y—x) < 5 ds(y) + 5 V(xy), Vyex+
Fix now any z* € NL7(S; %). There exist x, — % with x, € S, and z, weakly converges to z* with
z; € N™(S;x,). For n sufficiently large, we have x, € SN (X + €B), and so, for any y € % + 5B,
the above inequality ensures:

ez’ 4(||x|| +€)+r
<7n;y—xn)§%

1
Izl +1 ds(y) + 5.V (Jxn;y).

This ensures that:

@l +e) +r)(lz:l +1)
2re

||
(zmy —xn) < dg(y)—l—MV(]xn;y), Yy € x+§]B%.

2er

Thus, for any y € SN (% + 5B), we have:

(llzall + 1)
2er

(zniy — xn) < V(Jxn;y)-
The weak convergence of z;, to z* ensures its boundedness, that is, for some L > 0, we have
llzi|| < L, Vn. Therefore,

(L+1)V

_ €
e (Jxw;y), Yy € SN (X + EB)'

(Zny —xm) <
Now, by passing to the limit in the last inequality when n — oo, and by taking into account the fact
that V and | are continuous, we obtain:

(L+1)

o5 <
(hy -7 < 2er

V(J%y), Yy € SN (% + nga).

This ensures by (1) that z* € N”(S; ), and hence, the proof is complete. [

Now, we recall the definition of uniformly generalised V-prox-regular sets, which is the uniform
concept of the one given in Definition 3.
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Definition 4 ([7]). Let S be a non-empty closed set in a reflexive Banach space X. We will say that S is uniformly
generalised V-prox-regular if and only if there exist r > O such that for all x € S and for any x* € N (S; x)
with ||x*|| < 1, the point x is a generalised projection of Jx + rx* on S, that is x € mwg(Jx + rx*).

Obviously, if S is a uniformly generalised V-prox-regular set, then it is generalised V-prox-regular
atany point x € S, and hence, by Theorem 2, we have for any x € S the equality N™(S; x) = NL7(S; x).
We prove an analogous characterisation to the one proven in Theorem 1 for uniformly generalised
V-prox-regular sets.

Theorem 3. Let S be a closed non-empty subset in a reflexive smooth Banach space X. Then, the following
assertions are equivalent:

1. Sis uniformly generalised V-prox-regular;
2. There exist r > 0 and ag > 0 such that for all « > wg, for all x € S, and any x* € N™(S;x) with
|x*]| < 1, we have:

< Ix|| + 7+ 3«

1
. ds(y) + 5 V(xy), Vyeab. 4)

(%Y —x)

3. There exist r > 0 and ag > 0 such that for all « > wy, for all x € S, and any x* € NL7(S; x) with
|lx*]| < 1, we have that (4) holds.

Proof. We start with the implication (1) = (2). Assume that S is uniformly generalised V-prox-regular.
Let» > 0 be given as in Definition 4. Fix any x € S and any x* € N7 (S; x) with ||x*|| < 1 such that:

V(Jx+rx*;x) < V(Jx +rx*;s), foralls € S.

Then, by using (3), we obtain:

V(Jx;s), foralls € S. )

| -

(x*;s—x) <

Let &g > 0 such that SN agB # @ (xg exists since S # @). Let & > g so that SNaB # @. Let h(s) :=
(x*;s —x) — 2 V(Jx;s), forall s € X. We can show easily that 4 is Lipschitz on S N 3aB with ratio

. r3at|x|| . ... . . .
K := ———=". Therefore, using Clarke penalisation, the inequality (5) becomes:

| —

(x%;y—x) < =V(Jx;y) + Kdsnzap (), forally € X.

N

r

Since we can easily show that dsn3,p(y) = ds(y), for all y € aB, we obtain:
1
(x%y—x) < ZV(]x,'y) + Kds(y), forally € aB,

and hence, the proof of (1) = (2) is complete. We prove the reverse implication (2) = (1). Assume that
there exist ¥ > 0, ap > 0 with S N B # @ such that Va > ay, Vx € S, Vx* € N™(S; x) with |[x*|| < 1,

we have:
r+3a+ || x| p
I

(x5y—x) < %V(}x;y) + (y), forally € aB.

Then: 1
(¥5y—x) < EV(]x;y), forally € aBNS,

and so, by (3), once again, we obtain:

V(Jx +rx*;x) < V(Jx+rx*;y), forally € aBNS. (6)
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Let y* := Jx +rx* and M := max{||x|| + r;ao }. Clearly, we have ||y*|| < M and SN MB # @ (since
M > apand S NagB # @). Therefore, by Lemma 2.12 in [7], we obtain:

VWY = s YY)

Take x € SN3MB and « = 3M in (6); we get:

%4 x)= inf V *y)=inf V ).
Jxtrata) = inf V(xtraty)=nfV(x+ray)
This means that x € 7rg(Jx + rx*). Since this relation holds Vx € S, Vx* € N(S; x) with ||x*| < 1,
we deduce that S is uniformly generalised V-prox-regular with ratio r > 0. The proof of (2) <= (3)
follows from the fact that N (S; x) = N7 (S; x), proven in Theorem 2. [J

The case of bounded sets is treated in the following corollary, and its proof is simpler than the
proof of Theorem 3.

Corollary 1. Let S be a closed bounded subset in a reflexive smooth Banach space X with S C MB. Then,
the following assertions are equivalent:

1. Sis uniformly generalised V-prox-regular;
2. There exists r > 0 such that for any x € S and any x* € N™(S; x) with ||x*|| < 1, we have:
< 2M +r

5y —x) < ——ds(y) + %V(]xu/), Yy € X. @)

3. Thereexists r > 0 such that for any x € S and any x* € N7 (S; x) with ||x*|| < 1, we have that (7) holds.

Proof. As in the proof of Theorem 3, the equivalence (2) <= (3) follows from Theorem 2. Therefore,
we have only to prove that (1) <= (2). Assume that S is uniformly generalised V-prox-regular.
Let r > 0 be given as in Definition 4. Fix any x € S and any x* € N”(S; x) with ||x*|| < 1 such that:

V(Jx+rx*;x) < V(Jx +rx*;s), foralls € S.

Then, by (3), we obtain:

1
(x*;5s —x) < EV(]x;s), foralls € S. (8)

Let i(s) := (x*;s — x) — 2. V(Jx;s), foralls € X. Clearly, h is Lipschitz on S with ratio K := 2M*r,
Therefore, using Clarke penalisation, the inequality (8) becomes:

| —

(x*;y —x) < —V(Jx;y) +Kds(y), forally € X,

N

r

and hence, the proof of (1) = (2) is achieved. We prove the reverse implication (2) = (1).
Assume that (7) holds. Then, there exists ¥ > 0 such that Vx € S,Vx* € N7(S;x) with [|x*|| < 1,
we have:

1 2M
('~ x) < V() + r+rd5(y), forall y € X.
Then: 1
(x%y —x) < -V(Jxy), forally €5,

and so, by (3), we obtain:

V(Jx +rx*;x) < V(Jx+rx*;y), forally € S.
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This means x € 7s(Jx + rx*), Vx € S,Vx* € N (S; x) with ||x*|| < 1. Thus, S is uniformly generalised
V-prox-regular with ratio r > 0, and hence, the proof is complete. O

4. V-Primal Lower Nice Functions

In this section, we start by adapting the definition of primal lower nice functions given in [8].
We use the functional V' instead of the norm square and the geometric V-prox-subdifferential d7
instead of the usual proximal subdifferential.

Definition 5. Let f : X — RU {oo} be an Ls.c. function. We will say that f is V-primal lower nice (V-p.l.n.)
at X € domf, if there exist Ay, Ay > 0,¢ > 0, T > 0 such that:

i t
fly) = fx) + (% y = x) = 5V(Jx,y) ©)
whenever t > T, x € Ny(%,A1,A2),y € X+ MB,x* € 9% f(x), and ||x*|| < ct. Here:
Ny (%, A1, A7) := {x € ¥+ MBwith V(J%,x) < A3}.

We notice that this definition extends, to reflexive smooth Banach spaces, the definition of primal
lower nice functions defined in Hilbert spaces in [8] and in finite dimension spaces in [9]. In the
following proposition, we start by proving an important property of the class of V-primal lower nice
functions, which is the J-hypomonotonicity of the geometric V-prox-subdifferential 7 in the sense
of [7]. We point out that a different extension to Banach spaces was given in [8] and in [10] (see
also [11,12]).

Proposition 3. Assume that X is a reflexive smooth Banach space, and let f : X — R U {oco} be an Ls.c.
function. For any V-p.Ln. function f at ¥ € domf, there exist A > 0,c > 0, T > 0 such that the set-valued
mapping x — o%f(x) N ctB is J-hypomonotone with any ratio t > T over X + AB, that is for any t > T,
any x1,Xxy € ¥+ AB, x; € o f(x;), i = 1,2, with max{||x] ||, [[x3]|} < ct, we have:

(x] — x3;x1 — x2) > —t(Jx1 — Jx; X1 — x2). (10)
Proof. Observe that for any €1, €, > 0, there exists € > 0 such that:
T +eB C Ny(x, e, €).

Assume that f is V-p.l.n. at ¥ € domf. Then, there are A > 0,c > 0, T > 0 such that (9) holds for any
t>T,x1,x0 € X+ AB,xf € 0L f(x;),i = 1,2, and max{||x]]|, [|x3]|} < ct. Thus:

Fln) 2 flo2) + Gaginn — x2) = 3V (J, 1)

and:
Flaa) 2 flaa) + (xfixa = ) = JV(J, ),

Adding these two inequalities gives:
* * t t
0> (x} —xz;xz—x1>—EV(]xl,xz)—EV(]xz,xl). (11)
On the other hand, we have:
V(Jx1,x) +V(Jxa,x1) = 2|l = 2[(Jx;x2) + (Jxo;x1)] + 2/l ?

= 2[(Jxy;x1) — (Jx;x2) — (Jxo; x1) + (Jx2; x2)]
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= 2(Jxy — Jxz;x1 — x2).

Therefore, (11) becomes:
(x] —x3; %1 — x2) > —t(Jx1 — Jx2;x1 — X2)

and hence, the proof is complete. [

In the next theorem, we prove that the reverse implication of the previous proposition also holds
in g-uniformly convex and p-uniformly smooth Banach spaces, which is V-proximal trustworthy.
We state the following proposition from [7], which is needed in our next proof.

Proposition 4 ([7]). If X is g-uniformly convex and p-uniformly smooth, then Yo > 0,3Ky, Kp, K3 > 0 such
that for all x,y € aIB:

Jx = Jy;x —y) = Killx = yll?, |Jx = Jyll < Kallx —y|"™", and V(Jx,y) > Ks|lx — y]|".
In the proof of the following theorem, we use techniques and ideas from [10].

Theorem 4. Assume that X is g-uniformly convex and p-uniformly smooth, admitting which is V-proximal
trustworthy. The function f is V-p.L.n. at xy € domf if and only if (10) holds.

Proof. We prove only the reverse implication. First, we prove the following claim. Assume that there
are A > 0,c > 0,T > 0 such that (10) holds. Set M := ||%|| + 4A. Then, by Proposition 4, there exist
Kj, Ky, K3 > 0 such that for all x,y € MB:

(Jx—=Jy;x—y) = Kilx—y|1 (12)
Jx—Jy| < Kax—y|P (13)
V(Jx,y) > Ksllx—y|". (14)

The constants Kj, K», and K3 depend only on the space X and the constant M > 0. O

1
Claim 1. Take A’ € (0,min{§, } (1% )"+ 4 })- Take Az € (0, /27" TA"Ks). Fix ¢’ and T’ in a such
way that:

"Ng—1 /
0<c’<min{1<3(2;\2),/;} (15)
e 21+ £(x) - K
/ + f(X) —
T' > max {ZT, W} . (16)

We claim that for arbitrary xg € Ny (%,A’,A;) and x* € 97 f(xp) such that ||x*|| < ¢t and t > T’ and
arbitrary yo € ¥ + 4A'B such that:

f(yo) =1+ (x%x0 — yo) + %V(Imyo) < yexiffA,B {f(]/) +(x%x0 —y) + ;V(]xo,y)} ,

it follows that yy € ¥ + 3A'B.

Proof of Claim 1. Assume the contrary, that is there are some x’ € Ny (%,A’,A2),v* € 0% f(x') with
[o*|| < c't, for some t > T' and y’ € [% +4A'B] \ [% + 3A'B] such that:

fly')+ 052 —y') + %V(]x’,y’) < f(x)+ (o554 —x) + %V(]x’,f) +1.
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Therefore, ;
1+ f(x) — K> (v5x—y') + E[V(]x/,y/) —V(Jx, %))

Since x' € ¥+ A’'B and y' € ¥+ 4A'B, we have ||y/|| < ||x]| +4A" < M and ||x|| < M, and hence,
we can write by (14):

VO, Y) 2 Kl = y'[17 > Ks (Il — 2]l = |«" = 2[1)7 > K5 (34" = ') = K527A"

Therefore:

—_

V(Jx,y') = V(Jx', %) > K327\ — A > ~K3(20')".

2
Furthermore, we have:

5z —y) = —lo*[ -y — x|l = —4N'[[o"|| = -4k,

Thus: 1
1 2 q— K
1+ f(%) — K> 4Nt + %[EKC,(z/\’)q] — tA[-4c + (A)%].

From the choice of ¢’ in (15), we have:

Kz(2A")a-1

_4/>_
¢ 8

Hence, by (16), we obtain:

201K 2A)1-1K
( )4 3} >T/)\/[( )4 3}

(z/\’)ﬂ—lkg} 2[1+ f(x) — K]
4 K3\

1+ f(x)—K > t\]

> A’[ >1+f(x) — K.

This is a contradiction. Therefore, the proof of the claim is achieved. [

Let us prove now the opposite direction of the theorem. Assume that (9) holds for some A >
0,¢>0,T>0.LetA,c/, T/, and A; be fixed as in Claim 1. Assume that the function f is not V-p.L.n. at
x. Then, by definition, there are xg € Ny (%, A, A2), x* € 9F f(xp) with ||x*|| < ¢’t such that t > T’ and
some Yo € xp + A'B such that:

F(yo) < £(x0) + {x"3y0 — x0) = 5V (Jx0,yo)-

Therefore,
Fla) > flo) + (7% — yo) + 5V, 0)

> int {50+ x4 3V Omn b a7

Define now the function % on X as:

h(y) == f(y) + (x";x0 —y) + %V(Ixo,y) + Plzranm) (¥)-

Clearly, the inequality (17) gives:

Flxo) > inf h(y),
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and so, by the definition of the infimum, we can find a sequence y, € ¥ + 4A’B such that:

, 1
h(yn) < ylg)f(h(y) +o

Obviously, (17) ensures that ||y, — x¢| does not converge to zero, that is there exists some positive
number a > 0 such that ||y, — xo|| > «, for n sufficiently large. Clearly, y, satisfies Claim 1, that is,

“ X0 — Yu) + & i 1
flym) + Sixo = yu) + 5V Uxoyn) < inf h(y)+ o

< inf h 1 18
y€i1£4A’]B (]/)"’ (18)

with xg € Ny (%,A,A2), x* € 0% f(x0), [|x*|| < 't,t > T',y, € X +4A'B.

Therefore, we have y, € %+ 3A'B. Since y, satisfies the inequality (18), we can choose by the variational
principle a sequence x, € X with ||x, — yu| < %, and x, is the minimum of the function & + ﬁ I -

—Xp||. Therefore, 0 € 0™ [h + % I+ —xn ||} (x1). By the fuzzy sum rule for the 97 in trustworthy spaces
in Definition 2, we get two sequences i, v, € X, + ﬁB with |h(uy,) — h(x,)| < ﬁ such that:

1 1
0 € d™h(uy) + Wa” (- —xnll] (on) + WB*'
that is, there exist p;, € 0"h(uy),q;, € ﬁa” [l - —xu||] (vn) such that || p;, + g5] < ﬁ Using now

Proposition 3.16 in [1], we get some x;, € 0" f(u,) such that p}, = x;; — x* + t[Ju, — Jxo] (i.e., x}, =
P+ x* = t{Jup — Jxo)). Letyj; := g5 — x* + t[Jun — Jxo). Clearly, |[|x;]| — [ly;ll| — 0. We need to
estimate ||x};||. Observe that ||g;|| < ﬁ We consider:

yull = l1%" = gn = tJun = Jxol|

IN

[+ £l Jun = Jxoll + [l

1
< dt+t|Jun — Jxo| + 7
Observe that:

_ _ 2 _
el < Mt = xll =+ (12 =yl + llyn = 2l [1%] < == 432"+ [|%]] < M,

7

and so, both xg, u, € MIB; so, by (13), we obtain:

_ 2 _ .
Jun = Jxoll < Kalun — x0]|P~" < Ko = +3A"]P~ < Ko[4A'])P

NG

for n large enough. Thus:

1 1
< K [AN )P b — =t |+ KAV )P .
Vil < €t + HQaNP T+ = |+ KalaN P 4
Clearly, for n sufficiently large, we have % < 1g- Furthermore, we have d < %, and Kj[4A! ]”_1 < 1z

Therefore: Y
c c tc
o<t — — — | <
lyall < {8 +16+16] <
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and hence:

" tc 1 tc
el < Wyall +llxn vl < Wyall +lpn +aull < 3+ —= < 5

~~
~

c

- <
+8

E/

for n large enough. Finally, we summarise: we obtained x}; € 0 f (1) C 9% f (1) with ||x}|| < & and
for n sufficiently large:

1 2 2 3 1
—B — — |BCx+|-A+—|BCx+AB.
unexn—i—ﬁ Cyn+\/ﬁ \/ﬁ} Cx+{4 +\/ﬁ} Cx+

Furtherm(?re, we have x* € 9% f(x), |[x*[] < 't < %/t < &t <chx € x+AB C X+ AB,
and % > % > T. Using (10), we obtain:

BcCx+ [3/\’+

t
(xn =% un = x0) = =5 (Jun — JX0; n — Xo)- (19)
We estimate the left-hand side:
(= x5 un —x0) = (X" + Y0 — tn) — Yy + X5 X0 — Un)
< (X ypxo — un) + lyn + x5l [x0 — ual|
< (g xo — un) — t{Jun — Jx0;tn — x0) + ||y + x5 || [[x0 — 1|
2
< 7”3(0 - ”n” - t<]un — Jxo; up — x0>

7

Combining this inequality with (19), we obtain:

t 2
—§<]un — Jxo; un — x0) < —(Juy — Jxo; un — x0) + ﬁllxo — |,

and hence: ; )
Uy — X0
SUun = Jxo; ) < —F=. 20
2\ = Ty = )
Set ayy := (Juy — Jxo; ﬁ> The sequence («,), is a bounded positive sequence, so there exists

some subsequence still labelled («;), such that lim «,, = &. Since u,, xo € MB, we have by (12):
n

oy > KlHun - X()Hq_l.

If & = 0, then u, — xp, and so, y, — xo, which is a contradiction with ||y, — xo|| > « > 0. Therefore,
by taking the limit on both sides in (20), we get 4 < 0. This contradicts the fact that t > T > 0,
thus completing the proof of the theorem.

In the next theorem, we use Theorem 4 to prove that both V-prox-subdifferentials 0™ f and 97, f
coincide with their limit-subdifferentials for any V-primal lower nice function.

Theorem 5. Assume that X is g-uniformly convex and p-uniformly smooth, which is V-proximal trustworthy.
For any V-p.Ln. function at X, we have:

O f(x) =0 f(x) = 0" f(x) = 0" f(%) = 9" f(x) = 9" f(%) = OEf ().

Here, 9LF f(%) (resp. OLF f (%)) denotes the limiting proximal (resp. Fréchet) subdifferential (for their definitions,
we refer to [12]).
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Proof. The proof of the equalities 97 f(¥) = o' f(x) = 917 f(x) for any Ls.c. functions was given in
Theorem 5.1 in [6]. We assume that f is V-p.Ln. at %, and we prove the inclusion 9% f(¥) C 97 f(x).
Let xj € 057 f(%). Then, there exist x, —f % and x}, =% x with x}, € 9Zf(x,). By the definition of
V-p.Ln. functions, there are A1,A; > 0,¢ > 0, T > 0 such that for any t > T, any x € Ny (&, A, A2),
and any x* € 9% f(x) N ctB., we have:

(¥iy =) < f(y) — () + 5V(Ry), Wy € s+ MB

For n sufficiently large, we have [|x}|| < M and x, € Ny (%, A1, A;). Let t := max{X; T}. Obviously,
|x;|| < ctand t > T. Thus, for n sufficiently large and any y € ¥ + 1B, we have:

(¥iiy = %) < f) = f(n) + 5VUR0y), Yy € T+ MB.

By taking n — oo, we obtain:

(¥5iy =) < () = () + 5VURY), Wy €T+ AB,

which means by definition that x;; € 9™ f(x). Thus, 95" f(x) C 9" f(x). Since the inclusions 0 f () C
0Zf(x) C oL f(x) are always true, we deduce the desired equality 9X7f(x) = oL f(x) = 9™ f(x) =
07 f(x). Furthermore, we always have 0" f(x) C 92f(x) C of f(x) C oLff(x). Thus, oLFf(x) =
ol f(x) = of f(x) = 07 f(x) = oL f(x) = 9" f(x) = 9% f (), and the proof is complete. [I

Our next theorem shows the generalised V-prox-regularity of the epigraph for V-primal lower nice
functions defined on g-uniformly convex and p-uniformly smooth, which is V-proximal trustworthy.
First, we need to prove the following lemma.

Lemma 1. Let X be a reflexive Banach space and f : X — R U {co}. For any x € domf and any (x,a) €
epif(ie., f(x) < a), we have:

(x%,0) € N™(epif; (x,0)) == (x%,0) € N™(epif; (x, f(x))).

Proof. Let (x*,0) € N™(epif; (x,a)). If f(x) = a, then we are done. Assume now that f(x) < a. Then,
by (1), there exists p > 0 such that:

(x,a) = nepif(]x+pX*;“+P x0) = ”epif(]x+Px*?a)/

that is,

Vxr ((Jx +px%,a); (x,a)) = inf  Vy,g((Jx +px*,a); (y,a)).
(va!)Eepi f

Hence,
V(Jx+px*x) = V(x+px%x) + (@ —a)® = Vyur((Jx +px*,0); (x,a))
= inf  Vyr((Jx +px",a); (y,a'))
(yo')€epi f

= inf [V(x+px5y) + (o — )]
(yo')€Eepi f

< V(x+px5y)+ (¢ —a)?, V(y,o') €epif. (21)
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Choose any 6 € (0,a — f(x)). Fix now any (x/,a’) € epi f with (x,a’) € (x, f(x)) + éBxxr, that is
|lx" — x|| < dand |a' — f(x)| < 5. We have:

S+ <f(x)<d+5=d <f(x)+s<a= f(X) < <ua,
that is (x/, &) € epi f. From (21), we have:

V(Jx +px*;x) < V(Jx +px*x") + (a — a)? = V(Jx + px*; x').
Thus, for any (x',a’) € epi f N [(x, f(x)) + IBxr], we have:
V(Jx +px*;x) — V(Jx + px*;x") <0.

On the other hand, we have by (3):

V(Jx+px*;x) = V(Jx +px*;x") = —V(x;x') —20(x*;x — x').

Therefore, for any (x',a) € epi f N [(x, f(x)) + éBx«g], we obtain:

(x*;x —x) < 21PV(]x;x’),

which ensures that:

IN

(x,0; (x', ') = (x, f(x))) 21p [VUx) + [f(x) — o]
= 5 Vior((xr(x £(0); (7).
This ensures by (1) that (x*,0) € N™(epif; (x, f(x))), and hence, the proof is complete. []

Theorem 6. Let X be a g-uniformly convex and p-uniformly smooth, which is V-proximal trustworthy. If f is
V-primal lower nice at & € domf, then epif is generalised V-prox-regular at (X, f(%)).

Proof. By the definition of V-p.L.n. at X, we have positive numbers €; € (0,1),e2 > 0,r >0,T >0
such that for any t > T, any x € Ny(%,€1,€2), and any x* € 97 f(x) N rtB,, we have:

(¥'5y =) < )~ f(¥) + 5V(xy), Wy € T+erb. 22)

Choose €) € (0, 3) such that for any z € % 4 9B, we have V(J%,z) < €. This ensures the inclusion
X+ eB C Ny(%;€1,6). Take (x,a) € epif and (x*,—A) € N7 (epif;(x,a)) NeBx+xr and x €
X+ 2B with [f(x) —a] < §. Fix now any (x',a') € epif with |[x’ — x| < g and [a' — f()] < €o.
Clearly, ¥’ € Ny (%;€1,€2). O

Case 01: A > 0.

In this case, we necessarily have a« = f(x). Then, (%, —1) € N™(epif; (x, f(x))) NegBx+«r, so by
definition of the geometric V-proximal subdifferential, we get % € oZ f(x). Furthermore, we have
| % || < %0 < rt for every t > max{T, %} Hence, by (22), we obtain:

(A = 2) < F(K) = Fx) + 5V, ),
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which entails:

tA
(i —x) < A = f]+ SV (Txx)
tA tA
< M) = fOO1+ SV ) + Sl = a? (23)
Since f(x') < &/, we have V' > max{%, %}, and the following two inequalities hold:
1 T
—1y > —1y >
2A t_r)\ and 2A _/\_T,
hence, (23) entails with t = 2A~1¢:
(i —x) < AL — f@)]+ @A) AV + A ) A —af?
< AF() = F]+ V(I x) + o — a)?
< )P ) =2t (Jax — x) + A0 — a] + [ — )
Hence:
20 x —x) < HIX|]E = x|+ Ala — a] + o’ — a]?
( ]
Therefore,
t|x||? —2t' (]x+ %) < |2 =2 (Jx + = TR XY+ A —a] + [ — )%
Dividing by #' > 0 yields:
* * A
(]x+2t,, x) < (]x+2t,, >+?[a’foc]+[0c’—ac]2. (24)
On the other hand, we have:
2 2
A A
_ 2
|:0(—0C+2t//\:| (o) — a] +?(tx’—¢x)+4t—,2
17, AZ
-2 {t W — o A )+
Therefore,
2 2
t [a’—a—i—zlt,/\} —i—t, = t[o/ —a> +A(a —a).
Thus, (24) becomes:
* * 1
VUx+35%) < VUx+ 352 + 3 [V — ol + Al —a]]

*

1
< (]x+;t,, >+[,,/,x+/\

42

el
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and so:
x* /\2 x* 2
< _
(]x+2t,, )tgm S (]x+2t” >+[zx T A]
Observe that:
Vea((r 50t (A () = VOx+ S+ 2 and
XxR ]x 2t,r Zt/ 7 x/“ - ]x Zt/rx 4t/2/ an
* * 2
L i VY X o r_ 1
Vir((J+ Sy, (o (~A0)); (<)) = VU"*zw“*[“ “*zﬂ]
Therefore,
* 1 * 1 ! li
Vir((Jx + 2, (4 55 (=A))i (x,0) < Viam((Jx + 57, (04 25 (=1); (¢, ),

forany (x/,a’) € epif N[(X, f(X)) + eoBxxr], thatis,

x* 1
(5,2) € Mepifei(s £ seqprns) T + 57 (& 55 (=1)

Case 02: A = 0.

In this case, we have (x*;0) € N"(epif;(x,«)), and so, by Lemma 1, we obtain (x*,0) €
N"(epif; (x, f(x))). Using Proposition 2, there exist sequences x, — x with f(x,) — f(x), yn — 07,
and v}, € u,d” f(xy) such that ||y} — x* ||« — 0. Let x} := p;; 'yi. Then, ||unx) — x*|| = |y — x*|| —
0as n — oo, thatis p,x;;, — x*. For n large enough (i.e., Vn > Np), we have ||x, — x|| < % and p, < 1.
Assume for a moment x* # 0. Let t,, := max{zﬂ , zﬂﬁ;ﬂ“ }, Vn > Ny, and we see that:

*
2t, > max{T, Hx “

+, (since Vl >1and

H T
and hence, by (22) with y := «/, x := x,,, and t := 2t,,, we obtain:

(a3 2" —x) < f(x/) — flxn) + tnV (Jon, x).
Multiplying this inequality by y,,, we get:

(nx; ' = xn) < palf(X") = f(xn)] 4 putnV (J2u, ).

T pnl[ %5l
27 2r|x*|

}. Clearly, p, — p := max {%, %}, and t,uy = pn. Therefore, for any

Let o, := max{
n > Ny, we have:

(s x" = xn) < pn[f(x") = f(2n)] + PV (Jn, x').
Now, taking the limit as n — cc yields by the continuity of V and J:

(x;x' = x) < pV(Jx,x') < pV (Jx, ) + pla’ — a2
Therefore:
(x5x) < (%52 + pllxI2 + plI |2 — 20(x:%') + pla’ — 2.

Thus,

pllxl? = (" + 20]x:x) < pll ¥ — {x° + 20]x: %) + pla’ — a2
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D1V1d1ng by o> 0 gives;
12 = 207x + 55" x) < |12 = 202 + x5 ) + [of — af?
2p ! - Zp 7

Therefore:

i * i x ! I 2
V(]x—i—sz,x)§V(]x+2px,x)+[oc al”.

This ensures for A = 0:

* *

Vioar((Jx+ 3, (0 5 (<A () < Viom((x+ 3o, o+ o (-0); (),

for any (x/,a’) € epif N[(X, f(X)) + eoBxxr], that s,

*

X 1
(%) € Teepigoi(e, ) +eomy.al X + 55 (2 F 55 (=A))

Finally, we obtain from Case 01 and Case 02 two positive numbers € and 7 := % such that for any
(x,) € epif and (x*,—A) € N7 (epif; (x,a)) NeyBxxr and any x € ¥ + 9B, and |f(%) — a| < €p,
we have:

(%,8) € Tepifn(5,f(5)) +eoBya) (1) +70(x7, =A))).

This means by Definition 3 that the epigraph epif is generalised V-prox-regular at (X, f (%)), and hence,
the proof is complete.
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