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Abstract: In this paper, we give an affirmative answer to an open question posed recently by
Mlaiki et al. As a consequence of our results, we get some known results in the literature. We also give
an application of our results to the existence of a solution of nonlinear fractional differential equations.
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1. Introduction

Fréchet [1] introduced the axiomatic form of distance as L-space. Hausdorff [2] re-defined it
as a metric space. In 1922, Banach [3] proved the existence and uniqueness of a fixed point for
self-contractive mappings in a complete metric space. Inspired by the wide applications of Banach’s
result, numerous extensions and generalizations of it appeared in the literature. One direction of such
generalizations was by generalizing the concept of a metric space itself. Bakhtin [4], Branciari [5],
George et al. [6], Mlaiki et al. [7], Abdeljawad et al. [8,9], and Shatanawi et al. [10] introduced the notion
of a b-metric, rectangular metric, rectangular b-metric, controlled metric, double controlled metric,
extended Branciari b-distance, and extended b-metric, respectively (see also [11-13]). The concept of
a controlled rectangular b-metric space was introduced in Mlaiki et al. [14]. The following two theorems
are the main results in [14].

Theorem 1. Let (X, D¢) be a Dg-complete, controlled, rectangular b-metric space, T : X — X be a self
map on X. If there exists 0 < 6 < 1, such that

D;(Tz, Tt) < 6Dg(z, 1),
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forall z,t € X, and
, 1)

| =

sup im ¢(xp, Xp1, Xnt2, Xm) <
m>1 n—oo

then T has a unique fixed point in X.
Remark 1. Note that, from Theorem 1 we obtain theorem 2.1 in [6].

Theorem 2. Let (X, Dg) be a Dg-complete controlled rectangular b-metric space, T : X — X be a self
map on X. If
D¢(Tz, Tt) < 6[Dg(z, Tz) + Dg(t, Tt)]

forall z,t € E, wher 6 € (0,1). Also, if

. 1
fnliﬁ Jim ¢ (xn, X g1, Xnt2, Xm) < 5 ()
and for all u,v € X we have
lim ¢(u,v, %y, x511) <1, (3)

n—o0

then T has a unique fixed point in X.
Milaiki et al. in the paper [14] gave the following open question.

Question 1. Let (X, D) be a controlled rectangular b-metric space, and T : X — X be a self map on X.
Assume that for all distinct u,v, Tu, Tv € X there exists 6 € (0,1) such that
Dg(Tu, Tv) < 6&(u,v, Tu, To)De(u, ).
What are the other hypotheses we should add so that T has a unique fixed point in the whole space X?
The aim of this work is to provide an answer to the above question by providing other hypotheses

required to prove the existence of a unique fixed point of the mapping T given in Question 1. We also
provide a short proof of Theorem 1, and we replace condition (1) with

sup  &(Xm, Xn, Xk Xppk) < +00. (4)
m,n,keN

Also, we show that condition (2) is redundant and that condition (3) can be relaxed.

2. Preliminaries

Definition 1 ([14]). Let X be a non-empty set, & : X* — [1,00) and D¢ : X? — [0, 0) be given mappings.
We say that (X, D¢) is a controlled rectangular b-metric space (or in short CRb-MS) if, for all distinct
c,d,e f € X, wehave

1. Dg(c,d) = Oifand only if c = d;
2. Dg(c,d) = Dg(d, c);
3. Dg(c,d) <&(cd,e, f)[Dg(c,e) + Dg(e, f) + De(f, d)].

Further, through the paper we will assume that (X, D¢) is a CRb-MS. The following definition
presents the topology of this space.

Definition 2 ([14]).

1. Asequence {ay} is called Dg-convergent in (X, Dg), if there exists a € X such that lijn D¢ (an,a) = 0.
n—oo
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A sequence {ay,} in (X, D¢) is called Dg-Cauchy zfn%rgoo D¢ (an, am) = 0.

. (X, Dg) is called Dg-complete if every Dg-Cauchy sequence {ay } in X is convergent in X.
4. Forany c € X and > 0, we define an open ball in (X,Dg) with center ¢ and radius 1 by
Bz(c,n7) = {d € X | Dg(c,d) < n}.

Remark 2. Note that the condition (4) gives us the possibility to obtain, as a consequence of our result, a series
of known results in a b-metric space, rectangular metric space, b-rectangular metric space, extended b-metric
space, and extended b-rectangular metric space. Additionally, rectangular metric spaces (see Branciari in [5]),
rectangular b-metric spaces (see George et al. [6]), and extended Branciari b-distance spaces (see Abdeljawad et al.
in [9]) are all CRb-MS. (The converse is not necessarily true (see Example 1, [14]).

Remark 3. In this paper, we consider that the sequence {x, } is defined by x,, = Tx,_1,n € N, where xy € X.

3. An Answer to an Open Question

Theorem 3. Let T : X — X be a mapping on Dg-complete CRb-MS (X, D). Assume that
D¢ (Tu, Tw) < 6&(u, w, Tu, Tw) De (u, w) (5)

for all distinct u, w, Tu, Tw € X, where § € [0,1). If

k
sup H g(merk*l'/ Xptk—ir Xm+k+1—ir xn+k+17i) < 400 (6)
mmn,keN =1
and
sup G (Xm, Xn, Xk Xnik) < +09, (7)
m,n,keN

then T has a unique fixed point in X.

Proof. Step 1. Let {x, } be a sequence defined as in Remark 3. If x,, = x,,;1 then x, is a fixed point
of T and we are done. So suppose that x, # x,41 foralln > 0. Then x,, # x,, .y foralln >0,k > 1.
Then, we assume x, # X, for all distinct n,m € N. Note that x,,,x # x,,, ¢ for all distinct n,m € N

Xptks Xm+k € X\ {x"/xm}'
Step 2. From condition (6), we conclude that there exists M > 0, such that

k
E(omk—is Xntk—is Xmkt1—i Xntky1-i) <M (8)
i=0
for all m,n,k € N. Since 6 € [0,1), we conclude that there exists n; € N, such that
oMM < 1. )

Let k,m,m € N, such that
min{k,m,n} > ny. (10)

Now, from Condition 3 of Definition 1, we have

De(xm, xn) < &(Xm, Xn, Xpnphes Xt ie) [Die (X, Xy k) (11)
+ Dé(xm+kr Xpik) + Dé(xn+k, Xn)]-
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Next, from Condition (5), we have

3¢ (Xm—1, Xy k—1, Xm, xm+k)D(§(xm71/ Xptk—1)
52§(xm—1/ Xtk—1, Xms Xptk)

E(Xm—2, Xmtk—2s Xm—1, Xmk—1) D (Xm—2, Xy k—2)

Ds (X, Ximyk)

IA A

m

< " T8 (m—is Xmtk—is Xt —is Xm-k1—i) De (%0, X ).
i1

Similar as in (12), we get
n
De (xn, xp1k) < 6" Hg(xn—i/ Xptk—is Xn41—is Xntk+1-i) D (X0, X¢)
i=1

and
k

D¢ (xp4s Xpik) < o H E(Xmak—is Xntk—is Xmskt1—iv xn+k+17i>D§ (2m, Xn).

i=1

Let
k

Py = H E(Xmtk—is Xntk—is Xmak+1—is Xntk-+1—i )/
i=1

m
Py = 1_[ g(xmfi/ Xm4k—ir Xm+1—ir xm+k+1—i)/
i=1

n

Py = H g(xnfi/ Xntk—ir Xnd+-1—is xn+k+l—i)'
i=1

From (11)—(14), we obtain

Dé(xmrxn) < (;‘(xm,xn,xm+k,xn+k)[(5umD¢(x0,xk)
+ (5kPm,nD§(xm,xn)—|—(5”P7,D§(xk,xo)].

Due to the conditions (7) and (9), we have

((Sum + J”Pn)Dg(xO, Xk)
1- ‘Ské(xmr X1, Xptkr Xnk) Pmn .

D@'(xm/ xn) < (:(xm/ Xns Xm+ks xn—i—k)

Using condition (6), we obtain that {x, } is a Dg-Cauchy. Thus, there exists x* € X such that

lim x, = x*.
n—oo

We have
Dg(x*, Tx")

x*, Tx*, xn, X41) [De(x™, X)) 4+ Dg (X0, Xp41) +
08 (x*, Tx™, xn, Xp11)De(xn, x¥)).

Since nlgl;o Dg(x*,x,) = 0and nlgrolo D¢ (xn, Xn41) = 0, we conclude D¢ (x*, Tx*) =0, i.e Tx* =

Step 3. Uniqueness. Let y* € X such that Ty* = y*. Then we have

De(x",y*) < G(x",y" Xn, X 1) [De(x7, xu) + Dg (xn, Xu11) + D (Xn11,47)]-

S g(x*/ Tx*/ Xn, xn+l) [Dg(‘X*/ xl’l) + Dg (x}’l/ anrl) + D§<xn+1/ Tx*)]
< ¢(x", Tx™, xn, Xpy1) [De(x*, x) + Dg(xu, Xu41) + Dg(Txn, Tx™)]
< &(

40f11

(12)

(13)

(14)

(15)

(16)

(17)

*



Mathematics 2020, 8, 2239

50f11

Since lim D¢ (x*, xn) = 0, lim Dz (xn, Xp11) = 0, lim Dg(xp41,y*) = 0 we obtain Dg(x*,y*) = 0.

Thus, x* =y*. O

4. On Fixed Point Theorems of Banach and Kannan

Now, we give another variant of the Theorem 1.

Theorem 4. Let T : X — X be a mapping on Dg-complete CRb-MS (X, Dg). Suppose that for all distinct

u,w, Tu, Tw € X, there exists § € [0,1), such that
Dg(Tu, Tw) < 6Dg(u, w)
and

sup  &(Xm, X, Xpiks Xpik) < +00.
m,n,keN

Then, T has a unique fixed point in X.

Proof. Step 1. Same as in Theorem 3.
Step 2. From condition (19), we obtain that there exists M > 0 such that

Gy Xy Xmpier Xngk) < M,
for all m, n,k € N. Since é € [0,1) we conclude that there exists n; € N such that
MM < 1.

Let k,m,m € N such that
min{k,m,n} > ny.

Next, we have

Dé(xmrxn) < C(xm,xn,xm+k,xn+k)[Dé(xm,merk)
+ Dé(xm-&-kf xn-i—k) + Dé(xn-&-k/ xn)]'

Next, from condition (18), we have

De(xm, Xmyk) < 0Dg(Xm—1,Xmik-1)

< (stg(Xo, Xk).
Additionally, as in (24), we obtain
Dg(xn, Xp4x) < 6" Dg(x0, xk)

and
Dg(xm+k, xn—i—k) < §kD§(xm, xn).

So, we obtain

(6™ + 8") D (xo, Xx)

Dg(xm,xn) < &(Xm Xn, Xyt ks Xt k)

1- 5k§(xm/ X, Xmskr Xntk) '

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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Next, using condition (19), we obtain that {x, } is a Dg-Cauchy. Therefore, there exists x* € X such that

lim x, = x*.
n—oo

Now let us prove that x* is a fixed point. We have

Deg(x*, Tx™) < &(x*, Tx", xu, Xpq1 [De(x*, xn) + Dg (X, Xpy1) + Dg(Xp41, Tx™)]
G(x*, Tx™, xn, Xpy1)[De (X, xn) + Dg (%, Xpy1) + De(Txy, Tx™)]
C(x*, Tx™, xn, Xpy1)[Dg (X, xu) + Dg(Xn, Xpp1)+

¢ (xn, x7)].

ININ A

>,
)

Since
lim Dg(x*,x,) =0, lim Dg(xy, X,41) =0,

n—o0 n—o0

we conclude
Dg(x*, Tx*) = 0.

Step 3. Uniqueness. Let y* be another fixed point of T. Then we have
De(x*,y*) < &(x*,y*, xu, Xp11)[De(x*, x) + D (xu, X5 11) + De(xn41,¥7)].
Since
r}gr;o Dg(x*, xn) =0, nh_rgo De(xp, xp41) =0, nh_r)rolo De(xp41,¥") =0,

we obtain Dg(x*,y*) = 0,50 x* = y*. [

The next result is a version of Kannan’s theorem in controlled rectangular b-metric space.

Theorem 5. Let T : X — X be a mapping on Dg-complete CRb-MS (X, Dg), satisfying the following
condition: For all z,t € X, there exists & € [0, 3) such that

D¢(Tz, Tt) < 6[Dg(z, Tz) 4 Dg(t, Tt)]. (27)
Additionally, if
. 1
nhl}go C(ur Tu/ xnrxn—i-l) S g/ (28)

forallu € X, then T has a unique fixed point in X.
Proof. Let {x,} be a sequence defined as in Remark 3. From condition (27), we obtain

d(xy41,%n) < 5[D§(xn/xn+l) + Dé(xn—llxn)]/

6
d(xp41,%0) < mDé(xn/ Xn-1)],

SO,
d(xn+1, xn) S ,Ban(xllxo)}/ (29)

foralln € N, where § = 1575. Additionally, from condition (27), we have
d(xm/ xn) < 5[D§(xm71/ xm) + D@(xnflr xn)]-
Using condition (29), we get

d(xm, xn) < 6[B"™ "D (x0, x1) + B Di(x0, x1)]
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for all m,n € N. Therefore, {x, } is Dz-Cauchy. Let a* = 1_13_1 x;. Since, X is controlled rectangular
n (o]

b-metric space we obtain

D¢ (a*, Ta™) ¢(a*, Ta*, xn, Xpq1)[Dg(a*, X)) + Dg(xXn, Xu41) + Dg (%541, Ta™)]

<
< §(a%, Ta", xu, Xu1)[De(a”, xn) + De (%, Xp41) +
O(Dg(xn, Xp41) + De(a*, Ta™)).

Now, from condition (28), we obtain Ta* = a*. Uniqueness follows from condition (27). O

Remark 4. Note that instead of condition (28) in Theorem 5 we can use the condition that T is continuous.

Corollary 1. [15] (see also [16-18]) Let (X, D¢g) be a complete b-metric space and T : X — X such that
Dg(Ts, Tr) < ADg(s, 1) (30)

foralls,r € X, where A € [0,1). Then, T has a unique fixed point in X.

Remark 5. As a consequence of Theorem 4, we obtain results for rectangular b-metric space (theorem 2.1 of [6])
and extended b-metric space (corollary 3.3 in [19] and theorem 2 in [20]).

5. Application in Fractional Differential Type Equation

In this section, using Theorem 3, we obtain existence and uniqueness solutions of nonlinear
fractional differential equation system Caputo type (see, for example, Ref. [21])

D(p(1) + x(1,p(1)) = 0,0 €[0,1),0 <1 (31)
P(0) =9(1) =0,

where ¢ € C([0,1],R) and C([0,1],R) is the set of all continuous functions from [0,1] to R, x :
[0,1] x R — R is a continuous function, and € DY is the Caputo derivative of order 0

D(w(1)) := 1"(111—9) O/(L — 1) ™ () di, (n —1 < 6 < n), (32)

where w : [0,00) — R is a continuous function, see [22-24]).
Let G be a Green function for the system (31), for &« < 1, as follows:

G, k) = { (1(1 71())“—1 —( 7;()0(—1’ fo<xk<t<l1;

%, fo<i<k<1

Let us give the first existence result of this section.

Theorem 6. Let the nonlinear fractional differential Equation (31) and y : R x R — R be a given function,
such that the following assumptions are true:

(i) There exists Py € (C[0,1],R) such that ]/l(lpo(l),fthj)o(t)dl) > 0 for all 1 € [0,1], where T :
C([0,1],R) — C([0,1],R) is defined as follows: ’

1
Ty (1) :/0 G(1, 1) x(x, x(x))dx (33)
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(ii) |x(,a) —x(,B)| < \%éj(tx,ﬁ, Ta, TB)|a — B forall 1 € [0,1], T > 1 and a, B € R with u(a, ) > 0
where & : X* — [1,00);

(iii) for each 1 € [0,1], if {¢n} is a sequence in C([0,1],R) such that p, — ¢ in C([0,1],R) and
w(xn (1), xy41(2)) > 0foralln € N, then u(¢,(t), p(t)) > 0 foralln € N.

Then, the Equation (31) has a unique solution.

Proof. Let X = C([0,1],R) endowed with D¢ : X x X — such that

De(,¢) = ¥ = ¢l = sup | (1) — (1)

1€[0,1]

and ¢ : X* — [1,00) defined by &(¢p, ¢, T, Tp) = max{y, ¢, Ty, T} + 2 for any ¢, ¢ € X. Clearly,
(X, D¢) is a Dg-complete CRb-MS.

It is obvious the problem (31) can be resumed to finding an element 1* € X which is a fixed point
for the operator T.

Let ¢, ¢ € X, such that u(yp(1), ¢(1)) > 0 for all + € [0,1]. By (i) and (ii), we have true the
following inequalities:

2

() = To)? = | [ G0 xtw, 9(06) ~ x(x, 90

(f co,x)dx) / (e 9(0)) ~ (o, () P

L [ @@, 900, o0, T <K>>|¢<x>—<p<x>|2dx(/Olco,,c)dx)z,

IN

| /\

Let ¢(yp(x), @(x), Tip(x), To(x)) = mgﬁ]{lli( ), @(x), T (x), Te(x)} +2 = v +2 = VA be such
that A < 1.

Then, we have

2

7x0) = YO < 2 y) — 9 [ GGme)

Then, taking supremum in both sides, for every ¢, ¢ € X with u(¢(1),¢(¢)) > 0Oand 1 € [0,1],
we obtain

A A
De(¢,9) = ITY = Tolleo < Zll¢ = ¢llo = =D (9, 9)-
It is easy to check that

k

T TEWmrk—i (), Prik—i () Yk —i (), Y1 —i( H’Yz < o0,

i=1 i=1

and

(W (1), Pn (), Yk (), P (1)) < F00,

forall k, m,n > ny, with nyg € N.

For 0 < § = % < 1l and A < 71, we conclude that all the conditions of the Theorem 3 are

accomplished. Then, the system (31) has a unique solution. [



Mathematics 2020, 8, 2239 9of 11

Let us consider the following type of integral equation

t

x(1) =q(1) + /P(l,K)g(K,x(K))dK,l €[0,1], x(1) € X, (34)
0

where ¢(,x(¢)) : [0,1] x R — R,q(s) : [0,1] — R are two bounded continuous functions and
P:[0,1] x [0,1] — [0,00) is a function such that P(,-) € L'([0,1]) for all : € [0,1].

Then, our aim is to establish the existence of a solution for the previous integral Equation (34)
using Theorem 4. In this frame, let us give the following result.

Theorem 7. Let X = C([0,1],R) be the set of all continuous real-valued functions defined on [0,1]. Let T :
X — X be an operator defined by:

L
Tx(1) = q(1) —l—/o P(1,x)g(x,x(x))dr, 1 € [0,1], x(z) € X. (35)
Suppose the following conditions hold:
(i) The functions q(1) : [0,1] — Rand g(1,x(1)) : [0,1] x R — R are continuous;

(ii) P :[0,1] x [0,1] — [0, 0) is a function such that P(1,-) € L'([0,1]) for all 1 € [0,1] and, for every
« € [0,1], we have:

I /p(L,K)dKH <1

(iii) | g(x, x(x)) — g(x,y(x)) |< ﬁ | x(x) —y(x) |, forall x,y € X and a > €.

Then, the Equation (34) has a unique solution.
Proof. Let X = C([0,1], R) endowed with the Bielecki norm

D¢ = ||x|lp = sup | x(¢) | e ™ withT > 1
1€[0,1]

and ¢ : X* — [1,00) defined by &(x,y, Tx, Ty) = max{x,y, Tx, Ty} + 2 for any x,y € X. It is easy to
check that (X, D¢) is a Dg-complete CRb-MS.

Then, our problem (34) can be resumed to finding an element x* € X which is a fixed point for
the operator T.

We have the estimation

| Tx() = Ty(0) P <] [ 1Pl,)3(x,x(x)) = Pl g, y(6)dx
s/WPUmn<nmm>fgmwmanK

([ Lxdg [ gt x09) = g, y()]
/ | x(x x) |2 dx (/O[P(t,ic)dk)z
- = ZU/ | x x) |2 e 2"dk </OZP(L,K)eﬂdK)2.

IN

| /\
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Thus, we obtain

eZT

Lo L 2
| Tx() = Ty(1) P< —= /0 | x(k) —y(x) |* e 2"dx (/0 P(t,K)e“dK) . (36)

ne—

Taking supremum in the inequality (36), we have

[sup | Tx(t) = Ty(1) [ e ]? <
1€[0,1]

2
[sup | x(1) —y(1) | e ™ (/0 sup P(l,K)e_ndK> . (37

—2T1
e 1€[0,1] 1€[0,1]

Using the hypothesis (ii), we have

1 1
De(x,y) = [|Tx = Ty|p < WHX—VHB = WDg(xry)‘

It is easy to check that & (x (), xn (), Xk (%), X1 1 (x)) < +00, for all k, m,n > ng, with ng € N.

Then, for 0 < 6 = % < 1, we have true all the conditions of Theorem 4. In this condition,
we can conclude that Equation (34) has a unique solution.
O

6. Conclusions

In this paper, we gave an affirmative answer to an open question posed recently by
Mlaiki et al. [Adv. Math. Phys., 2020]. As a consequence of our results, we get some known results
in the literature. We also gave an application of our results to the existence of a solution of nonlinear
fractional differential equations. We believe that our results will have an impact on other researchers
in this field.
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