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Abstract: This paper is concerned with the p-th moment exponential stability and quasi sure
exponential stability of impulsive stochastic functional differential systems driven by G-Brownian
motion (IGSFDSs). By using G-Lyapunov method, several stability theorems of IGSFDSs are obtained.
These new results are employed to impulsive stochastic delayed differential systems driven by
G-motion (IGSDDEs). In addition, delay-dependent method is developed to investigate the stability
of IGSDDSs by constructing the G-Lyapunov-Krasovkii functional. Finally, an example is given to
demonstrate the effectiveness of the obtained results.
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1. Introduction

In the past few decades, stochastic differential system has been widely applied to engineering
science, electricity and economics [1,2]. G-expectation is a rising research owing to inclusive application
in risk measures, volatility uncertainty, superpricing in finance, and so on. The initial research of
G-expectation can be traced back to Peng [3], where G is an infinitesimal generator of a heat equation.
Thereafter, its related stochastic calculus, strong laws of large numbers, and central limit theorem under
sublinear expectation have been established [4-8]. Especially, based on sample path properties of
G-Brownian motion, many studies are available discussing the stochastic differential equation driven
by G-Brownian motion (GSDEs) [9-13]. For example, Gao [9] studied the existence for the solutions
of GSDEs under Lipschitz coefficient. In [10], a Lyapunov differential operator under G-expectation
is provided to deal with G-martingale problems. In [11], by using discrete time feedback control,
the authors discussed stabilization of stochastic systems driven by G-Brownian motion.

As is well known, impulsive jumps are natural phenomena owing to abrupt changes at
some instants; such jumps are characterized by an impulsive differential system, which has been
applied practically in depicting some phenomena that emerge in the areas such as biology, science,
and engineering. Therefore, the dynamics of impulsive differential systems is also becoming a
research issue [14-18]. Recently, numerous impulsive input stability achievements of stochastic
systems have been acquired [19-23]. For example, in [19], Liu studied the stability of solutions for
stochastic impulsive differential systems via Lyapunov function method and comparison principles.
The authors of [22] investigated the pth moment and almost sure exponential stability for stochastic
systems with impulse and delay via Lyapunov technique. [23] discussed stochastic input-to-state
stability for impulsive stochastic nonlinear systems by using fixed dwell-time condition and
Lyapunov-based approach. However, the research of the stability of impulsive stochastic systems
driven by G-Brown motion is a challenging topic since it is necessary to overcome the G-Brown
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disturbance and reduce the influence of the impulsive effect. [24,25] established the stability for
impulsive stochastic differential equations driven by G-Brownian motion with the help of G-Lyapunov
function technique. In the evolution of dynamical systems, it is impossible for systems to contact at
the same time owing to time-delays. To get over the adverse impact of time-delays, delay-dependent
scheme is a vigorous tool to verify the stability of dynamical systems (see [26-28]).

To our best knowledge, there is no literature reported on the pth moment exponential stability
and quasi sure exponential stability of the zero solution for impulsive stochastic functional differential
systems driven by G-Brownian motion (IGSFDSs) or impulsive stochastic delayed differential systems
driven by G-Brownian motion. Therefore, the influence of between delay and impulse for stochastic
systems driven by G-Brownian motion provide a motivation of the current study. The aim of this paper
is to investigate G-Lyapunov method for IGSFDSs. The contributions in this paper are concluded as
follows: (i) Some theorems on pth moment exponential stability and quasi sure exponentially stability
of the zero solution of IGSFDSs are established by G-Lyapunov method and impulsive analysis. (ii)
These new results are employed to impulsive stochastic delayed systems driven by G-Brownian
motion. (iii) If the upper bound of delay may not surpass the length of impulsive gap, delay-dependent
technique is utilized to get over the influences of impulses and time delay by G-Lyapunov—Krasovkii
functional. The remaining part of this paper is arranged as follows. In Section 2, some definitions
and lemmas on G-expectation are proposed and the model descriptions of IGSFDSs are presented.
In Section 3, some pth moment exponential stability and quasi sure exponential stability criteria
are obtained via stochastic analysis and impulse technique. Section 4 extends the above theorems
to impulsive stochastic delayed differential systems driven by G-Brownian motion. In addition,
delay-dependent method is employed to establish the stability theorem. In Section 5, an example is
provided to show our results. Section 6 gives some conclusions.

2. Preliminaries and Model Description

Let R" be n-dimensional Euclidean space. | - | denotes the norm for a vector and (-, -) represents
the scalar product. S denotes the space n X n symmetric matrices. () represents the space of R”-valued
continuous functions on [0, +c0). For every w € ), B;(w) = w; denotes the canonical process. Let
{Ft} be the filtration generated by canonical process (B;);>p as F¢ = 0(Bs,0 < s < t). For each
T > 0, denote

Llp(QT) é {l/J(Bt]/' o /Btn) n Z ]-/ tl/' t /tl’l E [0/ T]/llj E Cb,Lip(Rnxn)}/

and R
Lip(Q) = LTJLip(QT),

where Gy, (R"™) is the space of all bounded Lipschitz functions defined on R"*". Let (Q, L;,(Q), E)
be the G-expectation space, where G : S” — R is defined by

G(D) = $E[(DE,&)],D € s",

&~ N(0,Y), Y denotes the bounded convex and closed subset of R"*", and the function E : Liy(Q) —
Ris a sublinear expectation with zero mean uncertainty.

Remark 1. For any given function G : S" — R, there exists a bounded, convex, and closed subset Y of the
space of all n x n symmetric matrices such that

G(D) = % sup tr[DK].
Key

Definition 1 ([4]). The n dimensional process (Bt)> is said to be a G-Brownian motion under (Q), Li,(Q)), E),
if B = 0 and:
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(i) Fors,t > 0, ¢ € Li,(Q)), By ~ Brys — Bs ~ N(0,G).
(ii)) Form = 1,2,---,0 = tp < t; < -+ < ty < oo, the increment By, — By
Btertzl" : lBtn,l-

Forp>1, LZ(Q) denotes the completion of L;,(QY) with the norm (E| - |P)7.

1 1s independent to

==

Definition 2. There exists a weakly compact set 7 defined on (), B(QY)) such that for x € LL(Q)

E[x] = sup Ej[x].
JeJg

Given a set J , we define Choquet capacity as follows

U(C) £supJ(C),] C B(Q).
Jeg

Definition 3. A set C C B(Q) is said to be polar if U(C) = 0. A property is said to hold quasi-surely if it
holds outside a polar set.
Forp>1,T € [0, +c0), a partition of [0, T is a finite order subset {D%’ : N > 1} such that
DN:0=ty<th < - -<ty=T.

The space MPG’O( [0, T]) of simple processes can be defined by
p.0 A a N1 [4
M (0, T]) = {o(@) = X o (@), 61y(w) € L (@)}
]:
For p > 1, MY([0, T]) denotes the completion of MPG’O( [0, T]) with the norm

1 N— 1
181 0. 10,77 = 3(fy E[e¥)ds)» = %(]: Ellgt; (@) [P1(tj11 — 1))7.

Definition 4. (It6 Integral) For é;(w) € Mé’o([o, T)), define the 1to Integral as follows
T o NZ1
fO 0idB; = -21 gt].(cu)(Bth — Btj)'
]:

Definition 5. (Quadratic Variation Process) For a partition of [0,t](t > 0),0 =ty <t < --- < tn_1 =1,
the quadratic variation process of G-Brownian motion B is defined by

(B)r = Jim .21 (By., — By,)* = B} —2 [y BudBs.
0 =

Moreover, we define the mutual variation of B and B as follows

(B, E)t = 1((B+ §>t —(B— §>t)'

ST

Definition 6. (Integral with respect to (B)) For 6y € Méo( [0, T]), we define It Integral as follows

Jy é:d(B) é;‘ () ((B)ty.y — (B)s))-
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Lemma 1 ([4]). Assume that x € LL(Q), p > 0and E[|x|P] < +oo. Then, for any € > 0,

U(lx| > e) < Ellal’l,

Lemma 2 ([4]). Assume thatp >1,c,d € R", 6 € Mé([O, T)) and 0 < u < v < T. Then,

E( sup | [Y6d(B,B)i|P) < CYJo—ulP=1 [P E[|6:|P]dt,

u<y<ov

where C}(,l) is a positive constant independent of ;.

Lemma 3 ([4]). Assume that p > 1,6 € Mé([O, T))and 0 <u < v < T. Then,

E( sup | [X6dBi|P) < CPE(| [7[6:Pdt|E) < CPJo—u)h=1 [©E[|6:|P)dt,

u<y<v

where C;z) is a positive constant independent of J;.
Let PC([~7,0];R") £ {0 : [-7,0] — R"o(t"),o(t) exist and o(t~) = ¢(t)} under the norm
ol = sup |o(6)]. PCETO([—T, 0];R") denotes the set of all bounded, Fj-measurable,
—1<60<0
PC([—7,0]; R")-valued random variables. For p > 0, PC%([*T, 0], R") represents the family of
all 7; measurable PC([—1,0], R") valued random variables ¢ such that fBT E[|o(s)|P]ds < +co.
Fori,j=1,2,---,1, by the Einstein convention, the repeated indices of i and j within one term
means the summation from 1to !, i.e.,

L. 1 L.
I gii(s, x(s), x5)d (B, B)s £ r [ i (s, x(s), xs)d (B, Bl)s
L=

. 1 .
I pi(s,x(s), xs)dBL £ x Ji pi(s,x(s), x)dBL
]:

We consider stochastic functional differential system driven by G-Brownian motion under
impulsive controller (IGSFDS):

dx(t) = f(t,x(t), x;)dt + gij(t, x(t), x;)d (B, Bl ); +pj(t,x(t),xt)dB{,t >0,t #ty,
Ax(te) = I(t x(tx)), €]
x(t) =¢,te€[-1,0],

where ¢ € PC%O([—T,O],R"), x(t) = (x1(t),x2(t), -+, xy(t))T and x; = {x(t+6) : —7 < 8 < 0},
x(tf) = hlirg+ x(te +h), x(ty) = hlir(r)1 x(tx + h), ty > 0 are impulsive moments satisfying 0 = 5 <
— -0~
<o < <bpaq <--e, klim te = +oo, Ax(ty) = x(t}) — x(t) denotes the jump in the state x
—r400
atty, f,hij, p; ¢ [0,+00) x MA([0, T];R") x PC([—7,0];R") = R", I : [0,400) x M%([0, T];R") — R",

Bi, B{(i,j =1,2,---,1) are G-Brownian, (B, Bf>t is the mutual variation of B, B/.

Throughout this paper, set Ay = t, 1 — t, thus A = sup{/\;} < +o0. We also assume that
k>0
f,8ij,pj, and I; satisfy the classical Lipschitz condition of the global existence and uniqueness of

solutions for t > 0. Given ¢, there exists a unique stochastic process x(t, ¢) satisfying system (1). In
addition, we assume that f(¢,0,0) = O,gij(t, 0,0) = O,p]-(t,O, 0) =0and [(t,0) =0,k =1,2,---,
which ensures that x(f) = 0 is a trivial solution.

Let C3([—1,00) X R"; [0, +00)) be the space of nonnegative functions V (¢, x(t)) on [—T, +0) x R"
which are continuous on (t;_1,tx] X R", V;, Vy, Vyx are continuous on (#;_1, ] x R". For each V €
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C3([—7,00) x R";[0,40)), we define an operator LV : (t;_1, t;] X PC%([—T, 0]; R") — R related with
system (1) as the following form

LV(t,o) = Vi(t,0(0)) + (Va(t,0(0), f(t,0(0),0))
+G((Va(t,0(0)), 8(t,0(0),0)) + (Vax (t,0(0))o(t, 0(0), o), p(£,0(0), 7)),

where o = {c(0): —1 <0 <0} € PC%([—T,O];R”),

2
Vil x) = 2402 vt x) = (A, . V00 (g (%Ziig;j‘))nxn

and

(Va(t,0(0)),4(t,0(0),0)) + (Vax (t,0(0))p(t,0(0),0), p(t,0(0), 7))
= [(Vx(t,0), 8ii(t,0(0),0) + ;i(t, (0),0)) + (Vix (t, 0)pi(t,0(0), @), pi(t, 0(0), )]} ,_y.

Remark 2. Obviously, the operator LV is different from the operator associated with general stochastic
system. Therefore, the nonnegative function V(t,x(t)) in C3([—7,00) x R";[0,+00)) can be called as
G-Lyapunov function.

Definition 7. The zero solution of system (1) are called to be pth moment exponentially stable if there exist
A > 0and L > 0 such that for ¢ € PC?TO([—T, 0]; R™)

E[lx(t,)|) < Le ME[||g]|7),t = 0.
Remark 3. When p = 2, the zero solution of system (1) are said to be exponentially stable in mean square.

Definition 8. The zero solution of system (1) are called to be quasi sure exponentially stable if there exists
A > 0 such that for ¢ € PC?TO([—T, 0];R™)

limsup LIn|x(t,&)| < —A, gs.

t—o0

3. Exponential Stability Analysis

This section is devoted to pth moment exponential stability and quasi sure exponential stability
of the zero solution of system (1).

Theorem 1. Assume that V € C?([—7,+00) x R";[0,400)) and there exist constants c; > 0, c; > 0,
e >0k=1,2,---, 1 >0, u,d such that
M elxl? < V(t,x) < calx;

(ii)) LV (t,0) < uV(t,c(0))+u sup V(t+6,0(0)) forallt € (tp_1,t];
—7<6<0

(iii) V (55, x(tx) + Te(be, X (t))) < iV (kg x(8));
(iv)Inng, <60 1, k=1,2,---;and
(W) u+ep+6<0.

Then, the zero solution of system (1) is p-th moment exponentially stable with p-th moment exponent A,

wheree = sup {e}, ex = max{e?2k-1,e 901}, A is the unique solution of A + p + ee’ i 46 = 0.
1<k<+oo

Proof. x(t) = x(t;{) denotes any solution of system (1) with the initial value xg = ¢. By G-It6 formula,
we can obtain
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dle MV (t,x(t))] = e M[—puV(t,x(t)) 4+ Vi(t, x(t)) + (Va(t, x(1)), f(t, x(t), x;))]dt
+e M Vit x), 0 (1, x(), 20)) B] + e M (Vi (1, (1), 83t x(8), x0))d(BL, B): ()

+ %E’WWxx(t,x(f))pi(f,X(t)/xt)/pj(fIX(f),Xt)>d<Bi, B/):.

For t € [0,t;], integrating (2) from 0 to ¢, we obtain

e MV (t,x(t)) = V(0,x(0)) + /Ot e M[—=uV(s,x(s)) + LV (s,x(s))]ds

0 t ) (3)
+H+/ efys(Vx(s,x),pj(s,x(s),xs)>Bé,
t 0
where
u t
ISy R UACECIFCEORS)
+ 5 (Varls, 1(5))pi(s,3(6), ), (5, x(5), 30)) BT, BT, @

- /ut e G((Vx(s, x(5)), 8(s, x(s), x5)) + (Vax (s, x(s))p(s, x(s), X5), (s, x(s), x5)) )ds

is a G-martingale and E[[T/ |F;] = 0. Taking the expectations on both sides of (3) and by (ii), it
yields that

e ME[V(t,x(t))] =E[V(0,x(0))] + E te*”S[—yV(s,x(s)) + LV (s,x(s))]ds
0

- t _ ®)
< E[V(0,x(0))] + / e " sup E[V(t+6,x(t+6)))ds,
0 —7<6<0
Set V(t) = V(t,x(t)) and z(t) = e ME[V(t)]. For t = ty, k = 1,2, - -, by (iii), we have
2(t) = MREIV(5)] < mez(te). ©)
For t € [0,t1], by (5), we have
t ~
z(t) < z(0) +/ pe ¥ sup E[V(s+0)]ds, )
0 —7<0<0
and ,
z(t1) <z(0) + / lﬁeﬁ‘s sup E[V(s+6)]ds. (8)
0 —7<0<0
For t € (t1,t;], by using the same method, together with (6) and (8), we obtain
t ~
2(0) < 2(t)+ [ Je sup E[V(s+6)lds
t —7<0<0
t - t ~
< 11{z(0) +/ lﬁe_}‘s sup E[V(s+8)]ds} +/ pe ¥ sup E[V(s+0)]ds 9)
0 —7<0<0 51 —1<60<0

t ~ t ~
=11z(0) + 1 /0 1 pe ¥ sup E[V(s+0)]ds+ / pe M sup E[V(s+0)]ds.
f

—1<6<0 —1<60<0
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By induction, it yields that for t € (f;_1, t]

t ~
z(t) <z(0) [] #m —|—ﬁ/ [ mme ™ sup E[V(s+0)]ds, (10)
0<tm<t 0 s<ty<t —7<6<0
which yields that
~ - t _
ElV(t)] <E[V(0)e" T] mm+n / "= TT n; sup E[V(s+8)]ds. (11)
0<t, <t 0 s<tp <t —T1<6<0

Let tyu1,m2, -+, tmp be the impulsive points in s, t) and t,1_1 be the first impulsive point before t,,;.
If 6 > 0, by (iv), we have
H 7]m :Umlﬂm?. e 77771}7 S e5Aml—le5Aml e eéAmp—l
s<tp<t
= e‘S(tmp_tml—l) — e‘s(t_s)e‘s(tmp_t)e‘s(s_tml—l) (12)

< P(t=9) (s —tm-1) < ﬁeé(tfs).

If 6 < 0, it follows from the similar techniques that

E[V(#)] < BE[V/(0)]e+) 1 pg /;e(’”‘”“‘s) sup E[V(s+6)]ds. (13)

B _7<8<0

Let (1) = A + pt + Bie’™ + 6. By (v), we see that ¢(0) < 0,p(+00) = +-coand ¢ (A) = 1+ fite’™ > 0.
It follows that ¢(A) = 0 has a unique positive solution A. We conclude that, for t > —7,

E[V(t)] < pe ™ sup OE[V(G)]- (14)
—7<¢<
When t € [—7,0]
E[V(t)] <e sup E[V(x)] <ee ™™ sup E[V(k)]. (15)
—17<x<0 —17<x<0

Next, we only show that (14) holds for ¢ > 0. If it is not true, there exists f > 0 such that

E[V(F)] >ee™ sup E[V(x)], E[V(t)]<ee ™ sup E[V(x)],-T<t<L (16)

—1<xk<0 —1<x<0

Noting ¢(A) = 0 and (13), (16) yields

~ . f . _
E[V(F)] < eE[V(0)]e"+F 4+ em /0 e =9)  sup E[V(s +0)]ds

—71<60<0
- . _ f _
<e sup E[V(x)]e" ) +eXer™  sup E[V(K)]/ e(HH0)(F=s) p=As g (17)
—7<k<0 —7<k<0 0
—ce M sup E[V(KH
—1<x<0

It leads to a contradiction, which means that (14) holds. By (i) and (14), we have

QE[|x(t)P] < E[V(D)] < ee™ sup E[V(x)] < ecoe ME[|Z]7). as)
—1<k<0
Then,
Ellx(8)]7] < S2eME[||g]17). (19)

1
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Therefore, the zero solution of (1) is p-th moment exponentially stable in the sense of Definition 6.
The proof of Theorem 1 is complete. [J

Remark 4. As a G-martingale, [T/ satisfies that E[[T¢ | F;] = 0,t > u, which plays a vital role in the proof of
Theorem 1. For details about TT}, we can see Peng [4].

Theorem 2. Let p > 2 and A= ;gg {Ag} > 0. Assume that the conditions of Theorem 1 hold. If there exist

constants L1 > 0, Ly, > 0, M, >0,k=1,2,---,such that forall t > 0,1,j =1,2,--- , [, k=1,2,---,
o= {0(0): —t <x <0} € PC} ([-7,0];R")

E[I£(t,0(0),0)|7 +1gij(t, 0(0), )| + lpj(t, 0(0),0)["] < LiE[|c(0)|"] + Lo sup E[le(x)I”], (20

—1<xk<0

and
El|Ie(te, x () [] < ME[|x(t) ], (21)

then the zero solution of system (1) is quasi sure exponentially stable.
Proof. Since the conditions of Theorem 1 hold, it follows that
~ €Cr _yp=
Ellx(F) < —=e METNZIP). (22)

Fort > 7,0 < ¢ < 1, we have

w(ir Q) =)+ [ flox(shxist [ gyl x(s),x)d(B, B,

t+¢ .
+/ p]-(s,x(s),xs)dBé—i— Z L (g, x(tg))-
t t<tp<t+g

(23)

Then,

E[|lxe+< "] =E sup [|x(t+¢)|"]
0<g<t

<5 O + B[ U x(s)xlas? +EL[ il )3 ld(B BLT

- [ttc ; ~
+E[/t loj(s, x(s), x5)[dBJP +E[ ) |Le(t, x (1)) []P}-

F<h<tT
By Holder inequality, combining (20) and (22), one can obtain

B 1 x(e) ) las)
4T
<ot [ ElIf(s (), ) lds

1 T 1 4T ~
< L7 /t E|x(s)|Pds + Lot /t sup E|x(s+x«)|Pds (25)

—1<k<0

IN

I p—1 _ T L p=1_ t+
SIOT Bl [ e s+ 2] [ e M s
1 t 1 Jt

ecrtP1
< €

AT —Alt—T) T p
o Lie T+ Laje ET[[Z1I7].
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By (20), (22), and Lemma 2, we obtain

~ t+¢

E[ sup
0<¢<t/t

t+g
< et [ Ellgy(s, x(s), %) P)ds
t

18ij(s, x(s), x5)|Pd (B, B/)s]

1)_p-1 T 1)_p_1 t4+T -
< LGy TP E[|x(s)[P]ds + LoCp ' TF sup El|x(s +x)|"]ds (26)
t t —7<x<0
eLlczCr(,l)Tp’l ~ t+T eLQCZCIE,l)TV’l ~ i+t
< SR E(elr) [ e s+ S Egr) [ e s
1 t Ji
(1), p-1
€cyCpy /TP ~
< 2L (L4 Ly)e MDE]jg ).
Cl)\
Similarly, from (20), (22), and Lemma 3, it yields that
~ t+¢ j
E[ sup |pj(s, x(s), xs)|PdBs]
0<¢<t/t
B¢
< c;%%*l/t El|o;(s, x(s), x,)|P)ds
t+1 t+T .
< L1C,(,2)T%_1/ E[|x(s)|P)ds + L,C P75 / sup E[|x(s +)[P]ds -
t Jt —7<k<0
elLqic C(Z)T%_l ~ t+t €lrc C(Z)T%_1 ~ t+t
< L Eelr) [ e s+ ) [ e M s
1 Jt t
(2. £
ecyCp't2 ~
< L (L6 + Ly)e M E] ).
C1)L
Noting (21), we have the following estimation
- T ,,€C) ~ T ., €C M
El Y Ik(tex()))P < [)P—2E sup [Milx(t)l) < []P—> sup {Mf}e ME[Z]".
P<t <tHT AT 01 1<k<too AT €1 1<k<too
(28)
Substituting (25)—(28) into (24), we have
E|jxpse||f < xe ™Mt > 7, (29)
where x > 0. Hence, fore € (0,A),n=1,2,---, by Lemma 1, we have
U{w : ||x(urnyell? > e AT <o AITE | g 1P < e (30)

According to the Borel-Cantelli lemma, there exists 1o(w) such that for almost all w € Q), n > ny(w)
1% g1y ll? < e~ AT g, (31)
which implies that for nt < t < (n +1)7, n > np(w)

Infx(t) _ _A—e )
t= p

Thus,

lim sup In J; < — , q.s. (33)

t—o0 p
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The remaining proof is to let ¢ =+ 0. This completes the proof. [

Remark 5. Theorems 1 and 2 are developed by stability of impulsive stochastic functional differential systems
with standard Brownian motion [1]. However, due to different random processes, the operator LV is also
different from the operator associated with general stochastic system. For the specific operation of LV, we can see
the following two sections.

4. Some Generalized Results

This section applies the above new consequences to IGSDSs. In addition, delay-dependent method
is developed to the stable of the zero solution by constructing G-Lyapunov—Krasovskii functional.

Consider the following impulsive stochastic delayed differential systems driven by G-Brownian
motion (IGSDDSs):

dx(t) = f(t,x(t), x(t — T(t)))dt + gij(t, x(t), x(t — T(t)))d(B', Bl
+0;(t, x(8), x(t —T(£)))dB], t > 0,t # ty,

Ax(ty) = Ity x(t)),

x(t) =¢,te€[-1,0],

(34)

where 0 < 7(t) < 17, T (t) < 8 < 1, T is a positive constant, ¢ is a constant, and f, 8ij, 0 * [0, +00) X
R™ x R" — R" satisfy f(t,0,0) =0, g;;(t,0,0) =0, p;(t,0,0) = 0.

Theorem 3. Assume that V € C?([—7,+00) x R";[0,+00)) and there exist constants c; > 0, c; > 0,
e >0,k=1,2,---, 14 >0, u,o such that:

(i) c1]x|* < V(tx) < cof x|

(i) LV (t,x(t)) < uV(t,x(t)) +aV(t —T(t), x(t —T(t))); t € (b1, k),

(iii) V (£, x(t) + Ie(t, x(8)) < eV (ke x(t));

(iv)Inng <601, k=1,2,---;and

(W) u+ep+6<0.

Then, the zero solution of system (34) is p-th moment exponentially stable with pth moment exponent A,

wheree = sup {ex}, e = max{e?Pk-1,e 001}, A is the unique solution of A + p + e’ i+ 6 = 0.
1<k<+4o0

Theorem 4. Let p > 2 and A= ]1r>1(f) {A¢} > 0. Assume that the conditions of Theorem 3 hold. If there exist

constants Ly > 0, Ly > 0, M} >0,k=1,2,---,such that, forallt > 0,1,j =1,2,--- ,Lk=1,2,---,
x,y € R"
E[If(t,x,y)|P + 1gij(t, x, y) [P + |pj(t, x, y)|P] < L1 E[|x[P] + L2E[[y|"], (35)

and
E[|Ie(t, x)|] < MiE[|x]], (36)

then the zero solution of system (34) is quasi sure exponentially stable.

Theorem 5. Assume that V € C?([—7,+00) x R";[0,+00)) and there exist constants c; > 0, ¢ > 0,
e >0,k=1,2,---,%4>0,A>0, usuch that

(i) c1|x|> < V(t,x) < ca|x|%

(i) LV (t,x(t)) < uV(t,x(t)) +uV(t —t(t), x(t — T(t))), t € (tx_1, &];

(iii) V (£, x(t) + (b, x(8))) < eV (ke x(t));

(tv) Ney_1>71,k=1,2,---;and

(v) In(nx + %Ak,l) +vlie 1 < -Ak=12,--,
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. . . . A
then the zero solution of system (34) is pth moment exponentially stable with pth moment exponent 2, where

v=pu+ 5.

Proof. Let _ ,
W(t) = V(tx(1) + /H(t) V(t, x(s))ds, (37)

Similar to the proof of Theorem 1, By using G-Itd formula and (ii), for t € (, tx;1], we have

DYE[W(t)] = E[CW(H)] < (u+ 1%)Ewt,x(t)) <vEW(), (38)

where v = u + % It follows that for t € (fg, tx41]

E[W(t)] < E[W(t])]e" ). (39)
When t = t;, by (iii) and the above inequality, we can obtain
EIV(5, x(t))] < mE[V (b, x(8)))] < mE[W (1)) < e S EIW(E] ). (40)

Furthermore, in view of (iv), there exists a f; € (t;_1, t] such that

" ty " ty i1 _ _
Tog ), VT < 1 —ﬂ/tk,l V(s x(s))ds < TEs Ay V(E x(7)). 1)

It follows from(39) and (41) that

s F[h Fon i< F A wtiiE
E[m tk—T(tk) V(S,X(S))ds] S fﬁAk—lE[W(tk)] S mAk_le L 1E[W(tz_71)] (42)

—_

Submitting (40) and (42) into (37), by (v), we have
EIW())] < O+ 1 Eg e 0)e S EIW ()] < e AW ()], 3)
which yields that
EW(t0)] < e ™E[W(0)]. (44)

For t € (ty, try1], by (39)and (41), we see that

EW()] < "E[W(H)] < e2re M E[W(0)]

My “Mlte1) My 0o~
<e'Sre B E[W(0)] <evSe & e & (14 ——)E[ sup V(6,x(6))]
1-0""_Cho (45)
e —At m ~
<eATren (14 L)E[ sup V(6,x(0))].
I=9"" <60
Thus, by (i), we have
al ¢ ﬁ vAFA =
E[[()F] < =1+ )e"=" e & E[[IE]|7]. (46)

C1 1-9
This completes the proof. [

Theorem 6. Let p > 2 and A= ]1r>1(f) {L¢} > 0. Assume that the conditions of Theorem 5 hold. If there exist

constants Ly > 0, L, > 0, My > 0,k =1,2,---, such that forall t > 0,i,j =1,2,--- , 1, k=1,2,---,
x,y € R", (35), (36) hold, then the zero solution of system (34) is quasi sure exponentially stable.
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Corollary 1. Let p > 2. Assume that the following conditions are true:
(1) there exist constants vy, vy > 0 such that forall t > 0, x,y € R"

(T, f(txy) < mlx +72lyl% (47)

(ii) there exist constants x1,xp,%3,%4 > O such that forall t > 0, x,y € R"

G((+T, g(t,x,y))) < mlx? + wolyl? (48)

and
G({p(t,x,y),p(t,x,))) < x3|x|* + xaly|*; (49)

(iii) there exist constants 5 > 0,k = 1,2, - - - such that |x(t) + I (e, x () [P < me|x(te) |75
(iv) there exist constant 6 such that Inn, < §Ax_q; and

@ [p(r1+x1) +p(p = Vs + (p = 2)(v2 +x2) + (p = D (p = 2)ka] +2B[12 + K2+ (p — )xa] +6 < 0.
Then, the zero solution of system (34) is p-th moment exponentially stable with pth moment exponent

A, where p = sup {Bi}, Br = max{e®Sk-1,e70%1}, A is the unique solution of A + [p(y1 + K1) +
1<k<+4oc0

pp—1)xs+ (p = 2) (12 +K2) + (p — 1) (p — 2)xa] + 2B[72 + k2 + (p — Dxa]e?™ + 6 = 0. Moreover, If
A = %r;(f){Ak} > 0 and there exist constants L1 > 0, Ly > 0, My > 0,k =1,2,--- , such that, forall t > 0,

i,j=1,2,---,L,k=1,2,---,x,y € R", (35), (36) hold, then the zero solution of system (34) is quasi sure
exponentially stable.

Proof. Set V(t,x(t)) = |x(t)|P. Fort € (tx_1, tx]

LVt x(8)) =(Vx(t, x (1)), f (£, x(8), x(t = (1)) + G((Va(t, x(£)), g (¢, x(8), x(t = T(1))))
+ (Vi (8, x(8))p(t, x(8), x(£ = 7(8))), p(t, x(£), x(t = (£)))))
= (pla(®)[P 22T (1), f(t,x(8), x(t = (1)) + G({pl(t)[P~2xT (1), g(t,x(¢), x(t = 7(1)))))  (50)
+G((p(p = Dlx(B)[P2p(t,x(1), x(t = (1)), p(t, x(), x(t = T(1)))))
< [p(r1+x1) + plp = D] [x (1) P + [p(r2 +12) + p(p — Dralx(£) P72 |x(t = (8)) %

In view of inequality

x¢ x4 1 1
< — 4+ — > > - — = 51
W<+ x20y>0c>1d>1, -+ =1, (51)
we have ) )
|x(8)[P2]x(t = T(1)* < pp \X(t)IP+EIX(t*T(t))I’”‘ (52)

Substituting (52) into (55), we have

LV(t,x(t)) < [p(r1+x1) +p(p— Dz + (p—2) (72 +x2) + (p — 1) (p — 2)xa]|x(£)[”
+ [2(72 + x2) +2(p — D)xg] |x(t — 7(¢))[7

P+ ) 4+ p(p— D+ (p—2) (12 452) + (= D(p DVt ()
20+ a4 (p— Dl V(E—T(8), x(t — (1)),
For t = t;, it yields that
V(55 x(te) + Te(te, x (1)) < eV (b, x(tg)). (54)

Thus, according to Theorem 3 and 4, the conclusion hold. [
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Corollary 2. Assume that p > 2 and the following conditions hold:
(1) there exist constants 71,7y, > 0 such that fort > 0, x,y € R"

(T f(tx,y) < mlxfP+rlyl

(ii) there exist constants x1,xp,%3,%4 > O such that forall t > 0, x,y € R"

G({xT,8(t,x,y))) < xalx? + 12y ?

and
G({p(t,x,y),p(t,x,y))) < x3|x|* +x4ly|*

(iii) there exist constants 5 > 0,k = 1,2, - - - such that |x(t) + I (e, x(t)) [P < me|x(te) |75
(iv) Ay > 71, fork=1,2,---;amd
(v) there exist a constant A > 0 such that fork =1,2,-- -,

In[p + 222220 V%] 4 (5 (yy +11) + p(p — Vs + (p — 2) (72 + 52)

H(p—1)(p — )iy + 222U AL <),

Them, the zero solution of system (34) is p-th moment exponentially stable with pth moment exponent %.
Moreover, Ifﬁ = %r;(f){Ak} > 0 and there exist constants Ly > 0, Ly >0, M > 0,k=1,2,-- -, such that,
forallt >0,i,j=1,2,---,L,k=1,2,---,x,y € R", (35), (36) hold, then the zero solution of system (34) is

quasi sure exponentially stable.

Proof. Set V(t) = |x(t)|P. Similar to the proof of Corollary 1, we see that (53) and (54) hold.
Consequently, the conclusions follow from Theorem 5. [

5. Example

Consider the following impulsive stochastic delayed systems driven by G-Brownian motion

dx(t) = f(t,x(8),x(t = 3) + gij(t, x(t), x(t = )d(B', Bl)s
+p(t,x(t),x(t — §)dB), t > 0,t # ti,i,j = 1,2, (55)
Ax(te) = —0.5x(t),

where x(t) = (x(t), x2(t))7, tx = 0.05k,

1 1
—0.5x1 (¢t 1.2x1(t — =) — 0.6x(t — =
R B
~0.5x(t) + 0501 (£ = ) + 0235t = )
. 0521 (F) + 0.2, (£ — %)
gu1(t, x(t), x(t — Z)) = 1 |7
—0.4XZ(t) + 0.3){2(1’ — Z)
1 —0.5x2 () + 0.2x1(t — %)
gu2(t,x(t), x(t = 7)) = ’

1
—0.4x1(t) +0.3xp(t — Z)
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1

1 70.5X2(t) — 0.2X1(f — 1)

ot x(8), (0~ 1) = ],
—0.6x1(t) — 0.3x(t — Z)
0.3x1(t) + 0.1X1(i’ — %)

gt x(t), x(t— 7)) = 1]
0.3XZ(t) — 0.2X2(t — Z)

1 0
0~ )= ().

1 —0.2x1(t) + 0.4x(t — i)

palt,x(8) x(t — 1)) = ],
0.33{2(t) - 0.5x1 (t — 1)

Y={E= (1;12) i € [%,%],712 € [%, %],’Yzz = [%&]}

Set V(t,x(t)) = x3(t) 4+ x3(t). By simple calculation, we conclude that

(Valt, 2(6)), £ 2(8), x(¢ — ) < 13(OP +17)x(t — )P,
1 D40
D = (Valt, x(6)), 8(t,x(1),x(t — 1) = < 0D2> ,

1 1 00
&= (Vax(t,x(t))p(t, x(t), x(t = 1)), p(t, x(8), x(t = 7))) = 0, )’
where Dy = 2x2(t) + 0.8x1 (£)x1 (t — 1) — 1.6x3(t) + 1.2x2(£)xa(t — 1), Dy = 1.2x2(t) + 0.4x1 () x1 (¢
1) +1.2x3(t) — 0.8x2(t)xa(t — 1), E1 = 2[—0.2x1(t) + 0.4xp(t — )] + 2[0.3x2(t) — 0.5x1(t — %)
Furthermore, we have

2

1 1
G(D) = = sup tr(DE) < 0.775|x(t)]? + 0.2|x(t — 1”2’
z2eY

G(E) = L sup tr(EE) < 0.24]x(£)[2 + 0.4[x(t — 1)2.
2 EeY 4
Taking p = 2, 11 = 13, 72 = 1.7, k1 = 0.775, 2 = 0.2, k3 = 024, kg = 0.4, 7y = 0.25, 6 = —27.73,
B — 4, it yields
[p(ri+x)+p(p—Drs+(p—2)(12+%2) +(p—1)(p—2)ka] +2B[12+ 12+ (p—D)Kg] +0 = =47 <0

Based on Corollary 1, the zero solution of system (55) can achieve stability in the mean square.

6. Conclusions

This paper studies the stability of IGSFDSs. By using G-Lyapunov method, some sufficient
conditions of stability are obtained. These new results are employed to IGSDDSs. Meanwhile,
delay-dependent method is developed to investigate the stability of IGSDDSs. The future research
topics would be extending these results to neural networks and multi-agent systems.
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